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Liouville Theorems for Fuchsian-Type Operators
on the Heisenberg Group

M. R. Lancia and M. V. Marchi

Abstract. We prove some Liouville theorems for a degenerate elliptic operator whose principal
part is given in divergence form with respect to the Heisenberg vector fields and lower terms
satisfy Fuchsian-type conditions with respect to the intrinsic norm.
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1. Introduction

In this paper we study the asymptotic behavior of the local solutions of the equation

Lu=0 (1.1)
where the operator L is given by
2n 2n
Lu= - X;(aij(z)Xiu + dj(z)u) + D bi(z)Xiu + c(z)u (1.2)
i,j=1 i=1

and X, are the Heisenberg vector fields in R***!, X7 is the L%-adjoint of X;. The
operator L is assumed to be uniformly subelliptic and weakly Fuchsian with respect to
the intrinsic dilations. More precisely we will assume the following:

(A) ai; are measurable functions on R?"*! and there exist positive constants g < M

such that
2n .

plé? < Y aij(x)6ig; < Mg (1.3)

1,j=1

for all z € R*™*! and £ € R?"™.
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(B) There exist ¢ > 2n+2, A > 0,0 < a < 1 < b and a sequence Rx ,/ 400 such that,
for every k > 1,

pbi € LI(Ax), pdi€ L(Ax) (1<i<n),  plee L¥(4y) (1.4)

and
1 1 .
llebillcecar) S AlAklY,  llpdillLeca,y < Aldelt (1 <7< 2n) 15)
2 :
llpell g 4,) < AlAxl

where p is the norm defined in (2.3), intrinsically associated with the vector fields X;,
Apg are the open annuli:

Ay = {I € R2™H! . aR; < p(.’l:) < bRk}

and |Ai| denotes the Lebesgue measure of Ay.
We will also assume that L satisfies the Maximum Principle (see Section 3).
The topics include the following results.

Proposition 4.4. For every two positive local solutions u and v of L in R?"+'\ Bg,
there erists
u(z)

m .
p(:)l~+oo v(:t)

(1.6)

where B denotes the intrinsic ball defined in (2.8).

Theorem 4.5 (Liouville Theorem). There ezists a unique, up to a constant, posi-
tive local solution of the equation (1.1) in R2"H1,

When L is a Fuchsian operator (see condition (4.11)), we can prove also the following
statement.

Theorem 4.7 (Liouville Property). Every bounded local solution of the equation
(1.1) in R2*+1 45 of constant sign.

Our method to study the asymptotic behavior of the solutions is to show, as in (9,
10, 14, 15], that the positive solutions satisfy a uniform Harnack inequality. The local
Harnack inequality for the operator defined in (1.2) has been proved by M. Biroli and
U. Mosco in (3], under the assumptions a;; symmetric and b; = d; = ¢ = 0, in the more
general context of the Dirichlet forms. In {13] there is given a local Harnack inequality
for the operator (1.2), where X; are Hérmander vector fields.

In order to have a uniform Harnack inequality we need some control on the growth
of the lower terms (see, for example, [1, 5, 14, 15]). In the classical case this control is
given by Fuchsian assumptions, related to the homogeneity of the differential operators
aiz; with respect to the usual dilations. In our case the assumptions on the growth of the
lower terms reflect the non-isotropic character of the fields X j- The Liouville theorems

for the Heisenberg Laplacian has been proved by B. Gaveau [8]. For the nonlinear case
see also [2] and [7].
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The plan of the paper is the following. In Section 2 we recall the main properties of
the Heisenberg group and of the associated Sobolev spaces. In Section 3 we recall some
results about the operator L in bounded domains, we discuss the Maximum Principle
and the existence and uniqueness for the Dirichlet problem, and we prove an existence
theorem for the equation (1.1) in R?**!. In Section 4, by assuming L to be a weakly
Fuchsian operator, we prove the existence of the limit (1.6) and Liouville’s theorems.

