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An Example of Blowﬁp
for a Degenerate Parabolic Equation
with a Nonlinear Boundary Condition

M. Chipot and J. Filo

Abstract. In this paper, a nonlinear parabolic equation of the form u, = (a(u:)): for z € (0,1),
t >0, a(uz) = |uzlP"?uz ifuz > 7 > 0,1 < p < 2, with nonlinear boundary condition
a(uz(1,t)) = |u|?"%u(1,t) is considered. It is proved that if gp — 3p +2 > 0, then the solutions
blow up in finite time. Moreover, estimates on the blowup profile (in z) and the blowup rate
(in t) for £ = 1 are derived.
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1. Introduction

In the recent years questions like blowup, global solvability and qualitative behaviour of
solutions near blowup time for semilinear parabolic problems have attracted considerable
interest. Should we restrict ourselves to problems with nonlinear boundary conditions,
the heat equation has been discussed to a fair degree, however, nonlinear diffusion
problems have not been studied in that extent (see (3] and references therein).

The purposc of this paper is to choose an interesting model problem to demonstrate
how the diffusion coefficient, nonlinearly depending on the gradient of a solution, affects
the value of critical exponent for global solvability and to describe the behaviour of
solutions that blow up in a finite time as detailed as possible. Thus, consider the
problem

ue = (Jug P %uz): in Q7 =(0,1) x (0,T)
1w, (0,t) =0
l (3, )17 20,1, 1) = |u(1,8)|7 " %u(1,t) for t € (0,T)
u(-,0) =9 € VV,:(O, 1)

(1.1)
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where 1 < p < 2 and ¢ > 1 are given. The elementary inequality

( y 3p—2 1 1/p 1 (p—=1)/p
: 3p=2)/p « £ _ = P 2
sz 0 < 252 ([odtoras) ([ worar)

1
+/ lo(@)|P~D/Pdz Vv e W)0,1)
0
with the help of Young's inequality easily yields
1 1
(I < [ puae)Pds +C. [ ierds +C (1.2)
0 0

for any 0 < € < co. Using (1.2) it is not difficult to show (see Remark 1) that Problem
(1.1) is globally solvable, i.e. it has a weak solution for arbitrarily large T whenever

g< . (1.3)

It is the aim of this note to show that the growth condition (1.3) for global solvability
of problems like (1.1) is optimal.

To be more precise, let us take a function a € C*(R),
a(€) = EP7%¢  if |E]>n>0 (1.4)

a'() >0 and |a(é)| < |€)P7! for all € € R, (1.5)

0 <7 <1 being arbitrary, but from now on fixed, and instead of (1.1) consider the
problem

Ue = (a(uz))z in Qp
u (0,t) =0 (1.6)
a(uz(1,t)) = [u(1,8)[* 2u(1,t)  for t€[0,T) '
u(z,0) = p(z) >0 for z €{0,1].

We would like to show that Problem (1.6) has for smooth ¢ a classical solution which
becomes unbounded in a finite time if

3p—-2
P

q >

(1.7)

Moreover, we will derive estimates on the profile (in z) and the rate (in t) for z = 1
of the solutions to problem (1.6) when they approach the blowup time. The methods,
that we apply, borrow material from [3] and the references therein, nevertheless, their
application to our problem scems to be not straightforward.

Before stating our main result, let us make precise some notion we use throughout
the paper. By a classical solution or shortly by a solution of Problem (1.6) on Qp
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we mean a smooth function u, say u € C>!(Q7), such that all identities in (1.6) are
satisfied. Put

Tmax = sup {T' there exists a classical solution of Problem (1.6) on QT}.

By a mazimal solution of Problem (1.6) we shall understand a function u : Q x
[0, Tmax) — R such that u is a solution of (1.6) on Qr for any T, T < Tmax- If
Tmax = 00, we say that Problem (1.6) is globally solvable. On the other hand, if
Tmax < o0 and max, g |u(z,t)] — oo as t — Tmax, we say that the solution u blows
up in ¢ finite time.

