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About Strongly Fejér Monotone Mappings
and Their Relaxations

D. Schott

Abstract. We consider the general class of strongly Fejér monotone mappings and some of
their basic properties. These properties are useful for a convergence theory of corresponding
iterative methods which are widely used to solve convex problems. Especially, we study the
relation between these mappings and their relaxations.

Keywords: Set-valued mappings, Fejér monotone mappings, non-ezpansive operators, relaz-
ations, convez sets

AMS subject classification: 65J 05, 47 H04, 47 H 09

1. Strongly Fejér monotone mappings

Let H be a (real) Hilbert space. We consider a non-empty, convex and closed subset Q
of H and (set-valued) mappings g : @ — P(Q), where P(Q) consists of all non-empty
subsets of Q. For g we introduce sets of weak and strong fized points, namely

F_(g):= {:c EQ:z€ g(z)} and F.(g):= {2: €Q: {z} = g(:z:)}.

Obviously, F.(g) € F_(g). Asusual, operators (i.e. single-valued mappings)g: Q — Q
are included as embeddings. Here both kinds of fixed point sets coincide with the set
F(g) = {z € Q@ : z = g(z)}. We exclude the uninteresting special case g = I (I the
identity).

Now we turn to the basic concepts.

Definition 1.1. For a mapping ¢ : @ — P(Q) and a number A € R we call the
modified mapping

gri =1 =XNI+MAg (1)
a relazation of g with the parameter .

Although the above concept is usually used only for values of X in (0,2), we omit
this restriction here.

D. Schott: Hochschule Wismatr, Fachbereich Elektrotechnik und Informatik, Philipp-Miiller-
Strafe, PF 1210, D — 23952 Wismar

ISSN 0232-2064 / $ 250 (© Heldermann Verlag Berlin



710 D. Schott

Definition 1.2. Let M be a non-empty (proper) subset of Q@ and @ > 0. A mapping
g:Q — P(Q) is said to be a-strongly M-Fejér monotone (in notation: ¢ € F*(M)) if

ly —zl* = llz = zl* 2 ally — 2>  forall z € M,y€Q,z€g(y) (2)
and

yé¢g(y) forall ye Q\M (3)

hold. Besides, g is called a-strongly Fejér monotone (in notation: g € F*) if g is
a-strongly M-Fejér monotone for some M. Moreover, g is called strongly M-Fejér
monotone (in notation: ¢ € F,(M)) if g is a-strongly M-Fejér monotone for some
a > 0. Finally, M can also be omitted here (in notation: ¢ € F,).

Remark 1.3. General M-Fejér monotone mappings g € F(M) satisfy (2) with the
limit value @ = 0. Here we have the relation M C F,(g). If also (3) is added, then g is
said to be regularly M-Fejér monotone (in notation: g € F,.(M)). By the way, F,.(M)
can be regarded as the limit class FO(M) of F*(M). In the regular case M is uniquely
determined by g. Namely, we get the convex and closed set

M = F(9) = F_(9).

All the more this holds for strongly Fejér monotone mappings. The inequality in condi-
tion (2) is fulfilled automatically for y € M if M = F,(g). Besides, (3) can be omitted
for M = F_(g). For the above mentioned facts consult, for instance, 7, 8].

" Remark 1.4. Obviously, the sets of strongly Fejér monotone mappings satisfy
FA(M) C F*(M) C F,(M) CF. (M) for f>a>0.

Even the strict inclusions are fulfilled (see the remarks after Theorem 5.5).
Lemma 1.5. Let A be an indez set of numbers a > 0 with a* = sup A. Then we
have the equivalence
g€EF® forallac A = gelF"..

Proof. Both parts of the equivalence imply M = F_(g) # 0, that is (3). Choose
for g fixed elements z € M, y € Q and z € g(y). If the inequality in (2) holds for
each a € A, then also for a*. So the right-hand implication follows. The left-hand
implication is a direct consequence of Remark 1.4 il

Naturally, often it is useful to know the best possible parameter a for strongly Fejér
monotone mappings. '

Definition 1.6. Let be g € F,. Then the number
o* = ap(g) :=sup{a: g € F*}

is said to be the F-indez of g. (Mappings g € F, \ F, obtain the F-index 0.)
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Remark 1.7. The F-index a}(g) of g € F, is determined by

z|? - llz — =|I*

lly — =212

a'p(g)=inf{”y‘ zeM,yeQ\M,zeg(y)},

where M = F'_(g). Because of Lemma 1.5 we get
a¥(g) = max{a: g € F°}.
Moreover, the set
Fo := F* \ Up>alF?

contains all mappings g with index a%(g) = a. Later we will show that Fg 96 0 (see
Theorem 5.5). .

