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Abstract. A non-uniqueness criterion for the character- automorphic Nehari problem is given. 
Certain subclass of solutions, connected with "the entropy functional" of the problem, is de-
scribed. The description yields a character-automorphic counterpart of the Adamyan-Arov-
Krein theorem. 
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1. Introduction 

In this work we continue the study of the character-automorphic Nehari problem [7]. 
First we would like to recall some basic concepts and notation. 

Let r be a Fuchsian group, that is a discontinuous group of linear-fractional trans-
formations of the unit disk D = {( E C : ( < 11 onto itself. Let r be the group 
of unitary characters of the group r. We assume throughout the paper that r has no 
elliptic and parabolic elements. 

An analytic function f = f(() (( E D) is called to be of bounded characteristic if

sup f log If(rt )I dm(t) <00 
O<r<1 

where T = It E C : ItI = 11 and din is the Lebesgue measure on T. Any function of 
this class possesses an inner-outer factorization (see, for example, [6, 8]). We denote by 
f '1 and f.ut the inner and the outer factors of the function 1, f(() = f1()f0uj((). We 
denote by H (1 p ) the Hardy spaces of analytic functions f = f(() (( E D) 
with

iiiiip = sup {
	

If(rt ) I Pdm ( t )} <oo	(1 <p < oo) 
O<r<I J  
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arid IfII = sup{[f(()[ : ( E D). A function f of hounded characteristic has bound-
ary values almost everythere on T and one can identify it with the function giveti by 
f(t) = lim_. 1 f(rL), t E T. From this point of view, there is another description of 
the Hardy space H: it consists of L-fiinctions on T with vanishing negative Fourier 
coefficients. We denote by H P_ the space of L P-functions with vanishing non-negative 
Fourier coefficients. 

One can find a detailed presentation of the theory of Hardy spaces at infinitely-
connected Riemann surfaces of Parreau-Widom type in the monograph of M. Hasumi 
[5]. Following the paper of Ch. Pommerenke [ 91, we consider the Fuchsian groups of 
Widom type and Hardy spaces of character-automorphic functions with respect to a 
group of this type. 

One can consider the action of the group F on the unit circle T. We associate with 
an arbitrary character a E F' spaces of character-aritoinorphic functions 

L(a)= {fE L P : fo= a(7)f for all	E r} 

and
HP(a) = LP (a) fl Hi'. 

The group F is said to be of Wzdom type [9, 10, 12] if for any a E F' the space H(a) is 
not trivial, i.e. H00(a) ^ {const} for all a E P. Let us note that any group of Widom 
type is necessary a group of convergent type, i.e. . y€r( 1 - I y( 0 )1 2 ) < oo. The Blaschke 
product

b(() — TT -i(°)—( '_Y(0)1
-	i -	7(0) 

is called the Green function of the group F with respect to the origin. The group F 
is of Widom type if and only if the derivative of the Green function 1/ is of bounded 
characteristic [9]. Moreover, the inner part of b' is a Blaschke product A = (l/),,. It 
solves the extremal problem

inf nn(a) = A(0) (Ei 
where

MP(a) = sup Lf(0)l	(1 < P < no). 
Ic !1) "flip 

In what follows we denote by a[f] the character of a character- automorphi c function 
f, i.e. a[f](7)f = Jo -y for all -y E F. 

The following conditions are equivalent for groups of Widom type (see [5, 10]): 

• The direct Cauchy theorem holds, i.e. fT k din =	for every f E 

• For all 1 p < on arid all a E F' the annihilator of the space H P (a) has the form 

HP(a) := {f E L' (a) 
fir 

.4f din = 0 for all 9 E H P(a)} AH({a[A]}a)
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where 1 + 1 = 1 and H(a) = L(a) fl H 

	

P	q 

. Every invariant subspace of H P (a) (a E ) is of the form eHP ((a[®]} a) for some
character- automorphic inner function ® (this is an analog of Beurling's theorem). 

• The functions m = rriP (a) are continuous on r* for all 1 <p < oo. 

We would like to stress that the direct Cauchy theorem is not true for an arbitrary 
group of Widom type and is an additional condition on the group F. The conditions 
of the direct Cauchy theorem hold, for example, if the zeros of L satisfy Carleson's 
condition [11]. In the following, we suppose that F is a group of Widom type and that 
the conditions of the direct Cauchy theorem hold. 

