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Nonlinear Vibration Systems
with Two Parallel Random Excitations

J. vom Scheidt and U. Wohrl

In memory to Prof. Dr. P. Ginther

Abstract. Systems of nonlinear vibration differential equations are investigated where the
non-linearities are given by polynomials of any degree. The random excitations are induced
by two parallel processes. These random excitations of an often applied type are expressed by
linear functionals of weakly correlated processes with correlation length £. ‘I'he moments of the
solutions and their first and second derivatives are expanded with respect to ¢ where all terms
up to order €? are included. Approximations of the correlation functions are given explicitely.
Only the quadratic and cubic non-linearities have an influence on the correlation functions in
this approximation order.
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1. Problem

Discrete mechanical models of n degrees of freedom are described by systems of n
ordinary differential equations of second order. Defining the vector

L . T
ZZ(II,ZQ,...,I,‘, IlaIQV"vIn)

where z,,z9,...,Z, are the deviations of the masses the mathematical model leads to
a system of 2n differential equations of first order

M:+Nz+nY Bi(z) = F(t,w)
k=2 (1)

Z(io) =2y
where M and N are (2n X 2n)-matrices and 7 is a small parameter. In the following let

the matrices M and N be regular. Furthermore, the matrix M~! N is assumed to have
eigenvalues with positive real parts only.
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The nonlinear terms are approximated by polynomials, i.e. the coordinates of the
vectors By are defined by

2n

Bk,p(z) = Z bﬂil-.-ik Ziy 2y

i,eenie=1

where the coefficients bp;,. ;, are symmetrical with respect to the indices 7;,...,7; and
bpi,..i, = 0 for n < p < 2n. Furthermore,

F(t,w) = Po fr(t,w) + PILfL(taW) + PszL(i,w)

} . . (3)
+ Porfr(t,w) + Pirf p(t,w) + Papfr(t,w)

with (2n x 2n)-matrices P;;, and Pjr and

fL(t+vk,w) ifk=1,...,r

L (tw) =
fr(t,w) {0 fk=r+1,...,2n.

r<n 4
F frt+ve,w) ifk=1,...,r (r<n) (4)
fnk(t,w)z{o

fk=r+1,...,2n.

are the coordinates of the vector processes fi and fgr, respectively. That means, the

time-shifted excitations fix and fri are induced by two centred random processes fr
and fgr, respectively.

A vehicle considered as multibody vibration system (cf. [3, 4, 6]) is an example for
such models. The discrete masses are coupled by springs and dampers whose charac-
teristics are nonlinear functions approximated by polynomials. The model is excited by
two parallel tracks f;, and fg of random road surfaces, f;x and ka are the time-shifted
random excitations at the left and right wheels, respectively.

The excitations are random processes. Hence, the deviations z; of masses and
subsequently their velocities 2 and accelerations zx are random processes, too. The
aim is to obtain characteristics with respect to their stochastic behaviour in form of
expectations and correlation functions which are the basis for further characteristics,
e.g. spectral densities and expected numbers of threshold crossings.

2. Remarks on weakly correlated processes

A wide-sense stationary process f. = f.(t,w) with expectation (fc(t)) = 0 is called
weakly correlated if the influence of the process does not reach far, i.e. the values of this
process at two points t; and ¢, do not correlate if their distance ¢, —t; exceeds a certain
quantity € > 0. The correlation length € is always assumed to be sufficiently small.
Hence, weakly correlated processes can also be characterized as processes without ”dis-
tant effect” or as processes of "noise-natured character”. In particular, the correlation
function has the property

Ry g (ta = ty) := (fe(t1)fe(t2)) =0 for |ta —t1] > e.
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The precise definition includes a decomposition property with respect to all higher

moments (fe(t1)fe(t2) - fe(tm)) (m 2> 2) (cf. [5: p. 23 ff]). A characteristic quantity
of a weakly correlated process is the intensity a defined by

+e
1
= lim = t)dt.
@ =lim= /Rnn() (5)/

Let f. = fe(t,w) be a weakly correlated and weakly stationary process with almost
surely sample functions and (|fe(t)|]’) < ¢; < oo for all t € Z, T C R some intervall, and
721 Let ¢; (: =1,...,m) be bounded deterministic functions on subintervals Z; C 7
with ¢; € Li(Z;) N L2(Z;). Then all moments of the linear functional

®i(w) = [ di(t)fe(t,w)dt
/

can be expanded with respect to the correlation length €. The approximation order of
the k-th moments is given by

0
{ O(ez) if k> 2is even (6)

(@, @ : :
0(5 ) ifk>3isodd

Especially, the second moments are
@) =ca [ 6.06,(0)di +O() (7)
I.’f'\Ii
A detailed theoretical concept of these random processes and proofs of the above prop-

erties can be found in [5: p. 25 ff], [7: p. 152 ff] and (8].