The geometrical background of the introduced concepts is given in [9]. Iterative
methods generated by Fejér monotone mappings are widely used to solve convex prob-
lems (see, e.g., [3, 6, 7, 10]). The following convergence result illustrates the importance
of strongly Fejér monotone mappings g since they fulfil at least the first two conditions.

Theorem 1.8. Under the assumptions

a) g € F,(M)

b) g asymptotically regular

c) ¢' = I - g demiclosed (I the identity)
the iterative method (zi) defined by

T4 € g(zk)

converges weakly to an element z* in M.

Additional conditions ensure also strong or even geometric convergence of the method.

2. Classes of strongly Fejér monotone mappings

We start with mappings ¢ : @ — P(Q) which are slight genera.hzatlons of contractive
operators (operators with Lipschitz norm ¢ € [0, 1)).

Definition 2.1. A mapping g : @ — P(Q) is said to be Fejér g-contractive for a
number ¢ € [0,1) (in notation: g € F?) if g has a (weak) fixed point z (i.e. z € F_(g))
such that

lz—zl <glly—=z|l forall ye@,zE€g(y) (4)
holds.

Theorem 2.2. A Fejér q-contractive mapping g :— P(Q) has ezactly one weak

fized point = which is even a strong one (i.e. F_(g) = Fy(g9) = {z}). Besides, g 1s

a-strongly M-Fejér monotone with M = {z} and a = a(q) := 'IT%
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Proof. Let z be a weak fixed point of g € F{. Choosing y = z in (4) yields z = z
such that z is a strong fixed point. Let z' be a weak fixed point of g, too. Choosing
y = z' in (4) supplies ||z’ — z|| < g||z' — z|| which is only possible for z' = z, since
g € [0,1). Hence M = {z} contains all weak fixed points of g. Moreover, in view of (4)
and the triangle inequality we get the estimates

ly =zl < lly =zl +llz - zlf S A+ g) lly — z||

and 2 2 2 2
ly —=zl* =z —=]I* 2 (1 — ¢°) [ly - =||
1-¢° 2_l—g 2
2— -2 = — A .
Al = -

Consequently, g is a-strongly M-Fejér monotone with the given « and M 11

The function o = a(q) is strictly monotone decreasing with a(0) = 1 and the left
limit a(l — 0) = 0. So a produces only the range (0,1]. But observe the relation
ar(g9) > a(q) for g € F{. There are mappings g € F? with a%(¢g) = a(q), but-indeed,
there are also such mappings with a}(g) > 1 > a(q) for each ¢ > 0. By the way, the
F-index can become arbitrarily great if ¢ tends to 1 (see [9]).

The reversion of Theorem 2.2 is not true. A mapping g which is a-strongly M-Fejér
monotone with a = a(q) and M = {z} need not to be Fejér g-contractive (see [9]).

Now we turn to special classes of non-expansive operators g : Q@ — Q.

Deflnition 2.3. An operator ¢ : @ — @Q is said to be a-strongly non-ezpansive for
a >0 (in notation: ¢ € L*) if

ly — zlI> = llg(v) — 9()II* 2 allg'(v) - ¢'(x)|*  forall z,y€Q, (5)

where g’ denotes the complement I — g of g. Besides, g is called strongly non-ezpansive
(in notation: g¢ € L,) if g is a-strongly non-expansive for some a > 0.

Remark 2.4. The limit case a = 0 in (5) characterizes non-ezpansive operators g
(operators with Lipschitz norm less or equal to 1). If the fixed point property is added
(i.e. F(g) # 0), then we speak of regularly non-ezpansive operators g (in notation:
g € L,) which are also regularly M-Fejér monotone with M = F(g) (see Remark 1.3
and, for the proof, [8]). Observe that F(g) is convex and closed.

Sometimes it is useful to specify the fixed point set M = F(g) of operators g € L®
with F((g) # 0. Then we write g € L*(M). This appears in accordance with the notation
Fo(M) in Definition 1.2. At all, it will turn out that the aspects we are interested in
contain a great analogy between both classes of mappings. Therefore results for the
second case are often omitted or only outlined in the following,.

. Fejér ¢g-contractive operators need not to be a-strongly non-expansive and vice versa
(see [9))
Evidently, the sets of strongly non-expansive operators fulfil the relations
LPCL*CL,CL® for B>a>0.

Lemma 2.5. Let A be an indez set of numbers a > 0 with a* = sup A. Then we
‘have the equivalence

geEL® forallac A — gelLe.

Proof. The assertion follows in the same way as for Lemma 1.5 R’
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Definition 2.6. Let be g € L,. Then the number
o =aj(g) :=sup{a: g € L°}

is called L-indez of g. (Operators g € L° \ L, obtain the L-index 0.)

