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A General Approach to the Min-Max Principle

J.-N. Corvellec

Abstract. Following the abstract approach of [11], we give a general min-max principle in
critical point theory which covers the classical results and applies to a variety of settings.
Especially, thanks to the notion of weak slope introduced in [16] and results of {12], this
principle applies to continuous functionals and some classes of lower semicontinuous functionals
considered in the literature. ' ' o '
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1. Introduction

In this work, we propose an abstract and systematic approach to the min-max method
in critical point theory. Our interest in this matter was first motivated by the ezposé
of Eilenberg [17] which introduced us to critical point theory. Further motivated by a
result of Pucci and Serrin [26] extending to the “limit-case” the Mountain Pass Theorem
of Ambrosetti and Rabinowitz [1], we were led to the deformation property and min-
max principle of [11]. Allowing to “locate” min-max critical points on an appropriately
given set, this principle is in the same spirit as the corresponding results of Ghoussoub
and Preiss [22] and Ghoussoub [21]. Our approach, however, is different from the one
followed in [21, 22}, based on Ekeland’s Variational Principle and ideas from [29]. Our
point of view is to obtain an abstract min-max principle by assuming the verification
of a simple deformation property, in analogy with the classical approach using the
Deformation Theorem [25]. This deformation property should then be verified, under a
local Palais-Smale type condition, in a variety of settings considered in the literature.

Here, we improve the deformation property of [11] essentially by the use of the so-
called graph metric. This allows to perform a more systematic treatment of the abstract
theory and to enlarge the range of application of the principle, including situations where
the min-max values are defined via families of non-compact sets, or where the functionals
are not smooth. In fact, the introduction of the graph metric in the present work was
motivated by its use in critical point theory for some classes of lower semicontinuous
functions (see [14, 15]).

Degiovanni and Marzocchi introduced in [16] the notion of weak slope which permits
to do critical point theory for continuous functions defined on metric spaces, as well as for
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some classes of lower semicontinuous functions, via their epigraph function. This theory
has been further developed in [12], including the classical theory for C! functionals
while extending it to functionals defined on C! Finsler manifolds. Using a slightly
modified version of the weak slope and a deformation result of [12], it turns out that
also our deformation property is verified, in a natural way, under the “local Palais-Smale
condition”, for a continuous function defined on a complete metric space.

This paper is organized as follows.

Section 2 contains the deformation property and the min-max principle. Like the
whole paper, they are formulated in an equivariant setting, and the principle has the
form of a multiplicity result. Indeed, it is intended to yield, as direct consequences, the
known results on existence and multiplicity of min-max critical points. After recalling
the notion of indez, some corollaries are given as an intermediate step in direction of
more specialized results. For the sake of brevity, we did not consider other possible
refinements, such as the use of relative indices. For the same reason, the bibliography
is limited up to the examples given in Section 4. More references can be found in the
ones we give.

Section 3 deals with critical point theory for non-smooth functions. We introduce
the weak d-slope and give the deformation results for continuous functions mentioned
above. We also show how one can adapt standard constructions to define suitable
(sequences of) min-max values of the epigraph function, in order that the theory be
applicable to some classes of lower semicontinuous functions.

In Section 4, we give several examples of settings in which the deformation property
1s verified under the local Palais-Smale condition. This is achieved either via the classical
method of steepest descent (and requires only slight modifications of the usual proofs)
or by estimating the weak d-slope and using the results of Section 3. We also give,
as special cases of those of Section 2, a few examples of results (or 1mprovements of
results) which can be found in the llterature

This paper was written in the first half of 1992. Since then, however, further devel-
opments and applications of thé theory based on the notion of wea.k slope have appeared.
We refer to A. Canino and M. Degiovanni: Nonsmooth critical point theory and quasi-
linear elliptic equations (Top. Meth. in Diff. Equ. and Incl. (Montréal 1994); NATO
ASI Series C. Dortrecht: Kluwer 1995, pp. 1-50) and the references therein, for a more
recent account. )

2. The min-max principle

In this section, (X, d) will denote a metric space and G a group (for the composition
of applications) of isometries from X to X, i.e. d(g(z),9(y)) = d(z,y) for all z,y € X
and g € G. In this situation we say that X is a G-space. As usual, we say that

ACcX is G-invartant if g(A) = Aforallg € G
h: X 5 R is G-invariantif hog=hforall g € G
h: X = X is G-equivariant if hog =goh for all g € G.
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We shall suppose given a G-invariant function f : X — R and a G-invariant set K =
K(f) C X, called the set of critical points of f. As usual, we let

Gz = {g(z): g € G}

denote the G-orbit of z € X. If z € K, Gz is called a critical G-orbit.

We shall mainly consider, in place of the metric d, the so-called graph metric ds
defined by

ds(z,y) = d(z,y) + |f(z) - f(v)I

and denote by Xy the metric space (X,ds). For a € R we shall use the notations
f<a={z € X: f(z) <a} (f<a, f>a and f>a being defined accordingly) and
K, =KnN f~(a). If § > 0 and 4, B C X, then B(A4;6) and Bs(4;§) are the closed é-
neighbourhood of A in (X, d) and in X, respectively, with the convention that B(0;4§) =
By(0;6) = 0, and d(A, B) = inf{d(a,b): a € A and b€ B}, with the convention that
d(A,0) = +oo (ds(A, B) being defined accordingly).

Since f is G-invariant, G is a group of isometries of X ;. Hence, setting
Efc = {A C X : Aisclosed in Xy and G—inva.ria.nt}

we have that AN B,AU B, A\ B (closure in Xy), f<a, f>a,Bs(A;§), Bs(Kq;6) be-
long to Efc whenever A,B € Ejg. Also, the application p,4 defined by pa(z) =
ds(z,A) (z € X) is G-invariant if A C X is G-invariant.

We shall denote by Dg and Dy, the sets of G-invariant deformations of X = (X, d)
and X, respectively, i.e. 7 € Dg means that n : X x [0,1] — X is continuous,
n(z,0) = 0 for all z and 75(-,t) is G-invariant for each fixed t (the same for Dy g,
replacing X by Xy). Of course, Dg = Dy if f is continuous (still, the metrices
d and dy are not equivalent — though topologically equivalent — unless f is Lipschitz
continuous).

Finally, we shall indicate by :dx both the identity of X and the trivial deformation
n(z,t) = z for all (z,t) € X x (0,1], which belongs to both Dg and Dy ¢.

Definition 2.1 (Property (P)). For n1,m72 € Dy and g : Xj x [0,1] — [0,1]
continuous with g(-,0) = 0 set n(z,t) = n;y(n2(z,t),g(z,t)). We say that D* C Dy g
verifies property (P) if idx € D* and the implication

77]1172 € D‘

] = s € 'D'
g(+,t) G-invariant for each t € [0,1] } n=m(n9)

is true.

Of course, Dy g verifies property (P).
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Definition 2.2 (Deformation property (D*)k o). Given a € R and D* C Dy g

verifying property (P), we say that f possesses property (D*)k , if given § > 0, there
exists € > 0 and n € D* such that

(i) ds(n(z,t),z) < 6 for all (z,t) € X x [0,1]
(ii) n(f<a+e\ By(Ka;6),1) C f<a—e
is fulfilled.

Whenever f is continuous and D* = Dy ¢ = Dg, then the deformation property
will still be referred to as (Dy,g)k,a since it involves the metric dj (see, e.g., Theorem
3.6) — unless f is Lipschitz continuous.

For the remainder of this section, we fix a subclass D* of Dy ¢ verifying property
(P). All subsets of X are endowed with the topology of X;.

Definition 2.3 (D*-admissibility). We say that (', S) is a D*-admissible pair in
Xy if

(i) T C Efgand S€ Efg
(ii) n € D*,n(z,t) = z for all (z,t) € S x [0,1] == 7(U,1)€TforallU €T
is fulfilled. ‘

Definition 2.4 (min-maz value). If (T, S) is a D*-admissible pair in X, define by
c= ll}%fl‘" 31618 f(=z)

the min-max value ¢ = ¢(f,T") € [—o0, +00] of f over I.

Definition 2.5 (Property (E)). Given a function J : Ef g — Z4 U {+o0}, we say
that a sequence {Ti}1<i<m (M € NU {+o00}) possesses property (E) with respect to J
if for all 2

(1) 0#Ti;za CTi C Eyg
(iU eliyp, (p20)andY CEfg with J(Y)<p = U\YgFi
is fulfilled.