2. Main results
The following theorem summarizes our knowledge of the behaviour of the solutions to
Problem (1.6).

Theorem 1. Let1 < p< 2, pg—3p+2 >0, ¢'(1) > n and assume that u 13 a
mazimal positive solution of Problem (1.6) such that

Uy, Uz, Uz are continuous and non-negative (2.1)

on [0,1] x [0, Tinax). Then:
(i) The solution u blows up in a finite time and the mazimal time of existence,

Tmax, can be estimated from above as follows:

0 < Trmax < T(<p(1))-(pq—3p+'2)/(x:—l), (2.2)

where 7 = p/(pg — 3p + 2).

(ii) Moreover, if ¢ < 2, then there exist positive constants m,C and for each
€ € (0,1) a constant c. such that

(Twnax — t)(P—C;)/(Pq—3P+2+€) su(lt) < (Tmax — t)(Pc-'l)/(pq—3p+2) (2:3)
for allt € [0, Tmax), and N )
(1- g;)(ﬂ—l)/(q-p) < w(z,1) (2.4)
for all (z,t) € [0,1] x [0, Tinax) such that
(<z<1- Ae(T"mx _ t)(q—p)/(pq—3p+2+t)’ (2.5)

where ¢ = (1 = (0 —1)7'(¢(1))>77), = max {0,1 - (o - DY e(1))277}, A* = (o —
1) 1c2=7 and E
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(1ii)- On the other hand, if ¢ > 2, then there ezist positive constants c,C,m, M such
that
c C
<
(Tmax — t)(p—l)/(pq—3p+2) = u(l)t) S (Tmax _ t)(P—l)/(P9—3P+2) (27)

for allt € [0, Trnax) and

e < u(z,t) < M

(1 - I)(P—’)/(?-P) = (min{l — p,1 — I})(P—l)/(‘l“}’)

(2.8)

for some p,0 < p < 1, where the right-hand side inequality holds for all (z,t) € 10,1] x
[0, Tmax) and the lefi-hand side inequality only for those (z,t), that satisfy

( <2 <1 = A(Tmay — t)(97P)/(Pa=3p+2) (2.9)

with A = (0 — 1)7'¢?77 and ¢ as above.
The constants ce,c,C,m, M, p are specified in the proof below.

The next theorem says that it is possible to find initial functions such that (2.1) is
satisfied for corresponding solutions of Problem (1.6).

Theorem 2. Assume that ¢ is a positive smooth solution of the problem

(a(v:)): = W=Dy (0 <z < 1)
v:(0) =0 (2.10)
a(vz(1)) = v?71(1)

for some A > 0 and such that '(1) > n. Then there czists a unique mazimal classical
solution of Problem (1.6) such thatw,,u, € C*'(Qr) for allT € [0, Tinax) and ug, uz, uz,
are positwve on (0,1] x [0, Tipax ).

Finally, the following theorem guarantees the classical solvability of Problem (2.10).

Theorem 3. Let L97' > nP~! be given. Then there exists a positive function
v € C°([0,1]), v(1) = £ such that v is a solution of Problem (2.10) with

gA(L™Y)

A= ,
£a_#a

(2.11)

where A(€) = fOE a'(r)rdr and p = v(0).
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3. Proof of Theorem 1

1. First of all note that our assumption (1) > 1 yields a(uz(1,t)) = u2~(1,t) for all
t € [0, Tmax) and one can compute

WP, 8) = uB(1,0) = a(uz(1,1) uz(1,1) = /0 ((a(uz))zuz + a(uz)uss)dz .

