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Hardy Inequalities
for Overdetermined Classes of Functions

A. Kufner and C. G. Simader

Abstract. Conditions on welghts wo and wyi are given for the k-th order Hardy inequality
(fo |u(t)|9wo(t) dt)'/9 < c(f [u®)(8)|Pwi(t) dt)!/? to hold for two special classes of functions
u satisfying 2k and k£ + 1 boundary conditions, respectively. The conditions are sufficient and

partially also necessary. For one class, a hypothesis is formulated describing necessary and
sufficient conditions on wp and ws.
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0. Introduction

The k-th order Hardy inequality

/ () wo(t)dt | < / [l (8) P (2) dt (1)
0 0

with parameters p,q (0 < ¢ < 00,1 < p < o0) and weight functions wog,wg (ie.,
functions measurable and positive a.e. in (0,1)) is meaningful if we consider classes of
functions u satisfying certain boundary conditions

uD(0)=0 for i€ M, @

uP(1)=0 for j €M,

with Mo, M, C {0,1,....k — 1}. It is reasonable to consider sets Mo and M, such that
#Mo + #My = k; | (3)

the admissible sets My, M, are described in [1, 2, 4].

The paper deals with the problem of finding conditions (sufficient, or necessary and
sufficient) if the number of boundary conditions exceeds k. Such classes of functions
will be called overdetermined.
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For the case k = 1, the only overdetermined class is that of functions satisfying
u(0) =u(1) =0 (4)

and the necessary and sufficient condition for (1) to hold for such functions has for the
case

l<p<g<oo (5)

the following form:

e ( /b wo(t)dt) ;min ( / w;-P’(t)dz) ?, ( /l w;-f”(t)dz) g <oo (6)

a 0 b

(see [3: Section 8]). For k € N,k > 1, we have more possibilities concerning the choice
of overdetermined classes. Here, we will deal with two special cases:

Case I. We will consider the mazimal class of overdetermined functions, i.e.,
functions, satisfying the maximal number of conditions:

w0 =0 G=0,1,.. k1) (1)
) 1=0,1,..,k—1).

(1) =0

Here My = M, = {0,1,...,k - 1} and #Mp + #M,; = 2k.

Case II. We will consider the class of functions satisfying

u0)=0 (:=0,1,..,k-1) ®)
u*9(1) =0 ’
ie, Mo ={0,1,---,k—1}, My = {k -1} and #My + #M; =k + 1.
1. The Case 1
The inequality (1) holds for all functions u satisfying the conditions
u(0) =u'(0)=...=u*"D0)=0 (9)
or
w(l) =v'(D)=...=u* N1 =0 (10)
if and only if the functions
1 _10_ z ,Tl"
Bi(z) = (/(t—z)("'l)"wo(t)dt) (/w;-"’(t)dz)
T R 0 (11)

2
P

By(z) = (/ wo(t)dt) (/(z—z)<*-’>v’w;-P'(t)dt)
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are bounded on (0, 1) (in the case (9)) or if and only if the functions

Bs(z) = (/(:1: — t)(k_l)"wo(t)dt) (/ w,lc_p'(t)dt)

z

T % 1 p%
By(z) = (/ wo(t)dt) (/(t— :c)("“)”'wz""(t)dt)

0

(12)

are bounded on (0,1) (in the case (10)). [Let us recall that throughout the paper, we

assume (5) —i.e. 1 <p < ¢ < oo - and that p' = ;%7 is the number adjoint to p.]

Consequently, we can conclude that for functions satisfying (7) - i.e., (9) and (10)
simultaneously - the boundedness of the pair of functions B, B, or the boundedness of
the pair of functions Bj, By is a sufficient condition for the validity of inequality (1).

