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An Inverse Problem
for a Viscoelastic Timoshenko Beam Model

C. Cavaterra

Abstract. We consider the Timoshenko model for a viscoelastic beam. This model consists
in a system of two coupled Volterra integrodifferential equations describing the evolution of
the mean displacement w and of the mean angle of rotation ¢. The damping mechanism is
characterized by two time-dependent memory kernels, a and b, which are a priori unknown.
Provided that (w,y) solves a suitable initial and boundary value problem for the evolution
system, the inverse problem of determining a and b from supplementary information is analyzed.
A result of existence and uniqueness on a given bounded time interval is proved. In addition,
Lipschitz continuous dependence of the solution (w, ¢, a,b) on the data is shown.
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1. Introduction

Consider an isotropic homogeneous beam of length ! > 0 and uniform cross section,
which occupies a bounded domain [0,1] x @ C R?, for any time ¢t € [0,T] (T > 0). Let
diamQ << [ (i.e., thin beam). Suppose that Q, lying in the (y, z)-plane, is centered
at (0,0) and is symmetric with respect to the (z,y)-plane. Moreover, assume that the
beam (with unit density) is made from a viscoelastic material and the bending takes
place only in the (z,z)-plane. Following [15: Section 9.1], we denote by w the mean
displacement and by ¢ the mean angle of rotation of a cross section (see [15: Equations
(9.10) - (9.11))). Using a linear viscoelastic stress-strain law of integral type, it is
possible to deduce a Volterra integrodifferential system governing the evolution of the
pair (w,p). We thus obtain the so-called viscoelastic Timoshenko beam model. When
the beam lies free of stresses and strains up to ¢t = 0, the model reads

w' = k(a(0)+a/*)(wx2 +‘Pz)+fl (11)
@" = (b(0) + b'%) pzz — kc(a(0) + a'*) (w: + ) + f2 (1.2)

in Q7 = (0,1) x (0,T). Here' denotes the time derivative and * stands for the usual
time convolution over the interval (0,t). Besides, the functions f; and f; are related
to components of an external force (like gravity, for instance), ¢ is a known positive
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constant depending on the geometry of 2, and k is the shear correction coefficient. The
relaxation kernels a,b : [0, +00) — R are such that a(0) > 0 and 5(0) > 0 and account
for the viscoelastic behavior.

It is worth noting that in the Timoshenko beam model both the rotatory inertia and
the transverse shear of deformations are taken into account. In particular, the latter
effect ensures that the perturbations propagate at finite speed (cf. [1, 6, 14] and their
references).

Let us associate with (1.1) - (1.2) a set of initial and boundary conditions, eg.,

w(z,0) = wo(z) w'(z,0) = wy(z) (z € (0,0)) (1.3)
W50 =polz) S0 =ea(z)  (ze(0) (14)
w(0,t) = a(t) w(l, t) = B(2) (t€(0,T)) (1.5)
WO =21)  el,t) = 8) (te (0,7)). (1.6)

Provided that a and b are prescribed smooth functions, suitable assumptions on the data
allow to prove that the so-called direct problem, i.e., finding (w, ¢) satisfying (1.1)- (1.6),
is well posed. More precisely, arguing as in [9], existence and uniqueness of a classical so-
lution (w, ¢) which depends continuously on the data f1, f2, wo, w1, o, ¢1, a, 8, 7, &
a, b can be proved.

k)

Nevertheless, in applications the kernels a and b are usually & priori unknown. That
leads to consider the inverse problem of identifying them. As neither w nor ¢ are pre-
scribed we need some additional information which can be obtained by supplementary
measurements. For example, one can measure the bending moment and the shear force
applied at the free end z = 0 of the beam. This fact can be expressed by

(b(0)z + b+ 2)(0,t) = gi(t) (t €(0,T)) (1.7)
k(a(0)(wz +¢) +a' * (wz +9))(0,8) = ga(t)  (t € (0,T)) (1.8)

where g; and g, are known functions.
Summing up, the inverse problem can be formulated in the following way:

Problem (FP). Find (w, ¢, a,b) satisfying equations (1.1) - (1.2) and conditions
(1.3) - (1.8). '

Taking advantage of a technique based on the contraction principle in weighted norm
spaces (see, e.g., (2, 5, 11]), we prove existence and uniqueness results, on the whole
time interval [0, T], provided that fi, f2, wo, w1, w0, ¢1, @, B, 7, 6, g1, g2 are smooth
enough. Also, it is shown that the map data — (w, ¢, a,b) is Lipschitz continuous.

Inverse problems of this kind have been analyzed for viscoelastic strings and some
other models of viscoelastic beams (see, e.g., [4, 5, 9] and the references therein). In
particular, the present results generalize the ones obtained in [9) for the viscoelastic
string case, where the existence of a solution is ensured just locally in time. It is worth
noting that the argument used here also allow to treat some kind of non-linearities (cf.
3], in preparation). In this context, other interesting applications of the weighted norm
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technique, relied on Fourier’s method of eigenfunction expansion, can be found in [12,
13].

Here is the plan of the paper. In Section 2 we recall a result for the wave equation
which will be useful in the sequel. Section 3 contains the main results. In Section
4 we prove that the inverse problem is equivalent to a system of nonlinear functional
equations in a fixed-point form. This system is solved in Section 5. Finally, Section 6
is devoted to discuss the continuous dependence on data.