Remark 2.7. The L-index aj(g) of g € L° is given by

—zl? - — o(2)II2
eife) = int { =Pl A0SO, 2 € @ uith o1 # o)}

By Lemma 2.5 we get a}(g) = max{a: g € L°}. Moreover, the set
LY := L* \ Ug>all?

contains all operators with L-index a}(g) = a.

Theorem 2.8. Far arbstrary a > 0 it holds
L*(M) C F* (M),

that s, a-strongly non-ezpansive operators with fized points are a-strongly Fejér mono-
tone.

Proof. The class L*(M) contains operators g with M = F(g) # 0 (see Remark
2.4). Let g be such an operator. Then we obtain for z € M, y € Q and z = g(y) in
view of g(z) = z the identity

ly = 211* = lg(¥) = 9(2)I* ~ ellg'(¥) = ¢' @I = lly — zlI* = ||z — z||* - al)z — y||*.

This shows the assertion if the Definitions 1.2 and 2.3 concerning g € F* and g € L* are
taken into account. The choice of M implies that (3) can be omitted here (see Remark
1.3)1

Lemma 2.9. For g € L, we get the indez relation a}(g) > a}(g).

Proof. We have g € L*(M) for & = aj(g) and M = F(g) By Theorem 2.8, we
get g € F*(M) with this a. Using Definition 1.6 of the F-index the assertion follows
immediately il

There are examples with a(g) > aj(g) (see [9]).
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3. Auxiliary results

First we list some auxiliary statements which are useful to show the results of the next
two sections. An important part will play the functional d® : H x H — R defined for
a € R by

d*(u,v) == flul® = ol|* — allu —[*  (u,v € H) (6)
which is related to (2) in Definition 1.2 and to (5) in Definition 2.3. '

Lemma 3.1. The functional d* in (6) has the equivalent form

d*(u,0) = (1 = @) [ul* = (1 + &) lo]l? + 2a(u, v).

Proof. The assertion is an immediate consequence of the identity |ju — v||? =
(u = v,u~ v) = llul]? = 2(u,v) + o] B

Next let V be a linear space. We define for two elements u,» € V and A € R the
affine combination
wi =wrlu,v) =1 -A)ut+Av (7

which is related to the relaxation (1) in Definition 1.1, namely g = wx(I,g) with the
identity I. In the special case V = R we use the notation w}. For fixed u and v with
u # v the affine combinations generate the straight line through u and v. The operation
wx has simple, but interesting properties listed in the next lemma.

Lemma 3.2. Let V be a linear space. The following relations hold for elements
u,v,u’,v' € V and numbers A\, u,v,a,b € R :

a) wo(u,v) = u, wi(u,v) = v, wa(y,v) = wi—A(v,u)

b) wa(u,u) = u, walvu,vv) = vwy(u,v)

c) wa(u +u', v+ v') = wa(y,v) + walu',v')

d) wa(u,v) — wu(u,v) = (A — p) (v —u)

e) waatbu(u,v) = awa(u,v) + bw,(u,v) fora+b=1

f) wiu(u,v) = w,,(u,w,\(u,v))

&) llwa(u,0)? = wi(lull? [ol) = A1 = A) fu — 2.

Proof. It is easy to check the above identities by use of the definition (7)

Now, returning to a Hilbert space H, we study for fixed but arbitrary elements
u,v € H the non-negative function

r(A) = r(A ) = [wa(, o)) ®

which describes the distance of straight line points from 0. Because of Lemma 3.2/e)
and norm properties r(}) is convex. Observing that H is strictly normed, r(}) is even
strictly convex if and only if « and v are linearly independent. In this case there exists
a unique positive minimum at

2 =¥y = o) ©
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This can easily be checked if the quadratic function
s(A) = s(A;u,v) := r2(X;u,v)

instead of r(A) is considered which has the same minimizing argument. So A*(u,v) is
the zero of the derivative

s'(A) = (wa,v —u) = (u,v —u) + A lu — ||~
If v = cu is satisfied for a number c, then
r(A) = 14 (c = DA ul}.

For u # v, that is ¢ # 1, r()\) has a unique minimum, too, and it is attained at

A = .
(u,v) 1-c¢
A check shows that this value is the specification of (9). Finally, r()\) = ||u|| arizes for

u = v. The properties of r(A) can also be revealed, if Lemma 3.2/g) is applied and
quadratic completion is joined. By use of (9) we get

s(A) = (1= M lull® + Al]|* = A1 = 2) [[u - v]|?
= Jlu = A% = 2 (u,u ~ v)A + ||u?
= flu = o ((A = 2*)" = (A%)%) + [|ull?

and for u # v the minimal value

(u,u — v)?
s(AT) = llull® = (A )l = o)l = [lul® - S2—
( ) | ” ”’U. _ U”2
(If v = v, then A* is not unique, but arbitrary.) For all u and v we recognize the
symmetry property
r(A* = A) =r(A" + }).

