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The Character-Automorphic Nehari Problem:
Non-Uniqueness Criterion and some
Extremal Solutions

P. Yuditskii

Abstract. A non-uniqueness criterion for the character-automorphic Nehari problem is given.
Certain subclass of solutions, connected with ”the entropy functional” of the problem, is de-
scribed. The description yields a character-automorphic counterpart of the Adamyan-Arov-
Krein theorem.
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1. Introduction .

In this work we continue the study of the character-automorphic Nehari problem [7).
First we would like to recall some basic concepts and notation.

Let T’ be a Fuchsian group, that is a discontinuous group of linear-fractional trans-
formations of the unit disk D = {¢ € C: [¢| < 1} onto itself. Let I'* be the group
of unitary characters of the group I'. We assume throughout the paper that I’ has no
elliptic and parabolic elements.

An analytic function f = f({) (¢ € D) is called to be of bounded characteristic if

sup /;.log+ |f(rt)] dm(t) < o0

0<r<1

where T = {t € C: [t| = 1} and dm is the Lebesgue measure on T. Any function of
this class possesses an inner-outer factorization (see, for example, [6, 8]). We denote by
fin and fou: the inner and the outer factors of the function f, f(¢) = fin(§) four(C). We
denote by H? (1 < p < oo) the Hardy spaces of analytic functions f = f(¢) (¢ € D)
with

1

111, = sup { [15r0pame)}” <o (1 <p< o0
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and || flleo = sup{|f(¢)| : ¢ € D}. A function f of bounded characteristic has bound-
ary values almost everythere on T and one can identify it with the function given by
f(t) = lim,_, f(rt), t € T. From this point of view, there is another description of
the Hardy space HP: it consists of LP-functions on T with vanishing negative Fourier
coefficients. We denote by H? the space of LP-functions with vanishing non-negative
Fourier coefficients.

One can find a detailed presentation of the theory of Hardy spaces at infinitely-
connected Riemann surfaces of Parreau-Widom type in the monograph of M. Hasumi
[5). Following the paper of Ch. Pommerenke [9], we consider the Fuchsian groups of
Widom type and Hardy spaces of character-automorphic functions with respect to a
group of this type.

One can consider the action of the group I' on the unit circle T. We associate with
an arbitrary character & € ['* spaces of character-automorphic functions

L”(a):{ €L?: foy=a(y)f forall 'yGF}

and

H?(«a) = LP(a) N H?.

The group T is said to be of Widom type (9, 10, 12] if for any a € T'* the space H*®(«) is
not trivial, i.e. H®(a) # {const} for all @ € I'*. Let us note that any group of Widom
type is necessary a group of convergent type, i.e. 3. cr(1—[7(0)]*) < co. The Blaschke
product
Ko = T 29=¢ 1o
1 - ¢7(0) 7(0)

~eED

is called the Green function of the group I' with respect to the origin. The group T'
is of Widom type if and only if the derivative of the Green function ¥ is of bounded
characteristic [9]. Moreover, the inner part of b' is a Blaschke product A = (¥');,,. It
solves the extremal problem

1é1f m*>(«a) = A(0)

where

()]

p (1<p<o0)
JEHP(«) ”f”P

In what follows we denote by «[f] the character of a character-automorphic function

f,ie a[fl(v)f = foyforall yeT.

The following conditions are equivalent for groups of Widom type (see [5, 10]):
e The direct Cauchy theorem holds, i.e. f; % dm = i((%)) for every f € H'(alA)).

e Forall 1 <p < ooandall @ €T'* the annihilator of the space HP(«) has the form

HY (a) := {f € LI(a): /Tgfdm =0 forallg e H”(Cr)} = AH! ({a[A]} @)
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where ;7 + % =1and HY(a) = LIY(a) N HY.

-o Every invariant subspace of H?(a) (a € T'*) is of the form @ H?({«[0]} ~! «) for some
character-automorphic inner function © (this is an analog of Beurling’s theorem).

e The functions m? = mP(a) are continuous on I'* for all 1 < p < oco.

We would like to stress that the direct Cauchy theorem is not true for an arbitrary
group of Widom type and is an additional condition on the group I'. The conditions
of the direct Cauchy theorem hold, for example, if the zeros of A satisfy Carleson’s
condition [11]. In the following, we suppose that T is a group of Widom type and that
the conditions of the direct Cauchy theorem hold.