2. A preliminary result

Here we recall a result concerning the well-posedness of a Cauchy-Dirichlet problem for
the wave equation (see [10]).

We introduce first some notation. Let X be a Banach space and 7 € (0,T). Then,
C™(0,7; X) is the space of the n-times continuously differentiable functions from [0, 7}
to X, and W™!(0,7; X) is the usual Sobolev space of order n with values in X. The
functional spaces C™(0,7;X) and W™!(0,7; X) are endowed with the norms

n

vllenorixy = 3, sup [P (®)llx
j=0t€[0,r]

and s
ollweorxy = 3 / (@)l x dt.
J=073%

Besides, if X = R, then we simply set C*(0,7) := C"(0,7;R) and W™!(0,7) :=
w0, ; R).

We indicate by C™(0,!) the space of n-times continuously differentiable function
from [0, /] to R, normed by

n

lzlla =" sup [29(2)].

j=0 z€[0,

Further, if Y is a Banach space, we set Y := Y*»"! xY (n € N), where Y? := Y,
endowing Y™ with the norm

Iylly= =3 llwlly (v € ¥Y™).

Fix now € > 0 and consider the following
Problem (DP). Find u satisfying
u'(z,t) — eugz(z,t) = h(z,t) ((z,t) € Qr) (2.1)

u(z,0) = uo(z), u'(z,0) =u(z) (z € (0,1)) (2.2)
w(0,8) = a(t), w(lt)=B(t) (t€(0,T)) (2.3)
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As far as the data are concerned, we suppose

h e W1 0,T;C(0,1)) (2.4)
ug € C*(0,1) . (2.5)
uy € C'(0,1) (2.6)
a,B e W(0,T) (2.7)
and we assume the consistency conditions '
40 (0) = a(0) uo(l) = A(0) (2.8)
u1(0) = o'(0) ui (1) = §'(0) (2.9)
€(u0)z(0) + £(0,0) = "'(0) €(uo)z=(1) + R(1,0) = 5"(0). (2.10)

Then, an immediate consequence of {10: Theorems 2.3 - 2.4] is

Theorem 2.1. Let assumptions (2.4) — (2.10) hold. Then problem (DP) admits
one and only one (classical) solution

u € C*(Qr) := C*(0,T;C(0,1)) N C(0,T; C*(0,1)) N C(0, T; C*(0, 1))
Moreover, for any t € [0, T] we have
fu(®llz + llu' (Bl + " ()]l

<e {Hu0||2 T s + (e Bl oo, (211)

t
+l(a B)llews.r 0,002 + [1R(0)lo +/O IIh'(S)IlodS}

where ¢, i3 a positive constant depending on T, 1, ¢.

Remark 2.1. It is worth observing that, reducing problem (DP) to a Cauchy
problem for a non-homogeneous equation in a Banach space, the usual variation of
constants formula does not apply (cf. [10]; see also [7]). Nevertheless, thanks to Theorem
- 2.1, we can introduce the operator

Se: WHH(0,T;C(0,1)) x C*(0,1) x C*(0,1) x W*}(0,T) x W>'(0,T) — C*Qr)

defined by
Se(h,uo,ur,a,8) = u

where u is the unique solution to problem (DP). Moreover, owing to (2.11), we have,
for any t € [0, T,

|Se(h, wo, ur, @, B)(2)]l2
+ 1(Se(h, w0, i, o, B)) (s + I1(Se(hy wo,ur, @, 8))" (D)o

< Cl{ll“Ollz Fllrlhs + 1@ B0, (212)

+ (e, B)llws.1 0,002 + 11~ (0)lo +/0 llh'(S)Ilod$}~
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3. Main results

Let

fi, f2 € W»(0,T;C(0,1)) (3.1)
Wo, W1, 0, P1 € CZ(O,I) (32)
ag(wo)ez + f1(+,0) € c'(0,0) (3.3)
bo(0)zz + f2(-,0) € C'(0,1) (3.4)
@, B, v, 6 € WH'(0,T) (3.5)
g1, 92 € C*0,T) (3.6)
my = (90)z(0) # 0 (3.7)
my = (wo)2(0) + wo(0) # 0 (3.8)
agp 1= mz_lgg(()) >0 (39)
bo :=m;'g:(0) >0 (3.10)

and set
ay 1= my " [g5(0) — ao((w1):z(0) + ¢1(0))] (3.11)
by := i [4}(0) = bo(1):(0)] (3.12)

where we have assumed k = 1, for the sake of simplicity. Moreover, on account of (3.11)
- (3.12), let the following consistency conditions hold: '

wo(0) = a(0), wo(l) = B(0), o(0) =¥(0), wo(l) =6(0) (3.13)

wi(0) = 0'(0), wi(l)=F'(0), ¢i(0)=7(0), «()=80)  (314)

ao[(wo)zz(7) + (p0)z(3)] + £1(4,0) ) (3.15)
=171 (1= 3)a"(0) +17178"(0) (5 =0,0)

bo(90)zz(3) — caol(wo)z(3) + @o(s)] + f2(5,0) (3.16)

=M= )" (0) +17158"(0) (5 =0,0)

ao{(w1)z=(7) + (21)z(3)] + a1 [(wo)zz(3) + (90)=(7)] + £1(4, 0) (3.17)
— l—l(l _ j)am(o) + I_lj,B”'(O) (] — 0,1)

bO(‘r”l)zz(j) + bl(‘r"ﬁ)zr(j)
— capl(w1)=(3) + ©1(4)] — car[(wo):(7) + wo(7)) + £2(5,0) (3.18)
=17 - j)f”(p) +17156"(0) (5 =0,0).

