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A Uniform Attractor for a Non-Autonomous 
Generalized Navier-Stokes Equation 

F. Gazzola and V. Pata 

Abstract. A global existence and uniqueness result of a weak solution for a generalized non-
autonomous Navier-Stokes equation is given, independently of the dimension n > 2 of the 
space. Furthermore, the family of processes associated to the equation is shown to - possess a - 
weak uniform attractor with respect to a large class of non-autonomous forcing terms. 

Keywords: Namer-Stokes equations, processes, attractors 
AMS subject classification: 76 D 05, 35 D 05, 35 B 40 

1. The generalized Navier-Stokes equation 
It is well-known that for the Cauchy- Dirichlet problem for the classical 3-dimensional 
Navier-Stokes equation no global existence and uniqueness result of a weak solution has 
yet been proved. To derive the classical n-dimensional equation the following linear 
relationship between the stress tensor T and the deformation velocity tensor D 

T = —pI + 2pD	where T = { Tg j } and D = 
1 
fa.uj+ ô,u 1 }	(1) 

is assumed. Here and in the sequel u, (z = 1,...,n) represent the components of the 
velocity vector u, p denotes the pressure of the fluid, t9, = -and ô = , I is the axi
identity (n x n)-matrix and i > 0 is the coefficient of kinematic viscosity. However, 
there is no theoretical evidence of the general validity of (1), in particular in presence 
of very high velocities and turbulent flows; it appears therefore natural to modify (1) in 
these extreme conditions. 

A first interesting modification of (1) is due to Ladyzhenskaya [12, 13]. She proved a 
global existence and uniqueness result for the 3-dimensional Cauchy- Dirichlet problem, 
assuming that T is a continuous function of the components of D satisfying some further 
conditions and losing its linear feature for large values of the gradient of the velocity. 
As the Navier-Stokes equations are not of relativistic nature it is reasonable to suppose 
that they break down for high velocities. For this motivation, we believe that it is 
physically more meaningful to modify (1) for large values of the velocity J ul rather than 
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of its gradient. This is precisely the idea of the modification of Prouse [16], who has 
assumed that (1) only holds when the velocity of the fluid is small. More precisely, the 
relationship between the stress tensor and the deformation velocity tensor is given by 

= P8tj + 3(u) + 5w(u)	 (2) 

where p : R" - R' is a function of u whose properties are quoted in (6) below. Clearly, 
when p(u) = tiu, (2) reduces to the classical linear law. Introducing (2) into the general 
equations of conservation of momentum, we obtain the following generalized Navier-
Stokes equation for incompressible fluids subject to an external force f: 

at u -	(u) + (u . V)u + Vp - V(V p(u)) = f 
V . u =0. 

Problems relative to the above equation have been studied in [8, 9, 14]. To (3) we 
associate the following Cauchy- Dirichlet problem in ll x [T, TI: 

u(x,t) = 0 
u(x,T) = uo(x) 

where 11 C lR', r E R and T > T.

if(x,t) E 311 x [T, T) 

if x E 11
(4) 

2. Preliminaries 

2.1 Functional setting and notations. We assume that 11 C R" is an open bounded 
set with boundary 311 of class C''. We denote by LP the space of th power absolutely 
integrable functions, by W' ,P the Sobolev spaces of functions in LP with their first rn 
generalized derivatives in L, by H" = Wm , 2 the Hilbertian Sobolev spaces, by H 
the H m closure of the space of smooth functions with compact support in 11, and by fn 
the normal trace operator. To simplify notations we delete the domain of definition Q. 
We also need the Hilbert spaces (see [18]) 

H_{uEL2:V.u=O and .y=o} and v={uE HO' :V.u=0} 

and the dual space V of V, endowed with the scalar products 

(u,v)H = (u,v)L2 

(u,v)v = ((—i)4u,(—A)v)L, 

(u,v)v . =(Gu,G4v)L2 

where C : V - V is the Green operator relative to —i.. By the Poincaré inequality 
we have

IIuit'.	)i IkIl.	II u II '	for all u E V	 (5) 

where A j is the first eigenvalue of —A in V. We shall use both the weak and the norm 
topology on H, and we will denote the space H endowed with its weak topology by H.
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In the n-dimensional case we assume that the function W introduced in (2) satisfies 
the following assumptions: 

co(u) = a(IuI)u 
aeC'(R), a()>jt>O and a'()^!O for all ER	 (6) 

/3	> a() ^	31 for all	^! o 

where
( 

',/3 ,eo > 0 and s are constants, s 
>1	ifn=2 
- 

t..>ri+1 ifn>3. 