3. Model of excitations

In many applications weakly stationary excitations (ec.g. random road profiles) are
expressed as processes with a correlation function

R(t) = o%e~ Y (y>0) (8)
and corresponding spectral density
o2

y
S(e) = T 7 + a?

(cf. [3: p. 27 ff] and [4: p. 206 ff]). The correlation function (8) is not differentiable
at t = 0, and therefore these processes need not be differentiable. Hence, processes of
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this type are not suitable as excitations in system (1) if derlvatlves of the CXCltdtIOHS
are included.

To obtain differentiable processes of a similar type the process f is cxpressed by a
linear functional of a weakly correlated and weakly stationary process f. in the form

f(tw) = / Qt = 5)fe(s,w) ds (9)

where @Q is a twice continuously differentiable function with
QO)=0, Q=0 Q"0)=0 (10)

(cf. [1], [6: p. 58 ff] and [9]). Hence, the process f is twice continuously differentiable
with a uniform presentation of the process and its derivatives, i.c.

fRt,w) = / QW(t - s)fe(s,w)ds  (k=0,1,2). (11)

-

Applying approximation theorems for linear functionals of weakly correlated processes
(cf. (6) and (7)) the correlation functions are calculated as

Ry o (ta,t2) = (FO) SO (2)) = Rjwy joy (11, 82) + O(e?) (K, 1=0,1,2)

where
min(ty,t2)

le(k)/(l)(tn yt2) = €a / Q®(t) — $)QV(t; — s)ds

Linear transformations lead to

Ri pony (b1, 82) = Ry jn(t2 — t1)

ea [ QM()QW(t +s)ds ift >0

R}(")j(')(t) = .

ea [ QW (s —)QW(s)ds ift <O.
0

Choosing Q(t) = Qo(t)e ™ (v,6 > 0) where

0 ift<0
Qo(t) =1 6(4)° -15(H)* +10(4)° ifo<t<s
1 ift>4é
the first approximations of the correlation functions are calculated as
Rl (k)!(l)(t) — 1)k+l k+1-1,—(]¢|+26)

5 .
FQM()QU(t+s)ds ift>0
+ €a 06 (k,1=0,1,2).
QW (s - )QW(s)ds ift <0
0
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Setting [ = k = 0 the Lebesgue theorem on dominated convergence leads to

lim RY(¢) = <2 el
Jm Rys(t) = 5 e

Therefore, this method can also be interpreted as smoothing of the correlation function
(8) in a é-neighbourhood of ¢t = 0. The parameters v and § of Q as well as ea can be
determined by comparison with given correlation functions (8) or with measurement
results (cf. {6: p. 66 ff]).

To model the parallel excitations f; and fr orthotropic behaviour is assumed, i.c.

RfL/L(t) = R/an(t) = (726_'71”
(b>0)

Ry, 1a(t) = ole—Y(bHIt])

Defining a mean profile m and a difference profile d by

m(t,w) = = (fL(t,w) + fr(t,w)) and d(t,w) = = (fLt,w) ~ fr(t,w))

N[ =
SR

the correlation functions

Rmd(t) =0

1
Rmm(t) = 02”1 with 02, = 502(1 +e7 )

1
Raa(t) = o2e " with o2 = 502(1 —e™ 1)

are obtained. Hence, as above the presentations

m(t,w) = / Q(t — s)fie(s,w)ds and d(t,w) = /Q(t—s)fge(s,w)ds

are used where f;, and f;. are independent, weakly correlated and weakly stationary
processes with correlation length ¢ and intensities a; and as, respectively. It follows

59 (tw) = / Q(t = $)(fie(s,) + faels ) ds
(k=0,1,2). (12)
(k)(t w) = / Q(k)(t - s)(fu(s,w) — fg,(s,w)) ds

— oo
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4. Linear systems

First, the linear system (1) with 7 = 0 is considered. The solution z of (1) has the form
¢
“(tw) = Gt — )Mz + [ G(t - )F(s,w) ds
to

where the matrix function G is defined by
G(t) = exp(-MINt)M™!.
The vector process

(t,w) = / G(t — s)F(s,w)ds

is a solution of the differential equation (1), but z does not satisfy the initial condition.
Because the matrix M ™' N has eigenvalues with positive real parts only the difference
Z — z converges exponentially to 0 as ¢ tends to infinity. Hence, the vector process z
can be regarded as a solution of the system (1) after a sufficiently large transient time.
Using (3), (4) and (12) the coordinates of Z can be expressed by

t+v;
#i(t,w) = Z / éi(t +vj — u) fie(u,w) du
=1,
t+u; (13)
+Z / éfj(t+vj—u)f2€(u,w)du (i=1,...,2n)
=1
with matrix functions
.
éi(t) = Z G(t - v)PEQW(v)dv where P* = Py + Pip. (14)
=0

To investigate the accelerations of the deviations the first derivatives of z; are deter-
mined. Using equations (13) and (14) a uniform representation of the processes and
their derivatives can be obtained, i.e.