We introduce the character-automorphic Nehari problem in the following way:

(N) Let fl € H'i(ﬂ) for fixed B € T*. Describe all functions f € L=(p) such that
f=f++ fu, where fy € H*() and ||flloo < 1.
Let us denote by N(f) ) the set of solutions of the problem (N), associated with a given
function f;. We say that the problem is indeterminate if it has at least two different
solutions.

In (7}, following Abrahamse [2] (see also [3]), we gave a solvability criterion for
the scalar character-automorphic Nehari problem. Let f, € H2(8). We denote by
Pi(a) and Py(a) the orthoprojectors from L%*(a) onto the spaces H?(a) and H?(a),
respectively. We define an operator F(a) from H?(a) to H2(af) for an arbitrary o € T'*
by :

F(a)z = Pi(aB)(frz)  (z € H®(a)).

Theorem (see[7]). A function fi € H2(B) is a projection of a function f € L®(f)
with || flloo < 1 onto H2(B) if and only if sup,er. ||[F(a)|] < 1.

In this paper we use a vector-valued analog of the previous theorem. Let LP(C")
be the space of C™-valued functions on T with

11l en) = {/Tllf(t)H?'én dm(t)}%.

We associate the following spaces with an arbitrary unitary representation 8 of a group
[ (B(y) is a unitary (n x n)-matrix):

LP(8,C") = {f € IP(C"): foy = B(x)f forall yeT)

and

HP?(8,C") = LP(8,C") N HP.

Theorem. Let 3 be an n-dimensional unitary representation of a Fuchsian group
T. A vector-valued function f) € H3(B,C") is a projection of a vector-valued function
f € L>(B,C") with || flloo < 1 onto H2(B,C™) if and only if sup,er. ||F(a)|| < 1 where
F(a)r = P (aB,C™)(fLz) for z € H®(a).
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A proof could be given as word for word repetition of the proof in [7]. We have just
to mention that in the vector-valued case, as well as in the scalar case, any function

f € HY(C™) with ||f]| < 1 possesses the factorization f({) = ¢1(¢)g2(¢), with ¢, €
H*(C"), |lg1]] < 1and g2 € H?, [lg2|| < 1.

In this paper we propose a non-uniqueness criterion, which looks like a natural
character-automorphic counterpart of the classical one [1, 4]. Assume that N(fL) # 0
or, equivalently,

D(a)=I-F*(a)F(a) >0 forall aeTl".

Let us associate with the system of non-negative operators {D(a)}aer- a system of
spaces clos;2{y/D(a)H?(a)}. The criterion states that the solution of the problem (N)

is not unique if and only if the norms of the functionals \/D(a)z — z(0) (z € H*(a))
are uniformly bounded with respect to a (see Criterion 2).

Another purpose was to evaluate the extremum of the “entropy functional” [4] for
the problem (N). Our result (see Proposition 5.1) has the form

: -1 . 0)|
inf log{1 — |f]? *dm = inf su sup lo l=( .
!eN(h)/n' gl1 — /1) x€rs oGIE)‘ :emrza) g m2(ax) ||/ D(a)z||

Both results mainly follow from some duality principle, which states Theorem 1.
Theorem 1 leads to a notion of x-extremal solution. Theorem 2 describes some proper-
ties of such solutions. From these properties we deduce, for example, the existence of
a unimodular solution to the indeterminate problem (N) (character-automorphic coun-
terpart of the Adamyan-Arov-Krein theorem {1, 6, 8]). We should say here that before
this work was done S. Kupin had shown us another proof of this proposition. The proof
was a character-automorphic counterpart of the proof of [6: Theorem 4.3]. '

2. Statement of main results

We start with the following evident

Criterion 1. The problem (N) for a given function f is indeterminate if and only
if there exists a solution fo € N(fL) such that

log(1 - |fo|?) € L. (2.1)

Proof. Let f;,f, € N(fL) and fi # f2. Set fo = !%fl It is obvious that
fo € N(f1) and

2
2

2

h—fa
2

fi+fa
1_~ :

Since 0 # L;jl € H°, we have

/log <l_lf1';'f2

2
dm > —oo.

