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Weighted Inequalities for the
Fractional Maximal Operator in Lorentz Spaces
via Atomic Decomposition of Tent Spaces

Y. Rakotondratsimba

Abstract. Consider the usual fractional maximal operator M, with 0 < a < n. A character-
ization of R™ weight functions u(-) and o(-) for which Modo sends the (generalized) Lorentz
space Aj(wi) into Aj(wz) with 1 < s < r < oo is obtained by using a suitable atomic decom-
position of tent spaces.
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1. Introduction

The Lorentz space A, (w) is defined as the space of measurable functions f(-) on R"
satisfying '

IOl = [ O w(t)dt < o

Here 0 < r < oo, w(:) is a weight function on [0,00) (i.e. a non-negative locally
integrable function), dv(-) is a locally finite positive Borel measure on R® (n € N* =
N\ {0}), and f}(-) is the decreasing rearrangement of f(-) defined on [0, c0) by

f;(t):inf{/\zo

) au(z) = |(1£O)1 > A}, < t}.

{z€R™: |f(x)|>A}

This function space is merely denoted as Aj(w) when dv(z) = u(z)dz with u(-) a
weight function and dz the usual Lebesgue measure on R™. Many of usual spaces are
particular cases of Aj, (w). Indeed, the Lebesgue space L"(R™,dv(-)) is just Aj, (1),
and the classical Lorentz space L?(R",dv(-)) is obtained by putting w(t) = t+~1.
The space L9"((log L)")(R",dv(-)), useful in interpolation spaces, appears by taking
w(t) =t 71(1 4 | log t])?.

The fractional maximal operator M, (0 < @ < n) is defined as

(Maf)(z) =sup{|Q'|%-' /Q 1f(w)| dy

Q is a cube with Q > :c}
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All cubes @ considered have their sides parallel to the coordinate axis. So My is the
classical Hardy-Littlewood maximal operator.

The purpose of this paper is to characterize the weight functions u(:) and o(-) for
which there is a constant C > 0 so that

“(Mafda)(')|

AT (w3) < C”f(')|

A (w1) for all f(:) > 0. (1.1)

Here 1 < s < 7 < o0, and w;(-) and w,(-) are given weight functions on {0, 00). For
convenience, inequality (1.1) will be denoted by

Modo : Ajy(w) — A (w2).
This embedding has an important link with M, : AJ(w;) — AL(w.), ie.

[(Mag)()|

Arws) S ClgC)| A2 (w)) for all ¢(-) 2 0. (1.2)

To the best of our knoweldge, a characterization of weights u(-) and v(-) for which (1.2)
holds is an open problem. Indeed, only results for My : A2(w;) — Al(w2) and with
weights u(+) belonging to the Muckenhoupt class are available in the literature (see, for
instance, (3, 4, 7]).

The first reason to deal with inequality (1.1) is that in many applications, for in-
stance in trace inequality, the case of do = dz is the most significant and interesting
inequality under consideration. Next, inequality (1.1) yields a solution to inequality
(1.2) when wy(-) = 1. As a third reason, problem (1.2) can be solved by using (1.1)
when the weight functions v(-) belong to some Muckenhoupt class. However for the gen-
eral case, the two embeddings Msdo : A% (w)) — AL(w;) and M, : Ad(wy) — AL (w2)
are completely different.

Our approach of (1.1) is based on atomic decomposition of some suitable tent space
(see Section 5). The idea of using tent spaces to tackle maximal inequalities was already
alluded by many authors (see, for instance, [11]). But the systematic development with
various weights as presented here is not done. So we hope with the present work to
fill this lack in the literature. The technique used here is inspired on the author's
paper [8], where weighted inequalities for M, on classical weighted Lebesgue spaces
were considered.

So in Theorem 2.1 we obtain a characterization of the embedding Mydo : A(w:1) —
AT (w,). As a consequence, the boundedness of M, : L? — A} (w) is stated in Proposi-
tion 2.2. And the embedding M, : A(w;) — Al(w.) is also characterized (in Theorem
2.4) whenever the weight v(-) belongs to some Muckenhoupt class. As it is known [9]
in the Lebesgue case, a characterizing condition is in general difficult to check, so this
question is also examined in Corollary 2.3. Finally the statements of our results for the
classical case Mqado : LP® — LI" or M, : L?* — LI are also included in Corollaries
2.5, 2.6 and 2.7.
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2. Main Results
To study the boundedness Modo : Aj(w;) — A% (w,) or
SCfOlpsuy — forall £() >0, (2.1)

some restrictions on «, s, r, w1(~), wa(-), u(-) and o(-) are done. So it is always assumed
that

0<a<n and l1<s<r<oo.
Further:
» u(-) and o(-) are weight functions on R™ such that u(-) ¢ L'(R",dz) and o(-) > 0
a.e.

