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Weighted Norm Inequalities
for Riemann-Liouville Fractional Integrals
of Order Less than One

Y. Rakotondratsimba

Abstract. Necessary and sufficient condition on weight functions u(-) and v() are derived in
order that the Riemann-Liouville fractional integral operator Ro (0 < a < 1) is bounded
from the weighted Lebesgue spaces L?((0,0), v(z)dz) into L7((0,00),u(z)dz) whenever 1 <
p< g< ooorl < g < p < oo. As a consequence for monotone weights then a simple
characterization for this boundedness is given whenever p < ¢. Similar problems for convolution
operators, acting on the whole real axis (—o0, ), are also solved.
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1. Introduction

The Riemann-Liouville and Weyl fractional integral operators are defined, up to nor-
malizing constants, respectively by

(Raf)a) = | @-9) W)y (a>0)
and o
Woha) = [ =27 @)y (a>0)

for all locally integrable functions f(-) on (0,00). One of our purposes is to study
weighted inequalities of the form

1
P

(/Om(Tf)q(;:)u(r) dx)% < C(/O(>° f”(:c)v(z)dz) for all .f(.) >0 (1.1)

where T is either Rq or Wy (0 < @ < 1,1 < p,g < o), u(-) and v(-) are non-negative
weight functions, and C' > 0 is a constant depending only on p, ¢, u(-) and v(-). For
convenience (1.1) is also denoted by

T : L*((0,00),v(z)dz) — LI((0,00), u(z)dz).
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The boundedness (1.1) for Ro or W, is very useful in Real Analysis. For instance, it
can be used in order to derive analogous weighted inequalities for the Laplace transform
and the Edélyi-Kober- operators [1, 2]. Inequalities like (1.1) find also applications in
studying boundedness of fractional maximal and integral operators on amalgam spaces
with weights (3]. ' ' '

For the range @ > 1 and 1 < p < ¢ < o0, a characterization of weights u(-) and v(-)
for which (1.1) holds, was due to F. Martin-Reyes and E. Sawyer (8], and independently
by Stepanov [12] who also solved the problem for 1 < ¢ < p < co.

So in this paper our study will be focused for the case 0 < a < 1 and with 1 < Pq <
oo which is from now assumed. In such a setting, problem (1.1) remains open in full
generality. For a large class of weight functions, and particularly for monotone weights,
we will completely solve this problem by using very simple characterizing conditions.

A necessary and sufficient condition for W, : L”((O,oo),u(x) dz) — L”'((O,oo),
u(z) dz), with p < z‘l; and pl—. = ;—, — a, was found by K. Andersen and E. Sawyer [2].
For u(-) # v(-) the boundedness W, : LP((0,00),v(z)dz) — L?((0,00), u(z) dz) can

be characterized whenever u(-) € A% ie.

L Ty e > .
(-/ u(z)dz) (-/ ult (z)dz)' <A forall0<e<b
€Jb €Jb

—-£

for some fixed constants ¢ > 1, A > 0 and with t' = ﬁ Indeed, for such a weight u(-),
it is known in (7] that [°(W, f)9(z)u(z)dz ~ (M7 f)(z)u(z) dz, where M7 is the
right-sided fractional maximal operator studied by F. Martin-Reyes and A. de la Torre
(9). Thus (1.1) (with T = W,) becomes equivalent to M7 : 'LP((0, 00), v(z) dz) —
L((0,00),u(z) dz) whose a characterization was also given by these authors. However,
note that the characterizing condition is often difficult to use for explicit computa-
tions, since it is expressed in terms of the maximal operator itself and integrations over
(special) arbitrary intervalls. Later M. Lorente and A. de la Torre (6] found a simpler

characterizing condition for the range p < ¢q. More details on their condition will be
discussed in the next Section 2.

Without any further assumptions on u(-) and v(-) a result due to K. Andersen and
H. Heinig [1] asserts that, for p < q then R, : L?((0, 00), v(z) dz) — LI((0,00),u(z) dz)
whenever, for some ¢ € [0,1] and 4 > 0, ‘ ,

([ - rrevmnuga) % ([ r-yemu-awyiorgy) ) 7 < A (12)

for all R > 0. Here and in the sequel p' = = Condition (1.2) is only a sufficient one
(generally not necessary) for (1.1) to hold. It will be seen in the next section that (1.2)
cannot be used to treat the limiting case 1 = }1; — @, and many weight functions u(-)

are excluded. Also the case ¢ < p is not treated in [1]. These facts lead us to consider
and study again inequality (1.1).
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As we will see below, a necessary condition for R, : LP((0, 00),v(z) dz) — L? ((0, 00)
u(z)dz) when p<gis

. VY
(/ y("_l)"u(y) dy) (/ v 7P (y) dy) <A for all R > 0. (1.3)
2R 0

So a main question, answered in this paper, is to find another companion condi-
tion [see Theorem 2.1] such that both of them are necessary and sufficient for R, :
LP((0,00),v(z)dz) — LI((0,00),u(z)dz). This companion condition is expressed in
term of the boundedness of some restricted operator associated to R,. Although a char-
acterizing condition for this last boundedness remains open, surprisingly [see Proposition
2.3] a'simple (pointwise) sufficient condition can be derived. This last is not far from
a suitable necessary-condition for R, : LP((0,00),v(z)dz) — LI((0,00),u(z)dz). As
a consequence [in Proposition 2.5] we will see that (1.3) is a necessary and sufficient
condition for (1.1) (with T = R,] for monotone weights. And really [see Corollary 2.6]
this characterization remains true for a large class of weights. Similar results for the
operator W, as well as in the range ¢ < p are also obtained in Theorem 2.2, Proposition
2.4 and Corollary 2.7. Examples showing the computabilities of our conditions and also
the gain over past results will be presented in Corollaries 2.8 - 2.10.

The second purpose of this paper is the generalization of results for R, and W, to
the case of convolution operators (with decreasing kernel) which act on the whole real
axis (—o0o,00). These general results will be stated in Section 3. The last Section 4 is
devoted to the proof of our results.

While this paper is typesetted, I receive a preprint from V. Kokilashvili 5] an-
nouncing a full characterization for R, : LP((0,00),v(z)dz) — L9((0,00),u(z)dz)
with p < ¢. So from his collaboration with I. Genebashvili and A. Gogatishvili [4] then
it is known that this boundedness holds if and only if, for all 0 < € < b,

1

(/:L u(y)d;/) % (/ob_c(b - y)“"l)ﬂ'u"‘ﬂ'(y) dy) T <a (1.4)

1

([ w-vema) ([T orra)” < a 09

and

b—e

where A > 0 is a fixed constant. However, in [5] and [4] the reader would be aware of
confusions in the range of integrations.

In comparison with their result, one of the contributions of the present paper is the
treatement of the forbidden case ¢ < p. On the other hand, for the case p < ¢ the
interest in our results can be found on the computabilities of the conditions introduced.
The difficulties which appear in checking, for instance, condition (1.5) are alluded in
the next Section 2.
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2. Results for the Riemann-Liouville and Weyl operators
This section is devoted to the statement of our results (see Section 3) for the usal

Riemann-Liouville and Weyl operators when they act on (0,00). In this paper, it will
be assumed that

O<ax<l, 1 < p,gq < oo, p=—— 9 =

and

u(-),v! () are locdlly integrable and non-negative functions.