2
)dmz ‘/loglf—l—;—fll
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Conversely, by virtue of (2.1) we can define a function

80 = ex (5 [ b rog1 - Ifo.lz)dm) (22)

which is a character-automorphic function, lying in H*, and

|f0|2 + |¢>|2 =1 a.e. on T. (2.3)

Let £ € H*(B{a[¢]}?) and ||€]| < §. Define the function f¢ by

fe = fo + E4%. (2.4)

Let us verify that any function of this form belongs to N(fL). Since £42 € H®(B), we
have only to check that ||f¢|| < 1. The last inequality follows from the straightforward
computation

L= fel? =1~ 1fol* — $2€ fo — Fog?E ~ |EP|$]*

= 10 {1 - $1oE - S 1ok — lePIor)

—a2fly é 71° e
=1oP{|1 - 22| - ler})
and the trivial inequalities ’l - gfof\ >1-|€ > |€IN

Remark. One can reformulate Criterion 1 in the form that the problem (N) 1s
indeterminate if and only if there exists a pair of functions (f, #) such that

fFEN(fL), 0#4eH ), |fP+|¢*<1onT. (2.5)

Any function (2.4) with £ € H®(8x~?) and ||€]| < 3 lies in N(fy).
Definition. A pair of functions (f, ¢) with properties (2.5) will be called a x-pair.

The following non-uniqueness criterion looks like a natural character-automorphic
counterpart of the classical one [1, 4].

Criterion 2. Let N(fL) # 0. Then the character-automorphic Nehari problem (N)
18 indeterminate if and only if

sup sup _ =0 < oo
act- zc e v/D(a)al]
We denote by k® the reproducing kernel of the space H?*(a) with respect to the
origin, i.e. k* € H*(a) and (z,k®) = z(0) for all z € H?(a). We note that [[k®|| =
m?(a). S :

The following theorem describes the connection between the Criteria 1 and 2.
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Theorem 1. For a fized x € T*, let

®(x) = sup {|¢(0)| ol +1f? <1 for g € H®(x) and f € N(fl)} (2.6)

and

|z(0)]
M(x) = sup sup
aet sems(a) kx| [/ Dia)el]

Then ®(x) = W and the supremum (2.6) is attained.

(2.7)

Remark. As follows from well-known estimates 1 > ||k®|| > A(0) of the norm of
k* for a group of Widom type [5, 12], the boundedness of M(x) for some x implies that
of M(x) for all x € T'*.

Definition. A x-pair (f,#) will be called x-eztremal if |$(0)] = ®(x) and the
function f will be called x-eztremal solution.

Theorem 1 asserts that y-extremal pairs exist. The next thcorem describes their
properties.

Theorem 2. Let x € T'* and let (f,¢) be a x-extremal pair.
(i) If (f, 4) is a x-eztremal pair, then f=fand = i% é.
Gi) |f2+ 141> =1ae onT.

Gouif_ T
(i) gf=-%

Here s € H*®,s(0) =0 and A is an inner é'haracter-automorphic function.

Remark. For an appropriate choice of x, A is a divisor of the function A (see
Proposition 5.2). In the general case, A is a divisor of the function k@, for a certain
a € I'* (see the proof of Theorem 2).

Corollary of Theorem 2. Let (f,¢) be a x-extremal pair. Then any function of
the form

£
fg—f+A autg

(€ € H({als]} ™), €l < 1) (2.8)
is a solution of the problem (N). In particular, there ezists a unimodular solution of the
problem (N).

Remark. Formula (2.8) is a straight forward corollary of the properties (ii) and (iii)
of x-extremal pairs given in Theorem 2. Even the existence of a solution of the character-
automorphic Nehari problem (N) with the property |f| = |s| (s € H°°) looks non-trivial.
Moreover, the existence of a unimodular solution for the character-automorphic Nehari
problem follows from (2.8). To obtain such a solution it is sufficient to take any inner
function as £. Nevertheless we doubt that our approach is fruitful in a question of a
parametrization of the set of all solutions. :
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3. Proof of Theorem 1

Let (f, ¢) be a x-pair, i.e. |¢]>+|f|> <1 with f € N(fL) and ¢ € H®(x), and suppose
that ¢(0) # 0. Let us consider a system of operators