» w1() and wo(-) are weight functions on [0, 00) for which the following growth con-
ditions are satisfied:

wi(-) € By, ws(-) € By; (2.2)

there is a real € such that s < e < r and
(Z[Wl(tj)]f>: < W, (th) for all ¢; > 0; (2.3)
J J

for s = r it is assumed that wo(-) € Byoo, else wy(-) € B:. (2.4)

Here ¢ > 0 is a fixed constant which only depends on w,(-). And W,(-) is defined
as Wi(R) = fo wi(t)dt. For p > 1, the condition w(-) € B, means

oo R
/ w(t)t™Pdt < C’R_”/ w(t)dt for all R > 0.
R 0

And w(-) € B if there is C > 0 such that
R;'W(R;) < CR'W(R;) for 0 < R; < R,.

Condition w(-) € By (resp. w(-) € Bioo) ensures that || - |[zz () (resp. | - llaz(w)) is
equivalent to a norm (see (10] and [2]). Thus for a fixed constant C > 0

(. <
“ ZF’( ) AB(w) ¢ Z ”F
i j
A sort of converse of (2.5) is held under condition (2.3). Precisely,

2 e

The reason, why the growth conditions (2.2), (2.3) and (2.4) are introduced, can now
roughly explained. Indeed, by using a suitable atomic decomposition of tent spaces (see
Section 5), the left side in (2.1) is broken into pieces by applying the rule (2.5). Next
the test condition (2.7) (see below) leads to do summations as displayed in (2.6) a.nd in
order to capture again the initial function f(-).

for all Fj(-) > 0. (2.5)

rs () <C ” Z G,( )”A < (w) for G;(-) > 0 with disjoint supports (2.6)

Now the first main result can be stated.
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Theorem 2.1.
(a) Suppose Mydo : Ad(w,) — AL(wz2). Then for a constant A >0

”(Maquo)(.)nQ(.)Hmwz) < 4| 10() for all cubes Q. (2.7)

Al (w)
Here 1g(-) is the characteristic function of the cube Q.

(b) For the converse, the growth conditions (2.2),(2.3) and (2.4) are assumed. So
the test condition (2.7) implies Modo : A (w;) — Al (w).

Condition (2.7) is the analogue of the famous Sawyer’s condition [9] for the Lebesgue
spaces setting.

This result leads to the characterization of the weight functions u(-) and v(-) for
which My : LE — AL(w), where LY = LP(R™,v(z)dz) = A} ,,,.(1). So from now, the
following is supposed:

el <p<r<oo.

ev(-)and o(:) = v~ #7(-) are weight functions on R™.

« w(-) is a weight function on [0, c0).

Proposition 2.2.

(a) Suppose My : L2 — AL(w). Then for a constant A >0
“(M,,v—plTlHQ)(~)llq(~)“ < A“v‘r’l—l(-)HQ()nw for all cubes Q.  (2.8)

An(w) ©

(b) Conversely, condition (2.8) implies M : L} — Aj(w) whenever there is € such
that p < & <t and for which condition (2.4) with s = p and wa(-) = w(') 15 satisfied.

Although Theorem 2.1 and Proposition 2.2 yield respectively characterizations of
Mydo : A3(w,) — Al(wz) and M, : L — Aj(w), the conditions under consideration
are in general difficult to check since they arc expressed in term of the fractional maximal
function M, itself. However easily verifiable conditions can be derived under the reverse
doubling condition RD, with p > 0. Thus w(-) € RD, whenever there is ¢ > 0 such
that

/ w(y)dy < ¢ <||Q—Ql|—|)p/ w(y)dy for all cubes @, and Q with Q, C Q.
1 Q

Many of usual weight functions have this property.

Corollary 2.3.

(a) Suppose o(-) € RD, with 1 — & < p. Then condition (2.7) in Theorem 2.1 can
be replaced by : :

IQI%_’</QU(y)dy) [Wz (/Qu(x)dl)r SA[Wl (/Qo(y)dy>r (2.9)
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for all cubes Q.