First we give a necessary and sufficient condition for the boundednesses R, : L?((0, 00),

v(z)dz) — L9((0,00),u(z)dz) and W, : LP((0,00),v(z)dz) — L1((0,00), u(z) dz)
whenever p < g or ¢ < p. : : .

Theorem 2.1. 'Suppose p < gq. The boundedness
Ry : L?((0,00),v(z)dz) — L?((0,00),u(z) dz)

holds if and only if for some constant A > 0

oo s/ R >
(/ z(a—l)qu(z)dz) (/ vl—p(x)dx) <A  foral R>0 (2.1)
2R 0

Ry : L?((0,00),v(z) dz) — LI((0, ), u(z) dz)

and

where Ry is the restricted operator given by

(Baf)@) = [ (== v)* f(y) dy.

[Nliad

Analogously,

Wo @ LP ((0,00),v(z) dz) — L* ((0,00), u(z) dz)
if and only if

1

oo ' ’ ;‘r R ; v
(/ gla=Dpyl=p (:c)dz) (/ u(z)d:c) <A forall R>0 (2:2)
2 0 '

R

and
Wa : L?((0,00),v(z) dz) — L((0,00), u(z) dz) -

where

— 2z
Waf)(z) = | (y—2)"7"f(y)dy.

z
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Theorem 2.2, Letg<pandr = ;9_%. The boundedness
Re : L?((0,00),v(z)dz) — L((0, o), u(z)dz)

holds if and only if for some constant A > 0:

/OOOK/22 (a- 1Nu(y) dy) l'(/Oz v 7% (y) dy>;l']rv"‘r*'(i)xdz;' <A 2.3)

Ro: LP((o,oo),v(z)dz) — L9((0,00), u(z) dz).

and

Similarly, o
Wao : L?((0,00),v(z) dz) — LI((0, ), u(z) dz) -
if and only if

1

| /0°° [(/2:0 y(a_l)plvl_"’(.y) dy) 4 (/0’ u(y) dy) ;] ru(i) dzr < A’ (2.4)

W - L7((0,00),v(z) dz) — LI((0, 00), u(z) dz).

Therefore, the real difficulty to derive Rq : L?((0, 00),v(z)dz) — L7((0,00), u(z)
dz) is on getting the weighted inequality R, : L?((0, %), v(z) dz) — LI((0, 00),u(z) dz)
for the restricted operator Ry. A characterization of weights u(-) and v(-) for which this

last boundedness holds is an open problem. However, it is possible to give a sufficient
condition as stated in the following two propositions.

and

Proposntlon 2.3. Letp < q. For p< qand p<  itis also assumed that ¢ < p*
wzth. = % — a. The boundedness: .

R, : LP((O,.oo),v(z) dr) — Lq((Q, 00),u(z) dz)

holds whenever, for a constant A > 0,

1

at+l-1 ' C1-p ”
R**37%( sup u(z2) sup v TP (y) <A foralR>0. (2.5)
R<z<2R 1 R<y<2R

Similarly, ‘ .
Wo : LP((0,00),v(z)dz) — L9((0,00), u(z) dz)
whenever
- 1 , 3 . . .
R°’+F"F( sup u(z)) ( sup v'7P (y)) <A forall R>0. (2.6)
1R<z<2R ‘\R<y<2R )

The hypothesié ona, p,qandp*in Proposition 2.3 is justified by the following fact:
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A necessary condition for Ry : LP((0,00),v(z) dz) — L9((0,00), u(z) dz)

-1 1
s - — =< .
P 9=

Indeed, this boundedness implies
1 SO >
ot (— / u(z)dz) (-/ v 7P (y) dy) <A foralla,t>0
t a+t t a .

and with a fixed constant A > 0. Therefore, by the Lebesgue diﬁ'erex'lt',iation theorem
if @+ % - ;7 < 0, then necessarily u(-) = 0 or v!7?'(:) = 0 a.e.

3

The condition (2.5) is not too far from a necessary one for R, : LP ((0,00),v(z) dz)
— L9((0,00),u(z) dz). Indeed, this last boundedness implies that for a fixed constant

A>0,
2R H R ,
Re™? (/ u(z)dz) (/ v 7P (y) dy) <A forall R>0
R 1R

2

VJ,..

and

2R R
/ u(z)dz <R sup u(z), / V' P(y)dy <R sup v'7P(y).
R ) R<z<2R iR }R<y<2R

Of course, analogous observations can be made for condition (2.6).

Proposition 2.4. Letg<pandr = ;){Lq. The boundedness

Ra: LP((0,00),v(z) dz) — L((0,00), u(z) dz)
holds whenever, for a constant A > 0 and a sequence (B(n))nez,
H &
1 . q ' 4
onleti—3 ( sup u(y)) ( sup  v'7P (y)) <B(n) YneZ (2.7)
2n Cy<2antt 2n-lgyant!

and

> B < A (2.8)

n€Z

Conditions (2.7) and (2.8) are not too far from the necessary condition

Y AR < ¢ (2.9)

neZ
for the boundedness R, : L?((0,00),v(z)dz) — L?((0, 00), u(z) dz), where

2n+l 1 2n+l

, A(n)=2"(°“)(/2n u(z)dz)q</2n_l vl_”(y)dy>;lr.
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The fact that (2.9) is a required condition can be seen by taking

N ntl #
f@= % 2*<°-1>%< / u(z)dz)
k=-M 2"
z , PP
< ([ @) T @ an(@)

in the corresponding inequality to R, : LP((0,00),v(z)dz) — L9((0,00),u(z)dz)
where N and M are arbitrary non-negative integers. :

For monotone weight functions, Theorem 2.1 and Proposition 2.3 can be used to
get easy characterizations for the above boundednesses.

Proposition 2.5. Let p < gq, with ¢ < p* forp< g and p < % Suppose that u()
and vl’pl(~) are monotone functions.

Condition (2.1) is a necessary and sufficient one for
R, : L? ((0,00),1)(:1:) dz) — L((0,00),u(z)dx)

whenever u(-) i3 an increasing function or whenever v!=P'(.) is a decreasing function.
The above equivalence remains true if u(-) is decreasing and v'~P'(-) increasing with
u(z) < cu(2z) or v17P(2z) < cv(z), for a fized constant ¢ > 0.

Condition (2.2) is a necessary and sufficient one for
Wo : LP((0,00),v(z) dz) — L((0,00), u(z) dz)

whenever v (-) is an increasing function or whenever u(-) is a decreasing function.
This last equivalence remains true if vl_pl(~) is decreasing and u(-) increasing with
v1=P'(z) < cv(2z) or u(2z) < cu(z).

Each monotone weight function w(-) satisfies the growth condition

2R
sup  w(z) £ Cl/ w(y)dy forall R>0 ©)
3R<z<2R R Jy-vr

where both C > 0 and N (an integer greater than 2) depend only on w(-). It will be
denoted that w(-) € C. For a monotone weight, then w(-) € C with the constant N = 2.
There are also non-necessarily monotone weights for which this property is fulfilled.
Indeed, it can be shown that w(-) € C whenever w(-) = wo(-)1[0,1)(-) + w1(-)1(1,00)(")
where wg(-) or w;(:) is an increasing or decreasing weight function, respectively.