Further, r(A*) is (strictly) positive if u and v are linearly independent. Namely, in this
case the Schwarz inequality for scalar products holds strictly (see, e.g., [5: p. 155]).
For u # v the minimizing argument A* separates the left strictly monotone decreasing
part of r(A) from the right strictly monotone increasing part. If symmetry of r(A) with
respect to A* is observed, then we get the (extended) monotony relations

r(A) < r(p) if p<AL2A" — g, (10)

for the left part, where A~ < A*. For u # v the inequality sign in (10) can be replaced
by the strict one.

Further, we can show important relations combining the functions r(}) in (8) and
d® in (6), the latter considered in dependence on the superscript a.
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Lemma 3.3. The following equation is fulfilled for arbitrary )\ and u:
r?(Au,v) = (g u,0) = —(A — p) M1 (u, v).
-Besides we have for A > p the equivalence
r(u,v) Sr(psu,v) <= dMEN (4, 0) >0,

where the equality in one of the relations implies also the equality in the other.

Proof. Using the properties g) and d) in Lemma 3.2 for w), and w}, respectively,
we obtain for r?(A) = r?(A;u,v) = ||wa(u,v)||? the transformations

r?(A) = r*(n)
= wi(llull®, [0l1*) ~ wi(llul®, o) + (a1 = £) = AL = A)) [Ju - v|?
= (A = m)loll* = el + (o = A = 6® + 2%) [lu = o]?

= (A= m)(IIl? = Null? + A+ s = Dlju - o||?)
= (A = w) &4 (u,v).

This is the first assertion. The second assertion is a simple consequence il
Remark 3.4. Obviously, d*(u,v) is for fixed and different elements u,v a linear

function of the superscript a with the zero

llull> = lloll® _ (u+v,u-v)
a® = o (u,v) = =
’ llu — ]| flu —v]|?

Observe that a” is the greatest a fulfilling d*(u,v) > 0. Now Lemma 3.3 supplies for
A # p the equivalence

r(A)=r(p) <= I+tp=o"+1.

But, using (9) and considering

(u+v,u—v)+(uv—v,u—0) =2(u,u—v)

a*+1=
: llu — v]|? llu—v||?

=2)", (11)

the symmetry of r()) relative to A* is again verified. Besides, Lemma 3.3 allows to
compute the derivative s'(A) of s(A) = r2(A). A limit transition shows s'(\;u,v) =
—d**~1(u,v). This confirms again the relation (11). .

The next result shows how the superscript of d is influenced by changing the second
argument from v to wy. Besides, § will play the part of a perturbation.

Lemma 3.5. Let be A # 0 and § € R. Then the formula

dP¥o(u, wy) = AdoHH(u, v)
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holds with wx = wy(u,v) if the parameters o, and A fulfil the condition (1 + ﬂ)/\ =
1+ a. Moreover, we get under this condition for A > 0 the equivalence

d?*5(u,wxy) >0 = d°+’\6(u,v) >0.

Proof. At first suppose § = 0. Then we start with the right-hand side of the
formula and substitute v = % u+ + wy from (7). Using Lemma 3.1 this leads to

2
Ad%(u,v) = M1 =) |[u))? = A1 + a)

A-1 1
22 —_— —
+ a<u, \ u+,\w,\>

U+Xw)‘

= (a-aa-a+ @5 4 2a0- 1) ul?
-t Sl +2 (o= 04 @) 25 ) )

2) — 1 -2
= DTl - S el 4+ 2 S ()
= (1= B)llull® = (1 + B) lwall + 28w, wa)
= dﬂ(u,w,\).

This is the first assertion for § = 0. Now let § be arbitrary. Then the general formula
follows immediately if (1 + 8 + 8)A = (1 + 8)A + 86X = 1+ a + A is considered. The
second assertion is a simple consequence il

For @ > 0 and 8 > 0 the relation (1 + B)A = 1+ « shows that A can vary in the
interval (0,1 + a].