But we can proceed in another way: The inequality (1) holds for all functions
satisfying the conditions

0=’0 = = (k_2)0=0
U0 = (O) = =) a3
uk V1) =0
or the conditions
u*=V0) =0
(14)
Cu() = (1) = = utD(1) = 0
if and only if the functions
1 1
1 g z »
B)(z) = ( / t“‘-”?wo(t)dt) ( / zP'w;-P’(t)dt)
4 0 ’

(15)

0 4

Ba(z) = (/t("‘l)"wo(t)dt) (/ w;-P'(t)dt)

are bounded on (0,1) (in the case (13)) or if and only if the functions

Bs(z) = (/(1 -:)("“mwo(t)dt) (/(1 -t)P'w;'P'(t)dz)

0 z

N (16)

1 q z f’
Ba(z) = (/(l—t)"")"wo(t)dt) (/w,“""(t)dt>

are bounded on (0,1) (in the case (14)). Since the conditions (13) and (14) together
indicate that u satisfies conditions (7), the boundedness of the pair of functions B;, B, or
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of the pair of functions By, By is another sufficient condition for the validity of inequality
(1) in the Case I.

Using some other combinations of boundary conditions which together guarantee
the validity of (7), we can derive also other types of sufficient conditions for (1) to
hold. But first, let us formulate a conjecture motivated by the condition (6), which is
necessary and sufficient for (1) to hold in the Case I if k = 1.

Hypothesis. Inequality (1) holds for all functions u satisfying (7) if and only if
the conditions

. b % a ,%
sup /wo(t) dt | min /(a - t)(k_l)"wi_pl(t) dt ,
0<a<b<1 J
s (17)
1 »
/ (t — )= 1P' 1 =P (1) gt < oo

b

and

Qe

a
sup min /(a —t)FDaye)dt |
0<a<b<1 )

(18)

1
b »"

1
t — b)E~Day(¢) dt wl_”l(t) dt < o0
k .
3

a

ale

are satisfied.

We will not prove this hypothesis and, instead, some other sufficient conditions will
be given. Let us also remark that the conditions connected with the functions B; and
concerning functions u satisfying (9) or (10) are due to V. Stepanov while the conditions
expressed by the functions B, and concerning functions u satisfying (13) or (14) are due
to H. P. Heinig and A. Kufner. The results are collected, e.g., in 2] or [3].

Theorem 1. Let1 < p < g < co. Let wy and wi be weight functions on (0,1) and
assume that there ezists a constant C > 0 such that the estimates

. o &
/wo(t)dt /w;“P'(t)dt <C (19)
0 a

1 Yo o

wo(t)dt wiP)dt] <c (20)
[eios) [+

V]
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1 1

b ¢ a »7
(/ wo(t) dt) min (/(a - t)("_])”'w,l‘_”l(_t)dt) ,

’ (21)

1
I

( / (t — b)k=DP 1P () dt) <cC

hold for every a,b € (0,1) (a < b in (21)). Then the Hardy inequality (1) holds for
every function u € AC*~1)(0,1) satisfying the conditions

uD0)=u?(1)=0 (=0,1,...,k—1). (22)

Remark. Notice that condition (21) is in fact condition (17) in the Hypothesis and
coincides with (6) for k = 1. In fact, we follow in the proof the idea of P. Gurka used
for k =1 (see, e.g., [3: Section 8]).

Proof of Theorem 1. There is an integer m € Z such that
2™ < sup |u(z)| < 2™t
0<z<1
For ;j € Z,j7 < m, let z; and y; be the smallest and greatest numbers from (0, 1) such

that |u(z;)| = 27 and |u(y;)| = 27, respectively. Obviously, zjm1 < z; Syj < yj—1,
(0,1) = Ujcml®i-1,2;] U [&m, ym] U e [¥5, ¥j-1] and

vj
Z 2(j+l)°/wo(z)d:c.

Jj<m

/llu(z)l"wo(z) dz <

zj

Since u satisfies (22), we have

(k = 1)'u(z;) = /(zj - )F 1M (4) dt
0

(k= 1tu(az) = [ (@m0 = 080 d
0

and
(k= D!Hu(z;) = u(z;-1)l
= /[(m,-—t)""—(:c,-_l—t)""]u(")(t)dt+ /(x,-—t)k'lu(")(t)dt
0 Zj-1 (23)

;- z;

<=1 i) [ WO0ld+ [ (-0 D)

0 Zj-
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Using the Holder inequality and the estimate
u(z;) = u(zj0l 2 fu(z;)] - |u(zj-)] = 27 - 2771 = 277,

we obtain

1

2! SC(IJ'—IJ'_])(/ |u(k)(t)|”wk(t)df) (/ wi_pl(i)dt)