The following lemma will be useful when deriving corollaries from our min-max
principle.

Lemma 2.6. Let a,a,) € R with a > o and A > 0. Assume that f possesses
property (D*)k - Then there exists € > 0 such that, if (T',S) is a D*-admissible pair
verifying

a > sup{f(S)} and dg(U, f>a) > A for some U €T,

then c(f,T') < a — ¢ holds.
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Proof. Let 0 < § = min{}, 252} Let 0 <€ =¢(6) < 6 and n € D* be as in
(D*)k,a, such that

ds(n(z,t),z) <6 (2.1)
n(U,1) C f<a-e¢ (2.2)
where U € T is such that ds(U, f>a) > A, so that U C f<a\ By(K,;6). Define

p(z) = min {dy(z, S),6} (z € X)

h(z,t) = n(:c, p(:z:)t) ((z,t) € X x[0,1])
6

Then h € D* by property (P) (p is G-invariant) and h(U,1) € " by D*-admissibility. If

z € U is such that f(h(z,1)) > a — §, it follows from (2.1) that f(z) > a—26 > a + 6.

Hence p(z) = é and f(h(z,1)) = f(n(z,1)) < a —¢, using (2.2). In conclusion, we have

o(f,T) <sup{f(h(U,1))} <a-cll

Suppose now given J : Efc — Z4 U {+oo} and let {(I';,Si)}i<icm (M € NU
{+0o0}) be such that (T';, S;) is D*-admissible for each i and {T';} possesses property (E)
with respect to J. Let {¢;} = {ci(f,Ti)} be the corresponding sequence of min-max
values of f over I';. For AC X, N < M and € > 0 set

Exe(AAT:)) = #{i SN : dy(A ) < e}
where # denotes cardinality and df(A,T;) = sup{ds(A,U): U € T';}. Observe that
since I'i4) C Ty, {ci} is a non-decreasing sequence and {ds(A,T;)} is a non-increasing
sequence. Thus, we can define

En(A{Ti}) = ll_rg kne(A,{T;}) (k € NU {+00}).

In fact, it holds

kn(A,{Ti}) = N —max{j < N: ds(A,T;) >0} (2.3)
if N is finite and _
+oo if dy(A,T) - 0as i — +o0
bean(, (1) = { I (2.4)
0 otherwise.

The following is the main result of this section.

Theorem 2.7 (Min-Max Principle). Let J, {(Ti,Si)}hi<icm and {ci}i<i<m be as
above.- Assume that, for some A € Efc and some N < M,

a:=inf {df(A,S5i): i< N} >0 and c:=inf { f(4)} = sup {c:: i <N}
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Assume also that f possesses property (D*)i,c. Then

J(Bs(Kc; A) N By(A; ) 2 kn(A,{Ti}) for all A > 0.

Proof. We may suppose that ky (A4, {T;}) > 0, otherwise there is nothing to prove.
Suppose further, by contradiction, that

p:= J(BI(KC,/\) n B!(A,/\)) < kN(A,{F,'})
for some A > 0. Let 0 < § < min{/\, %}, € >0and n € D*, as in (D*)k,c, be such that

dsf (n(x,t),:c) <é (2.5)
n(f<cte\ Bs(Kc;A),1) C f<c—e. (2.6)

According to (2.3) and (2.4) and since kn(A4, {Ti}) > p, given v > 0 there exists ¢t < N
such that

civp < ¢ and «  dy(A,Ti) <. (2.7)

Choose v < rnin{/\ -63 - 6,5} and let ¢ < N such that (2.7) holds. Let U €

TitpN f<ct+e. Then V = U\ (By(Kc; ) N By(A; A)) € T by property (E). Define, for

p(z) = min{ds(z, S;), 6} and h(z,t) = 71(93, P(;)i)

Then, similarly as in the proof of Lemma 2.6, h € D* and {n(z, p(;)) czeV}el

Let z € V be such that n(:r, p(z)) € B¢(A;~). In particular,

[

f(n(z,@))zc—7>c—s.

On the other hand, (2.5) implies that ds(z, A) < A so that dg(z,K.) > 6, and that
ds(z,Si) > 6 so that p(z) = 6. Hence, it follows from (2.6) that

£(n(=22)) = ftniz ) < e -,

which is a contradiction il

We now wish to give two corollaries of Theorem 2.7 which correspond to situations
encountered in applications. In the first one, we consider the simple case of a single
D*-admissible pair (T, S), with G = {idx} and J : 2X — {0,1} defined by J(A4) =0
if and only if A = 0. .
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Corollary 2.8. Let (I',S) be a D*-admissible pair in X;. Assume the following:

(i) c=c(f,T)eR

(ii) There ezists F C X such that d(F,S) >0, UNF # 0 for allU €T and

B :=inf{f(F)} = sup{f(S)}

(iii) f possesses property (D*)k,. and K, is compact.
Then the following assertions are true:

(a) K. #0

(b) c =B implies KgNF #£0 .

Proof. First, condition (ii) implies that ¢ > 8. If ¢ = B, assertion (b) is the
conclusion of Theorem 2.7 with A = F and N =1 (i.e. 'y = T), taking into account

that K. is compact. If ¢ > 3, then ¢ > sup{f(S)} and we can apply Theorem 2.7 with
A = f>cand N =1, since it follows from Lemma 2.6 that k;(f>¢,I') =11

Remark 2.9. Observe that we do not need to assume in the above result that S
and the sets in I" are closed in Xy (in fact, this is irrelevant since G and J are chosen
to be the trivial group and “indez”). However, the assumption of closedness in Xy can
be made without loss of generality. (Of course, K. is compact in X if and only if it is
compact in Xy, and if F is closed in X, then it is closed in Xy.)

For the second corollary of we want to give, we shall restrict our attention to a
particularly relevant choice of the group G and of the function J. First, we recall the
notion of indez.

Definition 2.10 (Indez). Let X be a metric G-space, Eg the set of its closed G-
invariant subsets and D¢ the set of its G-invariant deformations. A function J : Fg —
Z4 U {+oo} is said to be an indez associated to (Eg,Dg) if it possesses the following
properties:

(1) J(A)=0ifandonly if A=10

(i2) T(A1) € T(42) if A1 C A2

(i3) J(A1 U Ag) S TJ(A1) + T(A2)

(i) J(A) < T(n(A,1)) if n € Do

(is) J(B(A4;6)) = J(A) for some § > 0if A € Eg.
Of course, property (iz) is a special case of property (i4).

_ Remark 2.11. Whenever the function J in Theorem 2.7 is an index associated to
(Ef,6,Dy,¢) and K. is compact, the conclusion of the theorem reads

j(Kc N A) 2 kN(A’ {F,})

Indeed, we may suppose that kn(4, {Ti}) > 0 and the result obtains from conditions
(i1), (i2) and (is): we have K. N A # 0 and

J(K.NA) =T (Bs(KcNA; M) 2 T(By(Ke; A2) N By(4;)2))
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for A} > A, > 0 sufficiently small.

Assume now that G is a representation of ¢ compact Lie group acting on X (see [5]).
We may assume that G is a group of isometries (averaging d over G by means of the
Haar integral yields an equivalent G-invariant metric). Any G-orbit Gz is a compact

subset in X and Xy. If G # {idx}, let
FixxG={:z:€X: g(z):zfora.llgGG}

be the fized-point set of G in X.

Let J be an index associated to (Ey ¢, Dyf,¢). In order to estimate the number of
critical points of f via the min-max principle, the index .J may be required to verify
also the (standard) normalization condition

(is) If = ¢ FixxG, then J(Gz) = 1.
We thus have, as a consequence of conditions (iz), (i3), (i5) and (ig):

(i7) If A € Ef ¢ is compact and ANFixxG = 8, then J(A) < +oo and A contains
at least J(A) G-orbits.

Here is now the announced corollary of Theorem 2.7.

Corollary 2.12. Let {(T';, Si)}1<i<m and {ci}i1<i<m be as in (2.7), G a represen-
tation of a compact Lie group, and J an indez associated to (Ef g, Dy ) and verifying
condition (15 ). Assume the following:

(i) There ezists F € Ef g such that, for each i, d(F,S;) > 0,FNU #£ 0 for all
U eT; and 8 :=inf{f(F)} > sup{f(S:)}.

(i1) ¢; < b for each i, for some b € (B, +o0].