P =3 [ G0

t+v;

+3y / G0t +v; — w)fae(w,w)du (K =0,1).

=1
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The equation

GEM (4 = Z/G(t _W)PEQUN(wYdy  (k=0,1)

1=0

follows from partial integration and conditions (10). Now, approximation theorems
for linear functionals of weakly correlated processes can be used to calculate moments
of the deviations and their first and second derivatives. Especially, (7) leads to the
approximations

R.w,0(t,t2) = (29 (t)2 (t2))

- min(ty+vp,t2+v,)

€a, Z / @;(k)(tl + v, — s)G+(1)(t2 + vy —s)ds

P,g=1 o0

, min(ty+vp,t2+vg)

+ €ay Z / é;(k)(tl + v, — s)éj_q(l)(tz +vg —s)ds

p.g=1

+ O(e?)

of the correlation functions. Some transformations yield

Ri(k)i(l)(t],t2) =6DH(12 —t1)+0(€ ) (k,l =0,1) (15)
where
Dkl(t) =a Z Txt:;(t + Y — vP) +az Z t]pq(t +vg — vP)
P.g=1 P,g=1
and

0 ~
/ G.f,(k)(u - S)G,-iq(')(u)du ifs<0
T:tkl(s) —

pe

8Q

1) @ﬁ,"‘)(u)éi(‘)(u +s)du ifs>0.
0

These approximations of the correlation functions depend only on the difference ¢, —t,,
i.e. the corresponding processes are weakly stationary.
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5. Nonlinear systems

The solutions of nonlinear systems (1) can be deduced by perturbation methods. Sub-

stituting the series
o

2(t,w) = Z L(t,w)n' (16)

{=0

into the nonlinear terms (2) it follows

By p(2) = Z lBk,p(z)nl
=0

2n
! i i
By p(2) = Z bpiy ik Z Ziy R 2,
1,k =1 L4+le=l

Now, a comparison of coefficients in system (1) leads to a system of linear systems of
differential equations

M% 4+ N% = F(t,w)
e 17
M5+ N%=-3 "IBi(z) (121) an
k=2
which can be solved recursively. Asin the linear case the vector processes
t
05(t, w) — / G(t — $)F(s,w) ds
- (18)

Gtw) = -3 /G(t—s)l_lBk(E(s,w))ds (1> 1)
k=2

-0

7/

can be regarded as solutions of system (17) after a transient time. The vector process %
is the solution of the corresponding linear system and was investigated in the previous
section. Because of the recursive presentation (18) all coordinates %Zx of Z (I > 1)
can be expressed as sums of integrals in dependence of the coordinates of % which
are linear functionals of weakly correlated processes (cf. (13)). The integrands of ',
include products of processes %, ... °z,,. It can be shown inductively that the minimal
number of factors is [ + 1. Subsequently, it follows from (6) that

(1)) = O(cF) ifl odd
0(552-2) if | even

(“2:(t1)"2;(22))

2, .
{0(6 ) ifl even U= ptv)

O(c%*) ifl odd
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Especially,
(zi(1)) = 0 (*2i(t1)°%5(t2)) = O(e)
('zi(1)) = O(e) and (2:(t1)°25(t2)) = O(€?)
(*zi(t)) = O(e?) (2:(t1)'z(t2)) = O(e?)
(*zi(t)) = O(e?) (2i(t1)%(t2)) = O(€?)

while all the other first and second moments are at least of order O(e®). Hence, the
expansion (16) leads to the mean values

(z:()) = n('z:(1)) + n*(2:(2)) + 0 (*2i(1)) + O(e®)
and finally to the correlation functions
Ry (t,t2) = ((Zi(t) — (2:(11))) (25(t2) — (25(22))))
= (02,‘(t1 )oij(tg»
0 { Cat)'5(t)) + (ai(0) 5 (1)) )
+ 0 {5 (0)'55(t) - (Bt (5 (t)
+ (ault1)%5(t2)) + (2i(01)°%55(t2)) }
+ O(e®).

(19)

These investigations show that it is necessary to consider all terms up to order €? to
obtain differences to linear models.