Some remarks about (6) are in order. First note that a is required to behave as a 
pure power at infinity and that the lower bound of such power is precisely the dimension 
n. Next observe that the case n = 2 is an exception since it only requires a positive 
constant as lower bound for a. Therefore, in the 2-dimensional case, (3) is indeed 
a generalization of the classical Navier-Stokes equations (see [141). The reason of the 
different behavior of the 2-dimensional case is that to obtain a uniqueness result we need 
to prove that the solution u satisfies u E L 2 (r, T; L' 2 ) in order to apply Lemma 3.1 
below: in the case n = 2 this follows directly from u E L°°(r, T; H) fl L2 (r, T; V) and 
no further assumption is needed. We recall that the form 

b(u,v,w)=(u.V)v.w (7) 

is trilinear continuous on (VflL)3 (see [18: Lemma 1.1/p.161]) and that in the classical 
case one can only prove that the weak solution u belongs to V for a.e. t E [r, T]. As 
V L' for n > 5, energy estimates for a weak solution in dimension n > 5 have not been 
obtained for the classical equation. In our case assumption (6) enables us to conclude 
that u also belongs to L 2 and thus to obtain energy estimates and uniqueness results 
in all dimensions. 

If a (e)	, then (2) becomes the classical linear relationship (1) and it is therefore 
reasonable (although not necessary) to require that 

(u) = a (I u I)u = (, + &(IuI))u, 

with
0	when <i	for some fi > 0. 

Let us now define what we mean by a weak solution of problem (3)-(4). 

Definition 2.1. Assuming that u 0 E H and 

I E L' (r, T; H) + L 2 (r, T; V)	 (8) 

we say that u solves problem (3)-(4) if u satisfies the following conditions:



438	F. Gazzola and V. Pata 

u E L 2 (r,T; V) fl L'(7, T; H) fl V+	T; L1) 

(ôu - Ap(u) + (u V)u - f, h) = 0 

for all h E L2 (T, T; V) fl L(r, T; H) fl L (T, T; W2'')	
(P) 

u(x,r) = u0(x). 

As usual, we refer to the norm 

IIfIIL1(r,T;H)+L2(rT;V) =
	{p 2
	

+ 1112 2 IIL'(r,T;H)	IIL2(r,T;V)j' 

where the infimum is taken over all the possible decompositions of f. 
To describe the long-time behavior of the solutions of problem (P) we need to

introduce some other spaces. Here and in the sequel, for T E IR we use the notation
= [r, +). For all p E [1, +) we define the Banach space of L-trans1atwn

bounded functions on lR taking values in a real Banach space X, namely (see, e.g., [7]) 

	

I	 p+I 
£(lR 7 ;X) := f E L ( R r; X ) : sup J	IIf( s )Il ds <on e 

endowed with the norm

+ I 

I IItb,p,X =	(Ilf(s)IIds) 
E1R 

Finally, we say that a function f is translation compact in L 0 ( R ; H) + L' (R; V*) if 
the hull of f defined by

L0(!R;H)+L.(1R;V) 
(f) = {f(.,) I  R} 

is compact in L0(R; H) + 10JR) V). Such a function f necessarily belongs to the 
space £ b (RT; H) + £ jb( RT; V'). Necessary and sufficient conditions for translation 
compactness may be found in [7] and in the references therein. We just recall that, 
in particular, the class of translation compact functions in L0(R; H) + 10 JR; V*) 
contains LP(R; H)L(R; V), for any p e [1,+on) and q E {2,+oo), the constant V 
valued functions, and the class of almost periodic functions in Cb(IR; H) and Cb(R; V') 
(cf. [1]). 