4. Norm relations for relaxations
We want to characterize the considered mappings ¢ : @ — P(Q) by certain norm

relations of corresponding relaxations. Therefore we choose a mapping ¢ € F.(M) and
study for arbitrary elements of the non-empty set

Jo={@w2) ceMyeQ\M ze9w)}, M=F()
the properties of the specialized functions
r(A) =r(Ay —z,2 — z) = lwaly — 7,2 — 2)|| = ||l2a — 2|, (12)

where z) = wa(y, z) € ga(y), arizing from (8) with u = =y-z and v = z — z. Namely,
by Lemma-3.2/b) and c) we obtain._.

wily —z,2 — :t:) = wa(y,2z) —wa(z,z) = 22 — z.
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Now observe r(0) = ||y—z|| and (1) = ||z —z|| such that (1) < r(0) for all (z,y,2) € J,
holds if g € F,(M). The excluded case y € M corresponds to z = y (compare Remark
1.3) and produces only the uninteresting constant function r(A) = |ly — z||. For z # y
and all the more for (z,y, z) € J; the unique minimum of r()) is attained at

A* =/\‘(‘y—I,Z—.‘£) — (y-—:t,y—22)
lly — =l
(see (9) and the following remarks) which is non-negative for g € F.(M). Thus we can
define the characterizing number

Np(g) = inf {N(y = 2,2 -2): (3,,2) € J,} (13)

for g. Then the (extended) monotony property (10) of r()) supplies with the specifica-
tion (12)

(A, p) with p <A < 2X5(g) ~ p

llza — z|| < ||z, — | for all {(z,y,z) € Jg

This norm relation between relaxations can also be used to include a mapping g : Q —
P(Q) with weak fixed points (i.e. M = F_(g) # 0) into a certain class F*. At first we
get for o > 0 the characterization

geEF <= geF*(M) <= d°(y-z,2—12)20 forall(z,y,2) € J, (14)

by the functional d* in (6) (see Definition 1.2 and Remark 1.3). Observe that y € M is
also admissible. Hence J, can be replaced by the extension

J;’ = {(z,y,z): teM,yeQ, z¢€ g(y)}.

Now the central statement of this section follows which can be exploited in various ways.
Theorem 4.1. Letbe A—p>0and A+ pu > 1. If M = F_(g) # 0 is satisfied for
a mapping g : Q — P(Q), then the equivalence
g € PHe-l = lzx — zll < |lzu — z|| for all(z,y,2) € J,
holds.

Proof. With the above mentioned choices u = y—z and v = z—z, where (z,y,2) €
Jg, Lemma 3.3 reads for A > pu as

r(A) < r(p) = d* Ny —z,2—z) > 0.

But, if the left part of the equivalence holds for all (z,y,2) € J,, then also the right
part. By the definition (12) and the characterization (14) the latter corresponds for

A+ p 21 to the assertion. Observe that the assumption M = F. (9) # 0 is necessary
for Jp #0100
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Remark 4.2. The set J, can be extended to J? in Theorem 4.1 (see the remarks
before Theorem 4.1). The equa.hty r(A) = r(u) for (12) holds on J, only in special
cases (see Remark 3.4). But for (z,y,2) € JI\Jg and z = y, respectlvely, the equation
r(A) = r(p) is fulfilled automatically.

Lemma 4.3. Suppose M = F_(g) # 0 for a mapping g : Q — P(Q). Then we

obtain:
a) For p€(0,1): geF* <= |z ~z| < |z, — z| for all (z,y,2) € J,.
b) For A€ (1,00): ge F*! <= [lza —z|| < |ly — z|| for all (z,y,2) € J,.
) Foru€(0,1): g€F <= ooy =2 < llzu — 2|l for all (z,y,2) € J.

Proof. The assertions follow lmmedlately if wechoose A\=1,pu=0and A+ =2
in Theorem 4.1

Theorem 4.4. If we introduce the sets

AL = {(/\,p): A—p>0 and /\+p=a+1}
Aqy = {(/\,p): A—p>0 and /\+p§a+1},

then we get for a mapping ¢ : Q — P(Q) with M = F_(g) # 0, any o > 0 and any
subset A of Ay with the property sup{A +p: (A p) €A} =a+1:

GEFT = AN AL V(@ y2) €y oa—all < llzg — g
= V(i p)e A Y(z,y,2) € JO lzx — 2|l < llzn — ||

Proof. The assertions follow from Theorem 4.1 if the substitution & = A+ — 1 is
used. For the second equivalence we need additionally Lemma 1.5 and Remark 4.2 i

Corollary 4.5. Suppose a mapping g: Q — P(Q) with M = F_(g) # 0 and a > 0.
Then each of the following conditions is equivalent to the statement g € F° :

a) flzax —z|| € |lzu — z|| for all M\ p with p < A < "—,‘,ﬂ and all (z,y,z) € Jg.
b) lzegr — z|| < |lzu — z|| for all p < &FL and all (z,y,2) € J9.
c) ||lza —z|| £ ||z% — z|| for all X € (252, 243 and all (z,y,2) € JJ.