Finally we recall that all the previous results still hold for the operator
Lu=Lu+ g9(z)Xou (1.7)

where L, defined in (1.2), is assumed to satisfy assumptions (A) and (B) and, in addition,
the following one:

(C) Xo is a bounded smooth vector field in R?"+2 je.
2n
Xo=)Y 0iXi+omnT (0 € CR™),i=1,...,2n+1)
i=1
with bounded coefficients, i.e.
o; € L°(R*™) (i=1,...,2n+1) (1.8)
such that, for some 1 < h < n and every k > 1,
PXh(oant1) € LI(Ax) and pXntn(02n41) € LI(Ak) (1.9)
with
loXn(o2nt1)lzecan) < AlAkls  and  [|pXntn(020s1)lLecar) < AlAkl7.
(D) g is a bounded measurable function such that

pg € L(Ax),  pXng € LU(Ax),  pXn+ng € LI(Ak) (1.10)

with l
llpgllzecayy < AlAk|e
1

lpXngllLecary < AlAk| (1.11)

1
lpXn4ngllLecany < AlAk|7.
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2. The Heisenberg group

In this Section we recall the main properties of the Heisenberg group that we will use
later. For more details see {17].

The space R?**!, whose elements we denote by 2 = (z1,...,Zn,¥1,.-.,Yn, 1),

equipped with the multiplication law

=1

n
-z’ = (1'1 +Z, . Ta T, 0 +y'1,.~~,yn+yL,t+t'+Z(z§yi—xiyf)) (2.1)

is a group whose identity is the origin and where the inverse is given by

z ! = (=Z1, oy —Tny=Yly- -y —Yn, —1).
The space R?™*! with the structure (2.1) is the Heisenberg group, denoted by H™. The
non-isotropic dilations

§oz = (6z1,6zn,8y1,6yn,6°t) (6ER,z€ H") (2.2)

are automorphisms of H". The non-negative function

1

p(z) = <Z(z? +yi)* + t2> ‘ (2.3)

=1

is a norm for the Heisenberg group, in particular it is homogeneous of degree 1 with
respect to the dilations (2.2), i.e.

p(60.2) = [6p(z) (2.4)

for every £ € H™ and p € R. Moreover, there exist positive constants ¢; and c; such
that '

1
alz| < p(z) < c2|z|2 (2.5)
for every € H™, where |z| denotes the Euclidean norm in R2"+1.

By (2.4) and (2.5) it follows that the function d defined by

d(z,z') = p(z 7' - z) (2.6)

is a distance in H", topologically equivalent to the Euclidean one and left invariant with
respect to the law (2.1). By using the distance d we define the intrinsic balls, spheres
and neighborhoods of infinity

Br(z) = {' € H" : d(z,z') < R}

Sr(z) = {z' € H" : d(z,2') = R}
Dgr(z) = R*™*!\ Bp(z).
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In the following, for brevity, we will set
Bp = BR(O), - Sgp= Sr(0), Dpr = Dg(0). (2.8)

The Lebesgue measure dz = dz - - - dz, - dy; - - - dyy, - dt is invariant with respect to
the translations (2.1), so that for any z € H™ and R > 0 we have

|Br(z)| = |Br|. (2.9)
Since the Jacobian of the dilations (2.2) is given by
Js = §2nt? (2.10)
from (2.9) and (2.10) it follows that for every z € H® and R > 0 .
|Br(z)l = R*"**|By]. (211)

In our context it is convenient to look for a basis of vector fields invariant with
respect to the translations (2.1). Such a basis is given by

X-={"’i’g',+2yi% , fort=1,...,n
oy T 2Ti-ng; fori=n+1,...,2n (2.12)
0
T=_.
ot
For the vector fields (2.12) we have the commutative law
[Xi, Xign] = —4T for every 1 =1,...,n (2.13)

while the other commutators vanish. We recall that a commutator of two vector fields
Vi and V; is the new vector field given by

Vi, 2] = i Va — VoW (2.14)

Therefore, X,,..., X3, are a basis for the Lie algebra of the vector fields invariant
with respect to (2.1). Moreover, they are homogeneous of degree 1 with respect to the
dilations (2.2), whereas, by (2.13), T is homogeneous of degree 2, i.e.