(iii) f possesses property (D*)k,q and K, is compact for all § < a < b.
Then the following assertions are true:

(a) If ¢; = B for some j, then J(KgNF) > j.

(b) If ¢; = cjup = ¢ for some j < j+p, then T(K:)>p+1.

(c) If(FUf>B)NKNFixxG = 0, then f possesses at least #{c;} = M critical
G-orbits. Furthermore, if M = +o00, then ¢; = b as i — +oo.

Proof. Taking Remark 2.11 into account, assertions (a) and (b) are the conclusion
of Theorem 2.7 with A = F and A = f>c, respectively, observing that in the latter case
we have

kivp(f2e,{Ti}) 2p+1
thanks to Lemma 2.6. Assume that {c¢;} is an infinite sequence converging to ¢ < b.
Then, either J(Kg N F) = 400 in case ¢ = B, according to assertion (a), or

J(Ke) = ksoo(f2¢,{T}) = +o0

if ¢ > f since dg(f>5,T;) — 0, according to Lemma 2.6 (see also (2.4)). In any case we
have a contradiction with condition (i7) since (FU f>8)N K NFixxG = 0.

If M € N, assertions (a) and (b) and condition (i7) also show that f has at least M
critical G-orbits and assertion (c) is proved B
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Remark 2.13. (i) Arguing as in the proof of assertion (c) shows that if M = +o0
and b € R, then f does not possess property (D*).s.

(ii) Properties (i3) and (i4) of J are not used in proving Corollary 2.12. These
properties allow, in practice, to define sequences of Dg-admissible families possessing
property (E). In Sectlon 3 we shall consider a setting for which Corollary 2.12 holds,
involving a function J defined via an index but which is not necessarily an index itself.

(iii) Suppose that for each 1 < j <M (M € NU {+00}) we are given a sequence
{(F,‘J,S,‘J)}]Siij (M,' € N) of D*-admissible pairs in Xf such that {Fi,j}lSiSM,'
possesses property (E) with respect to a fixed function J. Define

UJ Tij and S=|{JSi;
)

i<i<M

Then {(T';, S)}l< <ﬁ' with M = sup;{M,} is a sequence of D*- admissible pa.iréwirn X5

and {T; }l< < #7 Possesses property (E) with respect to J (as is easily verified). Hence,

Theorem 2.7 and Corollary 2.12 hold with {(T;, S;)} and {c;} replaced by {(r;,8)} and
{ci} = {ci(f,T;)}, respectively, if we assume in Theorem 2.7 that

inf {d/(4,5;): 1<i<N<M and 1<j<M} >0

and if we replace condition (i) of Corollary 2.12 by the following one:

(i)' There exists F € Ey, g such that d(F,S) > 0 (resp. [nothing]), FNU # 0 for all
U € I'i and inf{f(F)} > sup{f(S; ;)} foralls,j (resp. inf{f(F)} > sup{f(S)}).

In particular, if M = +0c0 and Mj — 400 as j — +o0, {¢;} is an infinite sequence and
the last conclusion of Corollary 2.12 can be obtained.

- Let us now consider a sequence of D*-admissible pairs of a particular type. Set
N={UeEe: J0)2i} (1<i<I(x)

(: € Nif J(X) = +00) where J is an index associated to (Ef,g, Dy,g). That (Is,0) is
Dy,g-admissible for each ¢ follows immediately from property (is) of 7, and property
(E) for the sequence {T';} follows from properties (i1) - (i3) in a standard way.

We have the following proposition.

Lemma 2.14. Let {T;} as above and {€i} the corresponding sequence of min-maz
values of f. Assume that f possesses property (Ds.g)k,a for alla € f(X). Then

&<supl{f(K))  (1<i<J(X)

with the convention that sup{f(0)} = —

Proof. We may suppose that there exists b € f(X) with b > sup{f(K)} (otherwise
there is nothing to prove). Assume also that for any such b we have

7(X,1) C f<b  for some n € Dy . (2.8)
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Then J(X) £ J(f<b) according to property (i4), hence & < b for each i and the
conclusion of the lemma follows.

We now show that property (2.8) holds. For this suppose first that 8 = sup{f(X)}
is achieved. From deformation property (Dy,g)k,a we can cover [b, 3] by the family of
intervals {[b; — &, bi +&;)}1<i<k, where b; < b, 1, no interval in this family is included in
another one, and there exist 7; : X x[0,1] = X continuous such that n;(f<b;+€;,1) C
f<b;—e;. Define inductively

t—1 1 .
7 X x [T ;] - X by ni(z,t) = ni(ni_y(z,1), kt = (i — 1))
n:Xx[0,1] - X by n(z,t) =ni(z,t) i te [%,%]

Then 7 satisfies (2.8).

Suppose now that 8 = sup{f(X)} is not achieved. Let {b,} C f(X) with b, — 3
be a strictly increasing sequence, with b = b,bp = b—¢ (¢ > 0) and n, € Dy such

that
ﬂn(ben+1,1) C f<b, }

(2.9)
n(z,t) =z forall (z,t) € f<bo_y % [0,1].

The existence of 7, and ¢ follows easily from the previous construction and property (i)
of the deformation property (Df ¢)k,. (see Definition 2.2 and the agreement following
it). Indeed, all the deformations 7; above can be chosen so as to keep f<b;—¢ fixed,
with € > 0 arbitrarily but fixed (one then finds ¢; < £). Finally, let {t.} C (0,1]
with £; = 1 be a strictly decreasing sequence converging to 0 and define = n(z,t) if

f(z) € [ba,bn+1] by

U(z’t) =
e ifte [O,tn+2]
Nn+1 (I,(t —tat2)(tat1 — tn+2)_l) if t € [tnt2,tn+1]

Nen (n,,,+, (A1 (2, 1), 1)t = tmg1)(tm — tm+1)“> if ¢ € [tmt1,tm)
where 1 < m < n. One easily verifies that n : X x [0,1] — X is well-defined, that it
belongs to Dy, and satisfies property (2.8) i

Remark 2.15. A statement similar to the implication (2.9) = (2.8) is made in [7:
p. 606].

The following result is a corollary of Theorem 2.7 and Lemma 2.14.

Corollary 2.16. Let {Fi}ls"sg(x) and {é}i<icg(x) be as in Lemma 2.14, with
G being a representation of a compact Lie group and the indez J verifying condition

(is) J(Gz)=1 for allz € X.

Assume that, for each b€ f(X), f possesses deformation property (Ds g)k,a and Kg is
compact for all a < b. Then the following assertions are true:
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(a) & =inf{f(X))}.
(b) If & = &j4p = ¢ < b for some 1<j<j+p<J(X) and some b € f(X), then
J(K)2p+1.

(c) If f 13 bounded below, sf it has at least J(X) critical G-orbits and if moreover
J(X) = +o0, then sup{f(K)} = sup{f(X)} aend this sup is not achieved.

Proof. (a) According to property (is)' we have & < f(z) = sup{f(Gz)} for all
z € X, so that & <inf{f(X)}. The other inequality is obvious.

(b) This assertion is deduced from (2.7) in the same way as Corollary 2.12/(b) is,
letting A = X in Theorem 2.7 (deformation property (Dy )k, holds).

(c) Note that é, = min{f(X)}. If ¢; = sup{f(X)} for some j and this supremum is
not achieved, Lemma 2.14 implies that K is an infinite set and sup{f(K)} = sup{f(X)}.
Otherwise ¢é; € f(X) for all :. Observe that properties (iz), (i3) and (ig)’ imply the
following one:

(i7)' If A € Ej ¢ is compact, then it contains at least .7 (A) G-orbits.

Applying Theorem 2.7 as in Corollary 2.12/(c) then shows that f has at least #{&} =
J(X) critical G-orbits, and that if J(X) = 400, then ¢; — sup{f(X)} as i = +oco0 and
this supremum is not achieved il

Remark 2.17. If we assume in Corollary 2.16 that f possesses deformation prop-
erty (Dy,c)k,a and K, is compact for all a < b, for some b € RU {+c0}, then ¢; — b if
J(X) = +oo like in Corollary 2.12.

3. The weak slope and the epigraph function

In this section, (X, d) will denote a metric space, G a representation of a compact Lie
group acting on X by isometries, Dg the set of G-equivariant deformations of X, Eg
the set of closed G-invariant subsets of X and f : X — R a G-invariant function.

