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An Example of Blowup 
for a Degenerate Parabolic Equation 
with a Nonlinear Boundary Condition 

M. Chipot and J. Fib 

Abstract. In this paper, a nonlinear parabolic equation of the form u = (a(uz))r for x E (0, 1), 
I > 0, a ( ur ) = I u I 2u if u. > r > 0, 1 < p < 2, with nonlinear boundary condition 
a(ur(1, I)) = 1 2, (l I) is considered. It is proved that if qp - 3p + 2 > 0, then the solutions 
blow up in finite tiiiic Moreover, estimates on the blowup profile (in x) and the blowup rate 
(in I) for x = 1 are derived. 
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1. Introduction 

In the recent years questions like blowup, global solvability and qualitative behaviour of 
solutions near blowup tilile for seiniliiiear parabolic problems have attracted considerable 
interest. Should we restrict ourselves to problems with nonlinear boundary conditions, 
the heat equation has been discussed to a fair degree, however, nonlinear diffusion 
problems have not been studied in that extent (see [3] and references therein). 

The purpose of this paper is to choose an interesting model problem to demonstrate 
how the diffusion coefficient, nonlinearly depending on the gradient of a solution, affects 
the value of critical exponent for global solvability and to describe the behaviour of 
solutions that blow up in a finite time as detailed as possible. Thus, consider the 
problem

=171.	 ill	(0,1) X (0,T) 

it ,,( O. I) = 0 
1?(1, t)11- 2  = I1.(1, t ) I 2u ( 1 , t) for I E (0, T)	

(1.1) 

u(',O) =	E h4/(0, 1) 
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where 1 < p < 2 and q > 1 are given. The elementary inequality 

1/p	 (p-0/p 
max	 < 3p - 

O<x<1	 -	

2 (c1 
Iv(x)IPdx)	(L Iv(x)12dx) 

	

+ I I v ( x ) I 32 dx	V v C W' (O, 1)
Jo 

with the help of Youngs inequality easily yields 

	

Iv(1)I (32)/P <Ef v ( x ) I dx + Cef v (x )I 2dx + C	(1.2) 

for any 0 <e < oo. Using (1.2) it is not difficult to show (see Remark 1) that Problem 
(1.1) is globally solvable, i.e. it has a weak solution for arbitrarily large T whenever 

- 2
(1.3) 

P  

It is the aim of this note to show that the growth condition (1.3) for global solvability 
of problems like (1.1) is optimal. 

To be more precise, let us take a function a C C4(R), 

a(e) = [P_2	if 161
	> 0	 (1.4) 

a'(e) > 0 and a()[ <	for all	e R,	 (1.5) 
0 < i << 1 being arbitrary, but from now on fixed, and instead of (1.1) consider the 
problem

Uj = ( a(uz)) 1	 in 
u 1 (0, t) —0	

(1.6) a(u(1,t)) = u(1,t)[_2u(1,t)	for t C [0,T) 
u(x,0)=p(x)>0	 for xE[0,1]. 

We would like to show that Problem (1.6) has for smooth p a classical solution which 
becomes unbounded in a finite time if

- 2 
q > .	 (1.7) 

Moreover, we will derive estimates on the profile (in x) and the rate (in t) for x = 1 
of the solutions to problem (1.6) when they approach the blowup time. The methods, 
that we apply, borrow material from [3] and the references therein, nevertheless, their 
application to our problem seems to he not straightforward. 

Before stating our main result, let us make precise some notion we use throughout 
the paper. By a classical solution or shortly by a solution of Problem (1.6) on
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we mean a smooth function u, say u e C21 (4), such that all identities in (1.6) are 
satisfied. Put 

Tmax SUP {T there exists a classical solution of Problem (1.6) on QT  
By a maximal solution of Problem (1.6) we shall understand a function u : ci x 
[0,Tmax) —* R such that u is a solution of (1.6) on QT for any T, T < Tmax. If 
Tmax , we say that Problem (1.6) is globally solvable. On the other hand, if 
Tmax < oo and maxZE i Iu(x,t)I — oo as t — Tmax, we say that the solution u blows 
up in a finite time. 

2. Main results 

The following theorem summarizes our knowledge of the behaviour of the solutions to 
Problem (1.6). 

