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On the Local Property of Factored
Fourier Series 
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Abstract. In this paper two theorems on I IV, p,.;5 k -summability methods have been proved. 
These theorems include some known results. 
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1. Introduction 

Let E an be a given infinite series with partial sums .s,,. Let (p,,) be a sequence of 
positive numbers such that 

P,,=p 0 oo as noo	(P_=p=0(i^1)).	 (1) 

The sequence-to-sequence transformation

in 
Pn	

(2)
v=O 

defines the sequence (t,,) of (N,p,,)-means of the sequence (s,,) generated by the se-
quence of coefficients (p,,). The series >a,, is said to be IN,pn I k -summable (k > 1) if 
(see [21)

(pn) k-'

It,, _t,,1k ,-1 sc,	 (3) 
n= 1 Pn

 

and it is said to be IN, pn ;öl k-summable (k 2 1 and 820) if (see [3]) 

°   
i 

( pn) 'k+k-'
t	It,,	<00.	 (4) 

n1 
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In the special case 8 = 0, IN,pn ; 81k-summability is the same as IN,pfllk-sumlnability, 
and in the case 6 = 0 and k = 1, I1V,pfl ;8 k -summabi1ity is the same as IN,pI 
summability. 

Let
00	 00 

ao+>(an cos nt+bn sin nt)= 2 ao+A(t)	 (5) 

be the Fourier series generated by a function f with period 27r which is Lebesgue inte-
grable over (-7r, it). It is familiar that the convergence of the Fourier series at t = x is 
a local property of f (i.e. it depends only on the behaviour of f in an arbitrarily small 
neighbourhood of x), and hence the summability of the Fourier series at t x by any 
regular linear summability method is also a local property of f . Borwein [4] has proved 
the following theorems for N,pI-summability methods. 

Theorem A. If the sequence (s n ) is bounded and	is a sequence such that 

- I A I< oo	 (6) 
n=1 Pn

(7) 

where AA n = .X -	then the series >1aA is IN,pnlsummable. 

Theorem B. The IN,pLsummabzlziy of the series	An(t)An at a point is a
local property of the generating function if the conditions (6) and (7) are satisfied. 

It may be remarked that the above theorems have been proved by Lal [5) previously. 

2. The results 

The aim of this paper is to generalize the above theorems for I N, p; 61k-summability 
methods. We shall prove the following theorems. 

Theorem 1. Let k > 1 and 0 8k < 1. If the sequence (s n ) is bounded and (.\) 
is a sequence such that

(p7j)6k-1 

JAn 
lk <00	 (8)

n=1 Pn 

;E

(

Co (P)6 ILAI <00 9) 

and

00 (p\1'((P
^ Yk 1 

'\ pn)	Pn-1  	
(10)

.=V+, 

then the series >'r1	is IN, p; 81k-summable.



On the Local Property of Factored Fourier Series	771 

	

Theorem 2. Let k > 1 and 0	k < 1. The IN,pn;Sltsummability of the series
A,,(t)A,, at a point is a local property of the generating function if the conditions 

(8) - (10) are satisfied. 
If we take k = 1 and S = 0 in our Theorems 1 and 2, then we get Theorems A and 

B, respectively. Furthermore, Theorem 2 includes as particular case well-known results 
due to Bhatt [1], Matsumota [6] and Mohanty [ 7]. 

3. Proof of the theorems 

Proof of Theorem 1. Let (Ta ) be the sequence of the (N, p, )-means of the series 
>anAn. Then, by definition, 

Tn	 pv > ar J\r =	(Pn—Pv_i)av.\v 

where Ao = 0. Then, for n 2 1, we get that 

TnTn_i = Pn 
> Pv_i av \ v	(P_ 1 =0). 

n n-i v= 1 
By Abel's transformation, we have 

Tn - T_ 1
 = - PnPn_i E PvSvAv + pp	VV,, + 

SnAnpn 

= T 1 + Tn, 2 + T,3. 
By Minkowski's inequality for k > 1, to complete the proof of Theorem lit is sufficient 
to show that

(pn)'k+k-I

	

_
Tn,r 1 k <	for r= 1,2,3.	 (11)

n1 
Now, applying Holder's inequality with indices k and k' where I + = 1, by (8), (10) 
and S n = 0(1) we have 

Tn+1 /	\ ök+k-I
ITn,iIk 1: (\)	 k 

n2

Pn I5VIPVIAVI}	:Pv} 

m+1 (pn)'k-1 1 {n_1 

n=2	 v=l 
6k-I	n-I 

= 0(1) _L 
n2 

( pn

	

P1i)	t)=1n-i 
M	 m+16k-I 

o(l)>pvvIk 
V=1	nv+I	 P, 

M

6k-i 
= 0(i)	(-	IIk 

V=1 
= 0(1)
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as m -	. Again, by (9), (10) and s,, = 0(1) we have 

vn+i (prl) bk+k-I 

n=2

	

M+1

E
1 (pn) 6k-1 1 ^n-1

___I5VIld1VkVI	
k-i 

} 

n=2
m+1	

)' 
k-1 1 fn-1	

i} =0(i)

n=2 ( 
!i. "\ 

"pn) 
m	rn-fl 

	

=0(1)PIAI	fl6ki 
1 

v=l	n=v+1 \.Pn 

M
	6k 

= 0(1) i 
(pv)

- 
V=1 

=0(1) 

as m —	. Finally, by (8) and s, = 0(1) we have 

M	6k+k-i	 in  
_ (Pn	

ITn,3 
lk 

=	 A 1k =0(1) 
n=1 pn) pn

( pn ) 'k-'
 n 

as in —	. Therefore, we have 

(P\15'
ITn,r ! = 0(1)	(r = 1,2,3) 

n=1 \PnJ 

as in -	this completes the proof of Theorem 11 

Proof of Theorem 2. Since the convergence of the Fourier series at a point is 
a local property of its generating function f, Theorem 2 follows immediately from 
Theorem 1 I 
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