Definition 3.1 (Weak d-slope). Let the function f : X — R be continuous and
G-invariant. Given z € X and o > 0, say that ¢ € A(f,0) if there exists § > 0 and
n: B(Gz;§) x [0,8] — X continuous such that

(i) n(-,t) is G-equivariant for each t € [0, §]
(ii) d(n(y,t),y) < ¢
(iii) f(n(y,t)) — f(n(y,s)) < —o(t —s)if 0 <s <t <6
We define and denote the G-weak d-slope of f at z by

|dfla(z) =sup{o: z € Af,0)} (€ [0,+o0)).

The definition of the weak slope of f at z as introduced in [16] (without consideration
of symmetry) is the same as (3.1) but with s = 0 only in (iii). The terminology “weak
slope” was chosen with respect to the “(strong) slope” (see [13, 16]); the weak slope is
denoted by |df]|. Adding the symmetry hypothesis (i), we shall naturally use the notation
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|df|G(z) and obviously, |df|c > |dflc (of course, we also write |df| when G = {idx }).
We do not know whether equality holds in general. However equality does hold for
various important special cases as we shall see in Section 4 (see also Remark 3.8/(i)).

Clearly, |:i?|c (as well as |df|g) is G-invariant and lower semicontinuous.

Remark 3.2. It is not known whether or not |df|¢ = |df| in general. But if
G: = {9€G: g(z) = z}, the isotropy group of z, is trivial, then |d|g(z) = |df|(z) and
|df|c(z) = |df|(z). Indeed, let 6 > 0 and n : B(z;§) x [0,6] — X continuous satisfying
properties (ii) and (iii) of Definition 3.1 (for some o > 0). Let S; be a slice at z (see
[5]). Unless reducing 8, if y € B(Gz;4), then there exists a unique g, € G such that
9, '(y) € S:. Of course, y — gy is continuous. Defining

n'(y:t) = gy (n(gy ' (¥),1)),
we see that n' : B(Gz;6) x [0,8] — X verifies all the conditions of Definition 3.1.
Definition 3.3 (Palais-Smale condition). Let f : X » Rand f: X — RyU{40c0}

be two G-invariant functions and a € R. We say that f verifies condition (PS),- o if the
implication

f(za) > a

f(za) =0
is true.

Set

({zn} C X)} = {z.} has a convergent subsequence

K={z€X: |dfls(z) =0} € Eg.
If f is continuous and verifies the Palais-Smale condition (PS )IdfTIG . » then any accumu-

lation point of a sequence {zn} C X such that |df|c(zs) — 0 and f(z,) — a belongs
to K,, which is compact (recall that |df|g is lower semicontinuous).

Our motivation for introducing the weak d-slope lies in the following result and
Theorem 3.6 below.

Lemma 3.4. Assume that the function f : X — R is continuous and denote by f*
the function f considered as a function from Xy to R. Then

Tele) i s
ldf*|c(z) = { 1+ |dfla(z) f |dflc(z) < +o0
1 if |:1?|G(a:) = 400

for each z € X.

Proof. (a) Note that since f* is Lipschitz continuous of constant 1, |df*|c < 1. Let
z € X,0 < o <1 such that z € A(f*,0) with corresponding § > 0, n : By(Gz;6) x
[0,6] — X continuous and such that whenever y € By(Gz;6) and 0 < s <t < §, then
n(-,t) is G-equivariant, :

de(n(y,t),y) <t and  f(n(y.t)) - f(n(y,s)) < —o(t - s).
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Then d(n(y,t),y) < (1 - o)t. Defining 7i(y,t) = n(y, 1), it is readily seen that
z € A(f, 1Z;) with corresponding 6 > 0 such that B(Gz;8) C B;(Gz;$6), where § <
(1-0)é and 7§ : B(Gz;8) x [0,8] — X as in Definition 3.1. Hence, |:17|c(z) > % and
we conclude that |df*|g(z) < |df|c(z)(1 + |dfla(z)) ™.

(b) Let z € X and 0 < 0 < 400 such that z € A(f,0). We show that z €
A(f*, 135)- We may suppose that ¢ > 0. Let § > 0 and n : B(Gz;6) x [0,6] — X
continuous be as in Definition 3.1. For (y,t) € B(Gz;é) x [0, 6], define a(y,t) by

f(n(y, a(y,1)) - f(y) = —ﬁ;t.

Using the continuity of n and f and condition (iii) of Definition 3.1 - in particular,
the fact that ¢t — f(n(y,t)) is decreasing on [0,68] (which explains the “d” in “weak
d-slope”) for each fixed y - one sees that a(y,t) is well-defined and « is continuous.
Indeed, a(y,0) = 0, t+— a(y,t) is increasing for each fixed y and a(y,t) — a(y,s) <
(1+0)"!(t—s) for 0 < s <t < 6. Furthermore, a(-,t) is G-invariant for each ¢ since f
is G-invariant and 7 is G-equivariant. Hence, defining

(y,t) = n(y, a(y, 1))
shows that z € A(f*, 1) with corresponding 6 and 7j : By(Gz;6) x [0,8) — Xj.
We conclude that |df*|6(z)2|df|6(2)(1+[dflc(2)) ™" if [df|a(z) < +oo and |df*|a(z)
= 1if |df|g(z) = +oo
The following is a symmetric version of a basic result from [12].

Theorem 3.5. Assume that (X,d) is a complete metric G-space and f : X - R
a continuous G-invariant function. Let A € Eg and v,0 > 0 be such thaet |df|g(z) > o
for all z € B(A;7). Then there ezists n: X x [0,7] = X continuous such that:

(a) d(n(z,t),z) <t

(b) f(n(z,t)) < f(z)

(c) f(n(z,t)) - f(z) < —otifz € A

(d) n(-,t) is G-equivarient for each t € [0,7].

Proof. That of {12: Theorem 2.11] transposes immediately to the symmetric situa-
tion we consider here. That is, starting with invariant sets and equivariant deformations
produces, by construction, an equivariant deformation il

As a consequence of Theorem 3.5 and Lemma 3.4, we have now

Theorem 3.6. Let X be a complete metric G-space, f : X — R a continuous
G-invartant function and a € R. If f verifies the Palais-Smale condition (Ps)ma o

then function f possesses the deformation property (Ds.G)k,a-
" Proof. Let a € R and § > 0 and assume the Palais-Smale condition (PS)@G-G. .
Consider the function f* as in Lemma 3.4 and let K* = {z € X : |JFIG($) =
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0}. Lemma 3.4 tells that K* = K and that f* verifies the Palais-Smale condition

(PS) 7|00 For &, f > 0 we shall denote

Aap={zeX| fz)€la-aa+a] and ds(z,Ka) 28} € By (= Eo).
The Palais-Smale condition (PS)IE}—.IG , implies that there exist a,o > 0 such that

ldf*|a(z) 2 ldf*la(z) >0 forall z€ A, .

-g-, $}. Since f* is Lipschitz continuous of constant 1, By(A,s; %) C Aa,%.

Since X is complete and f is continuous, X is complete and we can apply Theorem
3.5to X, f and Aa,% to obtain ' : X x [0,7] — X continuous and such that

Let v = min{

ds(n'(z,t),z) <t and f(1'(z,t)) < f(z)

and-
f('(z,t)) = f(z) S —ot  fz €A,

Defining 7 : X x [0,1] = X by n(z,t) = ’(z,vt) and letting € = min{vy, 5L}, we have
d,(n(x,t),z) <qt<é and f(n(z,t)) <a—-¢ if f(z)<a—c¢
and, if f(z) €[a—¢€,a+ 5] and dg(z,Ka) > 6,
(1) < f(z) —orSate—ay<a—e

so that the c_leformation property (Df,G)k,q is verified B

| Recall éhat the epigraph of a function f: X — R is the set

epif = {(:c,{): z€X and &2 f(:z:)}

Consider (epif, (I) as a metric space with the metric

J((xaﬁ),(yvl“)) = d(l‘, y) + |£ - l‘l-

It is complete if X is complete and f is lower semicontinuous. For g € G and (z,€) € epif
we let g(z,€) := (gz, £) so that, slightly abusing notation, we shall consider G as a group
of isometries of epif too (epif as a G-space).

. The following definition appeared in [13].
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Definition 3.7 (Epigraph function). The epigraph function of a function f : X —
R is the function

Gr:epif >R,  Gg(z,6) =¢.
Obviously, the epigraph function Gy is Lipschitz continuous of constant 1, and is G-
invariant since f is.