V]

1
» 24

e /Iu(")(t)l”wk(t)dt /(’fj—t)("")”'wl_”'(t)dt ;
Ii-1 Zj-1

and consequently,

1
Y P

2(1—1)q/wo(t)dt <297z~ z0) (/ |u(k)(t)|pwk(t)dt)
0

x 7wo(t)dt (IJ/_lw,‘c""(t)dt);’ir

z; 0
$ (24)
429719 / [ ()| Pwi(t) dt
_
Y5 z; ﬁr
x /wo(t)dt /(zj-z)“-l)l"w;-"’(z)dt
zj Ti-1

Moreover, using condition (20) (with b = z;), the first term on the right-hand side can
be estimated by

1 ; 1 z; o
(z;— 1) (/|u(")(t)|”wk(t)dt) /wo(t)dt (/w;'P'(t)dt)

z; 0

1
P

< (zj —zja) (/W(")(i)l”wk(t)dt) ce,
0

so that we have ﬁhally
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1
P

vj !
20700 [ (0t < 21 C3(z, - 1) ( / |u<“(t>|"wk<t)dt)
v 0

zj
1
; 4
+2971¢9 /lu(")(t)|”wk(t)dt
Ij—-1
Y zj ;’r
x /wo(t)dt /(a:j—t)(k_l)”lwk(t)dt
zj Tj-1

1

393

(25)

Since u satisfies (22), we have also (—=1)¥(k — 1) u(y) = [(t — y)*~'u(¥)(t)dt. Putting

y
here y = y; and y = y;_1, we obtain immediately the following analogy of (24):

Y; 1 %
2(i=1g /wo(t)dt <2970t | (yj-1 — ;)Y / [u®)(8)[Pwi(t) dt
z; -1
(y;‘ 1 "

x /wo(t)dt / w7 (¢) dt
z; i=1
Yi- % Y;

+ / u(&)[Pwi(t) dt /wo(t)dt
Y; 2]
% -

X /(t —yj)(k"l)’lwi_pl(t)dt ,
Y;
and condition (19) (with a = y;—;) leads finally to the estimate
vj 1 3
2<f~”q/wo(t)dz <297 IC (yoy —y;)T (/|u(")(t)|”wk(t)dt)
z; 0
Yi-1 ‘}
42971 / [u® () |Pwi(t) dt
v;
Yj Yi-1 7’1'

| [uowae| | [ @-u)rui @ a
Y

zi

(26)
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If
z; 1
[ =0t ae < [l
0 yj

then according to condition (21) (with a = z; and b = y;) we have

%5 ';i' Yji
(/(x, - z)“-‘)f"w;""(t)dt) /wg(t)dt <CY,

0 zj

and (25) yields

Ys
2(j_1)"/wo(t)dt
z;
g I
1 ? z; 4
<a ((z5—z5-1)° (/ Iu(k)(t)l"wk(t)dt) + / [u®) (1) [Pwx(t) dt
0 Ti-1
If in (27) the reverse inequality holds, we have — again according to (21) - that
! Ty
/ (8 =)D (1) e / wo(t)dt | < C°,
vi z;
and (26) yields
vj
2(j"l)q/w0(t)dt
z;
1 % Yi-1 P
< |5 —wy)" ( [ PP dt) | [ RB@Pw d
0 vj
But then we have from (23) that
1
[ 1u@)rn(z) da
0
1 ?
<da Y (25— i-1)7 + (95-1 — 95)7) /Iu(")(t)l”wk(t)dt)
j<m ‘\0
g g
zj L4 Yi-1 P
sta Y || [ WPOPu@a| + [ s a
ism ot ey, Y5

and the Hardy inequality (1) follows as ;’; >11

(27)
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2. The case 11

Now, let us consider inequality (1) on the class of functions satisfying the conditions

u =u =... .=y =
(0) = w'(0) =10)=0 } 8)

u V(1) = 0.