2.2 Main results. In Section 3 we prove the existence and uniqueness of a weak 
solution of problem (F) for all n 2. More precisely, we prove the following 

Theorem 2.2. Let p be as in (6), assume that f satisfies (8), and let u 0 E H. 
Then there exists a unique vector u solving problem (P). Moreover, u satisfies 

ip(u) E L+(7,T;W_21) 

ôtU E L 1 (T, T;(W"' fl V)) + L 1 (r, T: H).
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This result extends those of [14, 16, 171 where the force f merely has the component 
in L2 (r, T; V) and where only the 2-dimensional and 3-dimensional cases have been 
considered. By Definition 2.1, the solution u of problem (P) belongs to L2 (r, T; V) fl 
L'(r,T;L) fl L°°(r,T;H) and the initial condition u(x,r) = uo in H need not 
make sense, as u(t) may not be defined pointwise for all t E [T, T]. Due to the presence 
of the nonlinearity in the Laplacian, we cannot prove that u E C(T, T; H) as in the 
classical case (see, e.g., [181). To ensure that the initial condition does make sense, in 
Proposition 3.3 below we will prove the H-continuity of u(t). 

In Section 4 we first recall the basic tools needed to investigate the long-time be-
havior of a family of processes associated to an evolution equation; in the appendix we 
quote two Gronwall-type lemmas which are used for the analysis of problem (P). Next, 
we consider a family of solutions of problem (P) obtained letting the non-autonomous 
forcing term -f vary in some functional space, and we prove the existence of a uniform 
absorbing set and of a weak uniform attractor: 

Theorem 2.3. Assume (6) and let f in (8) be translation compact in Lj0(R; H) + 
L'0 ( R; V). Then the family of processes {U9(t,r)}9.,(f) associated to problem (P) 
possesses a weak uniform attractor .4 given by 

A -
 {u(0) u(t) is a bounded complete trajec- )

-	tory of Ug (t,T) for some g E (f) 

In particular, Theorem 2.3 extends some results given in [9] and [14], where the exis-
tence of a weak attractor with stationary forces f has been proved in the 3-dimensional 
and in the 2-dimensional case, respectively, and where some estimates for non-autono-
mous forces have also been obtained I) The problem of finding a uniform attractor 
for a family of processes has been investigated by many authors. In (5, 6, 11) the case 
of almost periodic symbols has been studied. Here, following the ideas of [7] (see also 
[10, 15]), we focus our attention on the more general situation of translation compact 
symbols in L0(R; H) + L 0 (R; V). 

3. Existence and uniqueness 

In this section we prove the existence and uniqueness of a solution of problem (P). Let 
us begin recalling some known results. 

Lemma 3.1. Let u, v E L" 2 and w E H. Then for all v > 0 there exist constants 
A i (v),A 2 (zi) >0 such that 

V)u,Gw)	Li II w II	+ Ai(ti)IluII;t2IIwIi,. 

and

( 11U11-+2 ((w . V)u, Gw) + ((v . V)w, Gw) <Li II w II + A2( Li)lI u II L fl+2 + 11.11-22 
(( w 	IIwlI,.. 

1) When time-dependent forces are involved, in [9] the process is often improperly called 
semigroup.
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Proof. To obtain the first estimate we generalize arguments used in [16: Lemma 
1]: By the Holder and Young inequalities we have 

I((w . V )u , Gw )I :5 I U IIL n + 2 II GW II	!12±!IIIWIIL2 
WI, n 

2	 2	1 w 11 2	i,1F_J.' 