As (a(uz)): = uy, integrating the first term on the right-hand side of the above identity
by parts we arrive at

1 1
wPlO(1, 1) = uy(1,t) u(1,t) — u,(0,t) u(0,t) — / ugudz +/ a(uz)uzz dz.
0 0

In view of (1.5) and (2.1) we have

1 1
/ a(uz)uz, dz < / u’;_luxz dz
0 0

that with the previous inequality yield

1
w?=1(1,8) < w1, ) u(l, 1) +p“/ (uf)z dz
0

uy(1,8) > au't(1,1) (3.1)
where o = 2%1 and 8 = u_;_i};iz' Solving this differential inequality one can see that

1 e(1)
Tpax <To= —————  and  ———2—— < y(l,t
a8(p(1))° (1 _ T._‘t)l/e (1,¢)

for all t € [0, Tmax)- Now it is not difficult to show that u(1,t) — oo if + = Tinax (see
the proof of Theorem 2 below). Next, integrate (3.1) over (s,t), s < t:

—(u(l,s))“o < (u(l,t))_e —(u(1,8) % < -a ot — s). (3.2)

For t going to Tmax (3.2) easily yields (2.3), and (2.7); with C = (af)~!/®. Note that
by the notation (2.3), we understand the second inequality in (2.3), i.e.

o

ULt S T G- e

2. Now choose 0 < p<1,n2 2, define x(z) = ((Il;_pzt)" and write

J(z,t) = u(z,t) — x(z)u”"(z,t). (3.3)
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We now claim that if p is close enough to 1 and n is sufficiently large, then
J(z,t) >0 on [0,1] x [0, Twmax) (3.4)
if ¢ > 2. In fact, observe first that due to our assumptions u,(1,0) = ¢'(1) > 7, uz¢ > 0,
we have u;(z,t) 2 7 on [u,1] X [0, Tmax) for some 0 < g < 1. Taking p > u it is not
- difficult to verify that J satisfies the following set of equations:
PJ =J; —a'(uz)Jzz + A(z,t) ], + B(z,t)J
= (p - D22 (" - 2 - p)(x')?
+2(q - 1)u"_zX’X2 + (0 —-1)(¢g— 2)u2°—4x4) on Qr (3.5)
J(0,t) =J(1,t) =0 for t€(0,T]
J(2,0) = ¢'(2) - x(2)p"N(z) for z€[0,1)

for some bounded and continuous functions A and B, and for any T < Tmax. Now, if

g>2 and n > max{2,(p —1)7'}, (3.6)
then it is easy to verify that PJ > 0 on 7. We next claim if p is close enough to 1,

J(z,0) >0 for z €10,1]. 3.7
To see this, we note that due to (2.1), ¢, ¢", ¥ > 0 on [0,1]. Then
¢'(z) 2 &z) = (¢"(1)(z ~ 1) + (p(1))" 1), -
This for z = 0 yields ¢"(1) > (¢(1))°~! and one can conclude that £(z) = 0 for all
z € [0,z0), zo = 1—-(¢(1))° " /"(1). Taking p > z¢ and making use the convexity of the
function x(z)¢? () together with the fact that ¢ ~!(1) = £(1) and x(z¢)p® " (zo) =
£(z0) = 0 we arrive at
x(z)e? " (z) < {(z) for all z € {0, 1]

and (3.7) follows. Thus, the maximum principle yields (3.4), and so the estimate (2.8),
follows by integration. Indeed, integrating (3.4) over (z,1) we find

1
wz,t) < 1/(0 - g(z),  g(z) = / x(r) dr.

Note g € C3, g(z) = fpl x(7)dr for all z € [0, p], g(1) = 0 and ¢"(z) < 0. Thus

9(z) > /pl x(r)dr min{l,-ﬁ-:—;}
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and

1/(2-0) 1
] (min{l — p,1 — z})(p=1)/(a=p)

u(z, ) < [%;2»/,,1 X(r)dr

for all z € [0,1], i.e. (2.8),.

