Zeitschrift fiir Analysis und ihre Anwendungen
Journal for Analysis and its Applications
Volume 16 (1997), No. 3, 621-630

~ About the Existence
of Solutions of a Boundary Value Problem for a
Carathéodory Differential System

G. Anichini and G. Conti

Abstract. A boundary value problem of the form ' = f(¢,z), z € S is considered where f is
a Carathéodory function and S is a suitable boundary constraint. A related integral equation
with an exact number of solutions is studied, in order to show the existence of solutions of the
boundary value problem through a fixed point theorem for w-maps in the Darbo sense.

Keywords: Solutions set, isolated points, number of solutions, integral equations, boundary
value problems

AMS subject classification: 34 B 15, 45G 10, 46 H30

1. Introduction

In many papers the question of determining the exact number of solutions of a differ-
ential problem is considered (see, for istance, [1, 10, 13] and the references therein). In
this paper such an argument is used in order to get an existence result for a general
boundary value problem of the type

z' = f(t,z) forae t€el={[a,b CR,zeR"
‘ (BV)

z€S (ScAC(I,RY).

To that purpose the boundary value problem (BV), where f is a Carathéodory function,
will, in some sense, be connected to an integral equation which is known to have an
exact number of solutions.

The technique we are going to employ consists essentially in the use of the solution
set of some (hopefully easier) related differential or integral equation in order to obtain
the assumptions needed to apply a suitable fixed point theorem. Such an approach
worked as well in {4, 5).
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2. Preliminaries

Let X and Y be metric spaces. B,(zo) will denote an r-ball (in the space X), i.e. the
set {z € X : d(z,z¢) < r} where z¢ is any point in X and d is a metric on X. If
A and B are non-empty closed subsets of X and we define dx (b, A) = inf,ca dx(b, a),
where dx is a semi-distance defining a topology on X, then it is possible to define
a semi-distance between A and B by 6x(A,B) = supyecgdx(b,A). If A and B are
compact subsets of the space X, we define the Hausdorff metric Dx in X by puttmg
Dx(A, B) = max (6x(A, B), 6x(B A)).

Definition 1. A multi-valued mapping G : X — Y is said to be upper semicon-
tinuous at the point zo € X if, for any open set V 2 G(z), there exists a neighborhood
U of zg such that G(z) C V for any z € U.

I, for every z € X, G is upper semicontinuous at z and G(z) is a compact set, then
G is said to be upper semicontinuous on X. If an upper semicontinuous mapping G
sends bounded sets into relatively compact sets, then it is said to be compact. Actually,
an operator G : X — Y is a compact one if G(B) lies in a compact set of Y for any
bounded subset B C X. So if the set-valued function G has compact values, we can say
that G is upper semicontinuous at the point zq if and only if for every € > 0 there is a

neighborhood U of z¢ such that, for every z € U, §x (G(z), G(z0)) < €.

We want also to recall that G : X — Y is called a closed graph operator if from
Tn — Zo in X and yo — yo in Y with y, € G(z,) it follows yo € G(z0). If G(z)
is a closed set for all z € X and G(X) is a relatively compact set, then G is upper
semicontinuous if and only if G is a closed graph operator.

Definition 2 (see [15]). A function (¢,z,y) — f(¢,z,y) is said to be a Carathéodory
function (and we shall write f € Car(I x R® x R" ,R™) where I is a real interval), if the
following properties hold:

a)t— f(t,z,y) is a measurable function for all (z,y) € R® x R™.
b) (z,y) — f(t,z,y) is a continuous function for a.a. t € I.

c) For every M > 0 there is a function hp € L'(I,R%) such that, for a.a. t € T

and for every (z,y) with |(z,y)| < M, we have |f(¢,z,y)| < hap(t), where the R™ vector
norm || - || is simply denoted by | - |.

Definition 3 (see (8, 11, 12, 20]). A multi-valued upper semicontinuous map
G : X — Y is called a weighted carrier (for short: a w-carrier in the Darbo sense,
with weights in a commutative ring K), if to each z and y € G(z) and any open subset
V CY with 8V N G(z) = 0 an integer number my(y, G(z)) belonging to K and called
multiplicity or weight is assigned in such a way that the following properties hold:

(i) mv(y,G(z)) is a locally constant function of z.
(ii) mv(y,G(z)) = 0if AV N G(z) = 0.

(iii) mv,uv, (¥, G(:t)) =mv,(y, G(z))+mv, (y7 G(I))_mvl NACH G(I)) for any open
subsets V|, V, C Y.
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When the w-carrier maps any point of X into afinite number of points of the range
space Y, it is called a weighted map (for short: a w-map in the Darbo sense [11]). In
this case the property (i) above can be stated as

> mv(GE)= Y mv(y,G())

yeG(z)NV .y EG(2')NV
y

whenever z’ is close enough to z.