For u(-), v! _”'(‘) € C, by Proposition 2.3, then the boundedness Rs: LP ((0, 00),v(z)
dz) — L9((0, 00), u(z) dz) holds whenever

R v/ (R , > '
Re-1 (/ u(z) d:c) (/ v 7P (1) dz) <A VR>0. . (210)
2-2(N+1)R 2=UAN+HR

Also (2.10) is a sufficient condition which ensures W, : L?((0, 00), v(z) dz) < L9((0, %),
u(z)dz).
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Corollary 2.6. Letp < gq, withqg <p* forp< qandp< i Suppose that u(-),
1-7' (-)€C. Then (2.1) is a necessary and sufficient condition for

Rg : LP((0,00),v(z)dz) — L7((0, 00), u(z) dr)

whenever (2.10) s satisfied. Also under (2.10), then (2.2) is a necessary and sufficient
condition for

We : LP((0,00),v(z)dz) — L9((0, 00), u(z) dz): .

In order to state an analogous result for the case ¢ < p, it is convenient to introduce
the condition :

2(N+1) g 2N+l g

< c(/: y @ Du(y) dy) ' (/ORv’f"(y) dy) v (/}:Rv’f”'(y) dil) g

Corollary 2.7. Let q < p and r = ’—E%. Suppose that u(-), v'"?'(:) € C. Then
(2.3) is a necessary and sufficient condition for

R, : L? ((0,00),1)(:1:) dz) — L? ((O,w),u(z) dr)

whenever (2.11) is satisfied.
To illustrate these results, some examples are now given. .
Corollary 2.8. Let p < gq, uith ¢ < p* for p< q and p < 7. Define u(z) = zf—!
and v(z) = 257, The boundedness :
R L*((o, oo),v(a:)d:z:) — LI((0, oo),u(z dz)
Kolds if and only if both & < p and B < (1 — a)q and -

atf 8 o (2.12)

_ ¢ p :

Similarly, - o L »
: W i LP((0,00),v(z) dz) — LI((0, 00), u(z) dz)

if and only if both 0 < 8 and ap < § and (2.12) is satisfied.

As mentioned in the introduction, according to K. Andersen and H. Heinig [1]
then R, : LP((0, oo),v(:z)d:c) — L"((O o), u(z) da:) whenever, for some ¢ € [0,1] and
A>0,

</:(y'— R)<°“"4u(y5dy) % ( /0 (& - y)("“"““””v""'(y)dy’) <4

‘J,..
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for all R > 0. Taking u(y) = y?*~! and v(y) = y*~! then .

o0 2R oo V o
3 / (y — R Dety(y) dy = / + / (y — R Deayf-1gy
R . . ! R 2R T
R foe)
x Rﬁ‘l/ t(°_1)“’dt+/ ylomDeath=lygy
0 2R oL

Consequently, to continue the computations it is required that 8 < (1 — a)eq < 1. And
analogously

R
/0 (R — )@= D=0, 1=0 () dy

IR /R
=/ +/, (R—y) D091 =P () dy
0 iR

lR 1

zR(u—lm—e)p'/5 y(l—p')(a—l)dy+R(l—p')(é—x)/’ fla=Da=e)p' g4
0 . 0

and it requires that § < p and (1 — a)(1 — €)p’ < 1. So the real ¢ must satisfy
i —a<egl —a)< %.‘ Therefore, this Andersen-Heinig’s result can be only applied
whenever f < 1 and ;7 -—a < %. In view of Corollary 2.8, these restrictions are not

necded since it is necessary. that 8 < (1 — a)q and % —a< %.'

- As seen in the introduction, for u(-) € A}, and p < g, by a result due to M. Lorente
and A. de la Torre (6], the boundedness W, L”((O 00),v(z)dz) — L((0, 00),u(z) dx)

is equivalent to

(/:L 1,, (y)dy)v(/ob e(b.‘ y)(°_')qu(y)§y>%~~s A

for all b and € with 0 < e < b.

Compared to (2.2) and (2.6) {see the proof of Corollary 2.8] this last condition is more
delicate to check. To justify this (,la:m consider again the case of power weights u(y) =

y?~Land v(y) = y*~'. The term fb v! =% (y) dy is evaluated following b < e < b or
0 < & < 3b. In the first case then ::: 19 (y)dy < fo v!'~?'(y) dy and in the second
case it is used that v(y) =~ b*~! for b—e < y < b+e¢. The term fob_e(b— y)(@~Dey(y).dy
is more subtle to estimate than the first one. For %b < & < b the main point is (b—y) = b

for 0 < y < b—¢€ < }b and then fob_c(b —.y)("‘.l.)qu(y) dy < cble—1e fé’ u(y)dy. And
for 0 < & < $b then

/b ’(b D"y dy = / # / " C(b i) dy

Scb(_a—l)q/? u(y)dy+b(ﬂ—1)/’ He=Dagy
0

&
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So the sequel of computatlons depends on the sign of (o — 1)¢ + 1. For instance, if

(e —1)¢ +1 <0, then f’ tla=1)adt o gla=1)a+1 for ¢ —, 0.
All of these considerations lead to think that the conditions used in our results are
quite easy to apply for explicit computations compared to known results.

Weights which are not necessarily of power type can be treated by the above results.

Corollary 2.9. Let p < q, with g < p* forp < qand p < % Define the weight
functions
u(z) = xﬂ_ll(o’%)(z) + 17_11(%,00)(3:) with (1~ a)g < B
and
v(z) = 2?71 ln”(z")l(o,%)(z) + zo_'l(%lm)(:c) with 8 < p.
The boundedness
R, : LP((0,00),v(z)dz) — LI((0, 00), u(z)dz)
holds if and only if y < (1 —a)g < B and
8
at+ X<, (2.13)
q p

What is remarkable in this example is the fact that fOR v(l_”’)‘(y)dy =oofor R < %
and € > 1. So this boundedness cannot be treated by using a bumping condition like

1 1
i_a1 (1 Tott /1 Tott ’ Iy
totes (-/ u=(z)dz> (—/ v1-P )‘(z)dz> <A Vizo>0
t zo—t t zg—t
as it is introduced and used in [11} to treat weighted inequalities for the two-sided

operators I, = Ry + W,,.

Finally, we give an example for the case ¢ < p which is new since it seems there is
no available papers which treats the problem for this case.

Corollary 2.10. Letg <pandr = 2. Letu(z) = 87110 1y(2) + 277 (g 00y (2)
and v(z) = z87. The boundedness
Ra: LP((0,00),v(z)dz) — L((0, 00), u(z) dx)
holds whenever both § < p and v < (1 — a)g and
a+2T<lcal S ew
g9 p q

Let u*(z) = zU-90-1 gnd v*(z) = 21-PE-D1 4 y(z) + -0 1)1(1 wo)(z). The
boundedness

Wa @ LP((0,00),v *(z)dz) — L((0,00),u*(z) dz)
holds whenever both 6 < ¢' end v < (1 — a)p’ and

1)
a+—;<—,<a+£,. (215)
p q p

For an explicit example suppose

wi—

2 : 1 '
0<acx 3 u(z) = 15_11[0_1](2:) +:z"_ll[,_°°)(:c), 1= 8>2, v(z)=z2.
Then Ry : L*((0,00),v(z) dz) — L2((0, ), u(z) dz).
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3. Results for convolution operators

In this section the results in Section 2 are generalized for convolution operators like

(@N@ = [ Ke-ni)d
where K is a non-negative kernel quasi-decreasing, 1.e.
K(R;)<cK(Ry). forall 0<R, <R (3.1)
and satisfying the growth condition
K(R) < cK(2R) forall R >0. . (3.2)

In (3.1) and (3.2) the constant ¢ > 0 depends only on the kernel K(-). Without (3.2)
our results remain true if in each occurence K(R) or K(z) is replaced by K(CR) or
K(Cz), respectively, where C > 0 is a constant depending only on K(-), p and gq.