3. In view of (3.4), i.e. J(z,t) > 0 and due to the fact that J(1,t) = 0 we find
Jz(1,t) <0, i.e.

w(1,t) < (p— Dx'(1)uP7 D01, 8) + (¢ - 1)uP7 D71 (1,0), (3.8)
where x'(1) = n/(1 — p). Note that p(c —1)—1—(p—1)(0c —1) = 0 —2 > 0. Therefore
ul(L,t) < (P— X' (WD) +q - D7 (Lt)  Vie[,Tmax),  (3.9)
where ¢ = min{s|s € [0, Tmax),u(1,s) > 1}. Consequently,
@1,0)7° = (u(1,9)7° 2 =(¢=1+(P-1)X' ()8t~ 5)  Vi,5€ [, Tmax).

Thus, after t — Tnax (lime—T,,, u(1,t) = c0), we arrive at

1 1o
0> (=T =5)
for all ¢ € (¢, Tmax), and (2.7); follows.
4. To obtain the estimate for ¢ < 2 we have to proceed differently. Put

1

y(t) = u’(1,t) w(z,t)dz, €) =u“(1,t), w=2"L i v=w-1+e.
1—£(1) p-1
Then .
y'(t) = —u’ "1, t)u, (1, 8)I(t) + u”(l,t)/ (a(uz)).dz , (3.10)
1-¢(t)
where .
I(t) = wu(l — £(8), ) €(2) u/ u(z, ) dz.
: 1-¢(1)

Let us first consider the more difficult case v > 0. Below we shall use the following
estimate, which follows from the non-negativeness of u,,u;, and from the form of our
boundary condition at z = 1:

w(1,8)(1 —u™¢(1,t)) < u(l —&(t),t) < u(z,t) <u(l,t) (3.11)
for all z € [1 —£(t),1], t € [0, Tinax), that by integration yields

uf(1,t) — 1 < y(t) < u(l,t). (3.12)
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Now we show that there exists 7 > 0 such that It)>0fort> 7. As

W=0-0 [  ueni-w /l_w) (u(z,t) - w(1 - £(1),1))dz
>(1-¢) . u(z,t)dz — w(u(l,t) —u(l - {(t),t)){(t),

applying (3.11) we arrive at

10 2 600 - 0 [u,0 - T2
which is positive if ¢ is sufficiently large. Note that 0 —~1 > 1 —¢. Thus, (3.10) yields
v <UL, 8=(ep-3p+2)/(p- 1)
which with thé assistance of (3.12) gives
2'(t) < 2RIy (1) = y(t) + 1. (3.13)
Now, if we take t,s € [, T) such that s < t, by integrating of (3.13) we get

_0+e pg—3p+2+e(p-1)

278(s) — 278(t) < 6(t — s), ] . =1

Next, (3.13) and (3.12) yield

1 1
<
2%ues(1,s) ~ ued(1,t)

+6(t —s)

that by letting t — Tphax gives

1
(288(Trmax — )P~/ (Pa=3pte(p—1)

< u(l,s).

Hence, (2.3); follows. In the case of v < 0, I(t) > 0 and the rest of the proof is the
same as above.

5. Now, at last, we show the validity of (2.4) and (2.8),. We know from (2.1) that
u(z,t) > w(z,5) 2 ua(l,8)(z ~ 1)+ u(lys) = w7 (Lshz — 1) +u(lys)  (314)
for any s € [0,¢]. Consequently,

u(z,t) > max (@ Yz -1)+ a)> m

' o—1
z-1)+«), 3.15
e(1)<a<u(l,1) < ‘/’(1)33)5('7(1) (e ) ) ( )
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where 9(t) = d(Tnax — t)~? and

. p—1 .
dE{Ce 1fq<2 and ﬁE{pq—i;r{-Z-{-l lfq<2
c ifg>2 m if g >2.
Note that for fixed 0 < z < 1
m

-1 _ -1 =
Ogézzxoo (a® Nz -1)+ 01) = (@ 'z -+ O‘)lo:ao T (1 - z)e-1/g-p)’

where

Qg = [(:7 - 1)(1 _ I)]l/(2—0) . and m= (U _ 2)(0 _ 1)(1—0)/(0’-2).