Similarly as in the Case I, we can derive sufficient conditions combining some well-
determined classes. E.g., the boundedness of the functions B,, B; from (11) or the
boundedness of the functions El, 52 from (15) is such a sufficient condition, since the
boundedness of By, B; guarantees the validity of (1) for functions satisfying conditions

(9), and the boundedness of By, B, guarantees the validity of (1) for functions satisfying
conditions (13). Now, conditions (9) together with (13) cover the case (28).

Here, we will proceed in another way. We will reduce the investigation of inequality
(1) for functions satisfying (28) to the investigation of a weighted norm inequality for
a special (integral) operator. For this purpose, let us introduce, for a fixed number z,
0 < z < 1, the operator T, by the formula

(T.f)(=) = 3_(T:f)(=) (29)

where

(M) = gy x.0@ (e = 5/ f(s)ds

(T2 f)(z) = ﬁ x<z,1)(x)'/ [(z = )~ = (z — 2)*7"] f(s5) ds
. ° (30)
(T3f)(z) = ﬁ X(z,l)(z)/ [(z = 2)*! = (z = s)* ') £(s) ds

1
1 _
(L)) = gy Xen(@) [ =27 ) ds
z
where x(q,5) denotes the characteristic function of the interval (a,b). It is easy to see
that the operators T; are positive, i.e., that (T;f) > 0 for f >0 (i =1,... ,4).

-Lemma 1. The problem of investigating inequality (1) for functions u satisfying
(28) is equivalent to the problem of investigating the weighted norm inequality

1

(/ IT: f(z)|Two(z) dz) <ec (/ |f(2)|Pwi(z) d:z:) (31)

0
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for functions f satisfying the additional condition

zf(t)dt = 1f(t)dt. (32)
[row-]

Proof. (i) Let u satisfy (28). Then we have

T

u(z) = G 1)'/(:z—t)j“1u(j)(t)dt G=12,..,k) (33)

and for any fixed 2,0 < z < 1, we can write

LR
utt=D(t) = { Jo u®)(s)ds fort <z

34
- ftl uF)(s)ds fort > 2. (34)

Using (33) for z > z and j = k — 1, we obtain after easy calculations that, with (34),
_ 1 2,1 g
u(z) = = 2)! (x —t)*"“u (t)dt

t
1

(k 2)| /(x_t)k 2/ ®)(s)dsdt — (lc 2)' /(:z:—t)" "’/l (®)(s5) dsdt

{/[(z—s)* '~ (z = 2)F " uB(s) ds

— / [(z - )k (z - s)* l]u(")(s)ds —(z - z)*! /u(k)(s)ds}.

z

Denoting

fz) = {u(k)(x) forzr <z - ‘ (35)

~ulk)(z) forz >z
we immediately have u(z) = (T.f)(z). Since |f(z)| = |[u®)(z)| and [; f(z)dz =
f: f(z) dz, we see that (1), (28) imply (31), (32).
(i1) Let f satisfy (31) and (32) and define F as

F(z) = { {(fz()x) P
Then the function u = T, f is a solution of the Cauchy problem

u®) =F in (0,1)

u(0)=0 for i=1,2,.,k 1,}

- and due to (32), u satisfies also the condition u(¥*=1)(1) = 0. Inequality (1) now follows
from (31) N
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Remark. The idea of reducing inequality (1) with condition (28) to the weighted
norm inequality for the operator T, was submitted to us by Prof. R. Oinarov which is
here gratefully acknowledged.

Theorem 2. Let1 < p < g < oo. Let wy and wy be weight functions on (0,1) and
let z € (0,1) be determined by the condition

z 1

/ w7 (t)dt = / wl™" (t) dt. (36)

0 z

Assume that the following numbers are bounded:

B = Jsup /(z —:c)("_')"wo(t)dt) (/w;""(t)dt) (37)

z 0

1
z »

B, = oiligz /wo(t) dt) (/(x - t)(k_l)”’w,lc_p’(t) dt) (38)

z

1 ¢ [z ,-:,
B3 = sup /(t—z)("_2)"w0(t)dt) ( /(t—z)P'w;—P'(t)dt) (39)
z<z <1 '
1

( / wl™? (1) dt) (40)

z

Q-

2<z<1

By = sup /(t - z)(k_l)"wo(t)dt>

z
1

(/t(k—2)qwo(t)dt) (/(z — 1wl P (1) dt) . (41)

z 0

Bs

Then the Hardy inequality (1) holds for every function u satisfying conditions (28).