We introduce the character- automorphic Nehari problem in the following way: 

(N) Let fj E Hj/3) for fixed 0 E F'. Describe all functions f E L°°(f3) such that 
I = 1+ + fj, where 1+ E H 2 (fl) and 11fl1 c, 1. 

Let us denote by Af(f1 ) the set of solutions of the problem (N), associated with a given 
function fj . We say that the problem is indeterminate if it has at least two different 
solutions. 

In [7], following Abrahamse [2] (see also [31), we gave a solvability criterion for 
the scalar character- automorphic Nehari problem. Let fj E H1(/3). We denote by 
P(a) and Pj(a) the orthoprojectors from L2 (a) onto the spaces H 2 (a) and H1(a), 
respectively. We define an operator F(a) from H 2 (a) to H'_ (a#) for an arbitrary a E F' 
by

F(a)x Pj (a/3)(fj x)	(x E H00(a)). 

Theorem (see [7]). A function fi e H(f3) is aprojection ofa function f E L00(f3) 

	

with 1111100	1 onto Hjfl) if and only if supocr . II F( a )II	1 
In this paper we use a vector-valued analog of the previous theorem. Let LP (C0) 

be the space of C0 -valued functions on T with 

IlfIILP ( c ) = { jIIf t II	dm(t)} 

We associate the following spaces with an arbitrary unitary representation 6 of a group 
r (0(7) is a unitary (n x n)-matrix): 

= If E L(C-): 107 = /3()f for all e r} 

and
H(fl,C0) = LP(/3,C0)nHP. 

Theorem. Let j3 be an n-dimensional unitary representation of a Fuchsian group 
F. A vector-valued function 11 E H1(f3 ,C') is a projection of a vector-valued function 
f e L 00 (fl , (C) with 1111100 < 1 onto H1(/3,C) if and only if Sup,Er . II F( a)II 1 where 
F(a)x Pj (afi,C0 )(fj x) for x E H00(a).



252	P. Yuditskii 

A proof could be given as word for word repetition of the proof in [7]. We have just 
to mention that in the vector-valued case, as well as in the scalar case, any function 
I e H 1 ((C') with 11111 < 1 possesses the factorization f(() = 9I((92((, with 91 E 
H 2 (C"), Il g ill < 1 and 92 E H2 , 119211 

In this paper we propose a non-uniqueness criterion, which looks like a natural 
character- automorphic counterpart of the classical one [1, 41. Assume that A1(f1) 0 0 
or, equivalently,

D(cx)=I—F(a)F(ct)>O	for all a!er. 

Let us associate with the system of non-negative operators {D(a) } aEr. a system of 
spaces closL2 { J (a)H2 (a)} . The criterion states that the solution of the problem (N) 
is not unique if and only if the norms of the functionals i-p x(0) (x E H2(a)) 
are uniformly bounded with respect to a (see Criterion 2). 

Another purpose was to evaluate the extremum of the "entropy functional" [4] for 
the problem (N). Our result (see Proposition 5.1) has the form 

inf Il,gl1_If'2y4m= inf sup sup log	
Ix(0)l 

fEAt(f1) 	 Er QEF zEH 2 (a)	m2 (a) IIv(xII 

Both results mainly follow from some duality principle, which states Theorem 1. 
Theorem 1 leads to a notion of x-extremal solution. Theorem 2 describes some proper-
ties of such solutions. From these properties we deduce, for example, the existence of 
a unimodular solution to the indeterminate problem (N) (character-automorphic coun-
terpart of the Adamyan-Arov-Krein theorem [1, 6, 8]). We should say here that before 
this work was done S. Kupin had shown us another proof of this proposition. The proof 
was a character- automorphic counterpart of the proof of 16: Theorem 4.31. 

2. Statement of main results 

We start with the following evident 

Criterion 1. The problem (N) for a given function fj is indeterminate if and only 
if there exists a solution fo E AV(f1 ) such that 

log(1 - 110 1 2 ) E V.	 (2.1) 

Proof. Let fl , f2 € H(f	 2 1) and fi	12 . Set fo =	It is obvious that
fo eA((f1) and 2 

If1+f2 >fi—f21
2. 