Fla): #(a) - | p o)

defined by

= [ PuleB)fz)
Fla)e = [Pl(axﬁ)(bdn)]

where ¢ = afb]. Using the evident decomposition

d)z_ bz #(0)z(0) kox ¢(0)z(0) kox
T‘(T‘ 5 k°X(0))+ b Eox(0)

where the first term belongs to H?(axjt) and the second one to H? (axii), we obtain

i F(a)z
Fla)z = | ¢(0)2(0) kox }
b  kex(0)
Since I:"(a) is a contraction, we get
(2,2) = (F(@)z, Fla)e) = (Dla)z, ) - HOLEOL > 0

Therefore,

s 1
IVD(@el kx| ~ 160]

Let {(fn, ¢n)} be a sequence of x-pairs such that ¢,(0) — ®(x) as n — co. Substi-
tuting ¢, into (3.1) and then passing to the limit give the estimate

(3.1)

0 1
v/ Do)l likex|| — ®(x)
Passing to the supremum over z € H?(a) and o € I'* we get
1
2(x)

To prove the inverse inequality we use the vector version of the solvability criterjon for
the character-automorphic Nehari problem (N). Let us associate with M(x) a vector-

valued function f
L - L 2
fo= [ 1 kx | € [ Iﬁl(ﬁ_ﬁ()) . (3.3)
M(x) bkx(0) * ‘

M(x) < (3.2)
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It generates a system of operators

~ PL(aB)(f12) ] [ F(a)z } |
Fla)z = 1 kX =| 1 ko (z € H®(a)).
Puor) g7 o) | | 30 vy 2O
Let us verify that the above-defined operators are contractions. In fact,
—(F(a)e, B(a)z) = __L =P
(.’l:,:l:) (F(a)m,F(a)x) - (D(a)x,:z:) Mg(x) ||k°x||2 .

The last value is non-negative by the definition of M(x). Hence there exist functions
f+ € H*(B) and g4+ € H?*(iix) such that

R
IT MO R T
In other words, f € N(fL), ¢ = bg € H*®(x), |f|* + |4|* < 1 and ¢(0) = W It
means that (f, ¢) is a x-pair, and thus ®(x) > ng Together with (3.2) it proves that
d(x) = W!%x_’ and moreover, there exists a x-pair such that ¢(0) = ®(x).

f=fi+f+, 112 +1gl* < 1.

4. Proof of Theorem 2

To prove Theorem 2 we need the following known lemmas (see, for example, [11)).

Lemma 1. Let a sequence {an}, an € ['*, tends to the unit character . € T'*, t.e.
u(7) =1 for all v € T. Then there exzists a sequence of functions {e,} C H™(ay) with
llenlloo < 1 such that €, — 1 with respect to the Lebesgue measure on T.

Proof. Let us use one of the characteristic properties of groups of Widom type
with the conditions of the direct Cauchy theorem. Namely, m®(a,) — 1 as a, — ¢.
Let €, be the extremal function from H*(a,), normalized by the conditions ||| = 1
and €,(0) > 0. Hence €,(0) = m™(ans). The inequality [;|1 — €n|*dm < 2 — 2¢,(0)
shows that €, — 1 in the L?-metric, and therefore with respect to the measure il

Lemma 2. Let a sequence {an}, a, € T'*, tends to a character &. Then k" — k&
in L2,

Proof. Let {¢n} be a sequence of functions from Lemma 1, constructed with respect
to the sequence of characters {an,a™'}, i.e. €n € H®(ana™'). First we show that
k% — e, k® — 0 in L2. In fact,

[k — enk®||? < [k~ ||? = 2€a(0)k%(0) + [|K7|1®
= [|k* 1% — 2ea(O)IIEE1* + 11K
The last value tends to zero, because ||k®~|| = m?(an) — ||k%|| = m?(&). Next,
Ik — k%|| < [|k°" — eak® + (2 = en)k? |-

The function [(1 — €,)k%]? has the absolutely integrable majorant |2k®|* and since
€n — 1 with respect to the Lebesgue measure on T, the Lebesgue dominated convergence
theorem finishes the proof il
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Lemma 3. Let v = a[A]. Then Ak® = const k*® for all a € T*.