Our purpose, in this section, is to study the boundedness
T: LP((—00,00),v(z)dz) — LI((—00,0),u(z) dz)

which means

(/ (Tf)q(z)u(:z)dz) ' < C(/ fP(z)v(z) dz) " for all f(-y=o. (3.3)
Of course, here C > 0 is a fixed constant. For shortness, we will restrict to the range

p<gq

The case ¢ < p can be also treated as it is done in Section 2 for the Riemann-Liouville
and Weyl operators.

First a necessary and sufficient conditions for T : L? ((—oo, 00),v(z)dz) — L9 ((—oo,
o0),u(z)dz) is stated.

Theorem 3.1. The boundedness
T: LP((—o00,00),v(z)dz) — LI((—00, 00),u(z) dz)

holds if and only if, for a constant A > 0, the three conditions

TS

(/2: K"(z)u(z)dg;) 4 (/oR.[vl—”'@) + v“”'(_z)]dz) <A VR>0 (34)

k(M) ([[vreow) <4 vrso 6o

2
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and - . N ’ N
T: L”((O,oo),v(z)da:) — L%((0, 00), u(z) dz)
T LP((0,00),v(—%) dz) — L9((0,00), u(~z) dz)
are satisfied, where

- z - 2z
@@ = [ Ke-vfw)dy ad (0@ = [ K- 2563

72

In general, the three conditions (3.4) - (3.6) do not overlap. Indeed, take for instance
K(z) = |z|*! and u(z) = |z|?~!. Then (3.4) can only be held whenever at least
B < q(1 — «). For (3.5) it is needed that 8 > 0 which is not a priori the case for (3.6).

Although a characterization of weights u(-) and v(-) for which T : LP((0, 00), v(z)
dz) — L7 ((O oo),u(z)dz) is an open problem, it is not too difficult to derive a sufficient
condition. This last one depends highly on further propert.les of the kernel K. So two
results, going in this direction, are given.

Proposition 3.2. Assume that, for some ¢ € [0,1] and ¢ > 0,

R R .
/ K*(z)dz < ¢R x KI(R), / KU=9%(3)dz < cR x K'=9%(R).  (3.7)
0 0
The boundedness
T: L?((0,00),v(z)dz) — L? ((O, 00),u(z) dx)
holds whenever for a constant A > 0
VN
R +_'K(R)( sup u(z)) ( sup v'7P (y)) <A VR>0. (3.8)
: R<z<2R {R<y<2R o .

Simalarly, N
‘ T* : L?((0,00),v(—z) dz) — L((0,00), u(—z)dz) -

holds whenever

Q-

- :

»

( sup - v'7P (—y)) <A VR>0. (3.9)
R<y<2R

R%*‘:"K(R)( : s;lp u(—z)) ,

1 R<z<2R

For K(z) =z°"! (0 < a < 1) then (3.7) can hold whenever
1 S |
l-—o)<(Ql-a)e<=. 3.10
(5-o) <-ax<. (3.10)

Thus for = <p, cond:tlon (3.7) is always satisfied whenever 0 <€ < min(l, == 1 — ) And
for p < 1, a necessary condition for (3.10) 1s p—. = ;—J —a< 3 or g < p*. Consequently,
the boundedness T : L?((0,00),v(z)dz) — LP"((0,00),u(z) dz) cannot be decided

from Proposition 3.2, and another kind of criterion is needed.
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Proposition 3.3. Assume that for somep > qand ¢ >0

T : L?((0,00),dz) — L?((0,00),dz) (3.11)
and o

1<cR"*5K(R) forall R>0. o (3.12)
Then condition (3.8) implies the boundedness

T: L?((0,00),v(z) d:c) — L9((0,00),u(z)dz).

Szmzlarly, condition (3 9) yields

* +.LP((0,00),v(—z)dz) — LI((0,00),u(= a:)dz)
whenever - : ‘ '
‘ T* : LP((0,00),dz) — L?((0, 00), dz) . (3.13)
and (3.12) i3 satisfied.

Hypothesis (3.12) is only introduced in order to have the same sufficient conditions
in Propositions 3.2 and 3.3. Without (3.12) it will be seen in the proof that [with (3.11)]

the boundedness T : L?((0,00),v(z) dz) — L?((0, 00), u(z) dz) holds whenever

1 ! : ] f
R%_f"'( sup u(z)) ! ( sup v'7P (y)) <A for all R > 0.
R<z<2R 1 R<y<2R

Now these results are applied to the case of even and quasi-monotone weights. Here
w(-) is said to be an even and quasi-monotone weight if w(z) = wo(z) for z > 0,
w(—z) = wo(z) and where wp(-) is quasi-monotone on (0, 00). Remind that the quasi-
decrease is taken in the sense of (3.1) [and ¢(-) is quasi-increasing if ';() is quasi-
decreasing}.

Proposition 3.4. Assume that property (3.7) 1s fulfilled or all three éonditior;s
(3. 11) (3.13) are satisfied (so in this last case p < ¢ < P). Suppose that u(-) and
v1=P'(.) are even and quasi-monotone weight functions. The boundedness

T:L” (_(—go, 00),v(z)dz) — ;L" ((—qo, oo), u(z) dz)

holds if and only if the following three conditions are satisfied:

(/2: K"(z)u(z)dx) : (/OR ul-P’(z)dz) "<4 JoraiR> 0 (314)
| (AR “(")d”) % (/2: K”'(f)v“”'(z)dx> <A foradlR>0  (3.15)

1\"(R)</;: u(z:)dz) ' (/OR p‘-v'(z)dz) <A foralR>0. (3.16)

2

HJ,_

e
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Better, if u(-) is quasi-increasing or vl""(~) 18 quasi-decreasing, then
T: LP((—o0,00),v(z)dz) — L? ((—00,00),u(z) dz)
if and only both (3.14) and (3.15) are satisfied. This last equivalence remains true

whenever both u(-) and v!P'(.) are quasi-decreasing with u(z) < cu(2z) or v! 7P (z) <
cvl“"(2z), respectively, for a fized constant ¢ > 0.

Note that the conditions (3.14) and (3.16) can be combined as

(/: Ki(z)ule) dz) % (/OR v' 77 (2) dz) g for all R > 0.

Since the class C (see Section 2) is larger than that of quasi-monotone weights, it
would be interesting to state results for weights belonging to this class.

Proposition 3.5. Assume that property (3.7) is fulfilled or the conditions (3.11) —
(3.13) are satisfied (so in this last case p < q < P). Suppose that u(-), v'~?'(-), u(—-),
w17 (=.) € C with the (integer) constant N > 2. Then (3.4) — (3.6) are necessary and
sufficient conditions for the boundedness

T: LP((—00,00),v(z)dz) — L((—o0,00),u(z) dz)
to hold whenever

K(R)(./;RNRu(z)dz)%(/zR vl_”l(z)dz>;lr§A VR>0 (3.17)

-2 —ZNR

K(R)(/QR u(—z)dx)%</:z ul-ﬂ’(_z)qug/; VR>0. (3.18)

-2NR -2V R

For the dual operator T* of T defined by
@NE) = [ K-2rw)d

similar results for the boundedness T* : L?((—o0,0),v(z) dz) — L?((—00,00), u(z) dz)
could be also obtained, by using its equivalence with T : L¢ ((—o0, 00), ul =9 (z) dz) —
L (=00, 00), v‘_"’(z) dz). Just the analogous of Theorem 3.1 is stated.