Theorem 1. Let 1 <p <2, pq-3p+2 >0, p'(l) > iand assume that u is a 
maximal positive solution of Problem (1.6) such that 

Ut, Uz,Uj are continuous and non-negative	 (2.1) 

on [0,1] X [0, Tmax). Then: 

(i) The solution u blows up in a finite time and the maximal time of existence, 
Trnax, can be estimated from above as follows: 

0 < Tmax	T((1))321),	 (2.2) 

where 7 p/(pq — 3p + 2). 

(ii) Moreover, if q < 2, then there exist positive constants in, C and for each 
E (0 1 1) a constant c such that

C 
< u(1, t) <	 (2.3) 

(Trnax — t)(P_1)/(P_3P+2+e) —	— ( Tmax — t)(P_1)/(P_3P+2) 

for all t E [0, Tmax), and
M 

(1 — ) ( P—')/(Q-P)	
u(x, t)	 (2.4)

for all (x, t) E [0,1] x [0,T,nax) such that 

C	1 — A e (T,,, ax — t )(P)1(P3P+2),	 (2.5) 

where C	(1 — ( — 1)_(1)) 2_ ) = max {0, 1 — (a — 1)_1((1))2_a}, M	( — 
1)'c	and

q— 1 (2.6) 
p-1
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(iii) On the other hand, if q ? 2, then there exist positive constants c, C, in, M such 
that

C	 C 
(Tmax - t)(P_1)/(P_3P+2) <u(1, t)	(Tmax - t)(P_1)/(Pq_3P+2)	(2.7)

for all t e [0, Tmax) and 

M	
<	 M u(x,t)	 (2.8) 

	

(1 - x)(P_1)I(_P) -	 (min{ 1 - p , 1 - x })(p-1)1(q-p) 

for some p, 0 < p < 1, where the right-hand side inequality holds for all (x, t) e [0, 1] x 
(0, Tmax) and the left-hand side inequality only for those (x, t), that satisfy 

C	x	1 - A(Tmax - t)(_P)I(P_3P+2)	 (2.9) 

with A (a - 1)c2	and ( as above. 

The constants c, c, C, m, M, p are specified in the proof below. 

The next theorem says that it is possible to find initial functions such that (2.1) is 
satisfied for corresponding solutions of Problem (1.6). 

Theorem 2. Assume that ço is a positive smooth solution of the problem 

(a(v1)) = Av(_I)/(P_1)(x) (0 < x < 1)1 
V1 (0) = 0	

1	
(2.10) 

a(v1(1)) =	l(i) 

for some \ > 0 and such that cp'(i) > r. Then there exists a unique maximal classical 
solution of Problem (1.6) such that u t , u 1 E C2"rT) for all T E [0, Trr,ax) and uj. u, 
are positive on (0, 1] x [0, T,nax). 

Finally, the following theorem guarantees the classical solvability of Problem (2.10). 

Theorem 3. Let q1 > 77 P be given. Then there exists a positive function 
C°°([0, 1]), v(1) = L such that v is a solution of Problem (2.10) with 

A - 
aA(L') 

- 	 (2.11) 

where A() = f a'(T)T dr and = v(0).
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3. Proof of Theorem 1 

1. First of all note that our assumption '(1) > 77 yields a(u(1,i)) = u'(1,t) for all 
t E (O,Tmax) and one can compute 

u 0 (1, t) = u(1, t) = a(u 1 (l, t)) u 1 (1, t) = I ((a(u))u + a(u)u1)dx 
Jo 

As (a(u)) 1 = u 1 , integrating the first term on the right-hand side of the above identity 
by parts we arrive at

	

t1	 p1 

u ( ° 1) (1, t) = uj(1, t) u(1, t) - u i (O, t) u(O, t) - J uu dx + 
J 

a(u1)u dx. 
0	 0 

In view of (1.5) and (2.1) we have 

ja(i)	dx	 dx 

that with the previous inequality yield 

	

u(1,t)	u t (l,t)ii(l,i) +p' I (u)dx 
Jo 

i.e.	
ut(1,t) ^! au'°(1,t) ,	 (3.1) 

where a	and 9 
p,-3p2 Solving this differential inequality one can see that 

Tmax <T. E	
1	and	p(1) <u(1,t) 

(i - T.'t)'1° 

for all t E [O,Tmax). Now it is not difficult to show that u(1,t) - cc if t —* Tmax (see 
the proof of Theorem 2 below). Next, integrate (3.1) over (s, t), s < t: 

-(u(1, S W0
	(u(1, t))° — (u(1, s))_8	—a 8(t — s).	(3.2) 

For t going to Tmax (3.2) easily yields (2.3)2 and (2.7)2 with C	(a9)' / °. Note that 
by the notation (2.3)2 we understand the second inequality in (2.3), i.e. 