Xi(u(boz)) =8(({Xiu)(§o0zx)) (i=1,...,2n) (2.15)
and
T(u(6 0 z)) = §*((Tu)(§ o z)). (2.16)

Given an open set @ C R?™*!| we denote by S%(2) the Sobolev-type space of
the functions u € L?(f2), such that the distribution derivatives X;u € L?(Q) for i =
1,...,2n. The norm in S%(Q) is given by

Iull® = /,, (luP +y |X.<u|2> dz. (2.17)

=1

The closure-of C§%(?) in the above norm is denoted by 5'2(9). By S2.(2) we mean the
set of functions u € S%(Q') for every Q' CC Q.

We recall the following properties of the above Sobolev spaces.
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Poincaré Inequality (see [11}). For every Bgr(z) C R?2**! and u € .§2(BR(:1:)) we
have

2n
/ lul®dz < CRZ/ Z | X ju|*dz. (2.18)
Br(z) Br(z) oy

Sobolev Inequality (see [12]). There exists S > 0 such that for every u €

S%(R?"+1) we have
R27+1

Compact Embedding (see [6]). For every bounded domain € the Sobolev space
5'2(9) is compactly embedded into LP(?), for every p < 2*.

8~

2n
< 5/ > |Xjultdz (2.19)
R2n+1 =

where 2° = 2842,

n

3. Dirichlet problems and maximum principles

Let 2 be an open subset of R2"+!. We consider the differential operator

2n 2n

Lu= - Y X;(aij(z)Xiu+d;(z)u) + 3 bi(2)Xiu + c(a)u (3.1)

ij=1 i=1

whose associated bilinear form is given by

a(u,v) = / (Z (a,')-X‘-quv + b;(Xiu)v + dqujv) + cuv) dz (3.2)
o \ 73
for u € S2_(2) and v € S%(Q).

Let f; € L3(Q) (j=1,...,2n) and f € L?" (Q).

Definition 3.1. We say that the function u € SZ_() is a local solution of the
equation

2n
Lu=-) X;fi+f (3.3)

i=1

in Q, if for every ¢ € $%() we have
o) = [ (koo + fo)dn (3.4)
J

When u € S%() or u € 52(9)), we say that u is a solution or a solution vanishing on
the boundary, respectively, of the equation (3.3). For brevity, when f; = f =0 (i =
1,...,2n), we say that u is a local solution or a solution, respectively, of (the operator)

L.

We start recalling some results concerning the operator L when Q is a bounded
domain in R?"*!. In the following we will assume that L satisfies condition (A) on £,
b€ LI(Q) and d; € LI(Q) (i =1,...,2n), c € L¥(Q) with ¢ > 2n + 2.
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Proposition 3.2. Let T be a linear bounded operator on 5"2(9), QCRandog €R.
Then, whenever o4 is sufficiently large or diam ) is sufficiently small, the equation

Lu+oou=T (3.5)

admits ezactly one solution uq, 1 € 5'2(9). In particular this holds for the equation

2n

Lutoou=-Y X;fi+f (3.6)

J=1

where f; € L*(Q) (j=1,...,2n) and f € LZ.'(Q). Furthermore,the map L7} : T

Ug,, T 38 CONtinuous.
Proof. See [16] N

Proposition 3.3 (Caccioppoli Inequality). Let Q' CC Q. Then there ezists a
positive constant k such that, for every local solution or non-negative subsolution u of

L in Q, we have
2n

S X jullzacary < KllullLa)- (3.7)

=1
Proof. See (16: Lemma 5.2] or {13: Lemma 4.4]

Proposition 3.4 (Local Harnack Inequality). For any compact K C Q there ezists
a positive constant C = C(M, pu, K, Q, | |bi]| e, ||di e, ||c||L§) such that, for any positive
local solution u of L in Q,

Cu(z) < u(y) (3.8)
holds for every z,y € K.
Proof. For every Br(z) C Q with R sufficiently small, we can prove the following:

Step 1: For every p > 0 there exists a positive constant ¢p such that

L
3

sup u < ¢p | |u|Pdz

Bz B;g(z)

(see [13: Theorem 4.2]).