(b) With the same hypothesis and o(-) = v_Pl—l(~), then condition (2.8) in Propo-
sition 2.1 can be replaced by

1—=

IQI%"[W(/Qu(z)dx)]%(/q?v‘»i—x(yjdy)] ;SA for all cubes Q. (2.10)

Theorem 2.1 yields a characterization of u(-) and v(-) for which M, : A%(w;) —
Ay (w2) and whenever w;(t) = 1. To study this embedding for more general weights
wy(-), the standard Muckenhoupt conditions v(:) € A, (¢t > 1) are needed. Remind
that v(-) € A if for a constant ¢ > 0

IQl—l /Qv(y) dy < C,‘é‘fy v(z) forra.ll cubes Q,

and that v(-) € A, (t > 1)if

1
T

(IQI“/Qv(y)dy) (|Q|_1/Qv—ﬁ(y)dy)l_% <c  forall cubes Q.

The second main result for this paper can be stated as follows:

Theorem 2.4.
(a) Suppose My : A3(wi) — AL(wz). Then for a constant A > 0

Q1% [W2 (/Q u(y)dy)r <4 [W1 (/Q v(y)dy)]% for all cutes Q. (211)

(b) For the converse, suppose v(-) € A, for some t with 1 <t < s. Then condition
(2.11) implies My : Aj(wy) — AL(w2) whenever wy(-) € B: and there 1s € such that

(Z,m@)%) ™ <o, [S,6]  foratity >0, (2.12)

and wa(-) € Bioo if s =1 =te, else wy(-) € B= (and in this case s < te < r).

Finally, we end this section by stating the corresponding results for classical Lorentz
spaces L%, which can be seen as Aj,(w) with w(7) = 75, So from now it is assumed

that )
1 <p’s’q’r < w’

with roughly speaking max(p, s) < min(g,r). Precisely the restriction done is described
by one of the following inequalities: .

p<s<g<r p<s=gq=r p=s=qg=r T
(2.13)
<s<r<gq s<p<q<r s<p<r<agq.
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Corollary 2.5.

(a) Suppose Modo : LE° — Li". Then for a constant A > 0

[(Madoo) )00

- <A ”HQ(.)HL? for all cubes Q. (2.14)

(b) Conversely, condition (2.14) implies Mqdo : L%, — LI" whenever one of the
inequalities in assumption (2.13) is satisfied.

(c) Inequality (2.14) in parts (a) and (b) can be replaced by

. 1-1 1 '
|Q|»! (/ a(y)dy) ’ (/ u(:c)d:c) <A for all cubes Q (2.15)
Q Q

whenever o(-) € RD, with 1 — 2 < p.

Corollary 2.6.

(a) Suppose My : LY — L%, Then for a constant C > 0

[[(Mav=7m)( 100

Lor < C”v_r+l(')llq(-)HLP for all cubes Q. (2.16)

(b) Conversely, condition (2.16) implies My : L, — L& whenever one of the
inequalities in assumption (2.13) is safisfied.

(c) Inequality (2.16) in parts (a) and (b) can be replaced by (2.15) whenever o(-) =
v #7(-)€ RD, and 1 - 2 <p.
Corollary 2.7.

(a) Suppose M, : LP* — LI". Then for a constant A >0

Q% (/‘; u(y) dy)%bs A(/Q v(z) dz)% for all cubes Q. (2.17)

(b) For the converse, let v(-) € A for some t with 1 <t < s,p. Then condition
(2.17) implies M, : LP* — L7, whenever one of the inequalities in assumptions (2.13)
13 satisfied.

The results and method introduced in this paper may be easily generalized to the
setting of homogeneous type spaces [5]. But for convenience, this generalization is not
treated here.

Proofs of Proposition 2.2 and Corollaries 2.3, 2.5, 2.6 and 2.7 will be given in the
next Section 3. With the help of a basic result (Theorem 4.1), Theorem 2.1 will be
proved in Section 4. The proof of this basic result will be done in Section 5. And the
last Section 6 will be devoted to the proof of Theorem 2.4. '
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3. Proofs of Proposition 2.2 and Corollaries 2.3 and 2.5 - 2.7
This section is devoted to the proofs of some consequences of our main results (Theorems
2.1 and 2.4). '
Proof of Proposition 2.2. Assume that M, : L? — Ay(w). Taking f(-) =
v T Iig(+) in the corresponding inequality then condition (2.8) appears.
Next suppose (2.8) is satisfied. The extra condition (2.3) is trivially satisfied since
Wi(R) = Rand 1 < £. Since [[v™#7()9(-)llz = l9()llzz = l9(-)llaz (wr) with o(-) =

v_r_:T(-) and wy(-) = 1 (€ Bp), then condition (2.8) is nothing else than (2.7). So, by
Theorem 2.1, Modo : A2(w,) — AL(w) which is also equivalent to M, : LE 5 Al (w)

Proof of Corollary 2.3. The proof can be restricted to part (a). To check condi-
tion (2.7), the point is just to use

(Mallgdo)(z)lg(z) < C|Q|= ! /;?o(y)dy for all cubes Q (3.1)

where the constant C > 0 only depends on a, n and o.