Then, our existence and uniqueness result reads
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Theorem 3.1. Let (3.1) — (3.10) and (3.13) — (3.18) hold. Then problem (Po)
admits one and only one solution
(w,9,0,b) € (C*(0,T;C(0,1)) N C2(0, T; C*(0,1)) N C*(0, T; C(0, 1))
x (C*(0,T))*
fulfilling :
a(0) = aq a'(0) = a, (3.19)
b(0) = by b'(0) = b,. (3.20)

We can also prove that the solution depends on the data in a Lipschitz way. Indeed
we have

Theorem 3.2. Let
(fris fais woi, wis, oiy 914, i, Biy Vi, 64, 914, 92i) (i=1,2)
be two sets of data satisfying hypotheses (3.1)—(3.10) and (3.13)—(3.18). Assume ag; =
aoz =: ap and bo1 = boy =: by, where ag; and by; are defined by (3.9) and (3.10) with
91i, 92i, M1i, M2 tn place of g1, g2, My, my, respectively. Denote by (wi, i, ai, b)) (2=
1,2) the corresponding solutions to problem (Py) and let By be a positive constant such
that
ICfris f2idllowza 0,700,002 + 116, fai)ll(cr0,75c(0,0))2
+ llwoillz + lwrillz + llpoillz + llerill2
+ llao(woi)zz + f1i(0)l1 + [[bo(w0i)zz + f2i(0)y (3.21)
+ l1(ai, Bis vis 8i)ll(war 0,7y + (@i, Bis ¥is 8:)ll (co0,19)4
+ (916 920)llc20,my2 + lel + [mail ™' + Imai| ™! + a5 + b5 + 17!
< B
for v = 1,2, Then, there ezists a positive function M) € C((0,+00)?) which is non-
decreasing in each of its arguments such that
(w1 — w2, 01 — @2)ll(cs0, 700,002
+ (w1 — w2, 01 = w2)ll(c200.1501 0,02
+ (wy — w2, 01 = @2)ll(c1(0,75¢2(0,0))2
+ (a1 — a2, b1 = b2)ll(c2(0,1)2

< MI(BI:T){“(fll = fiz, fa1r = fa2)ll w2 (o, 10(0,0))2

+ [I(fir = fiz, f21 = f22)llccr o, 7c00.00))2

+ llwor — woallz + lwiy — wizllz + llpor = @ozll2 + lle1: — wi2(l2
+ lao(wor — woz)zz + (fir — f12)(0)|x

+ lbo (o1 = ©02)zz + (f21 = f22)(0)|h

+ [l(ar — a2, 81 = B2, 11 — 72,61 — 62)|l(war(0,7))s

+ [{ar — a2, B1 — B2,m — 72,61 — 62)||(c3(0,1))4

(3.22)

+ (911 — 912,921 — 922)||(C'2(0.T))’}~
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Remark 3.1. As we shall see in Section 4, the non-vanishing conditions (3.7)
and (3.8) play a basic role in showing that problem (FPp) is equivalent to a system of
functional equations in fixed-point form. Nevertheless, if, e.g., wo and ¢q identically
vanish, so that (3.7) and (3.8) fail, Theorem 3.1 still holds, provided that smoother data
are considered and w; and ¢, (or f) and f,) substitute wo and o in (3.7) and (3.8),
respectively (see, for instance, [4: Remark 7.1]).

Remark 3.2. If we replace assumption (3.6) by the weaker one
g1, g2 € W2’l(01T)1 (323)

then it is still possible to prove an analog of Theorem 3.1. In this case, a and b are

found in W2.1(0,T).

Remark 3.3. As remarked in [10], the compatibility conditions (3.13) - (3.18) are
necessary for the existence of a classical solution to problem (F).

4. Equivalent problems

Here we show that problem (P;) is equivalent to a similar problem for the unknowns
w',¢’',a’, 4. This problem can be further reduced to a fixed-point system of nonlinear
functional equations.

Suppose that problem (Pp) admits a solution

(w,p,a,b) € (C*(0,T;C(0,1)) N C*0,T;C'(0,1)) nC*(0, T; Cc(o, l)))2
x (C*(0,T))".
Setting
(2,%,p,q) = (wlv(p,1al)bl) (4.1)

and differentiating, with respect to time, both the sides of (1.1) and (1.2), we get, in
Qr,

= (a(0) + p*)(2zz + ¥z) + pl(wo)zz + (wo)z] + fi (4.2)
" = (b(0) + g*)¢bz: — c(a(0) + p*)(zz + ¥) (4.3)
+ q(0)zz — cpl(wo)z + wol + f-

Moreover, setting ¢t = 0 in equations (1.1) - (1.2) and recalling conditions (1.3) - (1.4),
one infers, for any z € (0,1),

2(z,0) =wi(z) 2'(z,0) = a(0)[(wo)zz + (¥0)e] + f1(z,0) (4.4)
P(z,0) = ¢1(z) ¥'(z,0) = b(0)(o)zz — ca(0)[(wo)z + o] + f2(2,0).  (4.5)