	

:5II W IIj..2 +	IIUIILn+2I 2v 

Next note that by interpolation between W 1,2 and	 (which is W"°° 
if n = 2) and again by the Young inequality, being the injection H —
continuous, we get

IIwII
4	2n 

iiWii	ii ,,±	c1(ii w 11. flWfl	
) 

<c2 (eiiw. +e*iiwiij) 

for some constants C1, C2 > 0 depending only on n and Q, and for any C > 0. Denoting 
C3 = and choosing e = C3 IItII+2, we get the first inequality, having set 
A i (zi) = CIC3 . The proof of the second estimate is analogous U 

Lemma 3.2. Assume (6). Then 

	

(co(v),v)v ^! plIvII,	for all V E V 

and
((u) — (v),u — v ) H ^ iill u

 — V112
H	for all u,v E H. 

Proof. It follows directly from [16: Lemmas 2 and 3]! 

We are now ready to give the 

Proof of Theorem 2.2. Since the proof is obtained by slight modifications of the 
device used in [16], we only give a sketch of it and outline the basic differences. We make 
use of the standard Faedo-Galerkin method: we consider the complete orthonormal 
system of V of the eigenfunctions e (j e N) of —L and define the subspace Vm 
span{ej } i < j<m for all m E N. Then, we consider the finite-dimensional problem of 
finding um(t) E V. satisfying 

(ôt um(t), e) H — (co(um(t)), ej ) + ((um(t) . V)m(t), e2) H — (f (t), ej ) = 0	(9) 

for all j = 1, ...,m. By standard methods one can prove that, for all rn, problem (9) 
admits a solution Um(t) (with I E [r, T], for any T > r) which, by Lemma 3.2, satisfies 
the estimates

T	 7'
111 SUP II u m( i )IIH <C4, f II u m( i )Il di	C5, f II Um )II 3+ L+' di	C6 .	(10) 

IE[r,'fl
T	 1
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Indeed, if I in (8) has also the component in L' (r, T; H), the first two estimates can be 
obtained as for (4.8) in [16) by modifying the proof following [18: p. 264]. To obtain 
the third estimate one can reason as for (4.13) in [16] and replace (4.11) in [16] by 

T rn
jm	'' J I('f,-j--ej)Idi 
i	ii 

Ill IIL'(r,T;H) II U mIIL rn (r,T;H 2 ) + If II0(r,T;V • ) IIUmIIL2(r,T;V) 

which is uniformly bounded (here I = 1' + f2 with f 1 e L'(r,T;H) and f2 
L2 (r,T; V), un = E j ai n ej and A j is the eigenvalue relative to es). 

tFrom (6) and (10) we obtain 

T 

	

f 1(tzrn(t))11,+i di < C7	 (11) 
1• 

and therefore
T 

I dt  < C8 ,	 ( 12) 
w2' 

r 

the constants C (i = 4,. . . , 8) being independent of m. Then, there exists 

U e L2 (r,T; V) fl L'(r,T; H) fl L3+(T,T;L3+l) 

such that, up to a subsequence, Urn - u in the weak topologies of L2 (r, T; V) and 
L 3 + l (r , T;L 3 ) , and in the weak* topology of L°°(r,T;H). 

By (11), the sequence {co(urn)} is bounded in L' + 1 (7-, T; L'+ I ) and, up to a further 
subsequence, it converges in the L(r,T;L) weak topology to some limit x To 
prove that x = p(u) one exploits the a.e. pointwise convergence of Urn to u (see again 
[161). Replacing e3 in (9) by a smooth function h on [r, T], letting m - oo and reasoning 
as in [18: pp. 257-259], one gets that u solves problem (P) in the distributional sense. 
Finally, note that by (12) we have ((u)) E L(r,T;W_21). Therefore, using a 
density argument one has that u satisfies the equation according to Definition 2.1 and 
we obtain

a, u E L' (r,T;(W' in V)*) + L'(r,T; H). 