To prove (3.1), take a cube Q and z € Q. It is sufficient to estimate Q =
Q%1 fQ,nQ o(y)dy Q' > z, by the right member of (3.1). If Q' is a big cube, or
presicely ﬁ|Q| < |Q'|, then clearly @ < C|Q|7! fQ do(y). Next consider the case of

a small cube, i.e. 0 < |Q'| < 135|Q|. One can find a cube Q; C Q with Q1] = |Q’'| and
Q'NQ C Qi such that @ = Q' if Q' C Q. Using o() € RD, and 0 < p+ £ — 1, then

0 <|@3 /Q ol < CIQIE (%) /Q o(y)dy

|Q'|)"+%“
sc(,Q| Q] /Q o(v)dy < CIQ| /Q o(y)dy

and the assertion is proved B

Proof of Corollaries 2.5 and 2.6. Only parts (b) of these results need to be
proved. Since L2* = A3(w;(7) = 75~ and LI = AL(wa2(r) = 7571, then the conclu-
sion is obtained by applying Theorem 2.1, Proposition 2.2 and Corollary 2.3, and the
main problem is reduced to see that conditions (2.2), (2.3) and (2.4) are held under
1 <p,q,s,9,7 < oo and one of the inequalities in (2.13).

First w,(-) € B, if% < sorp>1, and we(-) € By if qi <rorgq>1 Thus
condition (2.2) is satisfied. Next since Wi(r) ~ 77, then clearly condition (2.3) is
satisfied whenever

s<e<r and p<e. (3.2)
Ontheotherhandwz(‘)GB': if§< fore<qandw2(~)€B1°°ifq5—1 <0orr<g.
Consequently, to satisfy condition (2.4) it is needed that ‘

e<q fors<r and r<q ifs=r. (3.3)

The real ¢, for which both conditions (3.2) and (3.3) are satisfied, exits under one of
the retrictions (2.13) on s, p, ¢, and r il :
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Proof of Corollary 2.7. As above to prove part (b) of this result, it is sufficient to
check the conditions needed to the conclusions in part (b) of Theorem 2.4. The details

are similar to the above, except that instead directly of (2.13) the restriction used is on

2 s g r
t,t,tand!l

4. Proof of Theorem 2.1

Theorem 2.1 is based on weighted inequalities for the dyadic version of the maximal
operator My, which is defined as

(Mag)(z) = sup {|Q|%_ / |g(y)|dy‘ Q a closed dyadic cube}.
Q3z Q

Remind that a closed dyadic cube is a product of n intevalls [z;,z; + 2k) where z =
(z;)i € 25Z" for some k € Z. Assume that dw(-) and do(-) are locally finite positive
measures which do not charge points of R™ with 0 < fQ do(z) < oo for all cubes @ and

Jg» dw(z) = co. The main result on which Theorem 2.1 lies is the following
Theorem 4.1. _
(a) Suppose Modo : A5, (wy) — Aj (w2). Then for a constant A >0

|(Mat1@do)( )00

< AHnQ(-)

AT (w2)

for all dyadic cubes Q. (4.1)

AL, (w1)

(b) For the converse, the growth conditions (2.2),(2.3) and (2.4) are assumed. So
the test condition (4.1) implies Mqodo : A (w1) — AJ (w2), precisely:

“(M,,fdo)(~)HA;u(w2) < cA“f(~) for all £(-) 20 (4.2)

Ay, (wr)

with @ constant ¢ > 0 which only depends on n, v, s, wi(-), and w2(-) (but not on duw(-)
and do(-)).