Theorem 3.6. The boundedness
T* : L?((~00,00),v(z) dz) — LI((~o0,00), u(x) dz)
holds if and only if for a constant A > 0 the three conditions
o ) = R 3
(/m K? (z)o' P (:c)dz) (/0 (u(z) +u(—z)]d:t> <A VR>0 (3.19)

1

(/OR[vI-P'(x) + v‘—P’(—x)]dz) g (/2: K"(z)u(—z)qu:)% <A VYR>0 (3.20)

K(R)(/j:vl_”’(z)dz);7</0Ru(—z)d$)$ <A VR>0 (3.21)

2
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and

T: LY ((O,w),ul_"l(m) dz) — L” ((0,00),111""(2:) dz)
T* . L7 ((0,00),u' "7 (~z) dz) — L?' ((0,00),v' P (~z) dz)

are satisfied.

4. Proofs of Results

First a useful lemma for the proofs is given. Next we will prove the results for convolu-
tions operators stated in Section 3. The last place is devoted to the proofs of results in
Section 2 which are not direct consequences of those in Section 3.

It is convenient to state the classical Hardy inequalities [10] in the appropriated
forms as needed in the proofs.

Lemma. Define the Hardy operators H and H* by

L
3T

)@= [ Sy emd  (H ) = /:of(y)dy.

Then:
(A) For p< q or g <p,

H: L?((0,00),v(z)dz) — L((0, 00), w(z) dz)

if and only if, for a constant A >0 and all R > 0,

() (o)
[0 wm)' ([ rms) |-

'

or

respectively.

(B) Similarly, for p < q ot ¢ <p,
H* . LP((0,00), w(z)dz) — L?((0, 00),u(z) dz)

if and only if, for a constant A >0 and all R > 0,

(/Z:w“"(y)dy);lr(/ORu(y)dy)% <A

I wrwm)’ ([ o) o2

or
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respectively.
(C) Analogously, for p < q and (Hf)(z) = [7* f(y)dy,
H: LP((0,60),0(z) dz) — L7((0, 00), w(z) da)
if and only if, for a constant A >0 end all R > 0,

(/:ww)dy)%(/ORv‘-P’(y)dy);l' <4

2

where r.= ;gf.—q whenever g < p.

Proof of Theorem 3.1. To get
T: D’((—-oo,oo),v(a:) dz) — L¢ ~((~<>o,c>o),u(:c) dz)
[or (3.3)] it remains to estimate [ (T'p)!(z)u(z)dz for any @(:) > 0: Since
P() = FO)+9()  with F() = (VL) and g0) = G()(cowy();
then
[ @orane) e~ {5+ 5,45 +5.)
where

5= [0 @rpniein 5= | @ e

; | .
= [ Toran()ds, s | @oreue .

So we have to bound each S; (1 =1,...,4) ny C(ffooo np”(z)v(:c)dz)%, where C > 0 is
a constant which does not depend on the function ¢(-). '

Estimate of S;: For z < 0, by the definition of f(),

@)@ = [

,— o0

z

K(z —y)f(y)dy=0
and so §; = 0. »
Estimate of S;: The purpose is to get
- oo N _.‘-%.‘.__..'
5, =/ (T (2)u(z) dz < C(/ fp(:l:)v(:z)dz) . (4.1)
o =, , A S AS

For each z > 0 then

@@ = [ K -wiar+ [ Ke-psway

1
22

~ K(z) f(y)dy + / " Kz - y)f(y) dy

— K(@)(Hf)(z) + (Ff)(z).
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The equivalence is true since %:c <r—-y<zforl<y< %z and the growth conditions

(3.1) and (3.2) on K(-) lead to the conclusion. Consequently, inequality (4.1) holds if
and only if

H :.LP((O,oo),v(z-) dz) — L?((0,00), K*(z)u(z) dz)
and
T : LP((0,00),v(z)dz) — LI((0,0), u(z) dz).

By Part A of the Lemma [with w(z) =‘K-v"(x)u(x)] the first boundedness is true if and
only if, for a constant A > 0, :

‘L

(/2: K"(z).u'(z)dx> ’ (/on?;”'(z)dx) ” <A forall R>0. (4.2)

This inequality is one part of condition (3:4), whose other part is

(/Q:Kf(q.(z)u(r)dx) % (/OR v~ (~2) dr) 55 A for all R>0. (4.3)

Note also that (4.1) is a necessary inequality for (3.3). So we have been proved that
(4.2) and T . L» ((0,00),v(3:)d:r) - L"((O,oo),u(z) d:z) are necessary conditions for
T : LP((~o0,0),v(z) dz) — LI((—o0, c0), u(z) dz) to hold, and they are also sufficient
to get (4.1). .

Estimate of S3: Now the inequality under the consideration is

S5 = /_Oco(Tg)"(:c)u(z)d:z: < c(/_ow g”(:c)v(:c)dx) o (4.4)
For each z < 0 then
@@= [ ke + [ Ke-vew
x [ ks [ e - e

Indeed, —%y <z—y< —yfory <2z (<0). So (4.4) becomes equivalent to

1

/0 [ ) K(=v)g(y) dy]q“(x) dz < C(/o 9”(m)v(z)dz) ’ (4.5)

—00 — 00 —00

and
2

—o0

Changes of variables yield . ' T

- 00

0 oo .
/ gP(z)v(z)dz =/(; G(z)P(z)v(—z)dx with G(z) = g(—=z),
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/ [/ (—v)g( y)dy] u(z)dz_/ [ _hK(—y)g(y)dyru(_g,:)dJr

= /Ow[ ” K(2)6() dz] qu(—x)da:

2z
and

L[ xe-mswa] wwae = [7] [ ke i) ] -y

-2z
oo 2z q
=/ [ K(z~ x)G'(z)dz] u(—z)dz
Ooo ~z
= / (T*G)(z)u(—z) dz.
0
These computations show that (4.5) and (4.6) are respectively equivalent to
H*: LP((0,00), K~?(z)v(—z) dz) — LI((0,0), u(—z) dz)
and

T* : L?((0,00),v(—z) dz) — LI((0,00),u(~z) dz). .

By Part B of the Lemma [with w(z) = K~P(z)v(—z)] the first boundedness is true if
and only if, for a constant A > 0,

1

(/OR “(—x)dx)%(/: KP'(x)v“"'(—z)dz)? s‘A forall R>0.  (4.7)

This is one part of condition (3.5) whose other part is

1
4

(/()R“(I)dz) % ( 2: K”'(z)v“”'(—x)dr) " <A forall R>0. (;.8)

glearly, (4.4) is a necessary inequality for (3.3). So the conclusion is that (4.7) and
T* : LP((0,00),v(—z)dz) — L?((0,00),u(—z)dz) are necessary conditions for T :
L?((~o00, 00),v(z) dz) — LI((—00,00),u(z) dz) to be satisfied, and they are also suffi-
cient to get (4.4).

