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Abstract. Let ] be a left ideal of a group ring C[G] of a finite group G, for which a decom-
position I = @7-, I+ into minimal left ideals It is given. We present an algorithm, which
determines a decomposition of the left ideal /- a, a € C[G], into minimal left ideals and a
corresponding set of primitive orthogonal idempotents by means of a computer. The algorithm
is motivated by the computer algebra of tensor expressions. Several aspects of the connection
between left ideals of the group ring C[S.] of a symmetric group S, their decomposition and
the reduction of tensor expressions are discussed.
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- 1. Introduction

Investigations in differential geometry, tensor analysis and general relativity theory re-
quire often very extensive conversions of tensor expressions according to the rules of
the Ricci calculus. There are many efforts to develop computer programs which can do
such calculations by means of symbolic computation. Examples of such programs are
the Mathematica packages MathTensor [4] and Ricci [13], the Maple package GRTensor
{16] and the REDUCE package REDTEN [5].

A fundamental and unsolved problem of the manipulation of tensor expressions by
a computer algebra system is the effective determination of a normal form for tensor
expressions. Let us consider sums

T = Za,-T(;) (11)
i=1

with real or complex coefficients a;, where the T{;) are products of certain tensor coor-
dinates such as

Aiabe A%yq BY, Ce°. (1.2)
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Free indices and contractions are allowed. If the tensors A, B, C, ... possibly possess sym-
metries relating to permutations of indices and/or fulfil linear identities, then there is
a possibility to express some of the T(;y in:(1.1) by the others. This is a hard problem?!’
for a tensor manipulating system. We need an efficient algorithm to detect such trans-
formability and to carry out transformations in a defined way.

It is well-known that the determination of normal forms of tensor expressions is
connected with the representation theory of the symmetric group S,. Littlewood made
use of the Richardson-Littlewood rule and plethysms to find out the types of concomi-
tants of a set of ground forms, the coefficents of which are coordinates of symmetric
tensors (appendix of [14]). Applying the same methods, Fulling, King, Wybourne and
Cummins [6] have calculated lists of normal form terms of polynomials of the Riemann
curvature tensor and its derivatives by means of a program package Schur [23].

Stimulated by [6], we have worked out a way to reduce tensor expressions (1.1) to a
sum over a subset {T{;,) | k = 1,...,m} of linearly independent T{;), appearing in (1.1),
with the help of group ring methods. In this paper we restrict ourselves to expressions
(1.1), in which the T(;y do not have any contractions?). Neglecting a possibly existing
product structure of the Tj;), we consider sums

Tay..a, = Zﬁp Ta,(,).uo,,(,) , PCS,, ﬂp G C, (13)
peEP

which run over a certain permutation set P C S,. The tensor T can be associated with
group ring elements T}, which lie in a certain left ideal C[S,]- a of the group ring C[S,],
if T possesses a tensor symmetry and/or fulfils linear identities. If this ideal is known,
then identities for the reduction of (1.3) can be obtained from the solutions of a linear
equation system

S aplop)zy = 0, pes,, Y
p' €S,

the coefficient matrix of which is derived from the generating element a of C[S,] - a.

Two constructions are important for an efficient handling of (1.4). We decompose
C[S;] - a into minimal left ideals by an algorithm, which is practicable by a computer.
The decomposition allows us to change to the smaller equation systems of type (1.4),
which belong to the minimal left ideals. Further, a fast construction of bases of the
minimal left ideals by means of Young tableaux makes it possible for us to find quickly
linearly independent equations of (1.4).

The decomposition of C[S;] - a into minimal left ideals yields us a decomposition of
the tensor T into parts with special symmetries.

Recently, Ilyin and Kryukov have published a program for tensor simplification

Y Even different names of indices lead to trouble. For instance, the two expressions
Tabe T, T%,° T*Y and Tape T," T, b T</4 are equal, which becomes visible, if we rename the
indices according totherulea —-¢c, b f,c—d,d > e, e —>a, f—band raise or lower
suitable indices. The determination of such transformations is non-trivial.

N Ina forthcoming paper we will treat the case of contractions.
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called ATENSOR (7], which bases on the connection between tensor expressions and
the group ring C[S,], too. But they do not use ideals and ideal decompositions. They
consider a subspace K of the group ring which corresponds to a given set of linear
identities being valid within a set of tensor expressions and construct a basis of K
by means of Gaussian eliminations which can be used for the simplification of tensor
expressions.

2. Tensors and left ideals of C[S,]

In our considerations we make use of the following connection between tensors and
elements of the group ring of a symmetric group. We denote by C[S,] the group ring of
the symmetric group S, over the field of complex numbers C, which we identify with
the set 7S, of all complex-valued functions on S,. Further let 7.V be the space of all
complex-valued, covariant tensors of order r on the vector space V over a field K. We
suppose K = R or K = C. The tensors T € 7,V are multilinear mappings of the r-fold
cartesian product of V onto C,

T:VxVx..xVC
————
r factors
Definition 2.1. Any tensor T € 7,V and any subset b := {v1,..,v,} C V of r
vectors from V induce a function T € FS, according to the rule
Ty(p) := T(vpa)--Vp(r)) » PESr, (2.1)

which we identify with the group ring element 3° .5 Ti(p)p € C[S,]. For this group
ring element we use the notation T}, too.