Step 2: From Step 1 it follows that for every ¢ < 0 there exists a positive constant

cq such that

i
9

inf u>c, ][ |u|¥dz
Br(z)
Bar(z)

(see [13: Proposition 4.8)).
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Step 3: There exist § € (0,1) and A > 1 such that

][ u|®dz - ][ lu|~%dz < A
Bar(z) Bar(z)
(see [13: Proposition 5.2}).
The proof follows from Steps 1-3 and from compactness arguments B

Remark 3.5. We can prove that Step 1 still holds for non-negative solutions and
positive subsolutions and Step 3 for positive supersolutions (see [16: Section 8]).

Proposition 3.6 (Holder continuity). For any compact K C Q there ezist positive
constants 6,c,c' and 0 < X < 1 such that, for any local solution u of L in Q,

lu(z) — u()| < ¢lullL2d(z,9)* < cllullalz - yI? (3.9)

holds for every z,y € K with d(z,y) < é.
Proof. See [13: Theorem 5.6) il

Remark 3.7. The previous results still hold under the weaker assumption b; €
L?>"*2(Q) (i = 1,...,2n), but in this case the constants involved in the inequalities
depend on b; and not only on ||b;||L+. In the next section, in order to prove a uniform
local Harnack inequality, we need the constant C of inequality (3.8) to depend only on
||bill e, therefore we assume b; € L? from now on.

Following [10: Theorem 8.3], we will prove the existence for the Dirichlet problem
via the Maximum Principle. In order to formulate it we need the following notion of
supremum on the boundary for a function u € S (2):

supu = inf{k € R: u < k}
an

x where by u < k on dQ and u > k on 05 we mean (u — k)t € 52() and (u — k)~ €
5%(Q), respectively. If u < k and u > k on 9§, we say that u = k on 9.

Weak Maximum Principle. Let u be a local solution of L in a bounded domain
. Then

supu < max (0, sup u) and min (O,inf u) <infu
Q a0 an Q
where infan u = — supgq(—u).

In the following we will need also the

Strong Maximum Principle. Let u be a non-negative local solution of L on a
domain 2. Then either u =0 or u > 0 on .

From now on we will assume that the operator L satisfies the Weak Maximum
Principle.
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Proposition 3.8. Let u € $%(Q) be a solution of L. Then u = 0.

From Proposition 3.8 and the Fredholm alternative there follows an existence and
uniqueness theorem for the Dirichlet problem in bounded domains, analogous to [10:
Theorem 8.3]. We give here the simplified version that we will use later.

Proposition 3.9 (Existence Theorem). For every constant k there ezists ezactly
one solution u € S*(N) of

Lu=0 on Q
(3.10)
u=k on 9Q.
Proof. The problem (3.10) is equivalent to the problem
2n . .
Lw=k|) X:dj-c (w € S3()) - (3.11)
1=1
where w = u — k. Let g¢ be sufficiently large so that the equation
2n
Lv+ogv=k ZX;dj—c (3.12)
Jj=1

admits exactly one solution v € 5°'2(Q) Then the equation (3.11) is equivalent to the
equations

2n

(Lw + gow) —oow =k ZX;dj—c (3.13)
=1
2n

w=oolg fw=kL; | S X;d; —c (3.14)
j=1

where I is the compact embedding of $%(Q) into L*(Q) and L~ 1o is the map defined
in Proposition 3.2. By the Compact Embedding Property of Sobolev spaces and Propo-
sition 3.2, 0o L;! I is a compact operator from 5’2(9) into itself so that, by Proposition
3.8 and the Fredholm alternative, there exists exactly one solution of (3.14) and so of
(3.10)n

Theorem 3.10. Let L satisfy assumption (A) in R2"*!, b; € L} (R?"*1) and

i
di € Li, (R*™*') (i = 1,...,2n), c € L2 (R?*™) with ¢ > 2n + 2. Let us assume
that L satisfies also the Strong Mazimum Principle. Then there ezists at least a positive
local solution u € S _(R?"*!) of L.