This result will be proved in the next section, and for the moment we are proceeding
to prove the embedding M,do : A(w;) — Af(w2). Due to the monotone convergence
theorem, it is sufficient to find a constant ¢ > 0 such that

|caa2” fda)(-)“A;(wz) < el £ for all (-) >0, (4.3)

AL (wy)

and all integers N. Here the truncated maximal function MPE is defined as usual by

(MEf)(z) = sxx})Qa,,{|(2|%'l fQ |f(y)ldy| |Q|% < R}. As in [9], the first point to get
(4.3) 1s

(M g)e) < [ ( Mag)(=) gromsy (4.0

[-2N+2 2N +2)n
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Here ¢; > 0 does not depend on z, z € R" and N ¢ N*, and *M, is defined as
(*Ma f)(z) = supg,, {|Q|~* fQ |f(y)ldy| @ — z a closed dyadic cube}. The second
point for (4.3) is the existence of a constant ¢; > 0 for which

(* Mo fdo)()|

l\.'.(t'vz) = CzA”f(‘)“,\g(wl) for all f(-) 20 (4.5)

and all z € R™. Indeed, using (4.4) and the fact that || - |
(since wy(-) € B,) then (4.3) appears as follows:

A (w) 18 equivalent to a norm

dz
A% (wy) 2n(N+3)

(M2 a0y (Mo fdo))|

<a /
Ar (w2) (—2N+2 2N +2n

dz
: A0l s e
e /[—2N+2,2N+zln c24 | £0) A2 (wy) 20(N+3) (by (4.5))

< CsA“f(')

(since c; does not depend on z).

Al(w)

We end with the proof of Theorem 2.1 by proving inequality (4.5). It is for this
purpose why Theorem 4.1 is crucial in the proof. First note that the test condition (2.7)
implies (4.1) with the measures do.(-) = o(- + z)dz and dw.(-) = u(- + z)dz, and the
constant A > 0 independent on z. Indeed, for each dyadic cubes Q then

|[(Mado. 10)()1o()

Ay, (w2)

< “(Madozllq)(-)llq(')

= | (MadoTigs)()Teu: ()
i o = [MadoTler)OTens 0

o),

b, (W)

< AHHQ“(')||~(M) - A‘

So, by Theorem 4.1, the embedding (4.2) with the measures do,(-) and dw,(-) can be
assumed to hold with the constant cA where ¢ does not depend on =z.
Now, with some notations abuse, inequality (4.5) appears as follows:

(* Mo fdo)(-)

(* Mo fdor)(z)

AT(wa)

= [[(Malf (- + 2)do ()

A:(x)az("”)

s (=)(®3)

(by using the definition of *M,)

< cA“f(:r +z)

A;,'(,)(wl)

- a2,

v(:+x)dz(w')

-ealo)

AL (wy)



272 Y. Rakotondratsimba

5. Proof of Theorem 4.1

To prove Part (b) of Theorem 4.1 then, by translation and reflection, it is sufficient to
find a constant ¢ > 0 such that

“(MS[O'RIfd”)(')HQ[Ole(')“A;“(w',) < cAHf(-)‘

for all f(-)>0 5.1
oy PFASOZ0 G

and all R > 0. Here Q[0, R] = (0, R)" and

(MIRlg)(z)

= su b
—Qag{lQl /Q l9()| dy

Q a closed dyadic cube with @ C Q|[0, R]}

Proposition 5.1. Let w(-) € B,. For all € > 0 there is a constant C > 0 such
that, for all f(-) € A3, (w:) and all R > 0, one can find A; > 0 and dyadic cubes Q;
satisfying .

(MS[°’R]fdv)‘(~)11Q[o,}z1(~) < Z’\;[Wl(lelo)]_%(MaHQj do)* (g () (5.2)

and

(ZA;)% = C“f(‘)HA;a(wl) (5-3)

whenever s < £ and condition (2.3) is satisfied.
Here |E|, = [ do(z) for each set E.

Proposition 5.1 contains all of the philosophy of weighted inequalities (5.1). Indeed,
(5.2) yields a sort of cut off (MO,Q[O’R]fda)(-). Summation of the resulting pieces is
ensured by (5.3). It is for this result that a suitable atomic decomposition of tent
spaces associated to A3, (w;) is needed. The proof of Proposition 5.1 is postponed

below, and for the moment we show how precisely inequality (5.1) can be obtained from
the test condition (4.1).

The equivalence of || ||A{. (wa) with a norm denoted by |- || .= y is needed. There-
dw 2

r:w(w2
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fore inequality (5.1) appears since
(MR sdo ) ygge ()|

= [lmgem aoys.

Ay (w

£ (wa)
< [ X5 %10@510)1 7% (Ma g, doy: (g, (- by (5:2)
3 “
< X M0Q10 " (Mallgdoy g, ()
; dot2
schilwluQ,la)rf||<Manq,da)‘<-)no,» Mg oo
<CQZ,\=||1IQ)()|A, || Moo, do)( ), () N

SczA DA Gy @
-5

L MOl

A3 () (¥ (5:3).