Estimate of S4: The aim is to prove

4

Sy = /Ooo(Tg)q(:z)u(x) dr < C'(/_ g7 (z)v(z) dx) y. (4.9)
‘ For each z > 0 then
-2z 0 )
@) = [ K@-vewdv+ [ K= vat)dy

~ /__ ’ K(-y)g(y) dy + K(x)_/_2 9(y) dy.
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Indeed, —%y <z-y<-2yfory< -2z (<0),andz < z—-y < 3z for -2z < y < 0.
So (4.9) is equivalent both to

1

/Ooo[ —2z K(—y)g(y)dy]qu(z)dz < C(/0 gp(g:)v(z)dz) ’ (4.10)

- -0

and
2

/09° [/_o2zg(y)dy]qKq(x)u(:c) dz < C(/_ooo gp(z)v(z)d:z:) . (4.11)

_Again changes of variables is used with the function G(z) = g(—z) in order that
oo -2z q oo o0 q
L2 xevswa) worss = [7][7 ko661 weds
Y —oo 0 2z .

and

oo 0 q oo 2z 9
/0 [/_2 g(y)dy] K (z)u(z)dz =/0 [ ; G(z)dz] K9(z)u(z) dz.
Consequently, (4.10) and (4.11) are equivalent to
H* : L?((0,00), K?(z)v(—z)dz) — LI((0,00),u(z)dz)
and
H: LP((0,00),v(—z)dz) — LI((0,00), K%(z)u(z) dz),

respectively. By Part B of the Lemma the first boundedness is equivalent to (4.8), and
by Part C of the same Lemma, the second holds if and only if

(/: K"(r)u(r)dx) % (/oﬂv“"(—x)dr> ! <A foral R>0. (4.12)

2

This last condition is both equivalent to (4.3) and

(/j: K"(z)u(x)dr) ' (/onl-P’(—z)dx) d <A

2

which is nothing else than condition (3.6). Since (4.9) is a necessary condition for (3.3)
to hold, then the boundedness T : LP((—o0,00),v(z) dz) — L9 ((—00,00),u(z) dzr)
implies (4.8), (4.3) and (3.6). These conditions are also sufficient to obtain (4.9) il

Proof of Proposition 3.2. We only derive T : L?((0, 00),v(z)dz) — L?((0, 00),
u(z)dz) from (3.8), since similarly T* : L?((0,00),v(~z)d) — L9((0,00), u(—xz) dr)
can be obtained from (3.9). The main key is to see that (3.7) and (3.8) implies, for
some positive constants ¢, 4 > 0 and all R > 0,

2R %

K9 (z - R)[ KG=a9 (g 2 P (2) dz ’ u(z) dz < c A%, (4.13)

1
2:

R
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‘Once (4.13) is established, the fact that T: L?((0,00),v(z) dz) — LI((0,00),u(z) dx)
can be proved by using the usual Hélder inequality. Indeed, for f(-) > 0, z > 0 and
€ € [0,1] then

1
z LS

(TF)(e) < ( K(z ~ 1) f(v)o(y) dy)” x (V(z)) "

1
22

where V(z) = [ KU=9%(z - 2)v'?'(2)dz. So by the Minkowski-inequality 221
P 2 . N .
then (4.13) yields

- (/ w(ff)*'(%)u(x)dzf

< { / ” [ JSCE ‘y)f”(y)v(y)dy] "V ) dz} °

1
22

< ["reu [ / Y K - y)vf’mu(z)d.x] “a

< (;l;% /}:RK“’(z -R) [/ KO- (g _ z)v!-i”(z)dz] ;!ru(:c)dz)%
< [ e "
< AP /000 fP(y)v(y) dy.

Now to gét (4.13) the following cénéequ_ences of (3.7) are us'eful: '

2R

R
K*(z - R)dz = / K*®(z)dz < cR x K*R)
R . 0 : «

and

z ' iz
/ K97 (2 _ 5)dz = /2 KW= (2)dz (o ocecany
0

11
22

R
< / K- (2)d=
0
A . < cRx KO-9P(R).
Indeed, using (3.8) thén ' _ )
4 2R T , . ;!r
/ K®(z -~ R) [/ KU=9% (7 _ 2P (z')dz] “u(z)dz
R %z ’ X . .

| NS
< ( sup u(Z))( sup v'7P (y))
R<z<2R 1R<y<2R

2R z , ':r
X / Kz — R) / K1=9P (g _ z)(z)dz] dz
R

1
22
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1

S[R%’L?I’K(R)( sup U(Z))F( sup v"”’(y))f']q

R<z<2R {1 R<y<2R
< A?
and Proposition 3.2 is proved il

Proof of Proposition 3.3. For convenience set

Un)= sup u(z) and V(n) = sup v 7P (y)
2ngz2ntt gn-lgygantl

for each integer n € Z. A crucial key for the proof is
oM HUT (n) S cA(v(y))?  for ae. y with 27 <y < 2L, (4.14)
Indeed, the chain of computations, which leads to the boundedness 7
T : LP((0,00),v(z)dz) — L((0,0),u(z)dz)

with p < ¢ < P, can be presented as follows:

/ow(ff)q(:c)u(x)dx = HEG:Z/Z"<2<2'-+1 [/;(x _ ¥)° " f(y) dy] qu(z)d;
< nzezu /Z"H(Tfl[zn-‘,2n+l])q(z)dz |
< nzez2n(l Du., (/n"“(Tflun-l'2"“])’7(1)(11)0?

(by the Hilder inequality if %>1)

<o yr b

ncZ

2n+l 12

)

n=-1

(since T:LP((0,00),d2)—LP ((0,00),d2))

2 1_2 1 p %
—a X ([ relreiuio)s)
Conez MPTH
. 2n+l 1
<A’y ( / ' f”(y)v(y)dy) (b5 weing (4.142)
" neZ net
2'\-{»1 %
< C2Aq (Z/ fp(y)v(y) dy) (since %2[)
n€Z

2n+1

_cqu(nZez/;" ‘ / f’(y)v(y dy)1

= c3 A ( / FP(z)v(z) dx)
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Observation (4.14) appears easily by using conditions (3.12) and (3.8). Indeed, if 2"~1 <
y < 2"*! then a.e.

2"e = Hlyt (n) = 2" () (01 () 7 x (u(y))

< 2"[%"}]&(%(71)1)?"(71) X (v(y))‘l_’ (by the definition of V(n))

< 2T TK@MUT M)V () x (1) o0 sreserts 1
1

< cA X (v(y)) 4 (by condition (3.8)).

The proof for the boundedness T* : LP((0, 00), v(—xz) dz) — L9((0,00),u(~xz) dz) can
be also seen as above B

Proof of Proposition 3.4. Since u(-) and v(-) are even functions, then condi-
tion (3.4) and (3.5) is the same as (3.14) and (3.15), respectively, and (3.6) becomes
(3 16). So following Theorem 3.1, then (3.14) — (3.16) are necessary conditions for

T : LP((—o00,00),v(z)dz) — L"((—oo o), u(z)dz).

Conversely, again by Theorem 3.1, to get this boundedness it remains to prove T :
LP((0,00),v(z)dz) — L?((0,00), u(a:)dz) and T : L?((0,00),v(z)dz) — LI((0,00),
u(z) d:c) Since u(—z2) = u(z) and v(y) = v(—y) then, following Proposition 3.2 or 3.3,

1t remains to check
1

A(R):R%"?"K(R)( sup u(z));( sup u‘-ﬂ’(y));'gA (4.15)

1R<z<2R $R<y<2R
for all R > 0, where A > 0 is a fixed constant.

For u(-) T and v!~P'(:) | (i.e. u(-) is quasi-increasing and v17P'(.) is quasi-decreasing)
condition (3.14) is used to get

AR) < ¢ (/m va(z)u(z)‘dz) ' (/f:v‘-r'(y) dy) 4 < oA

4

For u(-) T and v!~7'(-) T condition (3.14) is also used to get

1

.A(R)<Cz(/ K9(z u(z)dz) (/: l_”l(y)dy),’%fczA.