,  (v1y..00) 0 T(vy, ovp)

The question whether the full group ring C[S,] may be generated by elements of
the kind Ty is settled by the following

Lemma 2.1. Let b= {vy,...,v,} CV be a fized vector set and let
FoSr i={feFS |3TeT.V: f=T}

be the set of all functions from FS, which are induced by b and arbitrary tensors T €
T.V. Obviously, FpS, 13 a linear subspace of FS,. If dimV > r, then there ezists such
a subset b = {vy,...,v.} C V that S, = FS,.

Proof. In the case dimV > r we can choose a set b = {e;,...e,} of basis vectors of
V and assign to every permutation g € S, a tensor T, € 7,V with the property

To(eqt1)r €q(2)s - €q(m) = 1,
Tq(ei,,€i5,..,€i;) = 0 inallothercases.

These tensors T, fulfil
1 if p=gq
T = . ,
(Tq)s(p) {0 if p#gq
such that the functions (Ty)s , ¢ € Sy, form a basis of 7S, 8

Definition 2.2. We use the following two operations.
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1. Let f=3 ¢ f(P)PE C[S;]) and T € 7,V. Then we denote by fT € 7.V that
tensor, the coordinates of which are obtained from the coordinates of T by

(fT)Qla}nar = Z f a,(l)a,(g) Qp(e)  * (22)

pES,

2. We denote by * : C[S,] = C[S,] the mapping

F=Y fep » f:=3 fpp . (2.3)

PES: PES,

Many of our calculations are based on

Lemma 2.2. Let.f =}  cs f(P)P € C[S,], T € T,V and b = {v1,v,...,0,} C V
a set of r vectors from V. Then there holds true

(fTh = X,es. fO)Ts-p™' =T f* . (2.4)

Proof. Equation (2.4) follows from the calculation

T = D (FT)(0p1) Vp(2)s - Up(r)) P

PES,

_ a a

= Z VoinVpey o S (P ey yapay—-apiry P
p.p'ES,

— apr(1) |, Gp(2) (r) .

- Z vp:p'(l)vp:p'(Z) p:p(r)f(p)T"p'(l)"p'(?) apr(ry P
p.P'ES,

= 2 f0)Dor)p = 3 fEIHEP op”
p.p'ES, p',p"ES, :

= Y f@)L-pT =T-fm
p'ES,

Now we consider tensors with certain symmetries.

Definition 2.3. We call a pair (C, ¢) a tensor symmetry, if C C S, is a subgroup of
the symmetric group S, and € : C — S! is a homomorphism of C onto a finite subgroup
of the group of the unimodular numbers S! := {z € C||z| = 1}. We say that a tensor
T € T,V possesses the symmetry (C,¢), if

VeeC : T =¢(c)T . (2.5)

If we form the group ring element

e = Y e(o)c €C[S], (2.6)

ceC

then a simple calculation shows that € - € = |C|e with the cardinal number |C| of C.
Thus ¢ is essentially idempotent. Further it can be seen easily that the 1-dimensional
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complex vector space U := {z¢ | z € C} is invarinat under the action ac(u) :==c-uof C
on U and that the function 1/¢ is the character of the representation a : C —+ GL(U).

Because of (2.4) equation (2.5) turns into T - ¢! = €(c)T} for every vector set
b= {v1,...,u,} C V. That means that every T} of a tensor T with the tensor symmetry
(C,¢) is an element of the subspace

W = {feC[S]|VceC:f-c ! =¢lc)f} (2.7)

of C[S,].

Proposition 2.1. Let (C,¢) be a tensor symmetry for tensors from T,V . Then the
vector space W according to (2.7) fulfils

= C[S,] ¢ .
Proof. First we show ¢ ¢! = ¢(c)e for c € C by
e-ct = Z e(c)c' ¢ = Z e(c" e} = Z e(c)e(c")c" = e(c)e.
c'eC c"eC c'eC

Thus every f = g-¢ € C[S,] - €, where g € C[S,], satisfies f - ¢™! = €(c)f, such that
ClS]- e CW.

On the other hand, there is valid f = ¢(c™!)f - ¢! for every f € W. The sum over
all ¢ € C yields

lclf = Y ee™)f e = £ (D ele)e) = fre

ceC ceC
e f=r&feeC(s, cu

A similar proposition holds true for the T} of tensors T, which satisfy certain linear
identities. Let u;,u2,...,u;m € C[S,] be given group ring elements and let T € 7,V be a
tensor, which meets the m linear identities

wT =0, j=1,2...m. (2.8)
On account of (2.4) relation (2.8) is equivalent to
Vo= {vy,v2,..,vo,} CV: Tp-uj=0 , j=12,...m . (2.9)
More generally, we consider the set of all f € C[S,], which satisfy (2.9).
Proposition 2.2. Let u;,us,...,unm € C[Sy] be given group ring elements and let
{feCS )| fu;=0,;5=12,.,m} . (2.10)
Then there holds true:
1. J is a left ideal of the group ring C[S,].
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2. There ezists one and only one right ideal K of C[S,], with the following two
properties:
(a) Anu e C[S,] liesin K if and only if f-u =0 for all f € J.
(b) An f € C[S,] lies in J if and only if f - u-OforallueK

The proof is trivial. If T is a tensor, for which linear identities hold true simultane-
ously with a tensor symmetrie, then its T} are contained in the intersection W N J of
two left ideals W, J of type (2.7), (2.10).