To prove Proposition 5.1, we need a suitable atomic decomposition of dyadic tent
spaces associated to A3, (w1), which is now introduced. Let X be the set (0, 00)" minus
the dyadic points z = (z;); € 22", and let X = X x 2Z. For each z € X, we write

(y,2%) € T(z) if zeQ[y,2% (5.4)

where Q[y,2*] is the unique dyadic cube which contains y and with length 2%. Note
that Q[z,2*] = Q[y, 2*]. Also,

0 = (U{T()|z € Q°))° " (5.5)
for each set @ C X. Thus
w2"el <= Qw24 ca (5.6)
The functional A, acting on each measurable function f(, Y of X, is given by
(Ao )(z) = sup {|f(3,2")] (4, 2) € ()}, (57)
Finally, for each measurable function ﬂy, 2%) and R > 0, define that
£() € T (w)(QI0, R) (5:8)

i f(y,Zk) is supported by (0 R)", and the set {(Aoof)( ) > A}, A > 0, is an union of
dyadic cubes, and ||(.Aoof)( )“A' o (wy) < O0:

Now the atomic decomposition result for 7,24 (w, )[Q(0, R)) can be stated.
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Lemma 5.2. Let w;(-) € B,. There is a constant C > 0 such that, for all functions
f(,) € E’;dya(wl)[Q[O,R]] (R > 0) one can find A; > 0, dyadic cubes Q;, and
functions @;(y,2*%) with disjoint supports such that

1

(v, 251 < (W1(1Q;1)) ™ * 15 (v,2) (5.9)

fly,2%) = ijz,(y,zk) ae. (5.10)

and

3225 < Cll(A Ny, uny (5.11)

whenever s < € and the growth condition (2.3) is satisfied.

The proof of this result will be given below but for the moment we explain how to
derive the

Proof of Proposition 5.1. Let f(-) € Aj, and R > 0. To obtain (5.2) observe
that for z € Q[0, R] then

(MQR fdo)(z)

~ sup{|Q[y,2k]|—_l/ |£(2)ldo(2)
Qly.2*]

z € Q[y,2%] ¢ Q[O,R]}

= sup{8(y,2)f(,2")| = € Qlv. 2" Q0. R}

where

&(y,2¢) = |Qly, 2[5! / e

Qly.2*}

Fw.25) = {lQ[y,z*u 7 Joar f(2)do(2) if (v,2%) € Q0. B

else.

These expressions are well defined since by the hypothesis on do(+) then 0 < |Q[y, 2¥]|» <
0o.

To take profit from Lemma 5.2, we are going to prove that f,) € T2 (w))[QIO,
R]] Indeed, first the supports of f(-,2*) and (Acof )( ) are respectively contained in
Q[O R] and Q[0, R]. Next, by (5.4) and (5.7), if (Aoof)(:b‘) > X >0, then there is (y, 2k)
such that z € Qly, 2¥] and |Qly, 2¥]|; fQ[y 2] f(z)do(z) > A. So the set {(A () >

" A} is a union of such dyadic cubes Q[y,2*]. Finally,

(-Aoof)() < (Naf)()

with (N, f)(z) = supQ[y,2‘]9z{|Q[ya2k]|a fQ[y 24] |f(2)|do(z)}. So the fact that ||(Aso
f)( )”A' ,(wy) < 00 can be obtained from
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Lemma 5.3. Let w)(-) € B,. Then there is a constant ¢ > 0 such that

|40, . < ||

This Lemma will be proved below, but for the moment the sequel of the proof of
Proposition 5.1 is performed.

Since f(-,-) € 7% (,){Q[0, R)] then, by Lemma 5.2, there are Aj > 0 and dyadic
cubes @; such that (5.9), (5.10) and (5.11) are satisfied.

for all f(:)20. (5.12)

4o (w1) Al (wy)

Inequality (5.2). To estimate (.MQ[0 R]fda)‘(:z:) it is sufficient to control ©%(y, 2k)
fe(y,2%), where z € Qly,2¥] ¢ QI0, R). So it follows that

Oy, 2")f*(v,2%)
= 0°(y,25) 3 Xela; (v, 20)1°
]

(by (5.10) and since the supports of the :j are disjoints)

< DN IWA(1Q;1)) 7 6%(v, 29) 5 (v, 2*)
7
(by (5.9))

= S law 24 [

Qly,2*%)

da(z)] ivlal (v, 2".)