To prove uniqueness, we argue by contradiction and assume that both u and v solve 
problem the (P). Set w = u - v. Then w E L2 (r, T; V) fl L 2 (r, T; L 2 ) and 

(ow - ((u) - (v)) + (w . V)U + (v . V)w, h) = 0	(13) 

for all test functions h. Let s E [r, T] and choose as particular test function 

h(t) - J Gw(i) when I [r, s] 
10 	when t>s.
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Lemma 3.2 entails

	

— (A ((u) — (v)), h) ^! it	w(t)I!i di,. 

and from Lemma 3.1 one gets 

((w . V)u + (v . V)w, h) 
3

	
if (w(i)	dt + A2() 

	
(II u @II L fl+n+22 + II v ( t )II2) IIw ( t )II,. di. 

T	 7 

Then, as (Ojw,h) = IIw(s)I,., equality (13) yields 

S

n+2	
IIv(t) 

n+2 

	

II w (s )II . <A2() J (II ut II L +2 +	IILfl+2) II w ( i )II,. di 

for all all s E [T,T]. Since II u ( t )IIt2 + Iv(i)IIt.2 E L'(r,T), by the Groiiwall lemma we 
obtain II w ( s )IIv* = 0 and the uniqueness follows by the arbitrariness of .s I 

Next, we prove that the initial condition u(x,T) = uo E H makes sense; more 
precisely, u(i) is a.e. equal to a continuous function in the H.-topology. 

Proposition 3.3. Under the assumptions of Theorem 2.2, let u be the unique so-
lution of problem (P). Then u E C(T, T; H,,) and u E C(r, T; H), that is, u(i) is 
continuous in IT, TI in the H. -topology and it is right-continuous in the H-norm topol-
ogy.

Proof. Assume that im to; we claim that u(im) —* u(to) in H,,,. Since u E 
L°°(r, T; H), it follows that U(tm) —* v in H,,, for some v E H, up to a subsequence. 
Moreover, by Theorem 2.2 and 118: Lemma 1.1/p. 250] we get u E C(r,T;(W 1 fl 
V)), hence v = u(to). The claim then follows by the arbitrariness of the subsequence. 

Assume now that im —* t. Using the continuity of the trilinear form (7) and of the 
other operators involved, we proceed formally: by standard energy estimates (see, e.g., 
(4.49) in [161) we obtain 

Ikt( tm)IIi — II u ( to)tI	C9 JI(f( s) u ( s )) I ds 
to 

for some constant C9 > 0. By Definition 2.1 it is clear that I(f(t),u(t))I E 
hence we get

lim II U ( im)IH 5 IIu(to)IIii. - 

By the H,,,-continuity just proved and by the lower semicontinuity of the H-norm in the 
H.-topology we obtain the converse inequality, that is the convergence of the H-norms, 
and the result readily follows I
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4. Existence of a uniform attractor 

4.1 General results. Let E be a Hilbert space. According to [ll], we say that a 
family of operators U(t, T) : E —+ E ((t, r) E R x R,) is a process if the following two 
conditions hold: 

(I) U(T, T) = I (identity on E) for every r E R. 

(II) U(t, s)U(s, r) = U(t, r), for every t > .s	r. 

We consider a family of processes { U1 (t, T )}IEF depending on a functional parameter 
f E F, where F is a suitable topological space. The parameter f is sometimes called 
the symbol of the process. We begin with some definitions. 

Definition 4.1. A set Bo C E is said to be uniformly absorbing (with respect to 
f e F) for {Uf(t,T)}fp if for every bounded set 8 C E and every T E R there exists 
T = T(8,r) E 1R such that UIE F UJ(t , T )B C 80 for all t> T. 

We now introduce the notions of a weakly uniformly attracting set and a weak 
uniform attractor. As before we denote the space E endowed with the weak topology 
by E. 

Definition 4.2. A set A C E is said to be weakly uniformly attracting for the 
family { U1 (t, r)}JEF if for every bounded set B C E, every open set 0 C Ew such that 
0 D A, and every r E R there exists T = T(8, 0, T) E lRr such that 

	

U Uj (t,r)13 C 0	 (14) 
fE F 

for all t > T. 