In order to obtain the equations for p and g, let us consider (1.7) - (1.8) and differentiate
them with respect to time. We obtain

b(0)¥2(0,t) + (¢ * ¥2)(0,t) + q(t)(w0)=(0) = g1 (t)  (4.6)
a(0)(zz + ¥)(0,t) + (p* (2 + ¥))(0,) + p(t)[(wo)=(0) + vo(0)] = g3(t) (4.7)
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for any ¢t € (0,T). Then, taking (3.7) - (3.8) into account, equations (4.6) - (4.7) become,
for t € (0,T),

a(t) = m* {}(1) - bO)2(0,) - (g + ¥)(0, 1)} (4.8)
p(t) = m; ' {g5(8) ~ a0)(z: +$)0,0) — (p* (e +9)(O,0)}.  (49)

Setting now ¢ = 0 in (1.7) - (1.8), using again (3.7) - (3.8), and rccalling (3.9) - (3.10),
we get

a(0) = m; ' g2(0) = ao and b(0) = m[ g, (0) = bo. (4.10)

Similarly, setting t = 0 in (4.8) - (4.9) and recalling (3.11) - (3.12), we derive

g(0) = m " [91(0) — bo(21)2(0)]

(4.11)
p(0) = m3" [g3(0) = a0 ((w1)o(0) + ¢1(0))].
We have thus shown that the set of functions (z, %, p, ¢) solves the following
Problem (Py). Find (z, %, p, ¢) € (CX(@7))" x (C}(0,T))” satisfying

2" - ap2zz = G[[(Z,l,b,P,q)] + fll (ln QT) (412)

P = botrr = Gol(2,9%,p,9) + f (in Qr) (4.13)

p(t) = Hi[(2,%,p,9))(t) + m; ' g5(t) (te(0,T)) (4.14)

Q(t) = H?[(Z7 ¥, p, Q)](t) + ml_lg;(t) (t € (OvT)) (4’15)

2(z,0) = zo(z), 2'(z,0) = z,(x) (z € (0,1)) (4.16)

¥(z,0) = o(z), P'(2,0) =4i(z)  (z €(0,0)) (4.17)

2(0,t) = a'(t), w(l, t) = B'(t) (t € (0,T)) (4.18)

P(0,t) = 7'(1), P(l,t) = 6'(t) (t€(0,7)) (4.19)

where

Gi((z,%,p, 9)]

= aO'(/)z + p[(w())zr + (990):] +p* (Zzz‘ + d)z) (420)
G2(z,%,p,9)]

= q(90)zz + ¢ * Y2z — cao(zz + P) — cp* (2z +¥) — ep[(wo)z + o) (4.21)

Hi[(2,%,p,9))(8) := —m3 " {ao(ze +$)(0,8) + (p* (22 +¥))(0,2)} (4.22)

Hy[(2,%,p,q))(t) := —mny " {bo:(0,1) + (g * ¥2)(0, 1)} (4.23)

20(z) = wi(2), 21(2) = aol(wo)es + (00)s] + fi(2,0) (4.24)

Yo(x) :=¥i(x), () = bo(wo)zz — cag[(wo)s + o] + fa(x,0). (4.25)
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Conversely, if problem (P;) admits a solution (z,9,p, q), then, setting

w(z,t) := wo(x) +/0 2(z, s)ds ((z,t) € QT) (4.26)
P(e,0) = po@) + [ W@ ds (@0 €Qn) (4.27)
a(t) := ao +/ p(s)ds (t €(0,T)) - (4.28)

0
b(t) := bo +/(; q(s)ds (t €(0,T)) (4.29)

and recalling (3.13), (3.19) - (3.20) and (4.10) - (4.11), it is not difficult to check that

(w,,a,b) € (C*(0,T;C(0,1)) N C*0,T;C*(0,1)) n C'(0,T; C*(0, )
x (C*(0,T))°
and solves problem (Fp).
Hence, we have proved
Proposition 4.1. Let the assumptions of Theorem 3.1 hold. Then problem (Fp)
has a unique solution
(w,5,a,b) € (C3(0,T;C(0,1)) N C*(0, T; C*(0,1)) N C'(0,T; C*(0, 1))
x (C*(0,T))"

if and only if problem (Py) has a unique solution

(z,4,p,9) € (C*@1))" x (C'(0,T))".

Moreover, w,p,a,b and z,%,p,q are related by (4.26) - (4.29).

Remark 4.1. Theorem 2.1 suggests the regularity assumptions we have to make

on 20,21:1/)0a1/)1,a',ﬂ',’7',5’,f{)f§, and Gl[(Z)1/},1’:‘1)]:02[(2,1/’71’,(1)]- Compa.re, for in-
stance, (2.4) - (2.6) with (3.1) - (3.4).