Proof. The proof follows immediately from the formula for the orthogonal comple-
ment of HZ(a) il

Lemma 4. Let A ¢ H>(¥) be an inner divisor of the inner function (k*)in. Then:
(i) % = const k*?”"'
(ii) A is o divisor of (k¥u)in, where agur = a[(k*)out).

Proof. The first statement is a direct corollary of the definition. Lemma 3 yields
the second statement B

Proof of Theorem 2. Let (f,¢) be a x-extremal pair. In what follows we normal-
ize the pair by the condition ¢(0) > 0, or ¢(0) = &(x). Let {a,} and {z,} be extremal
sequences, B

zx(0)]

hm = M(x). 1
5 Tkowx]l 1/ Dla)en]] — ) 1)

Since I'* is compact, passing to a subsequence if necessary we may assume the sequence
{an} is convergent. Let &@ = limay, and ¥ = @x. Let us normalize z,, by the conditions

I/ D(an)za|| = ||k*X|| and z,(0) > 0. First, we show that

[P+(a;§1(fzn)] [koi] in L*(C?) (4.2)
and |
V1=|fI? - |¢$[?zn — 0 in L% (4.3)
In fact,

2

VI =17 = [$[zn ” +H[P+ anﬂ)(fzn)] [k‘gx]
» = ((1 - |f|2 - |¢| )x,,,:r,.) + <P+(anﬂ)fszl'n>
+ (¢zn, dTn) — 26(0)z,(0) + k*"X(0)

= <D(an)$", In) - 2¢(0)$n(0) + k°nX(0)
= k°X(0) — 2 [k}

*—2.(0)
M) 1/ Dlan)enl

kanx(O) { M(x) - |zn(0)] } .
M( ) ike~X|| |}/ D(an)zal|
Combining with (4.1) we obtain that the last value tends to zero. Since k%X — kX in
L? (see Lemma 2) we get (4.2) and (4.3).

+ k*"X(0)

Now we are in the position to prove the third property of a x-extremal pair. Note
that the convergence of {¢z,} implies that of {qSo.,g:t,,} therefore ¢;n is a divisor of k"
and : _ :

kx 2
PoutTn — s H?. (4.4)

in
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Let {e,} be a sequence of functions from Lemma 1, constructed with respect to the
~ character sequence {a,&~'}. Consider functions of the form €n¢outfzn € L*(XoutaB).
Arguing as in the proof of Lemma 2, we show that

6nd’autfzn = (Z::zf) (a‘#outrn) i (Z::: f) (;:'xn)
in L? (see (4.4)). At the same time

P+(Xout&ﬂ)en¢ou(fxn-= P+(Xout&ﬂ)5n¢outp+(anﬂ)fzn
and (4.2) yields that

1P+ (XourB)enfoucPs (@n) fzal| < || P1(@n)fza]| = 0.

bout kX
(gou!f) (é:xn) € H_L(Xoutaﬂ)

It means that this function may be represented as

(iiﬁ)(gé)zAg‘(QEHaﬂ®=0) (4.5)

To complete this part of the proof we have just to use Lemma.s 3 and 4, and introduce

some notation. Since kX = kX kX,, and

Therefore,

ALX  — AL Xout — Zouwr — VXout X
AkX,, = const AkX°ut = const k¥Xewr = k Xk,

we get from (4.5)

Fomt .\ [ kX, pr=rrall . i
bont” EZ X,=3 (g€ H? g(0)=0).

Let us define the function

[kum‘]in
[(kX)in/ ¢in)
This function is an inner one in H™, because (kX);, is a divisor of (kXeut);, (see
Lemma 4). Denote s = ——9— with s(0) = 0. This function belongs to H*°, because the

denominator of the fra.ctlon "is an outer function and its boundary values are bounded
by 1 a.e. on T.

A= (4.6)

Using (4.3), we prove the second property of x-extremal pairs. Since
1—|f? = |$?za — 0,
according to (4.2) we have /1 — If12=16]2kX =0,0r 1 — |f|? —|¢|?=0a.e. on T.