An example of such a tensor is the Riemann curvature tensor. For this tensor cha-
racterizing left ideals are known. If R;jx; and V,, Rijxi are the coordinates of the curva-
ture tensor and its first covariant derivative, then the corresponding group ring elements

Ry, (VR);, b,b C V, lie in the left ideals
Ry € C[Ss]-y™ , (VR); € C[Ss] -y

where y*! , y*? denote the Young symmetrizers!) of the Young tableaux
13 | 135
24 ™ 24
The proof, given in [6]?), needs the symmetry properties of Rijki and the Bianchi iden-
tities.

In contrast to the left ideals (2.7) we do not know no general method to construct a
generating idempotent for a left ideal (2.10) at the moment. If we are able to determine
a generating element of the characterizing left ideal W,J or W N J of a given tensor

T € 7.V, then the tensor T may be handled within the scope of the following line of
action.

We return to our main concern and consider tensor expressions, which are complex
linear combinations of certain isomers of a tensor T € T,V

> BoToysy0psy + Br€C, PCS, (2.11)
pEP

™ .

where the sum runs over a subset P of the symmetric group S,. We assume that all

Ty, belonging to T, lie in a left ideal I := C[S,] - a with known generatmg group ring
element a. ¢

Lemma 2.3. A relation (2.11) ezists between 7, T € T,V if and only if there holds
true with the identity permutation id

Vo= {vi,.0,}CV: m(id) = Y BTi(p) . (2.12)
PEP '
Proof. (2.11) is equivalent to

— . oy ay : a a
Vb= {v1,.v;,} CV: 1714 a5 .08 = E ﬁpTa,,(,)...a,,(,)Ul R Vs
peEP

which can be written as (2.12) 8

') The definition of a Young symmetrizer gives (2.17).

2) Moreover, the above statements are extended in {6] to the higher derivatives of the curvature
tensor by means of the Ricci identity.
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The elements of the left ideal I are characterized by linear identities, the knowledge
of which could be used to simplify (2.12) by eliminating suitable terms T}(p).

A set of complex numbers {z, | p € S,} determines a linear identity for all elements
of Iif

Viel: Y z,f(p) = 0. (2.13)

pES,

If we know a non-trivial identity (2.13) with z, = 0 for all p € S, \ P, we can eliminate
a term Ty(p) in (2.12) by means of it and get reduced variants of (2.12), (2.11)

Tb(ld) = Z Bpr(P) y Tay..ap = Z ,BpTap(l)...ap(,.) ) 13 CcP.

p€EP peP

Since every f € I = C[S,]-a can be written as f =g -a =3 s g(p)a(p)pop’ with
a g € C[S,], we obtain from (2.13)

voeds]: > (Y alp™ op)zy)alp) =0,

PES, Pp'€S,

which yields the homogeneous linear equation system

Y a(ptoplzy =0 , peS. (2.14)

p'ES,

for the numbers z, that describe the linear identities of I.

The set {p-a|p € S,} generates the left ideal I = C[S;] - a and can be reduced to
a basis of I. Because

pa = Z a(p')pop’ = z a(p~top")p", ' (2.15)

p'ES, p''ES,

we sce that the rank of the coefficient matrix A := [a(p™! o p')]p pes, of (2.14) is equal
to the dimension of I,

rankA = dim/[. (2.16)

Further, if {g-a | ¢ € @} is a basis of I, then on the strength of (2.15) the rows of (2.14)
with p = ¢ € Q are a system of rank A linearly independent rows. Thus, the knowledge
of such a basis allows us to write down immediately a set of rank A linearly independent
rows of (2.14) without carrying out the Gaussian algorithm.

In general, the equation system (2.14) is very large since it has a r! x r! coefficient
matrix. But, if we only search for solutions of (2.14) with z, = 0 for p € P and proceed to
a known set of rank A linearly independent rows the system (2.14) is reduced to a much
smaller subsystem (system (3) in Figure 11)). However, we get a far greater reduction of

Y In a forthcoming paper we will give an efficient algorithm for Gaussian elimination in
system (3) of Figure 1 and for simplifying expressions (2.11) by means of the solutions of
system (4), Figure L.
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(4)

k.

After Gaussian elimination

() (2)

Columnu'with PEP

rank A linear independent rows

(1)

The full system (2.14)

Figure 1. The reduction of system for the z,.

(2.14), if we decompose the ideal I in a direct sum I = @}, Ix of minimal left ideals
It and consider the linear equation systems of type (2.14) which belong to the I;. Then
the rank of the coefficient matrices A of these systems fulfils rank Ay = dim I} < dim I.