Suppose now that problem (P;) admits a solution (z,%,p, ¢). Taking into account
Theorem 2.1 and Remark 2.1, we deduce that, in particular, 2 and ¥ solve the system
of functional equations (cf. also (3.1) - (3.5), (3.14) - (3.18), (4.12) - (4.13), (4.16) -
(4.19) and (4.24) - (4.25))

zZ = Sl(Gi[(ZJ/»'P‘I)]O,OaO,O) + S](f;,Z(),ZhO”, ﬂ,) (4'30)
1/) = S’Z(G‘Z[(‘zvlpapa(1)]10207010) + 52(f’;:¢01 11)117,’5/) (4'31)
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in Q7. Here, on account of Remark 2.1, S and S, indicate the operators S, and Sy,
respectively. Consequently, let us set

U = (Uy,U;,Us,Us)" := (2,4, p,q)" (4.32)
Ji(U) := 5,(Gi[U],0,0,0,0) (i =1,2) (4.33)
J,(U) = H,'_Q[U] (i = 3,4) (4.34)

K= (Si(fl,20,21,&,8), S2(f3, %0, %1,7,6'),m] g ,m; " gl (4.35)
where * stands for transposition. Further, introduce the Banach spaces

Z, = C*(0,7;C(0,1)) N C*(0,7;C*(0,1)) N C(0, 7; C2(0, 1)) (4.36)
Xr =(2,)* x CY(0,7) x C*(0,7) (4.37)

for any 7 € (0, T}, endowed with the norms

ollz. = sup [iv(t)ll2 + sup [lv'(t)ll + sup [lv"(t)llo (4.38)
tefo,r] te(o,r) tefo,r]

IUllx, = 10z, +Uzllz, + :;;P](IUs(t)H U3 (O] + [Ua(t)] + [U3(1)]). (4.39)
t T .

Then, it can be easily realized that U is solution to

Problem (P;). Find U € Xr satisfying
U=J(U)+K (4.40)

in QT.

On the other hand, if U € Xt solves equation (4.40), then taking into account
(4.12) - (4.15) and (4.33) - (4.37) it can be shown that (z,%,p,q) := (Uy,Uz,Us,Uy)
solves problem (P,).

Summing up, on account of problem (P;) and Proposition 4.1, we can state the
following

Proposition 4.2. Let the assumptions of Theorem 3.1 hold. Then, problem (Po)
admits a unique solution

(w, v, @, b) € (C*(0,T; C(0,1)) N C*(0,T; C'(0,1)) N C(0,T; C%(0,1)))*
x (C*(0,T))"

if and only if there ezists a unique function U € Xq which solves equation (4.40).
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5. Proof of Theorem 3.1

In this section we show that the fixed-point equation (4.40) admits a unique solution
U € X7. Then, thanks to Proposition 4.2, Theorem 3.1 is proved.

For the sake of brevity, let us set, for t € [0, 7],

NV : = IVi@®)ll2 + IOl + I (Blle
+HIV2(Dllz + 1Vl + 11V2'(B)llo (5.1)
+Va(®)] + [V5(0)] + [Va(t)] + Vi (D)

for any V € X, (7 € (0,T]). Observe that (cf. (4.39))

IVilx, = sup ]N(V)(t)- (52)

tefo,r

First, we are going to estimate A (J(U) + K)(¢).

Owing to the assumptions (3.2) - (3.4), from (4.20) - (4.21) we infer (cf. (4.24) -
(4.25))

G1[U)(0) = ao(t0)z + a1[(wo)zz + (v0):) := Gor € C(0,1) (5.3)
G2[U](0) = b1(90)zz — caol(20)z + o] — cai[(wo)z + o] := Goz € C(0,1). (5.4)

Moreover, on account of (3.1) - (3.5) and position (4.35), one easily checks that, for all
t € [0,T) (cf. also (2.12)),

N(K)(t) + [|Gorllo + |Goz2llo
< C?{”(fl7f2)||(w2‘l(o,z;0(o.l)))= + (1, f2)ll e 0,560,002

+ llwoll2 + llpollz + li2ollz + iz1 1 + llboll2 + 1111y - (5:5)
+ (e, 8,7, 8)ll (w1 0,03y + I(, B,7, 8)l(c3(0,8))4

+ ||(91,92)||(c=(o,z))2}
where ¢, is a positive constant depending on T, 1, aq, b, |ai1], |b1], |c|, |m1], |m2|. There-
fore, an application of (2.12) to (4.40), for i = 1,2, gives (cf. (4.20) - (4.21) and (4.33)
and (4.35))
N(7:(U) + Ki)()ll2 + (N (U) + K1) ()l + 1(J1(0) + K" ()l

< Cs{“Kl(t)llz + 1K)l + 1Gorllo
+/0 [||U1(S)||2 + 1 U2(s)ll + 1U2(8) Il + 1U3(8)I(llwoll2 + lleoll1)

+ [ 1wt - oMU ol + ||U2<a)||1)da] ds}
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and

I(J2(U) + K2)(#)ll2 + [I(J2(U) + K2)' (®)llr + [(J2(U) + K2)" ()]l

< C4{|IK2(t)||2 FIELOI + [Gozll

+/0 [”Ul(s)”l + ULl + [1U2()llo + 1U(s)llo
+1U3(s)|(lwolls + ligollo) + [Us(s)lHloll2

+ /0 (1U3(s = (U ()llx + 1U2(o)llo)

(5.7)

+IUi(s = U0l do s

for all ¢ € [0, T], where c3 and ¢, are two positive constants depending on T, I, aq, |a, |
and T, [, ag, bo, |a1], |b1], |c|, respectively.