Remark. If, given an upper semicontinuous map G : X — Y, the set G(z) is
connected for any z € X, then G becames a w-carrier by assigning multiplicity 1 € K
to F(z). In particular, any continuous single-valued map is a w-carrier.

The number

i(G(z), V)= > my(y,G(z))

y€G(z)nV

is called the indez of the set G(z) in V. When V is a connected set, the number
{(G(z),V)) does not depend on z € X. In this case that number will be called the
indez of G and it will be denoted by i(G). Other properties and results concerning
w-maps are widely considered in [8, 11, 12, 20]. In particular, in [8: Section 3] and in
[11] there is also a number of examples of w-carriers.

A set X which is the homeomorphic image of a geometric polyhedron (i.e. the union
of a finite number of geometric simplexes) will be shortly called a polyhedron. We say
that X is an acyclic set if it is acyclic in positive dimension, in the sense of the Cech
homology with coefficients in a ring K (i.e. the n-homology group H"(X) is trivial for
n > 0). We refer to (6] for a detailed introduction of the needed algebraic topological
tools.

Finally, the following fixed point result will be crucial in the sequel.

Propoéition 1 (see [20]). Let X be any acyclic polyhedron over a ring K. Then
any w-carrier G : X — X for which i(G) # 0 has o fized point.

Remark. When the domain of the function G is an acyclic polyhedron, then the
index ¢(G) introduced above is essentially the Lefschetz number of the function G, widely
considered in the literature (see, for istance, 8, 12, 20] and the references therein).

Definition 4 (see [19: Chapter 3]). An integral equation of the form

Pz(t) = /Ik(t,s,:l:(s))ds

where I C R is an interval and z : R — R is a measurable function, is the simplest
and most important nonlinear integral equation. It is usually called Urysohn integral
equation.

A particular case of an Urysohn integral equation is the Hammerstein integral equa-
tion ’ '

Az(t) = /lk(t,s)f(s,z(s)) ds,
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where the function (¢,z) — f(t,z) defined for ¢t € I is continuous with respect to z for
a.a. t € I and measurable with respect to t for a.a. z, and the kernel (t,s) — k(t,s) is
measurable with respect to (¢, s). -

In the next result which will be very useful in the proof of our main Theorem 1
other properties of an Hammerstein integral equation will be introduced.

Proposition 2 (see [21: Chapter 7]). The boundary value problem
o' =g(t,z,q) ae tel=[abCR
z € Sh

where g € Car(I x R® x R®,R™) and S; C AC(I,R") is o sustable bounded and closed
subset, i3 equivalent to an integral equation like

z = Ay(z) = Az, 9q) (IE)
for all g€ Q ¢ AC(I,R™), where (z,q) — A(z,q) is a compact operator for all g € Q.

As a matter of fact we know (sec [21: p. 159]) that a boundary value problem
(with either homogeneous or non-homogeneous boundary conditions) could be written
in operator form as Lz = g where L is a linear ordinary differential operator whose
domain is the set of all absolutely continuous (with respect to z) and measurable (with
respect to t) functions which are in 5. Then, in conformity with the above discussion, it
is possible to see that the differential operator (together with its domain or, equivalently,
together with the associated boundary conditions) has an inverse in the form of an
integral operator. So we can consider the Hammerstein integral equation

z(t) — /lk(t,s)g(s,:r(s),'q(s))ds =0

where (t,s) — k(t,s) is the so-called Green function of the differential operator. (The
Green function of a differential operator is an everywhere continuous function whose
derivative has a jump discontinuity for t = s and it is the kernel of an integral operator
which inverts the differential operator L.) So, if we write the previous Hammerstein
integral equation as :

(BV)q

Agz(t) =/Ik(t,s)g(s,x(s),q(s))ds
or, shortly, : _
- Agz = kgg(2)
where ku(t) = [ k(t,s)u(s)ds is a linear integral operator and 7q(t) = g(t, z(t),q(t))
a nonlinear superposition operator, then the equivalence between the given boundary
value problem (BV), and the integral equation (IE) can be positively established.

The integral operator A, will be supposed to be compact — as we shall see in the
application this is not a strong assumption. As a matter of fact, if the function z belongs
to a Lebesgue space Ly(I) and p is a real number such that % + é =1, then by writing
the Hammerstein equation as z = k §g(z) with z € Ly(I), it is known that, for p > 1,
k is a linear compact operator (see [22: Chapter 2] or [19: Chapter 1]), because of
the continuity of the Green function. Now suitable conditions on the function ¢ (e.g.,
growth conditions) allows to say that also A, = —E'g—q is a compact operator.