Remark 3.8. (i) For the epigraph function, weak d-slope and weak slope coincide.
That is, for any G-invariant function f : X — R and any (z,£) € epif it holds

146716 (=, €) = 1dGl6 (=, €)-
For, if |dGslc(z,€) > 0 > 0,6 > 0 and n: B((z,£);6) x [0,8] — epif, n = (m,n2) are
such that
» J('I((y, }z),t),(y,p)) S t and 2 ((ynu))t) —H S _Uta
it suffices to use 7 = (n1,72), where 72((y, p),t) = u — ot, to see that |¢?§,|c(x,§) > o,
and the conclusion follows.

(ii) If f: X — R is continuous, then

\

|dGsle(z,€) = { Tlgj%% if { = f(z) and |df|c(z) < +o0
! if € > f(z) or |dfla(z) = +oo

(see [16: Proposition 2.3]). Indeed, the different form is only due to a different choice
of metric on epif, and passage to the symmetric case is obvious. Hence, assuming only
the Palais-Smale condition (PS)|4f|,a, One may use Gy in order to obtain a deformation
property for f. This is the procedure used in [12: Theorem 2.14].

By applying the results of Section 2 to G¢ via Theorem 3.6, one can obtain results
in critical point theory for some classes of lower semicontinuous functions. To this aim,
we give in the following simple procedures in order to define appropriate sequences of
min-max values of Gy. More concrete examples will be given at the end of Section 4.

Let II : epif — X be the projection on X: II(z,€) = z. Denote by Eg the set of
strongly closed G-invariant subsets of epif, i.e.

A€ Egc < AC epif is closed, G—invariant and II(A) is closed

(whence T1(A) € Eg). Note that Eg is not empty, containing the compact G-invariant
subsets of epif, as well as the uniform neighbourhoods of such sets. Let D¢ be the
set of G-equivariant deformations of epif, that is n € Dg if n = (m,nz2), where n; :
epif x [0,1] — X and 7, : epif x [0,1] — R are continuous and verify, for (z,£) € epif,
t€[0,1) and g € G-

f("]l((I»é)»t)) < 772((2::6)70
m((z,€),0) =z, -n2((,€),0)
m ((gz,{),t) =4gm ((.’B,f),t), n2 ((gza€)$t) =M ((Ivé.)’t)'
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Suppose now given an indéx J associated to (Eg,Dg) and define
J: Ec— 24 U{+0},  J(A) = J(II(A))

with the convention that j(@) = 0. It is easy to show that J verifies properties (i) -
(i3) and (is) of Definition 2.9 (using the fact that J does), but J is not, in general, an
index associated to (Eg,Dg) that is, it may not verify property (i4). J also verifies
properties (i5) and (i7) whenever J does (clearly, (z,£) € epif belongs to FixepisG if
and only if z € FixxG).

We shall assume that J verifies the following stronger form of property (i4):

(kY If A,B € Eg and h : A — B is continuous and G-invariant, then J(A) <
J(B).
Let ; € N and set

= {UGEG: U compact and J(U) Zj}.

Assume that
Fi#0  and ¢ =¢(f,T;)eR (3.1)
Define

f, = {h(U) :U€Tjand h: U — epif continuous and G-equivar_iant} (3.2)

and & = (G5, T;).
Proposition 3.9. It holds:
(i) f]’ # 0, T; is Dg-admissible and ¢; =cj.

(ii) If (3.1) holds for 1 < j < p, then {Fj}lsjﬁp possesses property (E) with respect
to J. ‘

Proof. (i) Let U € T, be be such that § = sup{f(U)} < +oo and define h :
U — epif by h(z) = (z,8). Clearly, h(U) € f], and this also shows that ¢; < c;.
Conversely, if h(U) € f‘ and h = (hy,h2), then hy(U) € T; by property (74)' and
sup{f(h1(U))} < sup{Q,(h(U))}, showing that ¢; < ¢;. That I’, is Dg- -admissible is
obvious.

(ii) The inclusion f,+1 C f is obvious. Let 1 < j < j+k < p, h(U) € f,+k
and Y € Eg such that J(Y) < k. Then, R(U)\Y = h(U\Y') where Y’ = {z € U :
h(z) € Y} (see also the proof of Proposition 3.10/(ii)). Set A = (hy,h2). Then clearly
Y' C A7(II(Y)) so that

J(Y') < J(hTH(I(Y))) < J(M(Y)) = JY)<k

using properties (12) and (z4)'. It follows in a standard way, usmg properties (iz) and
(i3) that J(U \ Y’ Y") > j whence h(U) \ Y € F |
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Assume now that (X, || I) is a Banach space and G a group of linear isometries of
X. Set (B,S)=(BrnN E SrN E) where Br and Sg are the closed ball and sphere of
radius R > 0, respectively, and E is a finite-dimensional linear subspace of X. We shall
assume that 8 = sup{f(B)} < +oc0 and set a = sup{f(5)}. Fix p € N and set

h continuous,. G-equivariant
F:{h: B — epif } (3.3)
and h(z) = (z,a) forallz € S
={WB\Y)| heT, Y € B, J(¥)Sp-i} (1<isp).  (34)

Finally, let ¢; = ¢i(Gy,Ti) for 1 < < p.
Proposition 3.10. It holds:
(i) (T4, S x {a}) is Dg-admissible for each 1 < i < p.
(ii) {Ti}1<i<p possesses property (E) with respect to J.
(iii) ¢; € R for each 1 < < p.
Proof. Assertion (i) is obvious. Assertion (ii): Clearly, I'iy; CTifor1 <: < p-1
We show that T'p # {0}. Define, for z € B,

2z forz € }B

hi(z) =
() ﬂz forz€ B\ 1B

B forxG%B

hala) = (2%1-2ﬂ - 1)a+2(1 - %)ﬁ for z € m

It is readily verified that h; and h, are well-defined and continuous, that k; is G-
equivariant and hy is G-invariant, because G is a group of linear isometries. Also,
f(hi(z)) < ho(z) for all z € B, hi(z) = z and hy(z) = o whenever z € S. Hence,
h = (hy,hs) € T so that h(B) € T'p. This proves Assertion (iii). Indeed, a < ¢; < B for
ie{1,...,p}.

We now turn to verify that if U = A(B\Y) € Tiygfor 1 <: <i+k < pandif
Z € Eg is such that J(Z) = J(II(Z)) < k, then U\ Z € Ti. Indeed, it is easy to see
that U \ Z = h(B \ (Y U Z')) where Z' = {z € B : h(z) € Z} (see also [27: Proposition
9.18)). Now, hy(Z2') c TI(Z), whence

J(2") < T(h(2") < I(I(2)) < k

and .
' JYUZY<SIY)+T(2)<p-(i+k)+k=p—2

and the conclusion follows i
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Remark 3.11. Of course, whenever f is continuous one may consider directly the
construction:

F={h:B—0X’

h continuous, G-equivaxia.nt}

and h(z) =z forallz € §

L= {hB\Y)|hel, Y € Eg, J(V)<p-i} (1<i<p)

and use Theorem 3.6 to obtain c¢,(f,I';) as critical values for f. It is not clear whether
¢i(f,Ti) = ci(Gy,T;) in general. However, if we define

F.={rEB\Y): hel,YeEc, J(¥)<p-iand ¥ NS =0}

= {rB\Y): hel, Y€ Eq, J(Y)Sp-iand ¥ NS =0}

(so that I; C I'; and T'; C T;), then we can show that ¢;(f, L) = c;(g/,fg) for each
1 <i < p (assuming that sup{f(B)} < +o0).

Observe that Theorem 2.7 still holds but with the thesis being valid for A small
enough (and the proof is the same), if item (ii) of property (E) is modified to read:

(1)) IfU € I'iyp for p>0and Z C Ey g issuch that J(Z) < pand ds(Z,S;) > 0,
14 = £, — f
then U\ Z €T;.

We would then say that {(T'i, Si)}1<i<m possesses property (E) with respect to 7 . This
modified property (ii)’ is similar to property (E) in [21: Theorem 3|. However, for the
sequence {(I';, S x {a})}1<i<p the following holds:

(ii)" U € Tiyx for k > 0 and Z C Eg is such that J(Z) < kand [I(Z)N § = 0,
then U\ Z €T;.