Consider now (4.40), when ¢ = 3,4. Recalling (4.22) - (4.23) and (4.34) and setting
(cf. (4.16) and (4.32))

Ui(z,t) = zo(z) +/0 U{(z,o)do ((z,t) € QT)
Ua(z,t) = ¢o(z) +/0 U{(z,o) do ((z,t) € Qr)
we get, for t € [0,T),
I(J5(U) + Ks)(O)] + 1(J3(U) + Ka)'(2)]
< cs{|1<s<t)| F IS+ I (U) + KOl + 1(1(0) + K YOl
+1(2(U) + K)o + [(Ja(U) + K2)' (D)o (5.8)
+ / (1Us(t = )] + U3¢ — )])
x [Ilzolln #lolo + [ Qi@ + ||U;(a)||o)do] ds}
and
(J(U) + K)(O] + 1(Ja(0) + K ) (0)]
< cs{lm(ol F K01+ 1(72(0) + KOl + [(J2(U) + KY Ol (5.9)

+ /ot(lw(t — )|+ |Uq(t - s)l)[llzbolll + /0 ||U;(a)||,da] ds}

where ¢5 and ¢ are positive constants depending on |ms|, ag, |a;| and |m;], b, |b1],
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respectively. Recalling (5.1), a combination of (5.6) - (5.9) entails, for all ¢ € [0, T},
NI(U)+ K)(¢t) < ¢ {N(K)(t) + [Goillo + l1Gozllo

+ [uvx(s)uQ FIUL + 1022 + NU3)

US|+ [UL(S)] + [Us(s)] + VL)

+ (Us(t = )] + U3t = )] + Vst = )] + UL = ) (5.10)

< ([ awiem + uU;(a)u,)da)
[ st - o+ Uit - o)

< (U2 + ||U2(0)||1)d0} ds}

where c7 is a positive constant depending on T, I, aq, bo, |ai], |b1], |c|, |m1], |m2] and
suitable norms of data.

In the sequel of the proof ¢k (k € N) will stand for a known positive constant
similar to c7. Then, from (5.10) we infer, for all t € (0, 7],

N(U) +K)O < co{ MO + Gl + Gl
+ /0, [N(U)(s)(l + /ot_sN(U)(a)da) (5.11)
+ /0 " N(UY(s — a)N(U)(a)do'] ds}.
Let us estimate now the differences
(J(U) + K§) = (JV) + Ki) = J(U) - (V) (i=1,2,3,4) (5.12)
for any U,V € Xr. Recalling positions (4.20) - (4.23), we get, in Qr,

G:1[U] = G1[V] = ao[(U2 — Va):] + (Us — Va)[(wo)zz + (wo0)z]
+ Us * [(Uy = V1)zz + (Uz = V2)4] (5.13)
+ (U3 - V3) *v [(vl ):z + (V2)z]

G2[U] = G2[V] = (Us — Vi)(0)zz + Us * (Uz — V2,
-+ (Us = Va) * (Va)zz — cao[(Uy = Vi)z + (U2 — W) (5.14)
= c(Us = Va)l(wo)z + o] — cUs * [(Uy = V1) + (U2 — Va))
= c(Us = V3) * [(V1): + V2]
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and, for all ¢ € (0,T),

H,[U)(t) = Hi[V](t) = -m3 ' {aol(Ur = Vi)z + (U2 — V2)](0, 1)
+ (Us * [(Ur = 1)z + (U2 = V2)])(0, 1) (5.15)
+ ((Us = V3)*[(V1): + Vg])(O,t)}

H,[U](t) — Ha[V](t) = —m7 " {bo[(U2 - V2):](0, t)
+ (Us * (U2 = Va)s )(0 t) (5.16)
+ ((Us = Vi) * [(V2):])(0, 1) }.

Taking (5.13) - (5.14) into account, an application of estimate (2.12) to (5.12), for
i=1,2, gives (cf. also (4.33) and (4.35), and Remark 2.1)

I(3(0) = VIO + I (V) = BV @ + I (0) = H VOl
<en{ [ 10 - WM+ 102 - vl
+ 1003 = VOl + 15 — B)o) (5.17)
+ [ (036 = MU = @l + 102 = Va)I)

IS = Vi) = oA s + V(o)) do] s

and
1(2(0) = (VIO + 1(J2(U) = VYOl + I(7200) = (V) D)l
<end [ 10 =W + 10T = VO + 102 - 16l
I~ VY$)lo + (U3 — VIS + (U, = V(o)
+ /03 (1U3(s — 0)!(II(U1 = Vi)(@)llh + I(Uz = V2)(o)llo) (5.18)

+Us(s = o)ll(U2 = V2)()ll2
+ (I(Uz = V3)(s = o) + (U = Vi)(s — o))

x (IVi (@)l + ||vz(a)||o))da] ds}

for all t € [0,T]. Consider now (5.15) - (5.16). Then, on account of (4.34) and (5.12),
one easily deduces, for any t € [0, T],

(J5(0) = (VO] + (V) = (V) (0
< e { IHV) = VYOI +10:V) = KV O
+102(0) = Ja(V))(E)lo + (2(0) = Ja(V)Y (Bl
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+ [ [avate - o+ s =) (5.19)
< [ (10 = WY@l + 102 = VY (@)l ) do
+ (IUs = va)(t = )l + (U3 = Vi)t = 9)])

« (14 [ (v + IVi(oo)de ) |as}

and

(J4(U) = TV + 1(Js(U) = (V)Y ()]
< cla{um(U) ROV + (V) = BV (0
+ [ oo -+ wie -9 [0 - @)

+ (10 = Va)(t = )l + (U= Vi) = 9)])

x (1 +/0’ ||V2’(a)||1da)]ds}.