U(1 ' t) <	C 

— (Tmax - t)(-1)/(-3-'-2) 

2. Now choose 0 < p < 1 , n 2, define x(x) = . / and write I—p  

J(x, t)	u 1 (x, t) — x(x) u' (x, t).	 (3.3)
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We now claim that if p is close enough to 1 and n is sufficiently large, then 

J(x, t) > 0	on [0, 1] x [0, Tmax)	 (3.4) 

if q > 2. In fact, observe first that due to our assumptions u(1, 0) = p '( l ) > i, Ut ^! 0, 
we have u(x,t) > 71 on [p, 1) x [0,Tmax ) for some 0 <i < 1. Taking p ^! i it is not 
difficult to verify that J satisfies the following set of equations: 

PJ Jt - a'(uz)Jrx + A(x,t)J + B(x,t)J 

= (p - 1)u 3u2_1) (xx " - (2 - p)(x')2 

+ 2(q - 1)u 2 ' 2 + (a - 1)(q - 2)u2_4 x 4) on QT	(3.5) 

J(0,t)=J(1,t)=0	for te[0,T] 
Ax , 0) = p'(X) - x(x)'(x) for x E [0,1] 

for some bounded and continuous functions A and B, and for any T < T,,,,.. Now, if 

q^!2	and	n? max {2,(p-1)'},	 (3.6)

then it is easy to verify that PJ > 0 on 1T• We next claim if p is close enough to 1, 

	

J(x,0) >0	for x E [0,1].	 (3.7)

To see this, we note that due to (2.1), p', p", p" > 0 on [0, 1]. Then 

-	,,( > ()	/ = , 1)(x - 1) + ((1))a_1) 

This for x = 0 yields p"(l) ^! ((1) ) 6_1 and one can conclude that £(x)	0 for all 
x E [0,xoJ, z0 = 1-((1))/"(1). Takingp ^! xo and making use the convexity of the 
function x(x)'(x) together with the fact that W 0 (1) = £(1) and X(xo)° 1 (xo) = 

= 0 we arrive at

	

x(x)W' - '(x) < £(x)	for all x E [0,1] 

and (3.7) follows. Thus, the maximum principle yields (3.4), and so the estimate (2.8)2 
follows by integration. Indeed, integrating (3.4) over (x, 1) we find 

	

u 2 (x,t) < 1/(a - 2)g(x),	g(x)	j X(T)dT. 

Note g E C 3 , g(x) = f X(T)dT for all x C [O, p], g(1) = 0 and g"(x) 0. Thus 

g(x)>- 11 x(7-) d7- min{i,-} 
Jp
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and

^1-p
cr-2	i/(2-ü)

X(T)dT	
1 

- 	j,	j	 (min{1 - p, 1 - 

for all x E [0, 1), i.e. (2.8)2. 

3. In view of (3.4), i.e. J(x,t) > 0 and due to the fact that J(l,t) = 0 we find 
J(1,t)	0, i.e. 

u(1, t) < (p - 1)X'(1) u(P _1)(o-1)(1 t) + (q - 1) u1(0_1)_I(1, t),	(3.8) 

where x'(l)=n/(l—p). Note that p(o-1)-1—(p-1)(a-1)=a-2>0. Therefore 

U ' (1, i) < ((p - 1 )X'( l ) + q - 1)u(1, t)	V t E k Tmax),	(3.9) 

where	min{sls E [0,Tmax),u(1,$) > 11. Consequently, 

	

(u(1, t))° - (u(1, s))° > —(q - 1 + (p - 1)'(1))9(t - )	Vt, S E [t,Tmax). 

Thus, after i	Tmax (limt_..T,,,., u(1, t) =	), we arrive at 

1	 1/0 

—1 + (p - 1 )X'( 1 )) O ( Tmax - t)) 

for all t E [t,Tmax), and (2.7) follows. 