Property (ii)" is more restrictive than property (ii)’ since II{Z)NS = 0 implies ZN(S x
{a}) =0 (S and S x {a} are compact). It follows that Theorem 2.7 holds (for A small
enough) for Gy and {(T';, S x {a})}1<i<p if the set A € E¢ is such that II(4) N S = 0.

In order to apply Corollary 2.12 to Gy and (T, § x {a})}1<i<p, we thus need to
know, in particular, that II(K.)NS = @ for ¢ > a, where K = {(z,£) : |dGflc(z,€) = 0}.
This condition is verified if |dGs|G(z,£) > 0 whenever £ > f(z), and it is clearly nec-
essary in order to obtain “critical points” for f from critical points of G;. However,
elementary examples show that it is not fulfilled in general if f is only lower semicon-
tinuous. )

On the other hand, if |[dG¢|c is bounded away from 0 on {(z,€) : € > f(z)}, then a
complete transfer from f to Gy can be carried out, and it turns out that this property
holds for some classes of lower semicontinuous functions f (see Section 4).

To conclude this section let us observe that, if we suppose given for each j € N
a pair (Bj,S;) of finite-dimensional ball B; and sphere S; of radius R; > 0 in X
such that sup{f(B;)} < +o0, and a corresponding sequence {I'; ;}1<i<p; of the type
of the sequence {I'i},<i<p above with p; —» +o0o as j — +oo, then we may define
I'i =U{li; : 7 € N} and ¢; = ci(G4,Ti) (¢ € N) as in Remark 2.13/(iii), in order
to obtain (eventually) an infinite sequence of critical values of Gy. This is the type of
construction to be used in Theorem 4.8.
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Remark 3.12. Let us observe that when dealing with the epigraph function Gr,
Lemma 2.6 is not needed to derive a result like Corollary 2.12 from Theorem 2.7, since
whenever (z,£) € epif and p > €, then d((z,{),gjz;z) =pu-£

4. Some particular cases and examples

In this section, we give various examples of triplets (X, f, K) for which the deformation
property (D*)g , is implied by the verification of the Palais-Smale condition at level a.
To do this, we shall often use the weak d-slope, which reduces the problem to a local
one, via the results of Section 3. We also give some examples of results which can then
be obtained as special cases of those of Section 2. We shall use the same notations X,
Xy, Eg, Efc, D and Dy, introduced before.

Let (E,]|-||) be a (real) Banach space and (E*, || -||.) its dual. In this section, when
saying that F is a G-space we mean that G is an isometric representation of a compact
Lie group acting on E; each g € G is a linear isometry of E. Then E* may (and will)
be considered as a G-space, defining g(«) for ¢ € G and o € E* by

(9(a),z) = (a, g7 (z)) forall z € E.

When saying that (H, (-,-)) is a G-Hilbert space, with associated norm || - || = (-,-)!/2,
we mean that G is an orthogonal representation of a compact Lie group acting on H:

(9(2),9(y)) = (z,y)  forall g€ G and z,y€ H.

Now, let X be a Finsler manifold of class C! (and without boundary). As usual,
let T(X) denote the tangent bundle of X and T:(X) the tangent space at z € X.
Further, || - || : T(X) — R will denote the Finsler structure and || - ||, its restriction to
T:(X) (which is a norm). When saying that X is a G-manifold, we mean that G is a
representation of a compact Lie group acting differentiably on X. T(X) is a G-space
defining, for g € G and z € X,

9: Te(X) > Te(X) by g(y) = dg(z)(v),

each g being linear and isometric. The cotangent bundle T(X)* is also a G-space letting,
for g € G,z € X and a € T;(X)*,

(9(@),y) = (a,9(y)) = (a,dg™(z)(y))  forall y€ Tx(X).

For various notions about G-manifolds to be used in the sequel we refer to [5].

A metric d is well-defined on each connected component of X by

o€ C,,y}

where C, , is the set of C! paths o : [0,1] — X between z and y (see [24]); d(z,v)
is the geodesic distance between z and y and d is G-invariant. It follows from the

| 1
d(z,y) = inf {L(U) = /0 lle"($)laqs ds
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structure of Finsler manifold that given z € X and a number k > 1, there exists a chart
w: U — T (X)at z (z €U, ¢ a diffeomorphism) such that

%ll#’(y) —p(2)llz £ d(y,2) < kllo(y) —w(2)l:  forall y,zeU. (4.1)

Now, let f : X — R be a G-invariant function of class C?!, f'(z) the differential of
f at z € X and, of course,

K={seX: f(z)=0¢ T.(X)'}.

Then f' is continuous and G-equivariant, || f'(-)|| is G-invariant and K € Eg.

Proposition 4.1. The following assertions are true:

(a) For each z € X, |:17|G(1:) = |df|(z) = ||f'(z)|lz+, where || - ||z+ ts the norm in
T.(X)*.

(b) If X is complete and f verifies for some a € R the Palais-Smale condition
(PS)i5'()Ne,ar then f possesses the deformation property (Df.G)k,a-

Proof. Assertion (b) is a consequence of assertion (a) and Theorem 3.6. To prove
assertion (a) we first show that |df| < ||f'(-)||. Let z € X, k > 1 and (U, ¢) such that
(4.1) holds; we may suppose that |df|(z) > 0. Fix ¢ > 0 and let v > 0 be such that

I(f oo™ (@)ae < IIF'(2)]

Let 6,0 > 0 and n: B(z;6) x [0,6] — X be such that

- tE for all z € B(p(z);v) Ne(U).

din(y,t),y) <t and  f(n(y,1)) ~ f(y) < —ot.

We may suppose that § is so small that B(z;26) C U and ¢(B(z;26)) C B(p(z);6).
Now, for arbitrary (y,t) € B(z; §) x [0, §] fixed we have, using (4.1) and the Mecan Value

Theorem,
ot < f(y) = f(n(y, 1))
— {(f 0™ (), (W) — (v, 1))
< (I (@)llz+ +e) [lely) = elnly, ),
< (I (@)l +¢€) kd(n(y,1),y)

< (If'(=)

where z belongs to the segment {¢(y), ¢(n(y,t))]. Since k can be chosen arbitrarily close
to 1 and ¢ arbitrarily close to 0 (taking § as small as needed), the conclusion follows
from the definition of |df|(z).

We now show that |:i?|c; > ||F/()Nl- Let = € X and assume that ||f'(z)]|.- > O.

z* +E) kt

We may take as a chart around Gz a G-equivariant diffeomorphism ¢ : U — N¢(Gz)
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(a so-called tubular neighborhood), where ¢ > 0, N(Gz) is the normal bundle of Gz,
Ny(Gz) the normal space to Gz at y € Gz and

N(Gz) = {v € Ny(Gz) : |lv]) < €}

(p(y) = 0 € Ny(Gz)). Ny(Gz) is a Gy-space, where G, = {g € G : g(y) = y} is
the isotropy group of y; since f is G-invariant, f'(y) = f'(y)v,(cz)- Given k > 1,
we may choose ¢ so small that (4.1) holds for all y,z € U. Fix 0 < a < 1 and let
0 < v < § and v(y) € Ny(Gz) (a pseudo-gradient) such that v = v(y) is continuous on
Gz, G-equivariant and

(Uoe e i) 2

for all u € N}7(Gz). (4.2)

Such v = v(y) exists. Indeed, there exists a G-equivariant pseudo-gradient vector field
v = v(y) defined on X \ K such that

v v(y)
<(f °e )W), uv(y>ny> 2 (1=

forall ye X\ K

and (4.2) follows using also the continuity of f', (f o ¢™') and the compactness of
Gz. Let 0 < § < 7 be such that ¢(B(Gz;8)) C NJ(Gz) and set, for z € B(Gz;$),
w(z) = v(y) if p(z) € Ny(Gz) (that is, if z belongs to the slice at y € Gz defined via
). Define n : B(Gz;6) x [0,6] = X by

100 = (000~ o)

Then, being w continuous, 7 is continuous and 7(-,t) is G-equivariant for each t. For
y € B(Gz §) and 0 < s <t < § we have, using (4.1),

d((y,t),1(v,9)) < k|le((y, 1) — ey, )|, =t -

and, according to (4.2),

Fy,1) = F(1(y,9)) = (fo o™ ‘)(so(w o ||) (foep ’)(*"(y) Flfv n)

= ((Fow™y (w0 - g5 ) = - o)
l-a :

z=(t—s)

IN

where v = v(y)vé.nd -s <r S t. Since k can be chosen arbitrarily close to 1 and «
arbitrarily close to 0, the conclusion follows from the definition of |df|g(z) B
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The fact that |df|(z) = || f'(z)||z+ can also be found in [16: Corollary 2.13].