1—I 2	-	2 

Since 0 =A f' 2 E H, we have 

f log(1_1+f2dm>	
2 

2	/	
_Jlog _-f2 dm> —.
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Conversely, by virtue of (2.1) we can define a function 

fif t
exp (\2 	

log(l - 110 1 2 ) din)	 (2.2) 

which is a character-automorphic function, lying in H°°, and 

Plo 1 1 + 1 0 12 = 1	a.e. on T.	 (2.3) 

Let S E H(/3{c[]}-2) and IIII. Define the function f by 

fe=fo+E,2. (2.4) 

Let us verify that any function of this form belongs to .A1(f). Since Sq 2 E H°0 (13), we 
have only to check that life 11 < 1. The last inequality follows from the straightforward 
computation

1 _lfel 2	1- IfoI 2	fj2e	IEI2II4 

- i2fi	 rc	c2i2 - w	- joc - joc - c y 

= 1 0 1 2{ 1 - 5fo2 - 1E12} 

and the trivial inequalities 1 - fo ^ 1 - E > J EJi 46

Remark. One can reformulate Criterion 1 in the form that the problem (N) is 
indeterminate if and only if there exists a pair of functions (f, q) such that 

I E 1'1(f),	0 0 0 E H(),	1112 + I0I 2 < 1 on T.	(2.5) 

Any function (2.4) with S E H°°(fix2) and IPE	lies in JV(f1). 

Definition. A pair of functions (1 ) with properties (2.5) will be called a x-pair. 

The following non-uniqueness criterion looks like a natural character- automorphic 
counterpart of the classical one 1, 4]. 

Criterion 2. Let .1V(f1 ) 54 0. Then the character- automorphic Nehari problem (N) 
is indeterminate if and only if 

sup lx(0)I sup	 <00.Qer zEH2(c) 

We denote by k the reproducing kernel of the space H2 (c) with respect to the 
origin, i.e. k° E H2 (a) and (x,k°) = x(0) for all x E H2 (c). We note that Il k Il = m 2() .	 . 

The following theorem describes the connection between the Criteria 1 and 2.
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Theorem 1. For a fixed x E r, let 

(x) = sup {I(0)I: 1012 + 111 2 <_ 1 for 0 E H() and I E AI(f1 )}	(2.6) 

and
M() = sup sup	Ix(0)I	 (2.7) 

aEr zEH 2 (0) IIkxII IIv"•YxII 

Then (x) - '	and the supremum (2.6) is attained. - 

Remark. As follows from well-known estimates 1 > IIklI > (0) of the norm of 
k for a group of Widom type [5, 12], the boundedness of M() for some x implies that 
of M() for all x E 17 * - 

Definition. A x-pair (f,cb) will be called X-extremal if (0) = 4 (x) and the 
function f will be called x-extremal solution. 

Theorem 1 asserts that x-extremal pairs exist. The next theorem describes their 
properties. 

Theorem 2. Let x E r and let (1 ) be a x-extremal pair. 

(i) If (f, ) is a X-extremal pair, then f = f and = 

(ii) 111 2 + I1 2 = 1 a.e. on T. 

(iii)2.sif = - k• 0. 
Here s E H°°,s(0) = 0 and A is an inner character- automorphic function. 

Remark. For an appropriate choice of x, A is a divisor of the function A (see 
Proposition 5.2). In the general case, A is a divisor of the function k,, for a certain 
a E r* (see the proof of Theorem 2). 

Corollary of Theorem 2. Let (f, ) be a x-extremal pair. Then any function of 
the form

fe = j+A°	(E e H({a[s])1), hEll <1)	 (2.8) 

is a solution of the problem (N). In particular, there exists a unimodular solution of the 
problem (N). 

Remark. Formula (2.8) is a straight forward corollary of the properties (ii) and (iii) 
of x-extremal pairs given in Theorem 2. Even the existence of a solution of the character-
automorphic Nehari problem (N) with the property Ill = si (s E H°°) looks non-trivial. 
Moreover, the existence of a unimodular solution for the character- automorphic Nehari 
problem follows from (2.8). To obtain such a solution it is sufficient to take any inner 
function as E. Nevertheless we doubt that our approach is fruitful in a question of a 
parametrization of the set of all solutions.
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3. Proof of Theorem 1 

Let (f, ) be a x-pair, i.e. lcI 2 + JfJ2 < 1 with I E H(f1 ) and 0 E H(), and suppose 
that q(0) 54 0. Let us consider a system of operators 

	

(a): H2(c)	H (afl) 
IH	X)] 

defined by
I Pj(cxf3)(fx)

= [Pixx)J 

where z = a[b]. Using the evident decomposition 

Ox	Ox -	- (0)x(0) k°x	+	k 
b -	b	b	k ax(0))	b	k'x(0) 

where the first term belongs to H2 (aji) and the second one to Hi(axj), we obtain 

F(a)x 

	

F(a)x =	(0)x(0) 
b	kx(0) 

Since F(a) is a contraction, we get 

(x, x) - (fr()x,P(a)x) = (D(a)x,x) - I(0)I2Ix(0) 

	

IIkx 112	
> 0. 