Observe next that ¢(1) < ap < J(t) whenever

1— 2)%1(99(1))_("_”)/(”_]) <z<id- %(ﬂ(t))—(q—p)/(p-l). (3.16)

Hence, u(z,t) > m(1 — z)(*=P)/(4=P) if (3.16) holds.

4. Proof of Theorem 2

Let ug be a positive smooth solution of Problem (2.10) and denote g = u4(0), £ = uo(1).

Let ¢ € C3}(R), #(0) = 0, ¢y < 0, |}, du,Puu| < C on R for some positive constant C
and

d(u) = —|u]?%u if O<pu<u<<M(=20).

Morcover, let a1 € C*(R), 0 < ¢ < a}(£) < 07! on R for some 0 < ¢ < 1 and
a(€) =a(€) if €IS K (=M,
and consider the following problem:

ug = (a1(uz)): =0 in Qr
ay(uz(1,t)) + é(u(l,t)) =0, u.(0,¢) =0 on [0,T)] (4.1)
u(z,0) = uo(z) on [0,1]. '
Now, the results of [10: Chapter V/p. 429] guarantees the existence of a unique solution
to Problem (4.1) in the class H2*+#:1+8/2(Q1) for any 0 < 8 < 1. However, to show

that uy,uz,Uzz, Uz are non-negative we first show that u is indeed more regular. To do
this we rewrite Problem (4.1) into the following form:

uy — a(z,t)u, =0 in Qr
Cun(1,8) + b(8)u(1,t) = 0, u(0,¢) =0 " on [0,T] T (4.2)
u(z,0) = ueo(z) on [0,1].
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where

a(z,t) = a)(uz(z,t)) and b(t) = —%ut()l’t))).

As D*a (m =0,1) are Hélder continuous in Qr, by [7: Chapter 3, Section 5/ Theorem
10] we obtain that DJ'u, D,D¥u (0 < m < 3,0 < k < 1) exist and are Holder

continuous in Q7. Hence, the equation in (4.1) can be differentiated with respect to z
and for w = u; we obtain

we — ay(uz)wer — @y (uz)uzzwy =0 in Qp
w(l,) = a; (= é(u(1, 1)), w(0,¢) =0 on [0,T] (4.3)
w(z,0) = uy(z) on [0,1].

By [10: Chapter IV/Theorem 5.2] it has a unique solution w € H**#1+8/2(Qr). Thus,
DI'Dfa (0 < m+ 2k <2,k < 1) exist and are Holder continuous in Q7 and by (7:
Chapter 3, Section 5/Theorem 11] for (4.2) we arrive at D™ D¥u (0 < m+2k < 4,k < 2)
to be Holder continuous in Qr. As, moreover, uz; € C(1), we can differentiate the
equation in (4.1) with respect to ¢, and the boundary condition too. Putting U = u,
one can check that

Ue — a)(uz)Uzz — a)(uz)uz Uz, =0 in Qr
ay(uz)Uz(1,t) + ¢'(u)U(1,t) = 0, a}(u.)U(0,t) =0 on [0,T] (4.4)
U(z,0) = (a1(up))'(z) on [0,1].
Here, the hypotheses of {10: Chapter IV /Theorem 5.2] are fulfilled and we obtain U €

H2+B1+B/2(Qr). Thus, similarly as above, one can conclude that D™ D¥u exist and
are Holder continuous in Q1 for 0 < m + 2k < 6,k < 3. Hence, W = u,, satisfies

W = aj(uz)Wiz + (a) (uz)uzer + @) (ug)ul )W + 2a" (uz)u, W, in Qp
. ay(uz)W(1,t) + ¢'(v)U(1,t) =0, a)(u;)W(0,t)=0  on [0,7) (4.5)
W(z,0) = (a1(up))"(z) on [0,1].