Proof. Let R¢ / +oo. By Proposition (3.9) there exists a sequence {vi } of positive
solutions of the problems

ka=0 on BR,‘
vk =1 on OBg,.
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Let us consider the sequence of solutions ux = ;f(a. Fixed N > 1, the sequence {ux}

converges in B, to a continuous positive function u € $?(Bg, ) . Actually, by the
local Harnack inequality, there exists ¢y > 0 such that for every £ > N

envui(z) < ug(0) = 1. (3.15)

Hence
|BRN l%

(3.16)
CN

1
""k“z,z('[inN) < "uk“Lw(EnN)‘BRNlE <
By (3.16) and (3.9) the sequence {u} is bounded in C(Br, ) and uniformly equicon-
tinuous. So by Ascoli’s Theorem it converges (up to a subsequence) to a continuous
function u, that is a positive local solution of L in R2"*2. Actually, by the Caccioppoli
inequality and (3.16), the sequence {||Xiukl|12(Bg,)} is bounded, so {uk} converges in
every Bgr, to u also in the norm (2.17)

We give now two sufficient conditions for the Maximum Principles to hold.

2n

Proposition 3.11. Let — ;" _,

on §2, t.e.

X;dj + c be positive in the sense of distibutions

/ Zdej(P + ccp) dz >0  for every 0 <€ $3(9). (8.17)
Q N
i

Then the Weak Mazimum Principle holds.
Proof. For sake of completeness we give the proof, that is analogous to that of [10:
‘Theorem 8.1]. Let u be a local solution of L. Let us suppose that there exist constants

k such that

max (0,supu) < k < supu. (3.18)
an Q
Set v = (u — k)*. Since vx € 52(§2), we have

0 = a(u,vk)

= /n Z (ai,inquvk + (bg - di)(Xiu)‘vk + d,’X,'(uvk)) + Cuvk) dz. (319)

J

From (3.17), (3.19) and uvg > 0 it follows

/n z} ai XX, dz < /Q Z:(d»' ~ b;)(Xiu)vk dz. (3.20)
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Hence, from the assumptions on the coefficients of L and from the Sobolev inequality,
it follows

pY X Gvell?s S/Zaijxivkxjvkdl
- Iy B
7 %2

= / Z a;,-X.'uX,-vk dz
Q ;

1,3

< /n Z(di—bl)(Xiu)vk dz (3.21)

= / D (di — bi)(Xivi Yoy dz
Q-
-2n-2 -
S K'Y |supp Xovk| @0 S |lb; — dillze 3 | Xive 2 -

Therefore for every k that satisfies (3.18) we have

int2

q=2n-2
|supp Xvi| > piomct (Z l1b; — di]| L.) . (3.22)

So u attains its supremum on a set of positive measure where X;u # 0. This contradicts
the existence of k satisfying (3.18) 11

Proposition 3.12. Let L satisfy assumption (3.17). Then the Strong Mazimum
Principle holds.

Proof. Let u be a non-negative local solution of L. By assumption (3.17), (u + ¢€)
is a positive local supersolution of L and (u + €)? (g < 0) a positive local subsolution
of L where

2n

L=- E X5 (aij(2) Xiu + qdj(2)u) + Y (b:(=) + (g — 1)di()) Xiu + ge(z)u

=1

so that Steps 2 and 3 of Proposition 3.4 still hold for (u + ¢). By the monotone con-
vergence theorem they also hold for u. Therefore, by inequality (3.8) applied to u, it
follows that either u =0oru>010

Proposition 3.13. Let there ezists a positive local solution w of L in Q, positive
on O and such that X;w € LY(Q) with ¢ > 2n + 2, for everyi =1,...,2n . Then L
satisfies the Weak and Strong Mazimum Principles.

Proof. Let u be a local solution of L non-negative on Q. Set v = £. For every
@ € 52() we have

0=a(u,p) = a(vw#’) = a(w,vyp) + a(v, ) = a(v, ®)
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where

a(o,9) = | (S XeoXp+ (b =) = 3y Xy ol )

R i i

By the assumptions on w, the coefficients of a satisfy the assumptions of Proposition
3.11. Therefore from v > 0 on 99 it follows that v, and so u, are non-negative on
and also that they are either positive or identically equal to zero il

For a thorough discussion of the Maximum Principle see also [4] and the included

references.