Therefore,

	

lx(0)l	<	1	
(3-1)

lI/' IIlI k ll - 14(0)1 

Let {(f,, )} be a sequence of x-pairs such that	(0) —	as n -* oo. Substi-



tuting q into (3.1) and then passing to the limit give the estimate 

lx(0)l 
IIv x Il kox Il - (x) 

Passing to the supremum over x E H2 (a) and a E f we get 

1 

	

M()	.	 (3.2) 
(x) 

To prove the inverse inequality we use the vector version of the solvability criterion for 
the character-automorphic Nehari problem (N). Let us associate with M() a vector-
valued function 

-	 - --	
1H2' 

fi =	1	kX	E LHiX1) .	 (3.3)
M(X)bkx(0)
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It generates a system of operators 

	

Pj(a/3)(fj x)	 F(a)x 
P(a)x =	—	1	kX	\ =	1	kX	 (x E H°°(a)). 

P1(cxX)() bkx(0)x)	M() bkx(0) 
x(0) 

Let us verify that the above-defined operators are contractions. In fact, 

	

(x,x) — (fr(c)x,P	 1	lx(0)I2
(c)x) = (D()x,x) - 

M2 () llkII2 
The last value is non-negative by the definition of M(). Hence there exist functions 
1+ E H2 (j3) and g E H2 (i) such that 

I = fi + f+	= M() b kx(0) +	
1112 + 1 9 1 2 1. 

In other words, f E H(f1), = bg E H(), 111 2 + II 2 < 1 and (0) = M7. 
means that (f, qf) is a X-pair, and thus i(x) ^: M	Together with (3.2) it proves that 

=	and moreover, there exists a -pair such that (0) = 

4. Proof of Theorem 2 
To prove Theorem 2 we need the following known lemmas (see, for example, [1 1]). 

Lemma 1. Let a sequence {,,}, an E r* , tends to the unit character t E r *, i.e. 
= 1 for all -y E ['. Then there exists a sequence of functions {e,,} C H°°(a,,) with 

IlnII < 1 such that e,, —i, 1 with respect to the Lebesgue measure on T. 

Proof. Let us use one of the characteristic properties of groups of Widom type 
with the conditions of the direct Cauchy theorem. Namely, m oo (an ) — 1 as an -p t- 

Let fn be the extremal function from H(a,,), normalized by the conditions II e ,,Il = 1 
and En(0) > 0. Hence En(0) = m°°(a,,). The inequality fT 1 1 — e,, 2 dm < 2 — 2e,,(0) 
shows that E. — 1 in the L2 -metric, and therefore with respect to the measure U 

Lemma 2. Let a sequence {a,,}, an E I', tends to a character &. Then	kE
in L2. 

Proof. Let {e,,} be a sequence of functions from Lemma 1, constructed with respect 
to the sequence of characters {a,,&'}, i.e. e,, E H0o (a n &_ 1 ). First we show that 
k°" —	—+ 0 in L2 . In fact, 

Ik In— e n ka II 2 < Ilk" 11 2 - 2e,,(0)k(0) + 110 112 

= Ilk In 11 2 — 26n (0)Ilk6'II 2 + 1I0112. 

The last value tends to zero, because ll k°'ll = M2 (an) - Ilka Il = m2 (&). Next, 

	

Ilk On — k II	IIk'" - e n k a II + 1(1 — 

The function [(1 — ,,)/c 6 ] 2 has the absolutely integrable majorant 12k & 1 2 and since 
En- 1 with respect to the Lebesgue measure on T, the Lebesgue dominated convergence 
theorem finishes the proof U
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Lemma 3. Let v = a[/.]. Then	= const k for all a E r. 
Proof. The proof follows immediately from the formula for the orthogonal comple- 

ment of H 2 (a) I 
Lemma 4. Let i	H(i) be an inner divisor of the inner function (k°). Then: 

(i) =constk'. 