4. To obtain the estimate for q < 2 we have to proceed differently. Put 

Y(t) = u v (1 , t)J	u(x,t)dx, e(t) = u(1,t),	= q—p + ,	= —1+6. 
i-(t)	 - 1 

Then
y'(t) =	(1, t)tzj(1, t)I(t) + uv(1, t) J	(a(u1))dx ,	(3.10) 

1-e(t) 

where
1(t) = w u(1 - (t), t) (t) - vJ	u(x, t) dx. 

i-(t) 

Let us first consider the more difficult case ii > 0. Below we shall use the following 
estimate, which follows from the non-negativeness of u, u and from the form of our 
boundary condition at x = 1: 

U(1, t)(1 - u e (1 1 t))	u(1 - (t), t)	u(x, t)	u(1, t)	(3.11) 

for all x E [1 - (t), 11, t E [0, Trnax), that by integration yields 

U'(1 ' t) - 1	y(t)	ue(1, t).	 (3.12)
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Now we show that there exists r 0 such that 1(t) > 0 for t 2 r. As 

p1	 p1 
1(t) = (1 - e) I 

(t) 
u(x,t)dx - w / ( t) (u(x,t) - u(1 - 

JI —  

> (1 - ) f—(t) u(x, t) dx - w(u(1, t) - u(1 - (t), t))e(t), 
i  

applying (3.11) we arrive at 

1(0 > U  (1, t)(t)( 1— e) [Ue(i, t) - 

which is positive if t is sufficiently large. Note that a - 1 > 1 - E. Thus, (3.10) yields

	

y'(t)	uO+2e(l,t),	6 = (qp- 3p+2)/(p- 1) 

which with the assistance of (3.12) gives 

'( , 

	

z	z1°(t),	z(t) = y(t) + 1.	 (3.13) 

Now, if we take t,s E [7 1 T) such that .s <t, by integrating of (3.13) we get 

	

z 6 (3) - z 6 (t) 6(t - s),	5 =	= pq - 3p + 2 + e(p - 1) 
E(p-1) 

Next, (3.13) and (3.12) yield

1	1 
u Eb 	s)	U(1, t) + o(t - s) 

that by letting t -	gives 

Tmax - 
s) (p-1)/(pq-3p+e(p-1)) <n(1, s). 

Hence, (2.3) follows. In the case of ii < 0, 1(t) 2 0 and the rest of the proof is the 
same as above. 

5. Now, at last, we show the validity of (2.4) and (2.8). We know from (2.1) that

	

u(x,t) > u(x,$) 2 u 1 (1,$)(x —1) + u(1, s) = u 1 (1,$)(x —1) +u(1,$)	(3.14) 

for any .s E [0,t). Consequently, 

u(x,t) >	max (a0(x - 1) + c) >	max	(cl°(x —1) + ),	(3.15) 

	

p(I)<a<u(I,t)	 -
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where 79(t) d(Tmax - t)	and 

	

dssjC ifq<2	and 
1c	ifq^!2 

Note that for fixed 0 < x < 1

=	 -f2+e ifa<2 pq-3p
>2. pq-3p+2	if - a  - 

max (a" - '(x - 1) + a) = (a0(x - 1) + a)

	

°	
m 

	

0 ='°	(1 - x)(P_1)1(_P) 

where

ao =	- 1)(1	)]I(2_)	and	rn = (a .-2)(a - 1)_2). - 

Observe next that (1) < a0 < 19(t) whenever 

<x <d -	 (3.16) 

Hence, u(x,t) > m(1 - 1)(1p)/(qp) if (3.16) holds. 

4. Proof of Theorem 2 

Let u0 be a positive smooth solution of Problem (2.10) and denote p = uo(0), £ = u0(1). 
Let 0 E C3 (R), (0) = 0, 0, I,U,UUI C on R for some positive constant C 
and

= _lU lq-2 U if 0 <p <u < M (= 2L). 

Moreover, let a 1 E C 4 (R), 0< p < a, (^) <' on IR for some 0< o < 1 and

	

a,() = a()	if II < K (= M°), 

and consider the following problem:

in Q T 

	

a 1 (u(1, i)) + (u(1, t)) = 0, u(0, t) = 0	on [0, T]	(4.1) 

	

u(x,0) = uo(x)	on [0, 1). 