Finally, in the next definition we want to recall the concept of topological degree.
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Definition 5 (see [13: Chapter 1] or [22: p. 291]). Let 2 C R" be a bounded and
open set and f: © — R" a continuous function. Then if y € R™\ f(0R), there is only
one function

deg: {(f,.Qy)} — 2

with the following properties:
1) deg(id,Q,y) = 1, where id(y) = y for all y € Q.

2) deg(f, 2, y) = deg(f, 2, y)+deg(f, Q2,y) whenever £, Q; C Q are disjoint open
subsets such that y ¢ f(2\ Q, UQ,).

3) deg(h(t,-),9,y(t)) is independent of ¢ € [0,1] whenever h: [0,1] x § — R" and
: [0,1] = R™ are continuous and y(t) ¢ h(t,09) for all t € [0,1).

The number deg(f,,-) is called the topological degree of f with respect to .

3. Results

In the statement of the main theorem we want to consider the boundary value problems
(BV) and (BV), under the following assuptions:

i) f € Car(I xR",R") and g € Car(I xR"xR",R") are such that f(t,c) = g(t,c, c)
for almost all c € R™.

ii) Q@ C AC(I,R™) is a bounded, closed and convex set and $; C QN Sis a closed.
set.

Let usrecall that in Proposition 2 the equivalence between a boundary value problem
and an integral equation was introduced.

Theorem 1. Let us assume that the sets Q and S) of ii) are given in such a way that
the boundary value problem (BV), is equivalent to some integral equation of the form
(IE) where (z,9) — A(z,q) : 2 x Q — S; C AC(I,R"), A(z,q) is a compact operator
for each g € Q and it is such that deg(l — A4, Q,0) # 0 for some (and hence for all)
q € Q and some open and convez subset @ C AC(I,R"). Further, let T : Q — 29 be
the multi-valued operator which maps each q € Q into the set of solutions of the integral
equation (IE).

Then if the set £(q) is discrete for each ¢ € Q, the boundary value problem (BV)
has at least one solution.

Proof. Let £: Q — 25 be the given multi-valued operator. In order to apply the
Darbo fixed point theorem (see [11: p. 393]), we need to show that £ is
- upper semicontinuous
- — compact
~ a w-map in the Darbo sense.
To the first purpose let us consider a sequence g, € Q; = ©05, (i.e. the convex closure

of the bounded set S;) such that lim, ¢g. = go, and a sequence z, € £(Q,) such that
lim, z, = zo. Now it will be enough to show that zo € £(go) in order to apply the
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closed graph property and to get both the upper semicontinuity of the operator & and
the compactness of the set £(go).

Let us consider the sequence of Hammerstein integral equations

Ty = /Ik(t,s)g(s,zn(s),qn(s))ds.

We observe that, by the continuity with respect to the second and third variable of the
function g, it is possible to apply the Lebesgue dominated convergence theorem to get

zo(t) = li'rln Tn
=li'r‘n/;k(t,s)g(s,zn(s),qn(s))ds
:/Ili'r'nk(t,s)g(s,zn(s),qn(s))ds
= [ ke, )a(s,z0(0), ao(e)) s

by using also the continuity of the kernel operator (t,s) — k(t,s). The latter equal-
ity means that t — zo(t) is a solution of the Hammerstein equation z = Ay (z) or,
equivalently, that zo € £(go).

For the second purpose let us firstly observe that a function t — Z(t) belongs to the
set 3(g) for some g € @ if and only if the equality T = Ag(T) holds. Then, in order to
get the compactness of the operator ¥ we need to show that, for any bounded subset
B C Q, Z(B) is a subset of some compact set of 29. By hypothesis we know that A,
is a compact operator for each ¢ € . On the other hand, this statcment is equivalent
to say that A,(B) lies in a compact subset of 29 for any bounded subset B C Q. So it
is enough to take the bounded set Q; = ¢o6(S)) in order to get the compactness of the
operator A,. '

Now it is enough to show that zo € ¥(go) inasmuch as the closed graph property
allows us to say that ¥ is an upper semicontinuous operator and that £(¢°) is a compact
set. 'We have only to prove that ¥ is a w-map. Let ¢ € @ be fixed and take any
z € Z(g). By hypothesis we know that, for each ¢ € @, the integral operator A,
is compact: since z is an isolated solution of the integral equation it will be possible
to have an open neighborhood 2, C AC(I,R™) such that ©; N £(q) = {z}. Let us
define mq, (z,%(q)) = deg(f — A4,1,0). To show that this integer number is the
weight mgq,(z,2(g)) we need to say that ¥ shares the properties of a w-map. We
can say that this number does not depend on the choice of the set €, because of the
third property of the topological degree. Let now W be an open subset of AC(I,R™")
such that £(¢) N W # 0. The upper semicontinuity of £ implies the existence of
some ball B,(g) such that £(¢') N OW # 0 for all ¢ € B,(q). Then a homotopy
h: Wx[0,1] = AC(I,R") can be defined as h(z,t) = A(z,tg+(1—t)q’) for ¢' € B.(q).
We have tqg+(1—t)q’ € B.(q) forall t € [0,1]. Thus the given homotopy is an admissible
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one between A, \ W and A, \ W. The latter result and the second property of the
topological degree imply