Proof. In assertion a) the pairs (A, 1) form a set fulfilling the properties of A
Theorem 4.4. The same is true for the pairs (2!, 1) in assertion b) and (A, & ) in
assertion c). So Corollary 4.5 is a direct consequence of Theorem 4.4 1

The mentioned properties of 7(A) = ||za — z|| show that the inequalities for r in
Corollary 4.5 hold even strictly if the triples (z,y, z) vary in J; instead of J;). Namely,
r(A) <r(u) for A+ p <a+1<a*+1in view of Remark 3.4. On the other hand, if
the equality for r is admitted, then by Theorem 4.4 the endpoints of the open intervals
regarding the arguments A and u can be included. Besides, the range can be modified
as long as the pairs (A, ) form a set of the kind A} from Theorem 4.4.
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Lemma 4.6. The mappings g € F! can be characterized by the following properties:
a) llzx — zll < llzu — z|| for all X\, p with 0 < p <A< 1 and all (z,y,2) € J).

b) llza ~ z|| < llzz=a — z|| < lly — z|| for all A € [1,2] and all (z,y,2) € Jg.

c) |lz2-x — z|| < [l2x — z|| for all A € [0,1] and all (z,y,2) € J}.

Proof. All assertions arize if Theorem 4.4 is used with a = 1. Compare the above
assertion a) also with Corollary 4.5/a) and the above assertion c) with Lemma 4.3/c)

The properties listed in Lemma 4.6 are described in [1: p. 85 - 86] for special
relaxations, namely for so-called transfer operators g of simultaneous projectors g which
belong to F! (see [9] and Example 6.4).

Corollary 4.5 means that for ¢ € F* and (z,y, z) € J, the function r(1) is monotone
decreasing up to 2! and attains in [, }2] its maximum at the left endpoint. So

the relation %! < A%(g) is true (see (9) and (13)). This suggests that perhaps the
equality is satisfied for the index a = a(g). Indeed, the next theorem will show this.

Theorem 4.7. For g € F, the formula ak(g) + 1 =2 A% (g) holds.

Proof. By (11) we obtain a*(y—z,z—z)+1 =2A*(y—z,z—z) for all (z,y,2) € J,.
Now the assertion follows if we take the infimum over these elements. Namely, consider

a%(g) =inf {a*(y—z,2—z): (z,y,2) € J;} (Remarks 1.7 and 3.4) and the definition
(13) of Ap(g) B

Analogous results are obtained for the classes of non-expansivity. We start with a
non-expansive operator g : Q@ — Q (i.e. g € L?) and introduce the set

J = {(:c,y) z,y €Q with ¢'(z) # 9’(y)}

where ¢' = I — g again denotes the complement of g. Now we consider for arbitrary
elements of J; the specialized functions

r(\) =r(Ny —z,9(y) — 9(x))
= |lwaly — z,9(y) — 9(=))|| = llgr(y) — ga(z)ll

from (8) with u = y — z and v = g(y) — g(z). The latter representation of r is verified
by Lemma 3.2/b) and ¢) which yields

(15)

wa(y — z,9(y) — 9(z)) = waly,9(¥)) — walz, 9(2)) = 9a(y) — ga(x).

The excluded case ¢'(y) = ¢'(z) supplies again the uninteresting constant function
r(A) = |ly — z||. Observe that for z € F(g) we arrive at r(\) = |lza — z|| with zx = ga(y)
such that for g € L, the family of functions r in (15) is an extension of the previously
studied family of functions r in (12). Taking the special values r(0) = ||y — z|| and
(1) = ||lg(y) — g(z)|| the inequality ~(1) < r(0) holds for all (z,y) € J,. Further, we
can define the characterizing number

19) = inf {X*(y = 2,9() — 9(2)) : (z,9) € T}
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which again turns out to be finite. The functional characterization of L® is given by
geL® <= d°(y-=z,9(y) —g(z)) 20 forall (z,y) € J,. (16)

In this characterization Q@ x Q can be used instead of J,- Now we could list analogous
results replacing formally F, = F° by L°, F* by L, J; by J;, J9 by Q x Q, r in (12)
by r in (15), a}(g) by ai(g), Ax(g) by A1(g) and so on. But we need not suppose
a non-empty fixed point set. Here we restrict us to a short selection. For instance,
Theorem 4.1 can be reformulated as follows.

Theorem 4.1°. Let be A — pu > 0 and A+ p > 1. Further, suppose g : Q — Q.
Then
g € LM+ = lax®) - @I < lgu(y) — gu(2)ll for all (z,y) € J,.

The analogue of Corollary 4.5/a) reads for a = 1:

gel? =

{ llga(y) — ga(@)ll < llgu(y) — gu(=)ll
forall \,pwith0<p<A<landall (z,5) €Q xQ

if the endpoints of the A-interval are included and g is restricted to the non-negative
domain (see remarks after Corollary 4.5). This yields with the specification A = 1 a
remarkable characterization of L!:

Theorem 4.8. For an operator g : Q — Q the equivalence

) llg(y) = 9(@) < llgu(y) — gul(=)ll
gel = {forallpé[O,l] and all (z,y) € Q x Q

is fulfilled.