To determine a decomposition I = @y, Ix for I = C[S,] - a in minimal left ideals
we use the fact that such a decomposition of the full group ring C[S,] can be obtained
by means of Young symmetrizers') which may be defined as follows. We assign to every
partition?

of a natural number r € N a so-called Young frame, that means a diagram of k rows
of boxes, where the i-th row contains A; boxes (Figure 2). Then a Young tableau T} of

) About Young symmetrizers see, e.g., [22, 14,1, 2, 15, 17, 9, 8, 6, 10] and the concentrated
description in {20: Volume II].
2 We write A F r, if A is a partition of r € N.
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[ ] 3|2]is]a[u]7] 1]3]s]s]1u]i4]

1]14] 8|15 2|61 7]|10
12(10| 519 4191]13]15
6 12

Figure 2. The Young frame and examples of a Young tableau and a standard tableau for
A= (64%1).

A is a Young frame, which is filled with the numbers 1,2, ...,r, and a standard tableau
is a Young tableau, in which the numbers of every row and column form increasing
sequences. The Young tableaux of A are numbered by { = 1,2,...,r

If a fixed Young tableau T}! is given, we denote by H;} the group of all permutations,
which only permute the numbers within the rows of T} (horizontal permutations), and
by V} the group of all permutations, which only permute the numbers within the colums
of T} (vertical permutations). The group ring element

= Y. > x(epogqg €C[S] (2.17)

qEV} pEH}

is called the Young symmetrizer corresponding to T}*.

Every Young symmetrizer is essentially idempotent and generates a mxmmal left
ideal C[S,] - y, of C[S )- Therefore it differs from a primitive idempotent e} only by a
factor u € C, i.e. y = pe} [1: pp. 99 and 55].

All irreducible representations of the symmetric group S, are obtained up to equiva-
lence, if one chooses exactly one Young tableau T} to every partition A - r of r € N and
considers as representative of a class of equivalent representations the representation

ap :‘s, = GL(C[S: ] y") , (@)p:f=p-f , PES,FeCS) v} . (218)

Two representations a},a}y are equivalent if and only if A = ). (See [20: Volume 1))

For our purpose we need

Theorem 2.1. Let (T}}), . \j, be the sequence of all standard tableauz, which be-
long to a partition AF 7 of a natural number r € N. Then there is valid

Ix
Cs) =D DS v bh=dmCS,] (2.19)

Abr =1

where the sum runs only over Young symmetrizers y;' of standard tableauz T}

Equation (2.19) gives a decomposition of C[S,] into invariant irreducible subspaces
of the regular representation

a:8 -+ GL(C[S,]) , op:frrp-f , pES, feCS,)
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of the S,. A complete proof of Theorem 2.1 is given in [1: Chapter IV / §4 and §6). A
partial proof containing the most important proof ideas can be found in [9: Vol. I / pp.
73, 74]. The dimensions I can be calculated from the partitions A I r by means of the
hook length formula ([1: p. 101), [9: p. 81] or [6]).

Littlewood [14: p. 76] and Boerner [1: p. 103] have pointed out that in general the
Young symmetrizers of standard tab]eaux a.re not orthogonal in pairs. For example,
there holds true y?, 2) y(l = 0 but y(]) y(z) # 0 for the Young symmetrizers which
belong to the standard tableaux

of A =(3 2) F 5 (see [14: p. 76] and [1: p. 106]). The Young symmetrizers of standard
tableaux define the minimal left ideals, which occur in the decomposition (2.19), but they
do not give simultaneously a system of orthogonal primitive idempotents corresponding
o (2.19).

Theorem 2.1 yields the non-direct sum

i
= CS]-a = ) ) CS) -y a (2.20)

AFr =1

for the left ideal I. In the Sections 3 and 4 we will determine a decomposition of I in a
direct sum of minimal left ideals from (2.20). It is remarkable that the methods of these
sections work even in a group ring C[G] of an arbitrary finite group G.

3. Construction of an idempotent for a minimal left ideal

We consider the group ring C[G] of a finite group G over the field C of complex numbers.

Lemma 3.1. Leta € C[G], a # 0, be an arbitrary group ring element and e € C[G]
a primitive idempotent of C[G]. If e-a # 0, then the left ideal W := C[G] -e-a is
equivalent?) to the left ideal I := C[G) - e and minimal like 1.

Proof. The kernel ker = {z € I | z-a = 0} of the linear map ¢ : z — z-a,z € I,
is a left subideal of I. Since e € I is mapped onto €-a # 0 and I is minimal, we obtain
ker = {0}, such that the map ¢: I — W has to be an isomorphism.

If V. C W is a proper left subideal of W, then ¢~!(V) C I is a proper left subideal
of the minimal left ideal I. Consequently, we obtain ¢~!(V) = {0} and V = {0}, 1.e. W

is minimal, too B

Y Two left ideals I, W C C[G] are called equivalent, if there exists an isomorphism ¢ : I - W
of the vector spaces I, W, which commutes with the left multiplication of C[G], that means
#(g-f) = g-&(f) forall g € G and all f € I [1: p. 52]. If I,W are equivalent, then the
representations f +— ¢g- f and w — g - w of G over I,W are equnvalent Here we assume
g€G, fel,weW.
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Due to Lemma 3.1 the left ideals C[S,] y;* and C[S,] y}' - a, considered in Section 2,
are equivalent minimal left ideals, if y,’\ -a # 0. Now we show a possibility to construct
a generating idempotent for a left ideal W according to Lemma 3.1.