Now, the results of [10: Chapter V/p. 4291 guarantees the existence of a unique solution 
to Problem (4.1) in the class H 2 ' 1/2(T) for any 0 < /3 < 1. However, to show 
that are non-negative we first show that u is indeed more regular. To do 
this we rewrite Problem (4.1) into the following form: 

- a(x,t)u 1 = 0	in QT 

-	 u(1, t) + b(t)tz(1,t) = 0, z 1 (0, t) = 0	on [0,T]	-.	(4.2) 
u(x,0)=tzo(x)	on [0, 1].
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where
c(x,t) = a ' (u1(x,t))	and	b(t) = _--1 

u(1, t) 

As Dc (m = 0, 1) are Holder continuous in ^1T, by [7: Chapter 3, Section 5/Theorem 
10] we obtain that D'u, D 1 Du (0 m 3,0 k 1) exist and are HOlder 
continuous in QT. Hence, the equation in (4.1) can be differentiated with respect to x 
and for w = u we obtain 

	

- a l 	- a'(u)u 1 w1 = 0	in 1T 

	

w(1, ) = a (—(l1(1, t)), w(0, t) = 0	on [0, T]	(4.3) 
w(x,0)	u' (x)	on [0, 1]. 

By [10: Chapter IV/Theorem 5.2] it has a unique solution w E H 2+$l+fl/2 ( iT ). Thus, 
D"Da (0 < m+ 2k < 2 1 k 1) exist and are HOlder continuous in T and by [7: 
Chapter 3, Section 5/Theorem 111 for (4.2) we arrive at D'Du (0 < m+2k < 4, k < 2) 
to be Holder continuous in QT. As, moreover, U 1 1 E C(cl'j'), we can differentiate the 
equation in (4.1) with respect to t, and the boundary condition too. Putting U = u1 
one can check that

	

U1 - a'1 (u 1 )U11 - a(u1 )u 11 U = 0	 in QT 
a'1 (u)U(1, t) + "(u)U(1, t) = 0, a' (u)U1 (0, t) = 0	 on [0, T]	(4.4)

U(x,0) = (ai(u))'(x) on [0, 1]. 

Here, the hypotheses of [10: Chapter IV/Theorem 5.2] are fulfilled and we obtain U E 
H2 ' /2 (1lT). Thus, similarly as above, one can conclude that DDu exist and 
are HOlder continuous in QT for 0 <m + 2k <6, k < 3. Hence, W = uj satisfies 

Wt = a' II, I 1 (u)T4T	(a"

	

(u (a(u)u1 + a 1 u)u)W + 2a"(u)u 11 W	in c17. 

a(u)W(1 1 t) + 0Y(u)U(1, t) = 0, a(u)W(0, i) = 0	on [0, T]	 (4.5) 
W(-,0) = (a i (u)) I, x,	on [0, 1]. 

After these preliminaries it is not difficult to prove Theorem 2. Indeed, as u t (x, 0) = 
Au ' - '(x) 2 i' > 0, the maximum principle yields that u t (x,t) > 0 on ciT. Thus, 
u(x,t) > t on QT and the equation in (4.2) gives u > 0 on QT. Now, as u 11 (x,0) = 

- 1)u 2 (x)u(x) > 0 on (0, 11, taking into account (4.5) one can conclude that 
u t (x, t) > 0 on (0,1] x [0, T}. 

Next, because of the smoothness of u and due to the fact that uo(x) = M/2 
there exists a time s > 0 such that u(x,t) < M on ci i , i.e. u is also the unique solution 
of our original problem (1.6) such that 

U,tL j,Ur 1 >0 on ri.,	and	u, u11 > 0 on (0,1] x [0,s]. 

Put
Tmaz = sup f s l there is a solution of Problem (1.6) on
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If Tmax < cc, it is not difficult to show that u(1, t) —i cc if t - Tmai . Indeed, let us 
suppose that u(1, t) const for all t E [0,TmaX ). Then from (4.1), (4.3) and (4.4) one 
can get

u1(x,t)+u,(x,t)+u(x,t)C<oo	 (4.6) 
for all (x, t) E [0,1] x 10,Trnax). Note that each term on the left-hand side of (4.6) is 

non-negative. Applying now [10: Chapter TV/Theorem 5.3) for Problem (4.2) and then 
[10: Chapter TV/Theorem 5.21 for (4.3) we obtain the uniform bound of u, u in the 
norm of H 2 " /2(y) with respect to T, T < Tmax. Denote 

	

V(X)	lim u(x,t). 