(sce the definition of ©)
r L4
= SRR 102 [ aota)] T 2
P . Qly,2*)nQ; ;
(note that by (5.6) Q[v,2%]CQ;)

< AW 100215 [ g, (2ho(a)] e, (o

(remind that z € Q[y,2%]) C Q;)

< 2 NWi(1Q510)1™F (Mo llg, do)(2)g; (2):

Inequality (5.3). It is not difficult to obtain this inequality since by (5.11) and
(5.12) then

(5%)" <ol ., <

. Therefore the proof of Proposition 5.1 (and consequently of Theorem 4.1) will be com-
pleted, once we will finish to prove Lemmas 5.3 and 5.2.

A4, (wy)

" Proof of Lemma 5.3. The second inequality in (5. 12) is the same as

/0 (No £)5 () wi (8)dt < c/ 2O wi(t)dt  for all £(-) > 0.
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The first point to obtain such an inequality is

(Vo) <07 [ p3(ryar = c(H LW (5.13)
and the second one is
/0 ” (H) (8w (t)dt < ¢ /0 T e w(t)dt for all g() N\

But this last inequality is well-known to be equivalent to wy(-) € B, (see [1]). The
first one was proved by Herz [6] for the Lebesgue measure dz. Therefore (5.13) can be
obtained by adapting the ideas of this author. For the convenience the complete proof
is given.

The first key to get (5.13) is the fact that N, : L!(do) — L'*°(do), which can be

written as

(Vo)) <€ [ Uh@ldot)  forall () (514)

Due to the special properties of dyadic cubes, this embedding is well-known to be true
with a constant C > 0 depending only on the dimension n. Without any inconvenience,
in (5.14) it can be assumed that C > 2. The second point to obtain (5.13) is the fact
that N, : L*®°(do) — L%(do) or

”(Naf?)(')”z,oo(da) = li:’;;EP(Noﬁ)(I) < ||f2(')”1,w(da) (5.15)

for all functions f,(:). Now to see (5.13), it can be assumed that f(-) > 0 and f(-) =
AC) + f() with fi() = [f(-) = fo(O)LE (), f2() = f() = f1(*) and E; = {z] f(z) >

f2(t)}. Observe that

(@) |Belo = t

(1) 1 f2(-)ll oo a0y < 2£5(t)

(iii) Jor fi(2)do(z) < fIB17 fo(r)ar — tf2() = L[(H @) - £2(0)]
(this last follows by the definition of f;(-) and (i)). By (ii) and (5.15):

(iv) (No £)() € (No f1)() + (Na f2)() € (N f1)() + 2£2().
Inequality (5.13) appears since

(Nof)g(t) < (Nafr)g () +2£5(t) by (o))
SC[HS) = fo] +2f5(8) oy (514) and (i)
< C(Hf;)(t) (by the choice C >12).

Proof of Lemma 5.2 (Atomic decomposition of %’;dya(wl)[Q[O, R]]). The main
key is the following
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Lemma 5.4 For each bounded open set Q = UQGIQ C X (wsth Q being dyadic
cubes) one can find a sequence of (mazimal) dyadic cubes (Q;); (Qi € I) with pairwise
disjoint interiors and such that Q = U; Qi and @ = |, Q:. V

This result is just an easy consequence of well-known dyadic cubes properties.
Now take a function fG,) € T.%°(w,)[QI0, R]). For any integer j, let Q; =
{z| (Aso f)(z) > 27}. Then

< o0

c2j’W1[|Qj'a] < “(-Aoof)()l

s
Ac‘iv(wl)
for some ¢ > 0. So it is clear that W,[|2;]s] < co. Moreover,
ﬁj-H C ﬁj . (516)
I}‘v(y) 2k)| < 2j+l on §;+1 . (517)

Since 2 = {Jgez @ C (0, R)", then by the above Lemma 5.4
Q;=1JQi; and ) Ug,()=1g() (5.18)
Q;=JQy  and >l () =Tg5,¢0). (5.19)

Define the scalars ‘ N
Xij = 270 (W (1Qi510))

and the functions
~ —G -1z =~
aij(y,2%) = 27U W1 (1Qi510)]) " * f(w,2%) x T o (v,2).
Q‘l nl

These quantities are well defined whenever 0 < W1(|Qij|s) < co. But this is the case
since W1(|Qijlo) < Wi(|€2;]s) < 00 and 0 < |Qij]s < oo implies 0 < Wi(|Qijlo). This
implication is true since by the condition w,(-) € B,, the fact that W, (r) = for wy(t)dt =
0 for some 0 < 7 < 00 means that w,(-) =0 a.e.