Now, all the first and second moments of (19) are expanded with respect to the
correlation length ¢ where only the terms of order ¢ and €2 have to be calculated
explicitely. Using approximation theorems for linear functionals of weakly correlated
processes all these terms can be expressed analogously to (7) (cf. [5: p. 25 ff] and [8]).

Here, for simplification it is assumed that fi, and f;. are weakly correlated processes
with

L4

[Rin@dt=ca+0e)  and [ R, oo (t)dt = ea + O(E%)

-

(cf. (5) and {5: p. 88 ff], [6: p. 44 ff] and [8]). Then all terms of order €2 vanish in the
expansions. (15). Additionally, it is supposed that f,. and f,, are Gaussian processes.
Hence, all even moments of these processes can be expressed by second moments and
all odd moments vanish (cf. [2. p. 149]). These properties can be transferred to the
moments of the coordinates of %. In this case some straight forward calculations and
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approximation theorems lead to the following expressions:

(%zi(t1)%;(t2)) = DY (t2 — tl) +O0(e%)  (cf. (1))

( zl(tl)on(t2) _352 Z Z bP‘llzt:;D?lox;(O)

p=11;,13,13=1

x /G-'p(S)D?f,(tz —t) + s)ds + O(®)

(z:(t1)'2;(t2)) = { Z Z N N bpuiviabpaiaid D3, (0) DY (0)

P1,p2=111,...,14=1

+2 Z Z bpyiri Pzta!4//GiP1(u)Gjpz(v)
0 0

P1,P2=111,...,14=1

113

DOO (tz - t] +u-—- 'K))D?zou(tQ - tl +u — ’U) dvdu} + 0(63)

(22i(t1)02]'(t2)) =62{ Z z Nup; Pri1s2 P:‘sHD?:?u(O)

P1.p2=1141,...,14=1

/G,p, s)D,n(tz —t1 +s)ds

+4 Z: Z bpli‘iszzisiq

pP1,p2=114y,..,14=1

(e}
X //G,',,,(s)G,",,,(u)D?:,z(u)D??J(tg -t +u+ s)duds}
0 0

+ 0(€?)
n 2n
(Zi(t)) = - ZN-;‘ {5 Z bpiyia DY (0)
=1 1 ,12=1
. 2n
+3 Y p,,.,,s..o??.,(O)D?:’,‘(o>} +O0(e%).

i1,ie=1

All these moments only depend on the difference t; — ¢; and therefore the correlation
functions (19) only depend on the difference t; — ¢, up to terms of second order, too,
i.e. the corresponding processes are weakly stationary.

The correlation functions of the derivatives of the solutions are calculated on the
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base of
R () = ((E0(0) - EP0)) (& () - (5°(2))

ak+l

= W((f-‘(h) — (Z(t1 ) (2i(t2) — (55(t2))))
ok+t ’

= 'atk—at,Rz;s;(iz —t1)

= (IFREE) (k=01 t=ta — 1),

The equations

(- 1)"dtk+lD°°(t+s) D:‘;(t+s)

(-1)* tH,D?f’,,(t +5)DY(t+5) = ZZD?{.,(t +)DiGE T+ o)

pn=0v=0

(k,1=0,1)

227

derived from (15) lead to the following final result for the correlation functions of the

vibration deviations and their velocities and accelerations:

x dk+l
R, (k) (')(t) —( l) tk+1R"‘J (t)

=6fo(t)+52{ —3772 Z pnl;taD“.,(O)

p=111,i2,i3=1

[/G.p(s)D,M(t +s)ds + (— 1)k+l/G”,(s)D,s,( t+s) ds]

Z Z bpiivia Pi'S“{Ek:i]of in1(8)Gjp, (u)

P1,P2=111,...,i4=1 #=0v=0

x DM (t+s—u)DF7*17(t 4+ 5 — u) duds

tlla [PY P

00
11 P2 D!a 14 (0)

X [/Gifl(s)DkI](t'*'s)ds +( 1)k+l/GJP1(s)DHI( t+3) ds:|

+2//G,,,,(s)G.l,,,(u)D,w(u)D,u(t+u+s)duds
0

+2(— 1)k+l / / G”,l(s)G.m,(u)D.au(u)Dw( —t+u+3) duds}}

+0(*) (k,1=0,1).
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It is obvious that only the quadratic and cubic non-linearities have an influence to these
correlation functions in this approximation order.

The method presented allows also the approximation of higher moments in a similar
way. Furthermore, it is possible to approximate the distribution functions. In the first
approximation Gaussian distributions are obtained (cf. [5: p. 36 ff] and {8}).
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