After these preliminaries it is not difficult to prove Theorem 2. Indeed, as u,(z,0) =
Aud ™l (z) = Ap®~! > 0, the maximum principle yields that ui(z,t) > 0 on Qr. Thus,
u(z,t) > p on Q7 and the equation in (4.2) gives u;; > 0 on $27. Now, as uz(z,0) =
Ale = 1)uf "%(z)uh(z) > 0 on (0,1], taking into account (4.5) one can conclude that
uz(z,t) > 0 on (0,1] x [0, T}.

Next, because of the smoothness of u and due to the fact that ug(z) < £ = M/2
there exists a time s > 0 such that u(z,t) < M on §,, i.e. u is also the unique solution
of our original problem (1.6) such that

u, U, uzz >0 on and uz,uz; >0 on (0,1] x [0, s].

Put
Tinaz = sup {s\ there is a solution of Problem (1.6) on ﬁ,}.
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If Trnaz < 00, it is not difficult to show that u(1,t) — oo if t = Ta,. Indeed, let us

suppose that u(1,t) < const for all ¢t € [0, Tax). Then from (4.1), (4.3) and (4.4) one
can get

ur(z,t) +uez,t) + uz(z,t) <C < o0 (4.6)

for all (z,t) € [0,1] x [0, Tinax). Note that each term on the left-hand side of (4.6) is
non-negative. Applying now [10: Chapter IV/Theorem 5.3] for Problem (4.2) and then
[10: Chapter IV/Theorem 5.2] for (4.3) we obtain the uniform bound of u, u, in the
norm of H?*8:1+8/2(Q1) with respect to T, T < Tmax. Denote

v(z) = t—l~l'II‘n u(z,t).

Then v € H2¥¥([0,1]) (0 < v < 1), vz(0) = 0 and a(v:(1)) = v97!(1), i.e. the solution
u can be extended beyond Tpa.x, which is a contradiction.

5. Proof of Theorem 3

We shall first deal with the problem \
(az(vz)): = 20”7 (0<z<1)
v(0)=0 (5.1)
az(v:(1)) = vq—l(l)
for some A > 0, where a; € C}(R), 0 < k < ah(€) < k™! (€€ R)forsome 0 < k <1

and a;(¢) = a(£) i l¢] < 2L°71. Put A(§) = of ay(7)7 dr and denote by A~ its inverse
(on {0,00)). Then we have x €2 < 2A4(€) < k™' €% and

‘ 2\'/?
et VEs A< (2) Ve (52)
for any £ € R*. If v is a positive classical solution of Problem (5.1), then v; > 0 on
(0,1] and multiplying the equation in (5.1) by v, we obtain easily

() = 47 (207@) - ) (5.3)

where 1 = v(0). Denoting £ = v(1), £ = €°~! and assuming that £ > 7, (5.3) for z = 1
gives

o A(f)
A= ———. .
° — /.t° (5 4)
After integration of (5.3) we arrive at
v(z) dz
=z Vzel01] 5.5
L = o1 "
Putting
¢
dz
Few) = [
y AT )
(5.5) for z = 1 especially yields
) Flp)=1. (5.6)

Now we are ready to formulate the following two statements.
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Proposition 1. Assume that ¢ > 7, let constants 0 < p < € be related by equation
(5.6) and a function v be given implicitly by (5.5). Then v € C°°([0,1)) and v is a
positive solution of Problem (5.1) with v(0) = 1, v(1) = € and X being given by (5.4).