Then v E H 2 '([0, 1]) (0 < ii < 1), v 1 (0) = 0 and a(v 1 (1)) = v(1) , i.e. the solution 
u can be extended beyond Tmax, which is a contradiction. 

5. Proof of Theorem 3 
We shall first deal with the problem 

(a2 (v4) = Av°' (0< x < 1) 
v(0) = 0	 (5.1)

a2(v1(1)) = v'(1) 

for some A>0, where a2 EC 3(R),0<Ka'2(e)ic' (eER) for some 0<tc<1 
and a2(e) = a(e) if	2L'. Put A() = f a(r)r dT and denote by A' its inverse 
(on (0, cc)). Then we have ic 2 2A()	and 

2 
1/2 

A'()	
( 2  

for any C E ll. If v is a positive classical solution of Problem (5.1), then v > 0 on 
(0, 11 and multiplying the equation in (5.1) by v we obtain easily 

v(x) = A` (W(X) - ))	 ( 5.3) 

where i = v(0). Denoting e = v(1), e = £°' and assuming that £ > i, (5.3) for x = 1 
gives

A = aA()	 (5.4)
La - 

After integration of (5.3) we arrive at 
vW	dz 

A-' ((Za - ia)) =
	V x E [0, 11. (5.5) 

Putting
dz 

= I A' '(z - 11 ) 
(5.5) for x = 1 especially yields 

-	 .F(L,) = 1.	 (5.6) 

Now we are ready to formulate the following two statements.
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Proposition 1. Assume that £ > i, let constants 0 < y < £ be related by equation 
(5.6) and a function v be given implicitly by (5.5). Then v E C°°([0, 1]) and v is a 
positive solution of Problem (5.1) with v(0) = i, v(1) = £ and A being given by (5.4). 

Proposition 2. Let £ > 77 be given. Then there exist a positive A and i E (o,e) 
such that (5.6) is satisfied. 

Proof of Proposition 1. Let 0 < y < £ be given such that (5.6) is satisfied with 
A being given by (5.4). Put 

	

h(y) = /	
dz 

	

 /	 for y E (ii,	). Ji A-' 1A(e)1-.- 

	

\	\tL 

With the assistance of (5.2) one can now obtain for the function h the estimate 

()

jç 1/2 
F(y)	h(y) < (2,c)- 1/ 2 

	

2	 F(y),	 (5.7)

where
/1	f\ //e\a 

	

F(y)=	 —1 

and

	

f(x)__f	dz	
for x(1,).	 (5.8) 

1 /z —1 
The above integral converges since yza - 1 /O-'(Z- 1) near z = 1, hence, h is well 
defined on [1, ), h E C([p, oo)) fl C°°(1i, ), h( 1i) = 0 and h(s) = 1. As h'(y) > 0 on 
(, ), for each x E [0, 1] there exists a unique y E	£] which we shall denote y = v(x) 
such that v	h	E C([0, 1]). As v(x)	1/h'(v(x)), i.e. (5.3), it is not difficult to 
see that v satisfies (5.1) with A given by (5.4). Thus a(v1 )v	Av'(x) and the
smoothness of v follows. 

Proof of Proposition 2. Assume that £, satisfying £ > i, is given and put z = 
As we consider 0 < p < £, z E (1, oo), and take 

£z 012-1	I	1 W(z) =	f(z)Vl - -,	 ( 5.9) 

where f is defined by (5.8). With the assistance of (5.7) one can see that 
(?)1/2 

W(z) <(/z) < (2"2 W(z)	for z E (1,00).	(5.10) 

We know already that W(z) — 0 as z - 1 and it is enough to show that W(z) - 
as z - c, because then (5.10) yields the existence of at least one z0 E (1, oo) such 
that .1(, £/z0 ) = 1, and the assertion of Proposition 2 would follow. The fact that 
W(z) - no as z - no follows from (5.9) taking into account the fact that a > 2. 