4. Liouville Theorems

In this section we prove Liouville’s theorems assuming L to be a Fuchsian-type operator.
Definition 4.1. We say that the operator defined in (1.2) is a Fuchsian operator
in the weak sense, if there exist 0 < a < 1 < b and Ry / 400 such that L satisfies
assumptions (A) and (B).
From now on we will assume that L is a Fuchsian operator in the weak sense.
Proposition 4.2 (Uniform local Harnack inequality). There ezists a positive con-

stant C depending on u, M, A, a, b, a' and b' such that, for every k > 1 and every
posstive solution u of L in A, we have

Cu(z) <u(y)  for all z,y-€ A} (4.1)
where A} is the annulus
AEREXY sl a'R-k < p(z) < bRy} (4.2)
anda<a <1<¥ <b
Proof. Let u be a positive solution of L in Aj. Let us define in the annulus

A={{€]R2"+1:a<p(f)<b}

the function
w(§) = wi(€) = u(Ri 0 §).

By the homogeneity of X; with respect to the dilations (2.2) and by (2.10), we have for



Liouville Theorems for Fuchsian-Type Operators 665

every @ € éz(Ak)

0= /A <z (au(x)X;u(z)X,p(z) + bi(z)(Xiu(z))e(z)

4y

+ dj(2)u(z)X;0(z)) + c(x)u(z)npm).dz

= ‘//; <Z <R2a'J(RkO£)X w(f)Xﬂr/)(f)

(4.3)
+ b (Re 0 X Xew( €)W + 7-ds(Re 0 (X, 4(6))
+o(Rk 0 f)w(€)¢(£)) Ry"de
= R /A (XJ: (aij,'jotl) + b5 (Xiw)y + dwa,'tla) + c"un/;) de
where af](f) = a;j(Rk 0 &), b5(€) = Ribi(Ri 0 &), d¥(€) = Ridi(Ri 0 €) ﬂ(i =1...,2n),
ck(€) = RZc(Ri o €) and $(§) = o(Re 0 §). Since for every 3 € S%(A) we have

$(€) = p(Rx 0 £) where ¢ € $%(Ay) is given by o(z) = %(7; 0z), from (4.3) it follows

that w is a positive solutlon of Li in A, where

Liyw = Z X3 (a (OXiw+ dk(E)w )+ zbk(E)X w + cf(Ow. (4.4)

i,j=1 =1

By the homogeneity of p with respect to the dilations (2.2), by (2.10), (1.5) and (2.11)
it follows for every : = 1,...,2n that

[t = [ Rin(reograe= [ (”(R"“) bi(Rkoo)qd

< ;/A(/J(Rkoﬁ)ba(moé)) d¢ = m[/‘k(p(z)b.‘(z))qdz (4.5)

1 A b2n+2 — A2n42
< L |2 k| < A paiBy).
ad Rkn+2 ad
In the same way we can prove for every ¥ > 1 and every j = 1...,2n that
" b2n+2 _ a2n+2
lld; "Lv(,q) e AY|B,| (4.6)
and b2n+2 2n+42
k —a 2
A . 4.
1y, € =AY, (47)

Let z,y € A}. Then £ = g- oz and n = g oy belong to A’. By the local Harnack
inequality (3.8) there exists C, depending only on a, b, @’, b' and on p, M, A, but not
on k, such that

o Cwi(€) < wi(n) - S (48)
By the definition of w, from (4.8) it follows (4.1) B
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Coroi]ary 4.3. Let u and v be two positive local solutions of L in Ax. Then we
have

2u(z) _ u(y)

o(z) ~ o(y)

where C is the same constant appearing in the inequality (4.1).

for all z,y € A} (4.9)

Proof. From Cu(z) < u(y) and Cu(y) < v(z) it follows (4.9)

From now on we will assume that L satisfies the Weak and Strong Maximum Prin-
ciples.