In the case when { Uj (t, T )}IEF has a convex, closed and bounded uniform absorbing 
set 50 condition (14) can be replaced by 

lim 
kEF

uPd(Ui (tT)8A)] o 
j+c.  

where

d(Uj (t, T)8, A) =	sup	dist(u, A) =	sup	
11EA

inf dist(u, v)]
uEUj(,r)8	 uEU1(i,r)8  

and "dist" is the the metric induced by the weak topology of E on 80 . Indeed, A is 
contained in the weak closure of 8, which coincides with its norm closure, being 13 
convex. 

Definition 4.3. A closed set A C E is said to be a weak uniform attractor for 
{ Uj (t, r)}f E F if the following two conditions occur: 

(I) A is weakly uniformly attracting. 

(II) A C A', for every weakly uniformly attracting closed set A' C H.
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Let now F be a compact metric space and {T(t)} a continuous semigroup acting on 
it. By well-known results (see, e.g., (2, 19]) {T(t)} possesses a global attractor .4(F). In 
order to prove the existence of a weak uniform attractor for the family {U1(t, r)}fEp, 
we need a variation of some results of Chepyzhov and Vishik (cf. [5: Theorem 3.1 and 
Corollary 3.1] and [6: Theorem 5.2]). It is easy to check that the proofs directly extend 
to this case. 

Theorem 4.4. Let {Uj(t, T)}fEp bean (E x .4(F), E) -continuous (for every fixed 
t and T) family of processes possessing a bounded absorbing set B O c E, let the semzgroup 
{T(t)} acting on F satisfy the translation equality 

Uj (t + s,r + s) = UT( 3)f(t,r)	for all I E F, T E IR, t E Rr, 3>0.	(15) 

Then {U1 (t, r)}f E p has a weak uniform attractor .4 which is weakly compact. Moreover, 
A is unique, and it is of the form 

-

	

	 } 

A - {u(0) u(t) is a bounded complete trajec- 

tory of U1 (t, T) for some f E .4(F) 

4.2 Application to Problem (P). We associate to problem (P) a family of processes 
indexed by a symbol f in a standard way, namely, we write Uf(t,T)uo to denote the 
solution of problem (P) at time t, with forcing term f E L'0 ( Rr; H)+ L' c (Rr V') and ; to 
initial data u 0 given at time r E R. 

We first provide a time-uniform estimate. 

Proposition 4.5. In the hypotheses of Theorem 2.2, there exist two positive con-
stants C10 and 8o, only depending on Q and n, such that the unique solution u of problem 
(P)fulfils

10 { 11	H — e26(tT)

(16) 

+ (I e 6(t IIf 1 (s)II H ds) + I	ds} 
r 

for any 8 E [0,6o], any t ER,., and any decomposition I = f' +12. 

Proof. We proceed formally: take h = u in problem (P) to obtain 

1 
II u ( t )IIi + (cp(u(t)), u(t))	= (f(t), u(t))	 (17) 

where we have used well-known properties of the trilinear form (7). Using the decom-
position I = 1' + f2 , according to (8), the Holder and Young inequalities imply that 

(f(t),u(t))I 	Rf'(t),u(t))I + 1(12(t),u(t))I 

IIf'( t )lIii lu(t)IIH +
	11f2(t)112V. +	IIu(t)II,. 2i
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Therefore from Lemma 3.2 and (5), setting 8o =equation (17) entails 

d	 1 
- ll u ( t )ll, + 26 Il u ( t )IIi	2 lIf'( t )IIH lI u ( i )IIH + - IIf2 (t)1I.	(18) 
dt	 p 

for any SE [0,6]. Hence, applying Lemma A.1 below to (18) we get 

Il u ( t )Il	2	e_26_

2 

+ 4 (I e	3 )llf 1 sll H ds) +	 26(t3)hhf2h1 

	

!	 ds 

for any S E [O,S]. Setting C10 = max 14, }, we get the result I 
IU 

By means of Proposition 4.5 we prove the existence of a uniform absorbing set as 
the forcing term runs in a bounded subset of a certain Banach space. 