If X is a Finsler manifold of class at least C?, one can use the fact that there exists
a G-equivariant locally Lipschitz pseudo-gradient vector field defined on X \ K (see
[24]) in order to prove Proposition 4.1/(a) in a more classical way. Namely, the desired
deformation can be obtained via the (negative) flow associated to this vector field. This
can be achieved by means of a slight modification of [27: Theorem A.4] (this result
naturally extending to the G-manifold case).

The same method can be applied to treat the following special case being of par-
ticular interest in applications (to Hamiltonian systems and wave equations). Assume
that (X, (-,-)) is a G-Hilbert space and that the function f : X — R is of the form

f(z) = é(Lm,x) +b(z) (4.3)

where L : X — X is a G-cquivariant linear continuous self-adjoint operator and b :
X — Ris a G-invariant C' function such that ¥’ : X — X is completely continuous. To
the class of functions of the form (4.3) there is associated (see Proposition 4.2 below)
the following class of G-equivariant deformations of X:

D* = {1] € DG : T](.’E,t) = ee(z’t)LfB + h(:l,‘,t)}. (44)

Here § = 8, : X x [0,1] — R is continuous, G-invariant and 6(-,0) = 0, and h = h, :
X x[0,1] — X is G-equivariant, continuous, completely continuous and k(-,0) = 0. The
set D* verifies property (P) (see Definition 2.1): if 7, € D* and g : X x [0,1] — [0,1]
is continuous, G-invariant and such that g(-,0) = 0, then 5o (€, g) € D* with

Byoterg) = 070 (6,9)+ 6 and  hyoey = e Ehe + £ 0 (£, 9).

With a slight modification of the proof of (a symmetric version of) [27: Proposition
A 18] (see also [3: Theorem 3.4] for the primitive idea, with consideration of symmetry)
one shows the following

Proposition 4.2. Let X be a G-Hilbert space and f : X — R e¢ G-inveriant
C! function of the form (4.3) verifying for some a € R the Palais-Smale condition

(PS)is'()a- Then f possesses the deformation property (D*)k,a, where D* is defined
n (4.4).

According to Proposition 4.1, Corollary 2.8 contains as special cases the Mountain
Pass Theorem (MPT; see [1]) and its generalization (GMPT), and the Saddle Point
Theorem (SPT) (see [27: Theorems 2.2, 5.3 and 4.6, respectively). Indeed, Corollary
2.8/(b) is a generalization of these results to the limit case and to continuous functions
(via Theorem 3.6).

The limit-case for the Mountain Pass Theorem has been treated in various places,
starting with [26]. In [21] the limit-case is treated in general, for invariant C! functions
defined on C! Finsler manifolds and min-max values defined through families of compact
sets. There as in [29] (see also [16, 22]) only a weaker deformation property is shown to
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hold (the construction of that deformation inspired our proof of Proposition 4.1), and
the results are obtained by combining this property with the e-Variational Principle of
Ekeland.

Thanks to Proposition 4.2, Corollary 2.8 generalizes [27: Theorem 5.29] where the
min-max value of f is defined via a family of possibly non-compact subsets of X; [27:
Examples 5.22 and 5.26] give examples of such situations (infinite-dimensional linking
of the type of the Generalized Mountam Pass Theorem (GMPT) and the Saddle Point
Theorem (SPT) [4].

Of course, multiplicity results for C! functions in the presence of symmetry are also
available as specia.l cases of Corollaries 2.12 and 2.16. We shall give some examples of
such results below, for other choices of the function f.

For a second particular case (see [6, 9]) let (X, ||-||) be a G-Banach space, (X*,||-||.)
its dual and f : X — R a G-invariant locally Lipschitz contmuous functlon Deﬁne for
z,y,z€ X and t >0,

f°(z,y) = limsup fz+z+1ty) - f(z +2)

z—0,t—0 t

for each z. The function f%(z,) : X — R is continuous, subadditive and positively
homogeneous, therefore convex. Define

f(z)={a e X : fz,y) 2 (a,y) forall yex}.

Here Of is Clarke’s subdifferential (see (9]). For each z € X, df(z) is a non-empty
weak”*-compact subset of X*, so that A(z) = min{|la|l. : a € 3f(z)} is well-defined.
Furthermore, A : X — R is lower semicontinuous and G-invariant (since f is). Thus,
setting K = {z € X : A(z) = 0} we see that K € Eg.

Proposition 4.3. Let X be a G-Banach space and f : X — R be G-invariant and
locally Lipschitz. Then the following assertions are true:

(a) For each z € X, |df|c(z) > A(z).

(b) If f satisfies for some a € R the Palais-Smale condition (PS)y 4, then f pos-
sesses the deformation property (Dy,c)K,a-

Proof. Assertion (b) is a consequence of assertion (a) and Theorem 3.6. It is
shown in [16: Theorem 2.7] that |df|(z) > A(z), using [28: Lemma 1.3] applied to the
function f°(z,); it is not difficult to see from the proof that in fact |df|(z) > A(z). To
treat the symmetric case, we can proceed like in Proposition 4.1. Let z € X such that
A(z) > 0and 0 < B < 1. Using [6: Lemma 3.3] (existence of pseudo-gradients) and
after symmetrization we can find § > 0 and z : Gz — X continuous and G-equivariant
such that ||z(y)]| £ 1 and ‘

(a,2(y)) 2(1-B)Mz)  forall a€df(y'), y' € B(Gz;26) N Ny(Gx).
Defining 2(y') = z(y) if y' € B(Gz;26) N Ny(Gz) and n : B(Gz;6) x [0,6] - X by
7(y,t) = y — tz(y), we have for 0 < s <t < 4, using [6: Proposition (9)],

o S 0) = o) = [ ) dr S (- AR (-9

and the conclusion follows B
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We now consider a class of lower semicontinuous functions (see [14, 15]). Recall
first that if (E,|| - ||) is a Banach space, the function f : E — R U {+c0} is lower
semicontinuous and z € E with f(z) < 400, then the Fréchet subdifferential of f at z
is defined as the (possibly empty) closed and convex subset

O f(x) = {a € E*

lim inf fly) = f(z) = {a,y — ) Sob
y—z ly = =) -

Now, let (H,(:,-)) be a G-Hilbert space and f : H = RU {400} be a G-invariant
lower semicontinuous (proper) function. Further,let X = {z € H: f(z) < +o} € Eg
denote the effective domain of f. We assume that f has a p-monotone subdifferential of
order 2, which means (see [15]) that there exists a continuous function x : X?xR? — R4
such that

(@ =B,z —y) 2 x(z,y, f(=), f(¥)) (1 + lleell® +1BI) Iz — w)l?

whenever o € 8~ f(z) and 8 € 3~ f(y).

Denote (as before) AM(z) = min{||a||. : « € 7 f(z)}. Then A : Xy — RU {400} is
lower semicontinuous (as follows from [15: Theorem 1.18]) and G-invariant (since f is).
Hence K := {z € X : AMz) =0} € Esc. The set K is called the set of critical points
from below for f. Furthermore, using also [15: Remark 1.14], a convergent sequence
{zn} C X such that f(zn) — a and A(z,.) — 0 converges in Xy, hence to a point in
K,. In particular, the Palais-Smale condition (PS)x . implies that K, is compact.

Proposition 4.4. Let H be a G-Hilbert space and f : H — RU {400} a lower
semicontinuous G-invariant funcion with o w-monotone subdifferential of order 2. As-
sume that f satisfies for some a € R the Palais-Smale condition (PS)x.. Then f
possesses the deformation property (Dsc)K,a- :

The result can be easily deduced from [14: Theorem 3.8]. The basic (non-symmet-
ric) results are in [15: Section 3]. The deformation 7 in the deformation property
(Dys,6)k,a is obtained from the flow associated to an evolution problem of the form

—U'(t) € O7f(U(1)),

generalizing the analogous classical problem.

Let us poiht out that the introduction of the graph metric in the present work was
induced by its use, in the above cited papers, in connection with some classes of lower
semicontinuous functions, in particular those having a ¢-monotone subdifferential of
order 2.