For u(-) | and v!~?'(-) 1, condition (3. 15) is used to get

-A(R)Scs( / e dz) ( / K7 (gt **(y)dy)’% < s

Finally, for u(-) | and v!~*' () {, condition (3.16) is used to get

A(R) Sc.;K(ER)(ARu(z)dz) ( 03 e ”(y)dy);lr < cih

If moreover u(z) < cu(2z), then condition (3.14) is sufficient to conclude since
L

A(R) < ¢s (/: K"(z)u(z)dz) ) ( 0 17 (y) dy> < csA.

Similarly, condition (3.15) leads to the conclusion if moreover v~ (z) < cv!~?'(2z) B
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Proof of Proposition 3.5. By Theorem 3.1, conditions (3.4) —(3.6) are necessary
ones for T : LP((—00,00),v(z)dz) — L((—00,00), u(z) dz).

Conversely, again by Theorem 3.1, it remains to get T: LP((0,00),v(z)dz) —
L9((0,00),u(z)dz) and T* : LP((0,00),v(~z)dz) — L?((0,00),u(~z)dz). And, by
Proposition 3.2 or 3.3, it is sufficient to prove mequahtles (3.8) and (3.9). The ﬁrst
inequality appears now by using the fact that u(-),v'~ d (-) € € and (3.17) since

1

R R ( s u@) (| s v‘-P’<y))#

R<z<2R %R<y<2}{

¢ , o
<k [ wae)' (| o
2-MR<z<2¥R 2-NR<y<2¥R

S ClA.

Similarly, inequality (3.9) also appears by using the fact that u(—-), v!P'(--) € C and
(3.18) 1

Proof of Theorem 2.1. This results is.an immediate consequence of Theorem 3.1.
Indeed, for instance, the boundedness R, : L”((O,oo),v(z) d:c) — L"((O,oo), u(z)dz)
can be seen as T : LP((—00,00),v(z)dz) — L?((—00, 00), u(z) dr) with K(z) = z°71,
K(-z)=0,v(-z)=0and u(—z) =0forz > 018

Proof of Theorem 2.2. With K(z) = z°7?, v(-z) = 0 and u(—z) = 0 for
z > 0, by the proof of Theorem 3.1, the boundedness Rq : L*((0, 00), v(z)dz) —

L9((0,00),u(z) dz) is equivalent to ﬁu . LP((0,00),v(z)dz) — L9((0,00),u(z)dz)
and H : LP((0,00),v(z)dz) — L9((0,00),z(~V9u(z)dz). This last boundedness is
equivalent to condition (2.3) because of Part (A) of the Lemma.

The result for W, : LP((0,00),v(z) dz) — LI((0,00),u(z)dz) can be xmmedlatly
deduced from the first part since this boundedness is equivalent to Ry LY ((0,00), u?
(z)dz) — L?'((0, 00),v! 7P (z) dz). Thus Theorem 2.2 is proved B

Proof of Proposition 2.3. The boundedness R, : LP((0,00),v(z) dz) — L?((0,
00), u(z) d:z) will be obtained from Proposition 3.2 or Proposition 3.3.

As it is seen in Section 3, Proposition 3.2 can be applied under one of the following
conditions:

= ¢ for which e = ~

L1 <p<gfor whlch e is taken such that 0 < ¢ < min(1, = 1 i

p<¢,p<yg L and p < ¢ < p* for which € € (0,1] is taken as in (3.10).
Proposition 3.3 is really needed when p < ¢, p < 5 1 and p < ¢ = p*. The boundedness

in (3.11) [with p = p°] is satisfied since it is well- “known that R, : LP((O 00),dz) —
L?" ((0,00), dz) (see, for instance, [2]) and (3.12) is satisfied since 3 o+ e p +a-1=08
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Proof of Proposition 2.4. The crucial key for the proof is
2n+1 2n+l i3

L Epreua o[ rowa) e

where B(n) is given as in (2.7) and ¢ > 0 is a constant which does not depend on
n. Indeed the chain of computations, which leads to R, : L?((0,00),v(z)dz) —
L7((0, 00), u(z) dz), is as follows:

2n+l 1

[ Epreneiz<a L[ rorma)’ oo

nez

ca(gre) (5 ros)’

P )() dy) ”
meZ nez

an+1 1
<Cl 49(§ / /
2n-1

FP(y)v(y) dy) (b (2.8))
n€zZ

= cp AT ( /0 fP(2)o(z) da:)

It remains to prove (4.16). For this purpose define U(n) and V(n) as in the proof of
Proposition 3.3 and observe that, for 2" < z < 2"*+!  then

(Raf)(z) = .. (z—y)" 'f(y) dy

2n+l

1

<(/; , YT ”Wy)%( zf"('z)v@)(z —2) )

gcsz""#v:"(n)( . FP(2)(2)(z — 2)°” ldz)

Consequently, (4.16) appears since
2n+l

[ ary@uas |
<c 2"“"v‘f(n)u(n)/2w[ FP()o(z)(z — z)°.-‘dz] Cie
< c42"‘°;*+“?'vf'(n)u<n)( / 7(2)0(2) [ / ( - z)° ‘dr] dz)
2nH!

< csz"“’%*“f*“ﬁv;”(n)u(”)(/

1

n—-1

f”(z)v(z)dz)

n41
=cs[2"l°+%-%lv;‘r(n)u%(n)] ( ’ fv(z)v(z)dz)'
2n 1 H

<o) [ ooy

- and Proposition 2.4 is proved i
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_ Proof of Proposition 2.5. In view of Theorem 2.1, the main problem is to prove
Ry : LP((0,00),v(z)dz) — L?((0,00),u(z)dz) which by Proposition 2.3 remains to
check (2.5), i.e. forall R > 0

11

A(R)=R°+%-;( sup u(z))%< sup v‘_”'(y)>;lr§cA.

R<z<2R 3 R<y<2R

where ¢ > 0 is a fixed constant and A > 0 will come from the condition (2.1) which is
used in each of the following cases.

For u(-) 1 and v'~?'(-) | then

oo % %R ,
A(R) < (/ z("_l)"u(z)dz) </ v 7P (y) dy) <.cA.
2R iR

For u(-) 1 and »'~?'(-) 1 then

oo % 4R " ;lr .
A(R) € c2 </ 2Ny () dz) (/ v 7P (y) dy) < crA.
8R 2R

For u(-) | and v'~?'() | then

oo % %R ,
A(R) < c3 (/ z("_l)"u(rz)dz) (/ v!7P (y)dy) < c3A.
iR aR

-

\’_l_.