Clearly, by (5.19), the supports E.‘}' = @.j - ﬁj of the d;;’s are almost disjoints.
Inequality (5.17) and the definition of @;;(y, 2¥) yield

~ i~
(v, 2")] < [(Wh(1Quslo)] ™ * g, (v,2")
which is the estimate (5.9). Again by (5.19) and the definition of A;; and @;;(y, 2*) then

fly,2%) = Z/\ij?i.',‘(yﬂ") . ae.

it

which is the pointwise equality announced in (5.10).
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Finally, to get inequality (5.11) let s < ¢ with an € for which (2.3) is satisfied. Then

PRRTEDS- LR WUAT PO

7
czz(iﬂ)s (W] [ZIQUIV]) ’ (by condition (2.3))
j 1

= CZ2U+1)E (W] [lgjla]) ' (the cubes Q;; have disjoint interiors)

J

IN

<
0

0(22(j+‘)’W1{IQj|,]) (remind that £2>1)
b

IA

Il

C(sz’wl [I{(Aoof)() > 2j}|0])% (by the definition of Q)
j

< C’”(Aoof)()”/e\;a(wﬂ (by the discretisation of "‘":\;a(wl) as in [3]).

6. Proof of Theorem 2.4

Since the proof is quite similar to that of Theorem 2.1, we essentially emphasize on the
main points rather than on details. One of the points to get Part b) of Theorem 2.4 is
the pointwise inequality

(Maf)() € e(Natof*)E (). (6:1)
Here ¢ > 0 depends only on the constant in the A,-condition for v(:), and N, , is the
maximal operator (N ,g)(z) = sup{|Q|§ (fQ v(z) dz)_l fQ lg(y)lv(y)dy| Q > z}.
With (6.1), the proof of My : A(w;) — AL(w2) is reduced to

|(Vatu0))]

t .
A (w2) <cA ”g(‘)”/\f(wl) for all g(-) > 0 (6.2)

which is denoted by Ng,, : A.::(wl) - Aé(wg).
Inequality (6.1) is true for ¢ = 1 and v(-) € A, since

it = v v(2)dz B v —1— v(z2)dz L
@it [ f)dy =10l (/Q ()d) RO (y)[IQI/Q ()d}v(y)dy

SleI%( /Q v(z)dz) /Q wyo(y) dy.

Also (6.1) holds for ¢ > 1 and v(-) € A, since, by applying the Holder inequality,

QU5 /Q f(y)dy < Q|5 ( /Q f‘(y)v(y)dy> ( /Q v-ﬁ(wdy)

1—-1

t



Weighted Inequalities and Tent Spaces 279

= [| |°T‘< / v(z)dz) / f(y)v(y)dy]l
x|Q|-‘</Qv(y)dy)%(/Qv-ﬁ(y)dy)l_:—
5c[|Q|"T‘</Qv(z)dz)_l/Qf‘(y)v(y)dyr

As in Theorem 2.1, (see Theorem 4.1) to obtain Nat,v : A,::(wl) — Ai(wg), the

idea is also to prove the corresponding dyadic version Natw Az(wl) — Af: (w2). This
last embedding will be based on

(Nﬁ“i’”g)()HQIOR]()<ZA€[W1<|Q,|)1-—|Q,|‘ﬁ‘no,() (€>0)  (6.3)

and

(%) =eloOll 5o | (6.4)

Here A; > 0 and the Q;’s are dyadic cubes and NQ[O Rl is the maximal operator defined
as N, , by means of dyadic cubes Q C Q[0,R] = (0 R)™. Details on the obtention of
(6.3) and (6.4) from atomic decomposition of a suitable tent space can be done as in
the proof of Proposition 5.1.

The fact that (6.3) and (6.4) imply N,y : Aé(wl) — Aé(wg), by assuming the
test condition (2.11) (more exactly with dyadic cubes), can be obtained as follows:

e

w2)
= v Rgyec >HQ[o m( Nz

DEHZACAE )]‘“IQ,I&HQ,

IA

(by using (6.3))

cat

Clz’\;[wl(lQi‘ N”EIQ;1

IA

1
Qi AS (wz)

(since ||| = is equivalent to a norm)
ALt (wy)

DR (AP UACANE
J

< c,A“Z/\j (by condition (2.11))
7

< CQA” (by using (6.4)).

A‘(wl)
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