Proposition 4.4. Let u and v be two positive local solutions of L in Dg for some
R > 0. Then there exists
u(z)

. 4.10
p(z)131+oo v(a:) ( )

Proof. Let ax = mins,, %((% and bx = maxgg, % Set ax = min(ak—1, ax+1)

and Bk = max(bg—1, bg+1). The functions u — axv and Bxv — u are solutions of L in
Gk = {x € R2"+1 : Rk—l < p(:t:) < Rk+1},

non-negative on 3G;. Hence by the Maximum Principles they are positive in G or they
are identically equal to zero. Therefore either u(z) = axv(z) on Sg, for some Rx and
so on Dp, or the sequence {ax} is definitively strictly monotone. Actually, if ax < ax-,
by the Strong Maximum Principle saying that ax > e, it follows ax41 < ag. In the
same way we can prove that either b; is constant or it is definitively monotone.

Let @ = limg— 400 @k and b = limg— 4 oo bk. Since ax < by if a = +00 we are done. If
a < +o00, by the Harnack inequality it still follows that a = b. Actually, let zx,yx € Sr,

be such that 1‘-?:—3 = by — €x and ¥ = gy + i with x \, 0 and nx \, 0. Then by

Vi
inequality (4.9) applied to the positive solutions u — azv and v it follows

C*(bk — ek — ax) < (ak + & — ax).

By passing to the limit we have 0 < C%(b — a) < 0. Since o < %——2 < Bi holds for
every z € Gi, the existence of the limit (4.10) follows from a =51

As a by-product of this limit theorem we obtain a Liouville theorem for the operator
L.

Theorem 4.5 (Liouville Theorem). There ezists a unique, up to a constant, posi-
tive local solution of L in R?"+1,

Proof. The existence of at least one local solution is given by Theorem 3.10. To
prove the uniqueness it is sufficient to observe that if the solutions u and v in Proposition
4.4 are defined in R?"*!, then by the Weak Maximum Principle the sequences {ax} and

{bx} must be non-increasing and non-decreasing, respectively. This, toghether with
a = b, yields u(z) = av(z) on R2"+! I
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\
From now on we will assume that L is a Fuchsian operator, i.e. that it is a Fuchsian
operator in the weak sense and there exists R > 0 such that

Dr C UA;. (4.11)
Lemma 4.6. Let u be a positive local solution of L in R?2"*!, Then infu > 0.

Proof. Let us assume that infgzn+1 u = 0. Then, by the Strong Maximum Prin-
ciple, a minimizing sequence {z;} must diverge, i.e. p(z;) — +o0o. Let R; = p(z;),
a;i = mins,, v and b; = maxs, u. By (4.11), for every ¢ there exists k; such that
Sgr; C A}, Since {a;} converges to zero, by the uniform Harnack inequality {b;} also
converges to zero. Therefore, by the Weak Maximum Principle, for every k; and every
e > 0 we have supg, u<e,ie u=0onR*"*' N

Theorem 4.7 (Liouville Property). Let v be a local solution bounded below of L
in R?"*!. Then either v = 0 or v is of constant sign. The same result holds if v is
bounded above.

Proof. Let v > k. If ¥ > 0, we are done. If k¥ < 0, by Theorem 3.10 and Lemma
4.6, there exists a positive local solution v > —k in R?"+!. Then v + u is a positive
local solution, too. Therefore, by the Liouville Theorem, there exists A > 0 such that
v = (A — 1)u. The second part of the proposition follows by observing that if v < k,
then —v is of constant sign il

Remark 4.8. All the previous results still hold when we consider the operator
Lu = Lu + g(z)Xou

where L, X, and g satisfy assumptions (A), (B), (C) and (D) of Section 1. Actually, by

(2.13),
2n

1
Xo = ZU;X.' - Za2n+1[thXh+1],

i=1
so that
2n 2n -
Lu=- Z X;(@i(z)Xiu + dj(z)u) + z bi(z)Xiu + c(z)u
i,7=1 i=1
were d;; = aij, when (¢,7) # (h,h + n),(h + n, h) while
1

Ahhtn = Qh hgn — 7992041 and Qhgn,h = Ghgn,h + 79%2m+1

and 3; = b; + go;, when 7 # h, h + n while

~ 1 1
by = by + gon — Zg-Xh-f-n(a?n-i-l) - Za2n+th+ng
and 1 1
brtn = bhin + gOhen + Zth(UZn-f-l) + ZUZn+1Xng~
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