Proof. Due to Lemma 1, it suffices to show that B; < oo (i = 1,...,5) implies
inequality (31) for all f satisfying (32). Inequality (31) can be rewritten by using the
notation [[v||rw = (fol |v(z)|"w(z) dz)*/" in the form

I7: fllg.wo < clifllp,wa- (42)

(i) The pair of conditions B; < o00,B; < oo is necessary and sufficient for the
validity of the inequality

(]wo(x) j(x =" f(t) dt qu) ; <a (/ If(t)l”wk(t)dt)

0

1
H

(this result is due to V. Stepanov; see, e.g., [3: Section 10]). But the last inequality
implies '

”Tlf"q,um < Cl"f”wak (43)
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due to the definition of T} (see (30)).
(i1) The inequality

(z— 2 = (2 = s < (s = 2)(k = 1)z — 2~

for 0 < z < s < z implies that

q q
dI) .

The condition B; < oo is necessary and sufficient for the validity of the following Hardy
inequality for the function F(s) = (s — 2) f(s):

(/l Wo(z) ]F(S) ds qdz) ' <c (j|F(5)|”(s —,Z)_pw"(s) ds)
=c3 (}|f(s)|Pwk(s)ds>

1

173 fllg,we < c2 (/ wo(z)(z — 2)k=)

z

] (s — 2)f(s) ds

L
P

with Wy(z) = wo(z)(z — 2)*=29, and the last two inequalities imply
IT3 fllg.wo < callfllp,w- (44)

(1ii) Similarly, we have

q q
d:c)

1

1 T4 fllgwo < (/ wo(:'c)(;,; — )1

/l f(s)ds
<cs (/1 1 F(38)|Pwi(s) ds) ;

< es I fllpwe

(45)

if and only if By < oo, since it is in fact a Hardy inequality on (z,1) with weight
wo(z)(z — z)(¥~19 at the left-hand side.

(iv) Using the inequality

(z—8) 1 —(z—2)"1 <(z2=s)k—1)(z ~s)* 2 < (2 - s)(k - 1)zF?
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for 0 € s €2 < z and then Holder’s inequality, we obtain

1
I1T2fllqwo < ( wo(z)
[,

z q g
/ [(z - s)"_i —(z - z)k"l]f.(s) ds d:z:)

Q) r
1 H z
= cg :r(k_z)"wo(:zz) dz:) f(s)(z — s)ds
/ /
1 3
< cg / (k= 2)"wo (z) da:)

z

1

< e /wanﬂ“”q!ﬂwu—@a

z

(46)

1

X (0/ |f(s)|”wk(:t)dz> (b/(z — s)”lwi_p’(s) ds)

= ¢6Bs || fllp,ws

provided Bs < oo.

(v) Since ||T: fllg,wo < ZL] 1T fllq,wo» the inequality (42) — and consequently, the
assertion of Theorem 2 - follows from (43) - (46) i

Moreover, some of the conditions B; < co are also necessary for (1) to hold with
functions u satisfying (28). This follows from the following assertion.

Lemma 2. Let 1 < p € q < co. Let wy and wi be weight functions and let z be
determined by (36). If the inequality (42), i.e. | T:fllqwo < C||fllp,w. holds for functions
f satisfying (32), then B; < oo for i = 1,2,3,4 with B; given by formulas (37) — (40).

Proof. (i) For every t € [0, z|, there is a t; € [z, 1] such that

t

/wtﬁoﬁ=]wrﬂﬂm. (47)

0

Define
for s € [t, 1] ' (48)
w, P (s) for s € (t,1).

Then f; satisfies (32), and since f; > 0 and the operators T; are posmve we have from
(42) that

w,lc_’,(s) for s € (0,¢)
hi(s) =

172 fillgwo < T2 fillgwo < Cllfillp,wa- (49)
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—p' 14+p(1-p 1-p’
Now, (w;, p)”wk=wk+p( P) =w, ? and

1

¢ 1 + t X
I f1llp,we = (/ w;‘—p'(s)ds + /wi_”'(s) ds) =25 (/ wl_p'(s) ds)

(orond

> (/wo(x) (/<z—s>* fi(s)d )d)

( ( (z—s>*-‘wi‘*”(s>ds)qdm)

> ( Jwnt@ ( Ja-vFru <s)ds) q dz)
-

while

(k= DT Fllgwo = | [ wo(2) / (z — 5)" fu(s) ds

al=

~—
§
E

q

wo(z)(z — t)(k- 1>°dz) ( / w;-P'(s)ds) .