(ii) L is a divisor of	 where a.ut = a[(k)0j]. 
Proof. The first statement is a direct corollary of the definition. Lemma 3 yields 

the second statement I 

Proof of Theorem 2. Let (f, q) be a x-extremal pair. In what follows we normal-
ize the pair by the condition qf(0) > 0, or (0) = (x) . Let {a} and {x) be extremal 
sequences,	 -- 

lim	x(0)l	
= M().	 (4.1)n-°° II k HI II /D(an)xn II 

Since [' is compact, passing to a subsequence if necessary we may assume the sequence 
fan) is convergent. Let & = lima,, and = &. Let us normalize x,, by the conditions 
II /D(an)xn II = lI k HI and x(0) > 0. First, we show that 

[
P(aj)(fx)1	1 1 

On j -	in L2 (C2 )	 (4.2)

and  
- If  - IOFXn 0	in L2 .	 (4.3)

In fact,

k/i - fl 2 — II2xnI2	
II

IP^(anfi)(fxn)1	1 0
 J - 

kCknX 
III 

= ((1 - 1f1 2 - 1I 2 )Xn , Xn ) + (P+(an)fx,fx) 

+ (zn,xn) - 20(0)x(0) + kX(0) 

= (D(an)xn,xn) - 20(0)x(0) + kox(0) 

_____ = knX(0) - 2 M X) Xn(0) IIy 
IIk
D( 

xll 

an)xnll + kX(0) 

= 2kx(0) 

{M(x)-
	lx(0)l 

() M	 llkxIl Il D(an)xnlI } 
Combining with (4.1) we obtain that the last value tends to zero. Since k1nX —* ki in 
L2 (see Lemma 2) we get (4.2) and (4.3). 

Now we are in the position to prove the third property of a x-extremal pair. Note 
that the convergence of {x} implies that of	therefore Oin is a divisor of k in and	.	 - 

kX 
Ooutx n —	e H2 .	 (4.4) 

Oin
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Let {} be a sequence of functions from Lemma 1, constructed with respect to the 
character sequence {an& 1 }. Consider functions of the form €ncbo,z t fxn E L2(x0j&f3). 
Arguing as in the proof of Lemma 2, we show that 

	

(

,,ç	'	 f	" I k
Oout 
'Vout	-I '#'ut€ncboutfxn = ----fi (Enci.outxn) ' ( jf

 /	 \'Pout	'Pin 

in L2 (see (4.4)). At the same time 

P+(xout & /3 ) fncboutfx n = P+(xout&3)encouiP+(cnfi)fxn 
and (4.2) yields that 

	

1 +(Xout &I3 ) fnc1 outP+(anf3)f2 n	II+(n1)fXn	+ 0. 
Therefore,

\	 ____ 

	

fWout	%f	'i	2	- -. — j E H1(x,,aI3). 
\'Pout I \Win/ 

It means that this function may be represented as 

(i) ( O in )-f 
=	(g E H 2 , g(0)=0)	 (4.5) 

cb0t  
To complete this part of the proof we have just to use Lemmas 3 and 4, and introduce 
some notation. Since kk = and in ou 

	

= const Ak<t = const	=	kx in	out out  

we get from (4.5)

	

out 1  (k. n )	
2 

	

kk -	(g E H, g(0) = 0) 
(out )	 in 	

In	out - 

Let us define the function
-	Fkol, 

	

I	Pn	 46 
[(kX)inlg6in1 

This function is an inner one in H°°, because (k k )in is a divisor of (k')in (see 
Lemma 4). Denote .s = --_ with s(0) = 0. This function belongs to H, because the 

kx 

denominator of the fraction is an outer function and its boundary values are bounded 
by 1 a.e. on T. 

Using (4.3), we prove the second property of x-extremal pairs. Since 
OVJ - 111 2 - II2 X n	0, 

according to (4.2) we have i/f— I11 2_ 10I 2k = 0, or 1— 111 2 _.II 2 = 0 a.e. on T. 