Combining (5.17) - (5.20) and recalling (5.1), we deduce, for all ¢ € (0,T),
NI(U) = J(V)(2) < C“/o {N(U - V)(s)(l + /0 _’N(V)(o’)da)
+ /03 (N(U)(s —o)+ N(V)(s — a))N(U - V)(o)do (5.21)
+ MUt - s)/0 N(U - V)(a)da}ds

for any U,V € Xr.

Applying the properties of the convolution product, from inequalities (5.11) and
(5.21) we get, for any U,V € X7 and any t € (0,7,

N@I(U) + K)(¢)
<es {N(K)(t) + IGarllo + [Gozllo +/0 A(U)(t = s)N(U)(s) dS} (5.22)

N@AWU) =IJ(V))(t) L ce /‘ A(U,V)(t = s)N(U = V)(s)ds (5.23)
where A and A are defined by
AMUN) =14 /‘N(U)(a)da (5.24)

AU, V() =1+ /0 (N(U)(o) +-N(V)(a))d&. (5.25)
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Let us set now

L(U) := J(U) + K. (5.26)

Then, on account of (4.40), our proof reduces to showing that the mapping L has a
unique fixed-point in X7.

First of all, observe that, owing to (5.2) and (5.22), L : X7 — X7 is well defined.
Following [2] and [5] (see also [11]), introduce in X, (7 € (0,T]) the weighted norm (cf.
(5.1))

IUII7 = sup e”?'N(U)(t) (U € X,) (5.27)
tefo,r]

where o € [0, +00). One can easily realize that the norm defined by (5.27) is equivalent
to the norm (4.39). Indeed, we have, for any o € [0, +00),

IUII7 < IUllx, <e77|[UJ|7. (5.28)

Moreover, if 7 = T and ¢ = 0, then ||U||% = ||U||x, follows. Consider now the closed
ball of X7

Epo={U€ Xr : |U|F < p} (5.29)

for some (p,0) € (0,+00) x [0, +c0) and let U € E,,. Taking advantage of (5.22), and
recalling (5.26), we derive the chain of inequalities (cf. also (5.3) - (5.5))

e T N(L(U))(¢t) < CIS{C_U'N(K)U) +e77([IGoillo + [|Gozllo)
te""(‘_"') —s)e s)ds .
v AU)(t - s)e™* N(U)(s)d } (5.30)
< cls{nxu% +Gorlo + [Goallo) + 015 e'“A(U)(s)ds}

for all ¢t € [0,T]. On account of (5.24), one can easily show that

T .
/ e="*A(U)(s) ds < 0-1{1 — e T +UIF[T + (e°T = 1)o~"] } (5.31)
0
-Hence, a combination of (5.30) and (5.31) yields (cf. also (5.27) - (5.28))

ILCOIF < ess {IKIF + IGosllo + IGozllo

(5.32)
+p0 7 1= e + p(T + (=T = 1)071)] }

for any U € E,,. Choosing (p,0) € (0,400) x [0,+00) such that (cf. Remark 5.1
_below)

015{”K”g‘ + IGoillo + IGozllo

) ) (5.33)
+ 557 1 —e 2T 4 (T + (77 — 1)&—‘)]} <5
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inequality (5.32) entails
L(E;5) C Ep5. (5.34)

Consider now (5.23). Taking (5.27) into account, we have
e ' N(I(U) = I(V))()

‘ |
< cie / e ?U=IA\(U, V)(t — s)e™?*N(U = V)(s) ds (5.35)
0
t
< crllA(U, V)2 / IU - V|2ds
0

for any U,V € E;; and any t € [0,T).

Recalling (5.25), simple computations show that
sl AU, V)|I3 < 17 := cr[1 + 25(1 — e7?T)6 71 (5.36)
‘

for any U,V € E; ;. Hence, combining (5.35) and (5.36), we infer (cf. (5.26) and
(5.27))

IL(U) = L(V)IIZ = 113(0) = I(V)IIY < 017/0 IV~ Vi§ds (637)

for all U,V € E;;. Taking (5.34) into account, from inequality (5.37) one deduces
that there exists n € N such that the iterated operator L™ is a contraction from E; 3
into itself. Then, an application of the Picard-Banach fixed-point theorem (see, e.g., [8:
Chapter 2/Theorem 2.2]) proves that L has a unique fixed-point in Ej 3, i.c., in X7.

Remark 5.1. In order to find (5,5) € (0, +00) x [0, +00) satisfying (5.33), consider
a positive constant B such that -

I(fr, f2)l w2 0, micco.nn? + 11(f1s f2)llcro,mic(0.0)
+ [lwollz + llwillz + lleollz + llerll2
+ llao(wo)zz + f1(0)ll1 + [lbo(wo)zz + f2(0)ix
+ (e, B, 7, &)ll(wer (0,14 + I, By, )l (20, 1)
+1l(g1, 92)llc2o,myr + lel + [ma| ™+ Ima| 7t + a5t + b 17
< B,.

(5.38)

Then, there exist two positive functions M, and M3, which are continuous and non-
decreasing in each of their arguments, satisfying (cf. (5.5))

Ci14 S Mz(Bz,T) (539)
and, for all o € (0, +00),

K% + IGo1llo + |Gozllo < K|l xr + IGoillo + [|Gozlle £ M3(B2,T). (5.40]
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Owing to (5.39) - (5.40), we easily obtain

ers {IIKIE + 1Gor o +1Gozllo + po ™" [L = e 4+ (T + (=7 — 1)o=1)]}

] (5.41)
< Mz(B'z,T){Ma(Bzv T)+o7 p(1+ PT)}
and choosing, for instance,
/3 = 2M2(32,T)M3(BQ,T) (542)
& = [1+ 2My(By, T)M3(B2, T)T| 2My(B,, T) (5.43)

from (5.41), we deduce (5.33).