Theorem 4.6. Assume (6), and fix a bounded set F C £ 6 (R; H) + C2 (R,- V*) 
(endowed with the usual norm). Then there exists a closed ball 8 0 C H which is uni-
formly absorbing for the family of processes {U 1(t, r)}fEp associated to problem (F). 

Proof. Set

I 
M = sup[

	
inf	{111 u 11 2 ,1, + 1112 2	

2 

IEF 1=11+12	tbH	IItb,2V 

and consider a decomposition f = f 1 + f2 E F. Take t E Rr and let m E N such that 
T+rn-1<t<T+m. Then 

t  rn-i r+j+I 

f
e 6(t8) Ilf i ( s)II H ds < e öt	flIfi(s)IIHe2l-, 

7. j=0 

rn-i 

>	J IIf'(s)IIH 
j=0

rn 

< e6	- '• IIf 1 IItb,I,H
j= 1 

<	
e6	

IIf1IIib,i,H. 

Similarly we obtain

J
e 23 IIf2 (s)II,. ds	

1 —e 
1
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Define
M2e26 

C6 = (1 - e)2 
Taking now the infimum over all the admissible decompositions of f and using the 
process notation, inequality (16) can be enhanced to 

IIUf(t,T)uoIc10 {IIu o II i e_ 60_ + c6 }	 (19) 

for any 6 E (0, 5j and any u 0 E H. Finally, setting 

so = { E H: II V IIH < (2C1oC60) } 

it is clear that, for every r E R and every bounded set 13 C H, 

lim sup sup supjlUf(t,T)v	< C10060, 
i —+oo IfE F vEB 

that is, Bo is a uniform absorbing set for { U1 (t, T)}fp • 

In the remaining of the paper, we will assume that the forcing term f in problem 
(F) is translation compact in L0(R; H) + L 0 ( R ; V). 

Remark 4.7. It is easy to show that if f is translation compact in L 0 (R; H) + 
L 0 ( R ; V), then

il C 1 (R,. ;H)+C(iR,. ;V) = 11111	(iR,. ;H)+ 6 (!R,. ;V) < 00	 (20) 

for all g E fl(f) . Indeed, there exists a real sequence {hm } such that f( + hm)	g in 
TI flu,. IJ\	r2 (fl3'.tT) 
ioc. '	) r	toc	, an 

g ILC 6 (Rr ;H)+	V) 

= lim IIf( + hm)II	(l	; H)+o(L ;V) M-00 
2 

= lim	inf 1sup ( f f'(s + hm)IIH ds) + sup j f2( + hm)II. ds] 
m_00f=fI+f2 [Ea \

e+hm+I	 2 
= lim	inf I	If'(s)lHds)	I lIf2(s)M.ds] 

m0Off1+f2 [EEa
+hm 

=;V 

On 7i (f) it is defined the semigroup of translations T(t), acting as T(t)g = g( + t), 

for g E 7I(f) . It is straightforward to see that the global attractor A(1i(f)) of the 
semigroup {T(t)} coincides with the whole space 7-(f). Clearly, the family of processes 
{U9 (t, T)}9E7(f) associated to problem (P), with forcing term g E 7-1(f), fulfils condition 
(15). In order to prove the existence of a weak uniform attractor we have then to show 
the continuity property.
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Proposition 4.8. Assume (6), and let f be translation compact in L j0 (R;H) + 
L'0(lR; V*). Then, for every fixed t and r, the family {U9 (t, T )}gEfl(f) associated to 
problem (P) is (H x ?-1(f), H)-continuous. 

Proof. Let u, v be the solutions of problem (P) corresponding to initial data 
u0 , v0 E H and forcing terms g, h e 7-1(f), respectively. Set w = u - v, wo = uo - vo and 
k = g - h. Choosing Gw as test function in problem (P) and subtracting the equations 
relative to u and v, we get 

(3t w,Gw) + ((u) - ço(v),w) = —i((w V)u,Gw) - ((v V)w,Gw) + (k,Gw). 