Proposition 3.1. Let a € C[G], a # 0, be a group ring element and e € C[G) be a
primitive idempotent with e -a # 0. Then there ezists a group element g € G, such that

e-a-g-e # 0. (3.1)

Moreover, the group ring element b := g-e-a, formed with this g, is essentially idempotent
and generates the left ideal W = C|G] - e - a.

Proof. ) The left ideal W = C|G] - e - a possesses a generating idempotent f [1:
p. 54], which can be written as f = z - e - a with a certain =z € C[G] and the generating
element e a of W. Now, the relation

e-a-x-e # 0 (3.2)

follows from f = f.- f =z -e-a-z-e-a. But then an element g € G has to exist which
satisfles (3.2) with z = g, since otherwise the left-hand side of (3.2) would vanish for
every z € C[G].

As € is a primitive idempotent, we get

e-a-g-e=pue

with a complex number p € C [1: p. 56] and & # 0 on account of (3.1). Consequently,
b:= g- e ais essentially idempotent, because

b.b:g.(e.a.g.e)~a='ub,
and b generates W, since C[G] - g = C[G] B

By Proposition 3.1 it is possible to construct a generating idempotent .for every
minimal left ideal C[S,]- y}* - a in (2.20) with y} - a # 0.

The determination of the group element g for the forming of the essentlally idempo-
tent element b can be done by a computer program, which tests the validity of condition
(8.1) for the finitely many group elements g € G one after another. The search stops if
the first g € G is found which fulfils (3.1). We have realized such an algorithm for sym-
metric groups S, and the corresponding group rings C[S,]. Though symmetric groups
have a very large cardinality |S,| = r! in general, all examples, treated by this algorithm,
claim a small number of search steps to reach a permutation p € S, which satisfies (3.1).

') Parts of the proof of Proposition 3.1 are similar to a proof of a proposition on regular
group rings in [21] which is reproduced in {18: p. 68]. However, the proof in [18: p. 68] does
not contain idempotent constructions on the basis of the minimality of certain left ideals, in
contrast to the proof of Proposition 3.1.
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4. Construction of orthogonal idempotents for a decomposition
of a left ideal

Let I be a left ideal of a group ring C[G] of a finite group G, for which a decomposition
I = EBZ;l Iy in minimal left ideals Iz is given. Further we assume that we know a
generating idempotent ex for every Ix. The multiplication of I from the right by a
group ring element a € C[G], a # 0, yields a left ideal J = I - a which does not keep a
direct sum of minimal left ideals no longer. In general we have only J = Y[* | Ii - a.
Now we will describe a method to construct a decomposition of J in a direct sum
of minimal left ideals. This method even allows to determine a system of primitive
orthogonal idempotents f; from the ex which corresponds to the decomposition of J.

Lemma 4.1. Let I = C[G] - e be a left ideal of a group ring C[G] of a finite group
G, generated by an xdempotent e € C[G]. Then there holds true:

1. The group ring element fi=e—z-e+e-z-eisan idempotent!) with

fe=f , e f=c¢e (4.1)

for every z € C[G]. Especially, f generates the left ideal I, too.
2. Let f be an idempotent which fulfils (4.1). Then there ezists an z € C[G], such
that f=e—z-e+e-z-e.

Proof. Ad 1.: Since e is an idempotent we obtain f-e = f. Further e- f = e follows
immediately from —e-z-e+e-e-z-e = 0. Now the idempotent property of f is confirmed
by

f-f=(e—z-et+e-z-€)-f=e—z-ete-z-e=f .

Ad 2.: From f - e = f there follows f € I and consequently f —e € I. Therefore we can
write f —e = —y - e with a certain y € C[G]. Then e- f = e yields ey - € = 0, such that
f=e—y-e+e-y-eiscorrectl

Corollary 4.1. ? Let e € C[G] be an idempotent. Then the following assertions
hold true for all z € C[G]:

l. n:=z-e—e-z-e is nilpotent, 1.e. n-n =0.

2. u := id — n is an invertible element or a unit of C[G] with the inverse u™! =
1d + n, where id denotes the identity element of G.

3. The idempotent f = e —z -e+ e- - € in accordance with Lemma 4.1 fulfils

f=u-e-ul.

Y The idea to produce a new idempotent f from a given idempotent e in this way was taken
out of [18: p. 137]. However, in (18] the forming of new idempotents is carried out only by
means of group elements z = g € G.

?) This remarkable property is mentioned in [18: p. 138}, too. According to [18], first Zalesskii
becomes aware of it.
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Proof. Ad 1.: n-n =0 follows frome-(z-e—e-z-€) = 0.

Ad2:u-u"! =idand u! - u = id result from n-n = 0.

Ad 3.: By considerationof e-e = e and e-(z-e—e-z-€) = 0 the assertion can be
easily checked:

u-eu” = (id-z-ete-z-€)-e-(idtz-e—e-z-¢)
= (e—z-ete-z-€e)-(id+z-e—e-z-€)
= f+(id—z+4+e-z)-e-(z-e—e-z-¢) = f1

The next proposition is the heart of our procedure to produce orthogonal idempo-
tents from given non-orthogonal idempotents.