Proof of Theorem 3. Put £ = L. As vrx > 0 on [0, 1] it follows that 0 v(x) <

	

for all x E [0, 1]. Since a2(e) = a(e) for	2' (see (5.1) above), the proof
of Theorem 3 is completed.
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6. Concluding remarks 

Let us finish the paper with some remarks concerning Problem (1.6) for those values of 
the parameters p and q that we do not concern here. 

Remark 1. Let q satisfy (1.3), i.e. the inequality 

v(1)1 <Ef I v (x ) I dx + C,
	

v (x ) I2dz + C	 (6.1) 

holds for any v E W(O, 1). Multiplying the equation in (1.6) by it and taking into 
account (6.1) and the fact that c1W - C < a(e)	I( ( E R) for some positive 
constants c and C, one -can easily arrive at --------	i-	--	-	-	-	- 

max f IL(x,t)I2dX	(10 Iuo(x ) I 2dx + L) Kt -
<Oi<T  

where K. L > 0 do not depend on it. Now, from the energy inequality 

	

u(x, t) ddt + J(u(t)) <,J(uo), .1(v) =Ja(T) dTdx - q	v(1)1	(6.2) 

we obtain
1	I 

J f ux, t) dzdt + max IIu(t)IIwt(oI) O<t<T 

which does not depend on it. Therefore, one can conclude that u exists globally. 

Remark 2. If p > 2 and q < 2, it is shown in (6) by the same way as outlined in 
Reiiiark 1 that all solutions of Problems (1.1) and (1.6) exist globally. In the case q > 2 
all non-decreasing (in a:) positive solutions of Problem (1.6) (Problem (1.1)) blow up in 
a finite tune. Indeed, note that 

d 1	
^ (10

1 n(x,t)dx) u(x.t.)dx = 0t(1,t) 

As q - 1 > 1, it cati not, exists globally, i.e. Tmax < oc. To show that it blows up in 
a finite time WC need to show that u(1, t) . 00 if t . Tmax. For smooth solutions of 
Problem (1.6) satisfying (2.1) it is demonstrated in the proof of Theorem 2 above (for 
Weak soliit.muiis of (1.1) see, e.g., 141). 

Remark 3. The regularity of solutions of problems like (1.1) has been intensively 
st.u(hie(I ill (2] (see also the references therein).	-



102	M. Chipot and J. Fib 

References 

[1] Chipot, M., Fila, M. and P. Quittner: Stationary solutions, blow up and convergence to 
stationary solutions for sernilinear parabolic equations with nonlinear boundary conditions. 
Acta Math. Univ. Comenianae 40 (1991), 35 - 103. 

[2] DiBenedetto, E.: Degenerate Parabolic Equations. New York: Springer-Verlag 1993. 
[3] Fila, M. and J. Fib: Blow-up on the boundary: a survey. Singularities and Differential 

Equations. Banach Center Publications 33 (1996), 67 - 79. 
[4[ Fib, J.: On solutions of a parturbed fast diffusion equation. Aplikace Maternatiky 32 

(1987), 364 - 380. 
[5] Fib, J.: Diffusivity versus absorption through the boundary. J. Duff. Equ. 99 (1992), 281 

- 305. 
[6] Fib, J.: Local existence and L'-estimate of weak solutions to a nonlinear degenerate 

parabolic equation with nonlinear boundary data. PanAmer. Math. J. 4 (1994)3, 1 - 31. 
[7] Friedman, A.: Partial Differential Equations of Parabolic Type. Englewood Cliffs: Pren-

tice-Hall 1964. 
[8] Friedman, A. and B. McLeod: Blow-up of positive solutions of semilinear heat equations. 

Indiana Univ. Math. J. 34 (1985), 425 - 447. 
[9] Levine, 1-1. and L. E. Payne: Nonexistence theorems for the heat equation with nonlinear 

boundary conditions and for the porous medium equation backward in time. J. Duff. Equ. 
16 (1974), 319 - 334. 

[10] Ladyzenskaja, 0. A., Sobonnikov, V. A. and N. N. Uralceva: Linear and Quasilinear Equa-
tions of Parabolic Type (Translations of Mathematical Monographs: Vol. 23). Providence 
(Rhode Island): Amer. Math. Soc. 1968. 

Received 28.05.1997