Finally, for u(-) | and v!=P'(:) 1, the extra-assumption for u(-) or v'~P'(-) is useful. For
instance, when u(z) < cu(2z), then

oo % 4R , ;lr
A(R) € cs (/ z("_l)"u(z)dz) (/ v 7P (y) dy) < cyA.
8R 2R

. . . . . ' —_p' . .
The same conclusion is also satisfied if v! 77 (2z) < cv!~P (z), since

. bopm N
A(R) L ¢cs (/ z("'l)qu(z)dz) (/ v 7P (y) dy) < csA.
iR 1R

The result for W, : LP((0,00),v(x) da:) — L%((0,00),u(z)dz) can be obtained by

duality arguments il
Since Corollary 2.6 can be seen as Proposition 2.5, we can only focuse on the

Proof of Corollary 2.7. In view of Theorem 2.2 and Proposition 2.4, to get
R : LP((0,00),v(z) dz) — L* ((0,00),u(z)dz) then it is sufficient to check conditions
(2.7) and (2.8) from (2.11) and (2.3). By the growth condition (C) then

oN4n QN +14n

sup u(y) < 01(2_“)/; u(z)dz < cz(2_(“+l))/2 u(z)dz

2ny<2nt! - N4n ~(N414n)
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and oV +1dn

sup  v'7(y) < (27D ' (2) de.
Zn—l<y<2n+l 2=(N+14n)

Calling A(n) the left member of (2.7) and taking R = 2" in (2.11) then

A(n) < ey (/ y("'”"u(y)dy> '
: 4(27)

(/02" v 7P (y) dy> " (/22+ o7 (z) d;)% - cB(n)

which is nothing else than (2.7). Condition (2.8) can be deduced from (2.8) as follows:

S B(n)

nez

<o ([ ) ([ e ([ )
=c5§z/2w [(/:) (a- l)qu(y)dyy(/ozn vl-v’(y)dy) ;lr]rvl_”’(z)dx
([ ars) ([ b o

Scsz/

n€l
SCs/o [(/:y("")"u(y)dy);(/Ozv"'”'(y)dy)?]rvl""(x)dl‘

S CsAr

and Corollary 2.7 is proved il

Proof of Corollary 2.8. In view of Theorem 2.1 and Proposition 2.3 to get Rq
LP((0,00),v(z)dz) — LI((0,c0), u(z)dz) it is sufficient to check conditions (2.1) and
(2.5). For this purpose observe that, for all R > 0,

R R
/ 0! P (y) dy = / yl=PDE-D+1-1 gy~ RPI=3)  whenever 6 < p (4.17)
0 0
and
(e} ‘ ' oo 8
/ 2@ D9y (2) dz = / Ale=Da+bl=1g,  Rlle=DHC] for g < (1—a)g. (4.18)
2R S 2R

Consequently, for § < p and 8 < (1 — a)p,

oo L R 4
H(R) = (/m z(°-'>qu(z)dz)' (/0 vl (y)dy>” ~ ROTVTIRIE = Rote}
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and condition (2.1) is satisfied whenever a + g - % = 0 [which is (2.12)]. On the other
hand,

AT

A(R)=R°+l?'%( sup u(z))q( sup v‘-r'(y)) ~ RO+E-%.

R<:<2R %R<y<2R

Then condition (2.5) is reduced to (2.12).

Since Ry : LP((0,00),v(z)dz) — L?((0,00),u(z) dz) implies (2.1), then condi-
tion (2.12) appears immediatly. Also, in view of (4.17) and (4.18), if (2.1) holds then
necessarily § < pand 8 < (1 — a)gq.

Results for W, : LP((0,00),v(z)dz) — L? ((0,00),u(z) dz) can be easily deduced
from the above, since this boundedness is equivalent to Rq : LP! ((0,00), v1(z) dz) —
L9 ((0,00), u(z) dz) with p1 = ¢';'q1 = ', vi(2z) = u' 79 (2), wi(z) = W17 (z)

Proof of Corollary 2.9. Again, to get Ro : LP((0,00),v(z)dz) — L? ((0,00), u(x)
dz) it is sufficient to check conditions (2.1) and (2.5). First observe that

R R
' ' ’ 1
/ v 7P (y)dy=/-[ln"’ (y Oy 'y~ n~F(RTY)  for R<j
0 0

and, for R > %,

R , _15 , R ,
/ p!™P (y) dy = / [ln‘P (y_l)]y_‘dy +[ y[(l—p )(9—l)+1]—1dy
0 . 0 L
<a+ Rp’[l-%]
S CZRP’.“_%] (whenever 8<p).

On the other hand, for R > ¥ [or 2R > 3] then

/ ey (z)dz = / Ale=Datal=1g4, o gD+ for y < (1 —a)g (4.19)
2R 2R
and, for R < ;’{,

o b 0
/ z(u_l)qu(z)dz = / Zlo-e+b-1g, 4 / eI < g 4 ey
2R ) 2R z

wi=

whenever v < (1 — a)g < 8. With H(R) defined as in the proof of Corollary 2.8 then
’H(R)Scsln—%(R_l) < ¢ for R < &,
also for § <'p and v < (1 — a)q then

'H(R)Sc,RD’*%‘% for R > 3.
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So condition (2.1) is satisfied whenever a + - % < 0 {which is (2.13)]. Also, with A(R)
defined as in the proof of Corollary 2.8, then
AR) < R In (R S uR*F 51 for R< 1
and + s
A(R) < cgR°*775  for R> 1.

Consequently, condition (2.5) is satisfied whenever (1 — a)g < 8 and & + I- % <0.

Since R, : LP((0,00),v(z)dz) — L1((0, 00), u(z) dz) implies (2.1), and in view of
(4.19), then v < (1 — a)g. The necessity of (2.13) can be also derived from condition
(2.1), since for R > % then H(R) > Reti-s m

Proof of Corollary 2.10. In view of Theorem 2.2 and Proposition 2.4, to get
Ro : LP((0,00),v(z)dz) — LI((0,0), u(z)dz) it is sufficient to check conditions (2.3),
(2.7) and (2.8). Condition (2.3) is equivalent to the finitness of

L= /0% [(/2“’ y(a—l)qu(y)dy).% (/ozvl—p‘(y)dy)'ﬁ]rvl-é’(z)dz
n=| m[( I ) dy ) % (/ )y ;l'] (2 d

2

Using § < p, B < (1 — a)q, (4.17) and (4.18) then

and

L , 1
L ~e¢ /’ x[(0—1)+%+%(1—%)]TIP'[I—%]—ldI — /’ glotf=Llr—1, Al
0 0
whenever & + £ — £ > 0. On the otherhand, the inequality o + 2 — & < 0 leads to
9 P g r
I ~ /°°If(a—1>+%+f;—1(l-%>l'zv'll-%Hdm = /w glo+ T30 1gy = 47
1

1

2 2

To check conditions (2.7) and (2.8), it is convenient to take B(n) = A(n) where A(n) is
defined as above. Forn4+1 < 0orn < —1 then

A(n) ~ 2n[a+%—%] x 2n$(ﬂ—l) x 2—n%(6-—l) — 2n[a+§—§
and consequently 2 B'(n).< oo whenever a + g - :% >0. For0<n—-1lorl<n

then
A(n) ~ onlo+i=3) o oni(1=1) o 9-nl(6=1) _ gnla+I-¢

and so 3, , B"(n) < co whenever a + I- % <0.

The boundedness R, : L?((0,00),v(z) dz) — LI((0, 00), u(z) dz) implies the con-
dition (2.3). And this last one is equivalent to I} < oo and I, < co. So the above
computations lead to the inequalitiesa+ 2 — ¢ <0 < a+ £ — % which are nothing else
than condition (2.14). The finitness of I; can only be held whenever § < p and similarly
I> < oo implies necessarily v < (1 — a)qg. .

The result for W, : LP((0,00),v*(z)dz) — L((0,00),u*(z)dz) can be deduced
from the above one by duality. Indeed, by this boundedness is equivalent to R, :
LP1((0,00), w1 (z) dz) — L% ((0,00),u1(z) dz) wherep; = ¢', g1 = p', vi(z) = (u*)-9)
(z) = 2%~ and uy(z) = (v*)1-P)(z) = 221 (0,1y(z) + 25711 (1 00)(2) B
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