Proposition 4.1. Let I = C[G) - e and I = C[G] - € be two left ideals of the group
ring C[G|, generated by the idempotents e and é&. We assume that I is minimal, which
involves that e is primitive. Further we require e- € # e. Then there holds true:

1. A group element g € G can be found, such that

e-(id—¢€)-g-e # 0 . (4.2)

Moreover, a complez number A € C belonging to that g is available, such that

=e—-z-et+e-z-e wthz:=Aid—€)-g is a generating idempotent of I
which satisfies é- f = 0.

2. For a given idempotent f according to Statement 1 a group element g € G ezists,

such that

f-(id—¢&)-g-f # 0 . (4.3)
Beszdes, a complez number A € C can be choosed, such that fi=é—i-é with
= /\(ni— €)-§- f is a generating idempotent of I which fulfils f-f= f-f =0.

Proof. From e-€ # e we obtain e-(id — €) # 0. By Proposition 3.1 thereisa g € G,
such that e - (id — €) - g - e # 0. Thus (4.2) is proved. Since e is primitive, a relation

e-(id-€)-g-e = pe (4.4)

is valid with a complex number p € C [1: p. 56], and i # 0 on account of (4.2). Now,

if f is an idempotent according to Statement 1 of Proposition 4.1 which generates I by
Lemma 4.1, we get

€-e—€-x-et+é-e-z-e
€-e+Aué-e
considering ¢ - z = 0 and (4.4). Then A = —1/u leads to é- f = 0.

As f generates I, too, there follows f - é # f, because else I C I and consequently
e - € = e would apply. Now the existence of a § € G, which satisfies (4.3), arises from
the use of Statement 1 of Proposition 4.1 to the idempotents f,é. We change to a new
idempotent f:=é—Z-é+é-Z-éof I, where Z:= A(id—¢)-§-f. Thené&- % =0 yields
€-%-€=0. Since f is primitive as generating idempotent of the minimal left ideal I,
(4.3) results in f-(:d — €)-§- f = if with 0 # 2 € C. Thus we get for f=6—-%-¢

f-f=f-e-Af-(id-&-g-f-e=(1-Mp)f & ,

and the choice A = 1/ gives f- f = 0. The relation f-f = 0 simply follows from
éE-f=0n
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The determination of group elements g,§ € G, which satisfy (4.2), (4.3), can be
carried out by a computer program in the way that was described in the end of Section
3. However, the program should check, whether é- ¢ =0 or f - é = 0, before the search
for g or § starts. If one of these cases arises, we can simply put A = 0 or A = 0 without
searching for g or g. 3

We remark that the group ring element = A(id — &) - g f with A = 1//, used in
the prove above, is likewise an idempotent, because

§: = N(Gd-8)-§-(f-(d-8-§-f) = Nia(id-¢)-§-f = 7

Theorem 4.1. Let I be a left ideal of C[G], for which a decomposition I = @]~ Ik
into minimal left ideals Iy is given. Further, leta € C[G], a # 0, be a group ring element
with I -a # {0}. We assume that a primitive generating idempotent ey is known for
every Ix. The system of the ex is allowed to be non-orthogonal. Then we can select a
subset {ex,, €k,y-.., €k, } from the set {ex | ex - a # 0}, such that the left tdeal J:=1 - a
is the direct sum J = @,_, Jx, of the left ideals Ji, := Iy, - a = C[G] - ex, - a belonging
to the ex,. Moreover, we can construct primitive generating sdempotents hy, of the Jy,
from the ey, and a, which are even orthogonal.

Proof. Because I-a # {0}, we have {ex | ex - a # 0} # 0. We choose for k;, the
smallest k with ex - a # 0. According to Proposition 3.1 we can determine a primitive
generating 1dempotent fk, of Ji, := Iy, -a = C[G] ek, -a from e, and a. In the following,
we use the symbols J; := Jk, and fi= fk, for Jx, and fkl

Now, we search for the smallest k that fulfils the tree conditions

k>k ex-a#0 , ek~a-f1;6ek~a. ’ (4.5)

If such a k does not exist, then there follows ej ~a‘f1 = ex-a and consequently I;-a C j]
for every k > k; with ex - a # 0. In this case we simply finish with J = J,.

If, however, a smallest k can be found, which satisfies (4 5), we call it k2. Then we
have ek, - a ¢ Jl, but ex, - a € Ji, := Ii, - a, such that J; N Jk, = {0} since J, is
minimal. Thus, the sum of Jl and Ji, is dlrect We denote it by J, := J; & Ji,.

According to Proposition 3.1 we form a primitive generating idempotent fi, of the
minimal left ideal Ji, from ek, and a. fi, has to fulfil sz fi # fi, as well as ey, - a,
because otherwise there would be fi, € J; and Jg, C Jl Now, using Proposmon 4.1, we
produce new generating idempotents fl,fk2 from the generating idempotents fi, fay of
the left ideals J;, Ji,, which are orthogonal, i.e. f;- sz sz fi =0.Then f, := f; +f;C2
is a generating idempotent of the left ideal J;.