> ma,(z,5(q)) = deg(A,, W,0) = deg(4), W,0)= S ma, (v, 5(¢").
z€E(g)NW T€T(g")NW

So I has the properties of a w-map where (L) = deg(I — A,,9Q,0). This allows us to
use the fixed point theorem quoted in Proposition 1 and to get the required result il

4. Applications

Let us consider the two-point boundary value problem

—u" =g(t,u) +h(tu  (t€[0,7), z € R) } (P)

u(0) = u(x).
The following assumptions on the function g : [0,7] x R — R are here considered:

i) (t,z) — g(t,z) is a Carathéodory function (i.e. measurable with respect to ¢ for
each u and continuous with respect to u for a.a. t € (0, 7)) such that

im 2% _04) and i 252) 9(=)

T—+oo T z— =00 z

for a.a. ¢ € (0,7) and the closed interval (g(+),9(-)) or ((9(-),g(+)) contains the
first (simple) eigenvalue of the problem

" =X } (PO)
(0) = u(r)

and v(t) > 0 for all ¢ € (0, n).
ii) sup,er Ii(-z—tl| is an (essentially) bounded function.

iti) « — g(-,u) is a strictly convex and increasing function.

Let Q denote the subset of L2(0,7) defined as
Q= {u € L¥(0,7) : |lull + Jlv'|| < 77 and u(0) = u(r) = o.}

It is easily seen that @ is a closed and convex set. Afterwards, if ¢ is an eigenvalue of
the second order differential problem considered in i), i.e. A¢ = A¢ and ||¢|| =1, let us
denote by ¢+ the orthogonal complement of ¢ in L*(0,7). The above assumptions on
the function ¢ allow us to state the following result.
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Theorem 2 (see (14: Section 1.2]). Let us assume that the conditions i) - iii) are
true. Then, for a.a. t € (0,7), for each hy € ¢* and for each function h € L%(0, )
such that hg = ho+ ¢ (r € R,q € Q) there ezists @ € R such that the differential

problem
—u" = g(t,u) + h(t)q(t
g( ) ( )‘I( ) } ( )q
u(0) = u(n)

has ezactly one solution if r = a and ezactly two solutions if r < a.

Now we want to study the properties of the operator

Y i (a0.dhe") — Y (0.44")

which associates to every function in Q C L%(0, ) the solution set of the problem (P),.
Let (t,s) — G(t,s) denote the Green function of the homogeneous problem

v =0 }
v(0) = v(r).

Then it is known (see [21: Chapter 7]) that the boundary value problem (P), is equiv-
alent to the problem of finding v € C(0,#) such that

ult) = [ Gt )(glo,u(o) + () ds.

So, if we define the operator

Ag(u) = / G(t, 5)(g(s, u(s)) + h(s)g(s))ds

we are able to write the previous integral equation as

u(t) = Ag(u)(t). :
In order to apply our main theorem we need to show that deg([ — Aq, B,(0),0) # 0 for
some (and hence for all) ¢ € @, where the ball B,(0) plays the role of the set 2. To that
aim let us consider the homotopy Hy(),u) = u — AA4(u) (A € [0,1]). This homotopy
is an admissible one. To prove this statement it will be enough to show that u # A4 (u)
for all u such that ||u|| = p and A € (0,1). That means that the integral equation

u(t) = /\/G(t,s)(g(s,u(s)) + h(s)g(s))ds

has no solutions belonging to the boundary of the ball B,(0). The conditions we put
on the function g allow us to to say that ||g(-,u)|] < A|lu|| for some A > 0. Afterward,
since ||ko|| + I7| [|#]| = ||koll + |7, for all ¢ € Q@ we can write

llg(su) + hall < Allull + (llholl + IrDM = Alju|| + B
where we put B = (||ho|| + |7|])M. Then, by a well-known result (see [16: p. 30]) we are
allowed to say that there exists My > 0 such that ||u|| < My for any solution u of the
A-integral equation. So any real number p > My will be a good choice for the radius of

B,(0). Finally, the above Theorem 2 (due to [14]) and the suitable definition of the set
Q allow to claim the existence of a solution of the problem (P).
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