From (49), we obtain

( / (z - t)"‘-""wo(z)dz) ; ( / wl""(s)ds) <c2» ( / wi"”(s)ds) ; ,

0

and since t € (0, z) was arbitrary, we have B; < C2s.

(i1) For the same function f, from (48), we have
: 1 y
fillp,we =27 (/ wy ” (S)ds)
4

and .
q

(k=Y T fillgwe = (/ wo(z)(z — z)(k—l)q (/ f](s)ds) d:c)

z
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( / (z — 2)* 7V wo(2) ( / wi""(s)ds) q dz) ,

t

( ] (z — z)(k_l)qwo(z)dz) ? ( /l w;-P'(s)ds)

31

vV

il

and the inequality ||Ty f1|l4,wo < C|f1llp,w. Which follows from (42) implies that

( / (= - z)“-‘)"wo(x)dz) ; ( / wi"”(s>ds) < co? ( / wz"'<s)ds) ; ,

ty 13

and since ¢, € (z,1) was arbitrary, we have By < C27.

(iii) Let ¢t and ¢, be given by (47) and define

0 fort<s<t

(t - s)("‘l)(”'_l)wi-”l(s) for0<s<t
fa(s) =
Ew, P (s) forty <s<1

where ¢ is choosen so that

t . 1
/(t — s)("_l)(p’_l)wz_pl(s) ds = E/wi_p,(s) ds.
0 :1

Then f, satisfies (32) and the Hélder inequality yields

t

/(t - s)("_l)(”’_l)wi_pl(s) ds

0
t

_ /(t ) kD=1 =P () (A=PD/P () g
0

¢ P o
< | [t = s)*Dp' 1P () ds) ( w’-"'(s)ds) ,

0

1.e., due to (47),

¢ 1
/(t - s)(k—l)”lw,l‘_-pl(s)ds > Z"’/ wi_"l(s) ds.
0 ty
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Now,
t 1 H
1zllpwn = ( / (t = 5)* D 17 () ds + & / wi""(s)ds)
0 ’ 6
1
t ry
<25 (/(t - s)(k‘])”'wl—p,(s) ds)
0
and

(k= DT follgwo = (/ (/(z - S)k_lfz(S)ds) wO(I)dI)
> (/ wo(z) (/(I — )t - s)(k"l)(pl_])wi_pl(s) ds) d:c)

> ( / wo(x>dz) ; ( / (t = )+ Pl P (5) ds) .

t

The inequality |71 follqwe < Cllf2llp.ws vields finally B, < C25.

(iv) For ¢ and t; given by (47), define

P (s) fort<s<z
fa(s) = (s — z)P’_lwi_pl(s) for z < s <ty
0 otherwise in (0,1)

where ¢ is choosen so that

4 z
/(s - z)’/_lwi_p’(s) ds = E/wi_p’(s) ds.
z t

Then f; satisfies (32), and similarly as in part (iii), the Holder inequality yields

/(s—z)” lp(s)ds>c”/ “P'(s)ds.

w,‘c_”l(s) ds)

Now,

4
| f3llpwi = (/(5 - Z)plwi_P,(S) ds + &*

< %(](s—z)v "(s)ds)

r4

o ..\
N
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and, due to the inequality (z — 2)¥~! — (z — )k~ > (s — 2)(z — 2)* 2,

1 z ) q

(k= DT fallw 2 | [ un(e)a = 22| (5= Dfa()as] da

z 2z

1
1 t q 7

[unta)a - 00| [ -2y wi 7 ()ds | s

t z

v

1 q t

= | [woade =tz ) [s— 2wl ) as

(3 z

The inequality || T3 f3lg.wo < C||f3llp,w, yields finally By < C27 B
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