Next, we search for the smallest k, which satisfies

k>ky | ex-a#0 , ek~a~f276ek~a. (4.6)

If such a k can not be found, then there holds true Iy - a C Jg for every k > ko with
ex-a#0andeven I} -a C Jl for every k < k, mit ex - a # 0. This yields J = Ja.

If, however, a smallest k is available, for which (4.6) is valid, we call it k3 and
consider the left ideal Ji, := Iy, - a. The minimality of Ji, and the relatlon ers-a € Jy
lead to J, N Ji, = {0}, such that we get a direct sum Js := J; @ Jx,. Proposition 3.1
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provides us a primitive generating idempotent fi, of Ji,, which is determinable from
€ky,a. [fi, fulfils fk;, f2 # fks, such that we can change from the idempotents fa, frs
of the left ideals J,, Jk, to the orthogonal 1dempotents fa, fka by means of Proposmon
4.1. Besides we obtain a generating idempotent f3 := f, + fks of the left ideal J;.

We continue this procedure until it terminates after a certain k,. The result is a
finite increasing sequence of left ideals

JHChChC..Cln.

For | > 2, every of these left ideals is a direct sum j[ = j; 1 @ Ji, of its predecessor
and a mlmmal left ideal Jk, := Iy, - a. Furthermore, we know a generating idempotent
fi= fI 1+ fk, of every J; , | > 2, which consists of orthogonal generating idempotents
fi 17fk, of Ji_ 1, Jk;- . N

Since there holds true Ix-a C J, for all k > k, withex-a# 0andeven I;-a C Jn_;
for all k < k, with ex-a # 0, we have J = jn. Thus, we obtain a decomposition of J
into a direct sum of minimal left ideals Jy,,

J= jn = ~n—l @Jk,, = jn—?@Jk,‘_l D Jk,, = .. = @J};, .

We take from Statement 2 of Proposition 4.1 that the idempotents fi of the left ideals
Ji possess the form fi = fi—z;- fi = (id — z;1) - fi with a certain group ring element
z; € C[G]. With it, the following calculation leads to a decomposition of the generating
idempotent fn of J = J

fo = faor + f,

= (id—2Zno1) facr + fin

= (id—zn-1) - (fazz + fru_y) + fro

= (id—xn—l)'(id‘l’n—Q)‘fn—?'*'(id_zn—l)‘fk.._l +fk..

i
J

= Z_:(id — Znoy) - (id = Zng) - oo (id = z0) - fao + fr, - 4.7)
=1

Formula (4.7) presents a decomposition of fn, the summands of which fulfil
hi, i=(id — Zno1) - (1d — Tao2) o (id —z4) - fi, € Jay > ha, = fa, € Jr, . (4.8)

Therefore, f, = S-i=, h&, is the decomposition of fn corresponding to the direct sum
J = @]_, Jx, and the hy, are orthogonal generating idempotents of the minimal left
ideals Ji, [1: p. 55| 1

From a remark after the proof of Proposition 4.1 it follows that every z,;, appearing
in (4.8), is an idempotent, which lies in Ji,. Then, every factor (id—z;) is an idempotent
of C[G], too.
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5. A fast basis construction

We have pointed out after equation (2.16) that a set of rank A linearly independent
rows of the linear equation system (2.14) can be stated, if a basis {g-a | g € Q} of the
left ideal I = C[S,] - a is known. Such a basis can be determined by means of Young
tableaux.

Let (T,’\‘)lZl be the finite sequence of all standard tableaux of a given partition A - r

of a natural number r € N, provided with a fixed numbering, and let T,’l\) be a selected
member of these sequence. We introduce a permutation subset

P} = {teS,|to T is a standard tableau of A} ,

where to T,’(\) denotes the Young tableau, which arises from T,"\) by permuting the number
entries of T,’; according to the permutation t € S,.

Every tableau t o T,’l\) , 1€ P,’\D, occurs exactly once in (T,A)IZI. If t[lo] stands for the
index [ = t[lo] of t o T)) in (T}),5,, we can write

Vte P Ty =toT).

€

Proposition 5.1. Let A - r be a partition of r € N and T* a fized Young tableau
of A which is transformed by a permutation sg € Sy into a standard tableau T,’; of A,
te. T,’\0 = s 0 T*. Now, if y* is the Young symmetrizer of T, then
{t-y*|te Ploso} (5.1)
is a basis of the minimal left ideal I* := C[S,] - y™.

Proof. !) Since |P{(‘)| = dim I* (Theorem 2.1), it is sufficient to proof the linear
independence of the group ring elements contained in the set (5.1).
If two Young tableaux T('\l), T('\z) of A satisfy T(’\Q) =so0 T(’\l) with s € S, then their

Young symmetrizers are connected by y(’\z) =s- y(’\l) -slors- y(’\l) = y(’\z) - 5. Using the
decomposition t =t'0sg, t' € P,ﬁ, fort € Ptﬁ 0 sp, we can write
(t'oso) y* = (' yp) s0o= yf\'po] (' 050) .