Now, it is shown in [14: Theorem 3.14] that Xy is a G-ANR (while, in general, X
is not (see [14: Remark 3.15])). Hence the Lusternik-Schnirelman G-category G-cat:
Efc — Z U {+00} is an index associated to (Ef,g,Dy,c) (see {14, 24]). Indeed, by
definition, A € Ej ¢ is categorical in X if there exists n € Dy, such that n(4,1) = Gz
for some z € X and G-cat(A) is then defined as the least integer n such that A can be
covered by n categorical sets in Xy, with the conventions that G-catx,(A) = +oo if no
such integer exists and that G-catx,(9) = 0.
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As an example of a special case of Corollary 2.16 we thus have the following theorem
which is essentially [14: Theorem 4.9] and reminds (24: Theorem 7.2]. Observe that the
latter extends to the C'-manifold case, according to Proposition 4.1, which improves
the main result of [29].

Theorem 4.5. Let H be o G-Hilbert space and f : H — R U {400} a lower
semicontinuous G-invariant function with a w-monotone subdifferential of order 2. De-
note by X the effective domain of f and assume that f is bounded below and satisfies
the Palais-Smale condition (PS)y, for all a < b whenever b € f(X). Then f has
at least G-cat(Xy) critical G-orbits from below. If moreover G-caf(Xs) = +oo, then
sup{ f(K)} = sup{f(X)} and this supremum is not achieved.

As a final example, we consider another class of lower semicontinuous functions. Let
E be a G-Banach space and f: E — RU {+o00} a function of the form

f=¢+9¢ (4.5)
where .
¢ € C'(E,R) is G-invariant
¥ E — RU {+o0} is G-invariant, convex and lower semicontinuous. -

This class of functions has been studied in [28]. Let X denote the effective domain
of 3 (hence of f). For z € X consider 8~f(z) as defined above. In the special case
considered here we have the equivalence

a €0 f(z) <= Y(2)—9(z) > (a—¢'(z),z2—z) forall z € X.
0~ f(z) is a (possibly empty) convex weak*-closed subset of E*. Hence
{min{||a||. ta€07f(z)} O f(z)#£0
Mz) =
+00 if0~f(z)=10

is well-defined and A : X — RU {400} is lower semicontinuous and G-invariant. Set,
as before, K = {z € X : A(z) =0} € Eg. We shall make the following assumption:

0 € K and the isotropy group G is trivial for each z # 0. (4.6)

In connection with the following proposition, recall Remark 3.11.

Proposition 4.6. Let E be a G-Banach space and f : E — RU{+00} a G-invariant
function of the form (4.5). Assume (4.6). Then, for each (z,£) € epif,

ylatoy < | TRy €= 1) and 9(2) £
flg\z, =

1 if€> f(z) or 9f(z) =0
holds.

Proof. The result with |dGy| instead of |dGy|c is obtained in [16] (combining var-
.ious definitions and results, and modulo obvious modifications due to the choice of a

different metric on epif), and this does not require that 0 € K. That |dGs|g = |dG/|
follows from (4.6) and Remark 3.2 1
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We now assume that ¢ and i are even functions, i.e. they are G-invariant with
G = {1dg, —idg}, a representation of the group Z,. Notice that (4.6) is verified in that
case: ¢'(0) = 0 and 0 is a minimum of v, so that 0 € K.

Eg is now the set of closed symmetric subsets of X and D¢ the set of odd defor-
mations of X. An index associated to (Eg, Dg) verifying property (is)' (see Section 3)
is the genus v of Krasnoselski (see [10, 23] and [27: Section 7]): for A € Eg, v(A) is the
smallest n € N such that there exists ¢ : A — R™\ {0} continuous and odd, with the
conventions that y(A) = +oo if no such n exists and that y(§) = 0. The genus v also
verifies property (ig) and indeed, if 0 ¢ A € Eg and y(A) > 1, then A is an infinite set.

In what follows, B, and S, denote respectively the closed ball and sphere in E,
of radius » > 0 and centered at the origin. The following assertion is a version of [8:
Theorem 8| and is similar to [28: Theorem 4.3].

Theorem 4.7. Let E be a Banach space and f : E — R U {+00} a function of
the form (4.5) with ¢ and ¢ even. Assume that f(0) = 0, f is bounded below, satisfies
the Palais-Smale condition (PS),\a for all a < 0, and that there ezist r > 0 and a
finite-dimensional subspace E of E such that sup{f(S, N E)} < 0. Then f has at least
dimE pairs of critical points.

Proof. For1 <j <p:= dimE define
r; = {U € Eg: U is compact and J(U) Zj}

and ¢; = cj(f,I';). Clearly, we have S, N E e [,. Since f is bounded below and
sup{f(S- N E)} < 0, it follows that —oco < ¢; < 0for 1 <j <p.

According to Proposition 4.6, the epigraph function Gy verifies the Palais-Smale
condition (PS)jag,|s,a for a < 0 and, defining T; (1 <j<p)asin (3.2), we can
use Theorem 3.6 and Proposition 3.9 to obtain from Corollary 2.12 (letting F' = epif)
that G; possesses at least p pairs of critical points (+z;,é;) with é; = ¢; for each
j. By Proposition 4.6 again, this yields p pairs of critical points +z; for f, with
fa)=c;<0M

The following theorem is a version of the Symmetric Mountain Pass Theorem [27:
Theorem 9.12], which improves [28: Theorem 4.4 and Corollary 4.8].

Theorem 4.8. Let E be a Banach space and f: E — RU {+00} a function of the
form (4.5) with ¢ and ¢ even. Assume that f(0) =0, f is bounded below, satisfies the
Palais-Smale copdition (PS)a,a for alla >0, and that

(i) there is a subspace E, of E_of finite codimension and r,a > 0 such that
nf{f(S,NE)} >«

(ii) for each finite-dimensional subspace E of E there ezists R = R(E) > 0 such
that sup{f(E \ B,)} <0.

Then f possesses dimE, pairs of critical points. Moreover, sf dimE = +oo, f
possesses an unbounded sequence of critical values.
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Proof. Set k = codimE,, let EcC E be a finite-dimensional subspace with dirlll:f' =
p > kand R > r such that sup{ f(SRN E)} < 0. It is easy to see that sup{f(BrNE)} <
+00. Thus, we may define consistently I'and I'; (1 <¢ < p—k) asin (3.3) and (3.4) in
Section 3 (the notations correspond). If h = (hy,h;) € Tand U := h(BRNE\Y) €I,

then A (BRNE\Y)N S, N E;, # 0 (see [27: Proposition 9.23], observing that 0 ¢ Y
since ¥(Y) < 4o00). If we set

F =[(Sr 0 E1) x R] Nepif,

then U N F # 0. Using Proposition 4.6, Theorem 3.6 and Proposition 3.10, Corollary
2.12 yields p — k pairs of critical points of G5 and hence p — k pairs of critical points of
f, by Proposition 4.6 again. If E is finite-dimensional, the result is thus proved letting
E=F, ) _

If E is infinite-dimensional, for each j-dimensional subspace E; with j > k one can
define (as already mentioned at the end of Section 3) T; ; like I'; above for 1 < ¢ < 7,
choosing R; = Rj(Ej;) such that inf{R; —7 : j > k} > 0 (this restriction is not
necessary if & > 0). Defining I'; (i € N) as in Remark 2.13/(iii) (similarly as in the
proof of [27: Theorem 9.12]) we obtain the result from Corollary 2.12 applied to Gy
again i

Remark 4.9. (i) This result improves [28, Theorem 4.4, Corollary 4.8] since we
have defined actual critical values of the function f, and we can conclude on the be-
haviour of the sequence of critical values whenever dimFE = +o00.

(ii) From previous results and remarks, one can see that Theorem 4.8 holds with
E; of possibly infinite codimension, for E a Hilbert space and f of the form (4.3).
Also, analogous results hold using other groups G and related indices J possessing the
dimension property, for example the S!-index of Benci [2] (see [3: Theorem 4.2 and
Corollary 4.5]). The cohomological index theories of [19, 20] can be used as well.

(iii) The analogue of Proposition 4.6 holds if E is a Hilbert space and f is of the
form f = ¢ + ¢ with ¢ € C!(E,R) and ¥ : E — RU {400} lower semicontinuous with
a @-monotone subdifferential of order 2 (see [12, 16]); indeed, this result holds without
the restriction (4.6).
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