6. Proof of Theorem 3.2

Observe that, thanks to Proposition 4.2, there exists a unique function U* € X7 solution
to

U'=J(UY+ K  (:=1,2) (6.1)

which is related to the solution (w, s, a;,b;) to problem (P) by (4.26) - (4.29) and
(4.32). Here J* and K" are defined by (4.33) - (4.35) in correspondence of the set of
data

(f1is fair woi, wyi, @oi, P14y &, Biy Yi,y 6i).
Consequently, from (6.1) we derive the identity

U' - U? = JY(UY) - JY(U?) + J}(U?) - J3(U?) + K! — K2. (6.2)

Reasoning as in Remark 5.1 and recalling (3.21), one can find two positive and contin-
uous functions My and Ms, non-decreasing in each of their arguments, such that, for
1=1,2,
cis < My(B,,T) (6.3)
1K' lI7 + IGaillo + IGo2lle < Ms(B1,T) (0 € [0,+00)). (6.4)
Here c15 is the constant appearing in (5.22) and associated with J* and K, while Gi,
and G, are defined as in (5.3) - (5.4), accordingly to the correspondent set of da.ta.
From now on, M,, (n € N) denotes a function quite similar to Ms. Then, since 5; and

6; can be chosen only in dependence of M, and M; (see (5. 39) (5.40) and (5.42) -
(5.43)), we infer (cf. (5.27))

U llxr < 5ie® T < Ms(B),T) (i =1,2). (6.5)

Thanks to (3.2) and (6.5), computations similar to the ones done to obtain (5.23) lead
to '

NI UY - T U))(e)

t
S'M7(B1’T){”G(l)l = Gayllo + 11Goz = Giallo +/ N(U' - Uz)(S)dS} (6.6)
0
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for any t € [0,T]. Recalling now (4.33) - (4.34), we have

JII(U2) - Jf(UQ) = Sl(G}[Uzl - G?[Uz],0,0,0,0) (6'7)
J3(U?) - J3(U?) = 5»(G3[U?] - G3[U?],0,0,0,0) (6.8)
J3(U*) - J5(U?) = H{[U?] - H}[U?) (6.9)
33(U?) - J}(U?) = Hy[U?] — H[U?) (6.10)

where G}, G5, H}, Hi (i = 1,2) are defined by (4.20) - (4.23) according to the corre-
spondent set of data. Analogously, from (3.7) - (3.8) and (3.11) - (3.12), one deduces

my' = my =my'my [(902):(0) = (v01)=(0)] (6.11)

my) —my, = my'my, [902(0) ~ w01(0) — ((wo2)2(0) — (wa1):(0))]  (6.12)

and

a4y — a2 = 7”2_1] [gél(o) — g2(0)
— a0 ((011)2(0) = (w12)2(0) + $11(0) - #12(0))] (613)

+ (m3) = mz) [952(0) = a0 (w12)2(0) + 12(0))

by = biz = i [914(0) = 912(0) = bo((911)z = (12)2)O) (6.14)
+(my' - 7”1_21)[9;2(0) - bO(‘Pl?)z(O)]-'

Taking advantage of (3.2), (6.4) - (6.5) and (6.7) - (6.14), one can derive, for all t € {0, T},

N(I'(U?) = J2(U)(t) + N(K' - K?)(t)
< Ms(Bl,T){”(fn — fiz,s far = fa2)ll (w2 (0,600,002
+ (s = frz, far — f'z’z)“(C'(O,x;C(O,l)))’
+ llwor — wozllz + [[wir — wizlhi + llvos — wozllz + llon — @1zl
+ o1 — Bozlle + Io1 — Diz2lli + 201 = zo2ll2 + |l211 — 212][x
+ [[(oy — g, B1 = B2, 11 —¥2.61 — 52)||(W*-‘(o,z))4
+ |[(a1 = @2, B1 — B2, = 12,61 — 62)|l(c30,00)¢

(6.15)

+ (911 — 912,921 — .(122)“(02(0.1))7}~
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Hence, combining (6.6) and (6.15), from (6.2) we get, for all ¢t € [0, T] (cf. also (5.2)),

U - U?||x,
< Ms(Bl,T){”(fn = fiz, fa1 = fa2)ll (w2 (0,6¢00,0))2

+ I(f11 = frz, far = f22)ll (e (0,600,002

+ lwor — wozll2 + lwir — wizlls + [|wo1 — pozllz + P11 — @121
+ Y01 — Yozllz + 111 — ¥rzlli + llzo1 — 202||2 + ||211 = z12]]h
+ (a1 — @2, 81 — B2, 71 — 72,61 — 52)||(w4.1(0,z))4

+ l(er — a2, 81 = B2, M1 — 72,61 — 52)”(03(0,0)4

t
+ (911 — 912,921 — 922)ll(c2(0,0)2 +/ |ut - U2||X.ds}~
0

(6.16)

Finally, recalling positions (4.24) - (4.25), an application of Gronwall lemma to (6.16)
implies (3.22).
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