Consequently, a relation

> mt-y*=0, mecC,

tEPI‘:)oso
can be converted into

D" Yrroso Yoty - (0 s0) = 0. (5.2)
t'ep} :
to

Y An other proof of the statement of Proposition 5.1 with so = id is given in [1: p. 105].
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We use the usual order-relation for Young tableaux of the same partition A F r. A
tableau T(’; is regarded as greater than a tableau T('\l), if the simultaneous run through
the rows of both tableaux from left to right and from top to bottom reaches earlier in
T(’;) a number, which is greater than the number on the corresponding place in T('\l)

Further, the following multiplication rule holds true (see [9: Vol.I / p. 73] or [1: p. 101]).
If T}, T} are two standard tableaux of A F r, then their Young symmetrizers fulfil

A e A _ A ’
PN S uayp , 0# un e C if I =Ty
Yoy = { 0 i Tf\ > T{,\ . . (5.3)

Now, let T,)l‘ be the greatest standard tableau of A in accordance with the above

order-relation and let ¢, € P,’l\) be the permutation with t,[lo] = /;. Because of (5.3), the
multiplication of (5.2) with y,’\l from the left yields

A r
71'10,0 HX Yy, (tl o 50) =0,

and consequently Ve 050 = 0. After that, the left multiplication of (5.2) with the Young

symmetrizer y,’\2 of the second greatest standard tableau T,’: results in
A ’
7!’20,0 22 yl; : (t2 ° 30) = 0 ’ (54)

where t, € P{l is the permutation with t,[lo] = l;. A possibly non-vanishing product

y,’; . y,’\l can not appear in (5.4), since y,’\1 does not occur no longer in (5.2) on account

of vy 5, = 0. Thus we get Veioso = 0 from (5.4). If we continue this procedure for all
1

standard tableaux T* of ) in decreasing order, we obtain Y’ 05 = 0 for all t e P{;, ie.
the set (5.1) is a basis of I* B

Corollary 5.1. Let be given the situation of Proposition 5.1 and let a € C[S,] be a
group ring element with y* -a # 0. Then

{t'y’\'altePf\ooso} (5.5)

is a basis of the minimal left ideal W* := C[S,]-y*-a

Proof. According to Lemma 3.1 the left ideals I* = C[S,] y* and W* = I*.q are
equivalent by means of the linear map ¢ : z +— z-a, z € I*. Thus, (5.5) is a basis of
W?* as the image of the basis (5.1) of I* under ¢ B '

6. Concluding remarks

Now, we see the following way to reduce tensor expressions (2.11) for a tensor T € Tr
all T} of which are contained in a left ideal J = C[S,] - a-
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We start with the sum

I '
cls.) = s,

Abr =1

where the y; run through all Young symmetrizers of the standard tableaux of all par-
titions A k r, and construct by means of Theorem 4.1 a subset

YC{y|Arr,l=1,.011},

such that

J=CS]a = PCS] y a. (6.1)
yeY

Theorem 4.1 yields us orthogonal primitive idempotents, denoted by hy, y € Y, which
generate the minimal left ideals C[S,] -y - a in (6.1), i.e.

hy-hy =0, if y#y ,y,y €Y,

and

VyEY: C[Sr]ya S C[Sr]hy

The sum h := Zer hy is a generating idempotent of J. With it, we obtain for the
group ring elements Ty € J

Ty =To-h=) Ti-hy = (hyT).
yeY yeyY

The h;T are tensors, which develop from T by a symmetrization rule given by hj €
C[S,]-

Now,. equation (2.12) turns into

n(id) = Y BpTo(p) = Y. Y Be(hiT)s(p) - (6.2)

peEP yEY pEP

The sums 3 p Bp(hyT)s(p) are independent of each other and can be reduced sepa-
rately with the help of suitable identities (2.13) of the minimal left ideals C[S,] y-a. The
linear equation system (2.14) for the complex numbers z, € C, which define identities
(2.13) of C[S] -y - a, has to be determined from a generating element of C[S,] -y - a. Ac-
cording to Section 2, every generating element of C[S, |-y a is allowed for that purpose.
If we choose y - a for this, i.e. if we use the linear equation system

> (-a)ptogz, = 0, peS,, (6.3)
q€S,

to calculate the needed identities (2.13), then we can apply the quick way of finding
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out a maximal set of linearly independent rows of (6.3), described in Section 2, since
Proposition 5.1 and Corollary 5.1 give us a basis {p-y-a|p € Q} of C[S,] -y - a.

The construction of the decomposition (6.1) can be improved, if we know for every
given partition A b r the number of Young symmetrizers y;* of A which are contained in
Y. This is synonymous with the knowledge of the multiplicity of equivalent left ideals
in the decomposition (6.1) which are characterized by the partition A F r.

In simple cases these multiplicities can be calculated by scalar products of char-
acters of certain representations of the S,. If the tensor T is the tensor product of
other tensors, the determination of the multiplicities leads to the application of the
Richardson-Littlewood rule and of plethysms. The use of these tools we will describe in
a forthcoming paper.

We have realized a Mathematica package, called PERMS, to carry out all calcula-
tions described above. The heart of the handling of plethysms in PERMS is a very useful
formula from [19]. Furthermore, PERMS contains a whole string of algorithms for the
investigation of permutation groups from [3]. Other programs concerning the represen-
tation theory of the symmetric group are Schur [23] and SYMMETRICA {11, 12]. At
present, we are working on a improvement of PERMS by replacing the tools for the
calculation with group ring elements by procedures written in C/C++.
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