Let us turn now to the first property. Let (f, ) and (1 ) be x-extremal pairs 
with (0) > 0 and 4(0) > 0. Then (LL, -) is x-extremal as well. With the help of 
Theorem 21(u) we get 

> 1^ ( f + 	
11 2	

(f_i	
) 

2	
(f_i	

2 

2' 2)	\2	2	 2 	2 

Therefore f = f and 0 = , and the proof is completed U
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Proof of Corollary of Theorem 2. A straightforward computation shows that 
life ii < 1. Since fe - f is a function of bounded characteristic and the denominator in 
(2.8) is an outer function 1 - sE, we have fe - f E H°°. Hence I.e E J'.f(fj). Moreover, 
lid = 1 a.e. on T whenever JEJ = 1 a.e. on T. It was proved in [7] that there always 
exists such a function S in H°°(a) for all a E r* (any extremal solution of the finite 
NevanlinnaPick problem is a unimodular function) I 

5. Maximal and minimal X-extremal solutions 
We prove the existence of maximal and minimal solutions of the character-automorphic 
Nehari problem among all the x-extremal solutions and prove some of their proper-
ties. In particular, the maximal x-extremal solution gives the extremum to "entropy 
functional".  

Proposition 5.1. There exists a X-extremal pair (f, 0) such that 

(0 )	sup 1 (x) .	 (5.1) 

The function / is a solution of the extremal problem 

inf I(f)=I(/)	where I(f)__Jlog(1_ifi2)_dm.	(5.2) fE) 
Proof. Let f fn j n > o be an extremal sequence, inff ,.j-(f1) 1(f) = I(f,,). We 

define a sequence of outer character-automorphic functions by the conditions 1 - lfl 2 = 
lOn 12 a.e. on T and q5(0) >0. Note that O n (0) - sup fE -(f) exp{—I(f)}. Consider 
the harmonic continuation of the pairs (fn , o n ) inside the disk D. Since In E .Af(f.L), 
we have e, = fn - E H00 (/3) and IkTiio0 <2. Let us pass to subsequences { eflk} and 
{ c't2I,} which converge uniformly on compact subsets of D, and let 

(, ) = lim  
flk 

We claim that / = Ia + i is an extremal function. Note that 11(1, )(()il < 1 (( E D) 
because 

	

il(f,))ii = (fn'n)dm 
<j	

11: li( fn,n)li dm = 1. 

Besides, P1 (i3)1 = P±(fi)(f0 + ) = P±(13)f0 = fj. Therefore (/, ) is a x-par. Using 
this fact, we have	 - 

sup exp{—I(f)} = (0) 5 sup (x).	 (5.3) 
fef'1(f1)	 xEr. 

On the other hand, for any x there always exists a -extremal pair (f, ), and hence 

(x) = (°) 5 0.,( 0) = exp{—I(f)} :!S sup exp{—I(f)}.	'(5.4) 
fEJ'/(f) 

Passing to the supremum in (5.4) over x and comparing 'w' ith (5.3), we get (5.1) and 
(5.2)1	 '
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Proposition 5.2. There exists a X-extremal pair (f, q5) such that 

= inf. (x). Xe', 

In this case, the function Lx from the property (iii) of heorem 2 is a divisor of the function 
, i.e. there is a function . E H with (0) = 0 such that 

otitf+ O .Utg = 0. 

Proof. First, we define the character & as a limit point for an extremal sequence 
{c}:

sup sup	 = u 

	

Ix(0)	rn	sup	
x(0)I 

aEr zEH'(a) IIv' X II	-EH'(-,,) II/D()xII 
urn c = n—.c'o 

We are going to prove that 

sup M()	urn sup	 Ix(0)I	= M(v&). 
xEF	 °° -EH"(..) IIk v	/D(c)xII 

Indeed,

sup M() = sup sup	sup 
xEF	xEr* oer* zEH 2 (o)

Ix(0)I

II k II IIv(xIl 
1 Ix(0)I 

SUP 
(0) aer	zEH2(c) IIV'xlI 
1 Ix(0)I urnsup 

=	(0) n	zEH'(a) IID(n)xII 
Ix(0)______ = urn	sup 

'xEH2() Il k '' II II"D(an)xII 
Ix(0)I sup	sup 

-H(o) IIkvbo II liv	(a)xIl

: sup M(). 
xEr. 

Hence (J,) is a -extrernal pair as x = ii&. Let us show that L, defined by (4.6), 
is a divisor of A. In this case	zi&& = v, and therefore kX = k' = zL(0), i.e. 

= /. and	= is the unit character. Thus	= Oin and Oin is a divisor of 
1.
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