Operators g with this property on the right-hand side of the equivalence play an
important part in the fixed point theory and are called there firmly non-ezpansive (see
[4: p. 41 - 44]). So these operators turn out to be in our context nothing else than
strongly non-expansive (with L-indices at least 1).

Finally, corresponding to Theorem 4.7, the equation

az(g) +1=2A5(g)

holds for g € L°. Because of Theorem 4.7 and the index relation ai(g) £ ax(g) from
Lemma 2.9 we get as a byproduct A7 (g) < Ax(g).
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5. Determination of parameters for relaxations

As seen above, relaxations supply characterizations of mapping classes F* and L7,
respectively. But they also open the possibility to change between these classes. This
is interesting if mappings with a certain a are needed. We investigate this possibility
below. Again we formulate the results for F*. The transformation to L* can be realized
without difficulties.

Theorem 5.1. For ¢ mapping g : Q — P(Q) and parameters o > 0,8 > 0 and
A > 0 connected by the equation (1 4+ B)A =1 + « the statement
g EF* (M) << gxeF(M)

holds. Moreover, this correspondence 13 also fulfilled for F-indices, 1.e.

a=ar(g) <= B=ak(g)

Proof. We consider a mapping ¢ : @ — P(Q). In view of (7), (1) and Lemma
3.2/b) and c) we have for ¢ € M,y € Q and z € g(y) the equations

wia(y —z,z — ) = 25 — 1,

where 2y = wa(y,z) € ga(y) (see also (12) and the passage after it). Putting § = 0 in
Lemma 3.5 the equivalence

d*(y-z,2-2)>0 <= d’(y—z,22-2)>0

follows if the parameters satisfy the conditions given in this theorem. Now, if (z,y,2) €
Jg is related to (x,y,2x) € Jg,, then a bijective mapping between these two triple sets is
established. Considering the characterization (14) of g € F* and M = F_(g) = F_(g»)
this corresponds to the first assertion. Choosing é > 0 in Lemma 3.5 the statement

Ny —z,z-2) 20 = P (y-—z,2-2)20

for the above listed elements shows also the index result. Namely, assume that 8+ § =
ay(gx) holds for @ = ajk(g). But this leads by (14) to the consequence a}(g) >
a+ 6 X > a and yields a contradiction. The reversed direction of the index assertion
can be handled in the same way i

Corollary 5.2. Let be A € (0,7 + 1], where : € N. Then the relation

14+:-2A

geF (M) « gxeF (M) for = .

is fulfilled.

Proof. A rearrangement of the relation (1 + 8)A =1 + « in Theorem 5.1 supplies
B = % (14 a—1X). The assumption A € (0,7 + 1] ensures § > 0. Now the assertion
follows immediately by putting a = ¢ in Theorem 5.1 B
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Corollary 5.2 is of special interest for i = 0 and ¢ = 1. Now we present a symmetric
version of Theorem 5.1.

Corollary 5.3. For a mapping g: Q — P(Q) and parameters a > 0,8 > 0,1 > 0
and p > 0 connected by the equation (1 + a) A = (1 + B) u the statement

g €F(M) = g,eF (M)
holds.

Proof. By Lemma 3.2/f) and gx = wi(/,g) we have g, = (g;); If we use Theorem
5.1 with g, instead of ¢ and with x' = £ instead of A, then the asserted equivalence
is fulfilled for the parameter relatlon 7 (1 + #) = 1+ a. But this corresponds to
(1+e)d=(1+p)pul

The next theorem shows that A = /\;(g) is just that parameter for ¢ which supplies
the relaxation g, with F-index 1.

Theorem 5.4. Let be g € F,. For A* = A}(g) the relation
gr € I, that 1s ap(gas) =1
holds.

Proof. Thereis a number a = a* = a}(g) > 0 such that g € F2. Then the relation
ga- € F? is fulfilled by Theorems 5.1 and 4.7 with

1 1
ap(gr)=B=1;(1+e" - ") = —1=1.

/\a
But this is the assertion

Now we turn to the sets FY (M) which contain mappings g € F,(M) with F-index
a (see Remark 1.7).

Theorem 5.5. The sets F¥(M) are non-empty for all a > 0.

Proof. At first, the set F1(M) is non-empty by Example 6.2. Namely, the metric
projector Py onto M has the F-index 1. If we choose g € F!(M), then Theorem 5.1
implies g5 € F¢(M) for arbitrary o > 0 a.nd A= ﬁ So the sets F¥(M) are all
non-empty i

In view of Theorem 5.5 the proper subset relation is satisfied in Remark 1.4 for
the sets F*(M). We want to show now that appropriate relaxations gy of g create a
complete system of representatives for the family {F°}.