Let us turn now to the first property. Let (f,$) and (f qS) be x-extremal pairs
with ¢(0) > 0 and $(0) > 0. Then (I—L Q_Q) is x-extremal as well. ‘With the help of

Theorem 2/(ii) we get .
(145 s+a\|[ L |l(1=F ¢=2\| f-f ¢-3
2 7 2 2 7 2 2 72

Therefore f = f and ¢ = 4, and the proof is completed

2

1> =1%
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Proof of Corollary of Theorem 2. A straightforward computation shows that
Ifell < 1. Since fg — f is a function of bounded characteristic and the denominator in
(2.8) is an outer function 1 — s€, we have f¢ — f € H*. Hence f¢ € N(fL). Moreover,
|fel = 1 a.e. on T whenever || = 1 a.e. on T. It was proved in [7] that there always
exists such a function £ in H*°(a) for all @ € I'* (any extremal solution of the finite
Nevanlinna-Pick problem is a unimodular function)

5. Maximal and minimal y-extremal solutions

We prove the existence of maximal and minimal solutions of the character-automorphic
Nehari problem among all the x-extremal solutions and prove some of their proper-
ties. In particular, the maximal x-extremal solution glves the extremum to ”entropy
functional”.

Proposition 5.1. There ezists a x-eztremal pair (f, ) such that

$(0) = sup @(x). (5.1)
x€rs
The function f is a solution of the eztremal problem
feli\lfl(fh)[(f) = I(f) where I(f)=/1rlog(l—|f|2)_%dm. - (5.2)

Proof. Let {f,}n>0 be an extremal sequence, inf fepr(s, ) I(f) = limp—oo I(fn). We
define a sequence of outer character-automorphic functions by the conditions 1—|f,|* =
|#n|? a.e. on T and ¢,(0) > 0. Note that ¢,(0) — supsen(s,) exP{—I(f)}. Consider
the harmonic continuation of the pairs (fn,$n) inside the disk D. Since f, € N(fL),
we have e, = fr, — fo € H®(B) and ||en||co < 2. Let us pass to subsequences {¢n, } and

{¢n.} which converge uniformly on compact subsets of D, and let
(¢,9) = im (€ny, n,)-

We claim that f = fo + & is an extremal function. Note that I(F, )OI <1 (¢ eD)
because

S - i _
18O = | [ 2L sy am| < [ 22LE 7, 030 m =

Besides, Pl(ﬂ)f = P (B)(fo + & = PL(B)fo = fi. Therefore (f, ) is a x-pair. Using

this fact, we have

sup exp{—I(f)} = $(0) < sup ¥(x). -~ (83)
FEN(f1) x€r :
On the other hand, for any x there always exists a x-extremal pair (f, ¢), and hence
®(x) = #(0) < dour(0) = exp{-I(f)} < sup exp{‘—f(f)}- ~(5.4)
IEN(/L)

Passing to the supremum in (5 4) over x and compa.rmg w1th (5.3), we get (5 1) and
(5.2) 1
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Proposition 5.2. There ezists a x-eztremal pair (f,d) such that
5(0) = inf &(x).
4(0) = inf &(x)

In this case, the function A from the property (ii1) of heorem 2 is a divisor of the function
A, ie. there is a function § € H™ with §(0) = 0 such that

Aéoutf'*‘ &au!g =0.
Proof. First, we define the character & as a limit point for an extremal sequence
o =) O
z(0 . z(0
sup sup = lim
a€r* zem(a) lv/D(a)z|l "“°°zeH=<an> |/ D(an)z||

lim a, = é&.
n—0o

We are going to prove that

|=(0)I -

= M(véa

sup M(x) = lim

1
su ).
xere n—oo er’(an) |kva anj |/ D(en)z]|

Indeed, 12(0)|
I
sup MO0 = fé‘%’. aek: oenRay Tkox] [/ D(@)a]
_ 1 RO
- A(0) gy zem(a) |/ D(e)z]|
. o
ORI VDGl
L 12(0)
w e e ity [£71on | [/ Dlane]
12(0)

< sup sup -

o€T* zeH?(a) ||k¥E || ||/ D{a)z||
= M(Vd_l)
< sup M(x).

x€r

Hence (f, 4) is a x-extremal pair as x = va~!. Let us show that A, defined by (4.6),
is a divisor of A. In this case ¥ = va~'@ = v, and therefore kX = k* = AA(0), i.e.

(k’_‘),’n = A and X,u¢ = ¢ is the unit character. Thus A= ¢in and ¢;, is a divisor of
Al
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