Lemma 3.1 (with ii =) and Lemma 3.2 imply 

I w ( t )II ' . +	w(t)	K(t) II w ( t)II' . + (k(t), Gw(t))	(21)

where
K(t) = A2 () (II u ( t II t 2 + IIv(t)IIt2). 

From Theorem 2.2 we have that K(t) E L 0 ( R ) . Writing now k k' + k2 , with k' E 
L oc ( lR r; H) and k2 e Loc(Rr; V*) , inequality (5), the Holder and Young inequalities 
give

(k(t), Gw(t))	II k ( t )IIv* IIw(t)IIv.
1 

i II k ' ( t )II	II w ( t )IIv . +	IIk2(t)II. +	! IIw(t)II,.. 

— -a- Setting C11 -	, (21) becomes 

d	
)II+ 

1 
-	.	IIw(t)II,. 
W
t IIw(t	b;-;-	 (22) 

	

< 2K(t) II w ( t )II ,. + 2) I k ' ( t )IIn II w (t )IIv . + Cii Ilk	V.. 

Denoting

J(t) = exp 
[4IKd3] 

from Lemma A.2 below we finally get 

II w ( t )II ' .	J(t) (2 Iwo IIi . + 4 A 
(I 

II k '( s )IIH ds) + 2C2 J Ilk	ds). (23) 

Choosing C12 = max{2,4A,2Cii }, since (23) holds for all the decompositions of k, we 
conclude that

Iw(t)Ii2. <- C 2 J(t) (II woII . + I lk 112 
V	 I(Tt;H)+L2(t;V.)).	 (24)
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Notice that w0 -, 0 in VS whenever w0 - 0 in H (and thus, in particular, whenever 
Wo — 0 in H). Therefore it is clear that (24) entails the continuity of the family of 
processes from H x 7-1(f) to Hv . (the space H endowed with the topology inherited 
from V 5 ). To complete the proof take a sequence (u , g m ) —* (uo,g) in H 
and let u tm and u be the corresponding solutions of problem (P). From (19) and (20) 
we know that the sequence {um} is bounded in H and therefore, up to a subsequence, 
it converges weakly to some v E H. On the other hand, by (24), the sequence fu') 
converges in Hv. to u and thus v = u. The (H x 7-1(f), H.)-continuity is then proved I 

Remark 4.9. Notice that in Proposition 4.8 we actually show a stronger con-
tinuity property, namely, the family {Uf(t,r)}9E,(f) associated to problem (P) is 
(H x 7-1(f), H)-continuous. 

We can now easily obtain the 
Proof of Theorem 2.3. It follows directly by Theorem 4.6 and Proposition 4.8, 

in virtue of Theorem 4.41 
Remark 4.10. Using standard techniques (see, e.g., [19]), one can also prove that 

the classical 2-dimensional case (i.e., a p) displays a uniform attractor in the H-norm 
topology when I satisfies (8), extending some results of [5, 7]. 

5. Appendix 
The following two Gronwall-type lemmas, which are crucial for our calculations, can be 
easily deduced from [3] and [4: Lemma A.5/p.157]. 

Lemma A.1. Let 0 be a non-negative, absolutely continuous function on Rr, for 
some r E IR, which satisfies for a.e. t E IR, the differential inequality 

t) + 2(t) <rn i (t) (t) 4 + m2(t) 
dt 

for some S > 0, where m 1 and m2 are non-negative locally summable functions on IR,.. 
Then

2 

(t) <2(r) e 26	+ 
(i 

m (s) e_t_3)ds) + 2 I 1122(S ) e -2
6( t—J)ds 

for any t E R,.-
Lemma A.2. Let 0 be a non-negative, absolutely continuous function on R,., for 

some r E IR, which satisfies for a.e. t E Rr the differential inequality 

(t) <MO(t) (t) + M I ( t) (t) + m2(t) 
dt 

where m0 , m 1 and m2 are non-negative locally summable functions on R,.. Then 

(t) < (2(r)+ (]ml(s)ds)2 
+21m2(s)ds) 

exp 
[2Imo(s)ds] 

for any t E IR,..
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