Theorem 5.6. Let be g € F'(M) with v > 0 and J = (0,1 + ). Then {gy :
A € J} is a choice set of {F*(M) : a > 0}, that means, there is a bijective mapping
A:[0,00) — J such that gx € F*(M) for A = Aa).

Proof. We suppose g € FY(M). If a and  are replaced by v and a, respectively,
then the relat.lon gx € F*(M) holds by Theorem 5.1 for the bijective mapping A =
AMa) := X with the range J B
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The second part of Theorem 5.1 shows that a%(gx) = a for a}(g) = v. This means
gxr € F¢(M) for g € FI(M) and the above A\. So {gr : A € J} is a choice set of
{F*(M) : a 2 0}, too.

Corollary 5.7. Let be g € F]. Then the relazations g of g with A € (0,14 7] are
parrwise different.

Proof. By the foregoing remarks g, is for pairwise different A € (0,147] in pairwise
disjoint sets F¢. So the assertion follows immediately B

As mentioned at the beginning of this section, analogous results can be formulated
for the classes L” of strongly non-expansive operators. For instance, we have corre-
ponding to Theorem 5.1 the equivalence

geL® < g el?

fora>0,8>0and A >0if (1 + 8)A =1+ a is fulfilled.

6. Applications

The following examples illustrate the theory.

Example 6.1. Let b: @ — R be convex and continuous. Then the set N(b) =
{z € Q: b(z) < 0} is convex and closed. We assume N(b) to be non-empty. Further,
the subgradient 0b is defined on Q. If b+ denotes the positive part of b, we define for
elements y € @ andv e H :

y(b,y,v):={;ﬁ3”" TR0 and )= (W) v d) (D)

Then the mapping g, given by gs(y) = y — ts(y) is 1-strongly N(b)-Fejér monotone, i.e.
atk{gs) > 1 (see [9]). So the results of Sections 4 and 5 hold for g := g, € F!(N(b)).

Example 6.2. For a convex and closed set M C.Q C H the metric projector
Py 2 Q@ — Q onto M is well-defined. Moreover, Py is 1-strongly non-expansive. More
precisely, even

ap(Pm) = afp(Pm) =1
(see [9]). Hence, results of Sections 4 and 5 can be applied to g := Py € L1(M).

Example 6.3 (Relaxations). We consider the mapping ¢(y) = gs(y) = y — ts(y)
with tp given in (17). If we study the relaxed form (1)

@) =0-Ny+rgly) =y—Ats(y) (A €(0,2)),

then the functions

r(A) =llza —zl|  (2a € 9a(y), = € N(b))
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from (12) fulfil the properties of Theorem 4.4 and Corollary 4.5 with & = 1. Theorem
4.7 says that A%(gs) > 1 holds. Moreover, Corollary 5.2 yields for i = 1 that gx is
a-strongly Fejér monotone with a = % This is a generalization of a result in [2: p.
308], where only the so-called strict Fejér monotony is proven which stands between the

classes F, and F,. Similarly, the relaxed projector

PA(y):=(1-Ny+APu(y) =y - A(y - Pu(y)) (A €(0,2))

generates the functions
r(A) = [IPA(y) = Pa(=)l

from (15) which fulfil the corresponding properties outlined for strongly non-expansive
operators g. Besides, Py is a-strongly non-expansive with
2—-A .
a=——=ay(P)=ap(P)
by analogues of Theorem 5.1 and Corollary 5.2 for L-classes. This again generalizes
results in [2: p. 307] and [10: p. 47], where Py is only proven to be strictly Fejér
monotone and non-expansive in this case, respectively.

Example 6.4 (Convex intersection problem). Let M; (i = 1,...,m) be convex
and closed sets with the non-empty intersection M := N™, M;. Further, consider for
mappings g; (2 = 1,...,m) the sequential or successive combination

9= 9mdm-1-""q1

and the parallel or simultaneous combination

g:=mag1+792+...4+Ymgm € F*(M)

where
120 (i=1,..,m) and . M+t . +1m=1
If g; e F¢(M;) (:=1,...,m), then

1
g € F*(M) for a:=2m—_lmin{a,-:i=l,...,m}

in the sequential case and _
g € F*(M) for a:=min{a;:i=1,...,m}

in the parallel case (see [9]). Finally, we start from the projectors P; onto M; and the
corresponding relaxations

g,'=(1—-A,')I+/\.'P,‘ (0</\,’<2).

Then we have the relation g € F*(M) with the above a and o; = % by Example

6.3. A further relaxation of g leads to gx € F#(M) with 8 according to Theorem 5.1.
Observe that g then represents for parallelly generated g a so-called transfer operator
of simultaneous projectors (see [1]).
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