Proposition 2. Let £ > 7 be given. Then there ezist a positive A and p € (0,¢)
such that (5.6) is satisfied. :

Proof of Proposition 1. Let 0 < x < ¢ be given such that (5.6) is satisfied with
A being given by (5.4). Put

v dz
w= [ — ) I

With the assistance of (5.2) one can now obtain for the function A the estimate

(%)m F(y) < h(y) < (26)' 2 F(y), (5.7)
where
7\ °
P = GG -
and

f(z) = /12 % for z € (1,00). (5.8)

The above integral converges since vz — 1 ~ y/o(z — 1) near z = 1, hence, h is well
defined on [g, 00), h € C([p,0)) N C*(y, 00), h(p) = 0 and h(€) = 1. As h'(y) > 0 on
(1, 00), for each z € [0, 1] there exists a unique y € [y, £] which we shall denote y = v(z)
such that v = A7 € C([0,1]). As v.(z) = 1/h'(v(z)), i.e. (5.3), it is not difficult to
see that v satisfies (5.1) with A given by (5.4). Thus a}(v;)vz; = A°"!(z) and the
smoothness of v follows.

Proof of Proposition 2. Assume that ¢, satisfying £ > 7, is given and put z = £/ u.
As we consider 0 < pz < ¢, z € (1, 00), and take

020/2-1 1
W(z) = f)y1- =, (5.9)
VA@) ¢

where f is defined by (5.8). With the assistance of (5.7) one can see that

Kk 1/2 '
(5) W(z) < F(6,¢/2) < (26)*W(z)  for z € (1,00). (5.10)

We know already that W(z) — 0 as z — 1 and it is enough to show that W(z) — oo
as z — 0o, because then (5.10) yields the existence of at least one z, € (1,00) such
that F(¢,£/z0) = 1, and the assertion of Proposition 2 would follow. The fact that
W(z) — oo as z — oo follows from (5.9) taking into account the fact that o > 2.

Proof of Theorem 3. Put £ = L. As vz; >0 on [0,1] it follows that 0 < v,(z) <
Lo~ for all z € [0,1]. Since az(€) = a(€) for |¢] < 2£°! (see (5.1) above), the proof
of Theorem 3 is completed.
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6. Concluding remarks

Let us finish the paper with some remarks concerning Problem (1.6) for those values of
the parameters p and g that we do not concern here.

Remark 1. Let g satisfy (1.3), i.c. the inequality

(L)l < 5/0 e (z)|Pdz + cz/0 lo(z)l?dz + C (6.1)

holds for any v € W)(0,1). Multiplying the equation in (1.6) by u and taking into
account (6.1) and the fact that c|¢|P — C < a(€)¢ < |§|” ({ € R) for some positive
‘constants ¢ and C, one-can easily arrive at ~ - - -

1 1 »
. 2. < 2 N
OrglngA [u(z, )" dz < (/(; [uo(z)|*dz + L) e L,

where I, L > 0 do not depend on u. Now, from the energy inequality

//uf(m,t)dzdt + J(u(t)) < J(uo), J(v) = //a(r)drdm - q_.l|v(1)|‘7 (6.2)

we obtain '
T 1
2
| ) dxdt t < t
| [ ity dode+ e oo < const,

which does not depend on u. Therefore, one can conclude that u exists globally.

Remark 2. If p > 2 and ¢ < 2, it is shown in [6] by the same way as outlined in
Remark 1 that all solutions of Problems (1.1) and (1.6) exist globally. In the case ¢ > 2
all non-decreasing (in z) positive solutions of Problem (1.6) (Problem (1.1)) blow up in
a finite time. Indeed, note that

d [ ! o
— / u(x, t)dz = wi7'(1,8) > (/ u(x,t)dm) .
dt J, 0

As g — 1 > 1, u can not cxists globally, i.e. Tinax < 00. To show that u blows up in
a finite time we need to show that u(1,t) — oo if t — Tax. For smooth solutions of
Problem (1.6) satisfying (2.1) it is demonstrated in the proof of Theorem 2 above (for
weak solutions of (1.1) sce, e.g., [4]).

Remark 3. The regularity of solutions of problems like (1.1) has been intensively
studied in (2] (see also the references therein).
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