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On Asymptotics
for a Class of Radial Fourier Transforms

E. Liﬂyand'and W. Trebels

Abstract. A connection is established between the multidimensional Fourier transform of a
radial function f from a given class and the one-dimensional Fourier transform of a related
function. This is applied to give an asymptotic formula for the Fourier transform of f. The
function class in question is compared with related classes already considered in the literature.
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1. Introduction

Let R" be the n-dimensional Euclidean space with elements z = (z1,...,z,.). If a
function f is integrable, in the Lebesgue sense, over all R™, there is no problem to
understand its Fourier transform

f(z) = /R (e

where z - u = z1u; + ... + ZTnauy is the scalar product of u,z € R®. The formal inverse
formula

1) = a7 [ fz) e

for general f € L'(R™) only holds in the sense that the integral on the right-hand side is
summable to f by some summability method. Under additional hypotheses, the Fourier
transform of a non-integrable function may exist in a classical sense. For example, if
f is an integrable radial function, the n-dimensional Fourier integral reduces to the
one-dimensional integral (see, e.g., [19: Chapter IV])

f(z) = fo(l=]) =(‘21")"/2/0 fo(t)(|218) ™20 Ty (J2ft)e™ 7 dt
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where |z| denotes the Euclidean norm of z and J, is the Bessel function of first type
and order p. This makes sense also for radial L?-functions with 1 < p < 2n/(n + 1):
in that case f is everywhere continuous away from the origin. Another representation
of the Fourier transform for radial, not necessarily integrable functions was obtained in
(15, 16]. It reads for n = 3 as follows (for the general result, see Theorem A below):

Let n = 3 and f be a radial function in R® so that fy is bounded on [0,00) and
locally absolutely continuous on (0,00). Suppose further that lim;—o fo(t) = 0 and
im0 tfo(t) =0, and tfy(t) is of bounded variation on [0,00). Then

20 1
Fw) = ~Cmp i [Tl | [ altuis) ds]
0 0
and f coincides with the distributional Fourier transform of f; for |z| > 0

f(z) = lim (27)7° / fw)e'®¥ du.
Ao lul<A
This also illustrates the fact that many results for radial functions are of one-dimensional
nature. Our main result (see Theorem 1) is to be scen on this background: it reduces
the Fourier transform of a radial function from some class not only to a one-dimensional
integral but to the one-dimensional Fourier transform of some related function. In three
dimensions, for functions f as above, it reads as follows:

oC
f(z) = 47r|u]—2/ [tf'(¢)] cos|u|t dt + remainder terms (u € R?). (1)
0
The outline of this paper is as follows. First we introduce a class of functions already
used in 13, 16] and compare it with some other classes (sce (10, 21]) in Section 2. In
Section 3 we give our main result, the precise form of (1) and for arbitrary dimension.
Applications, in particular to the multiplier problem, are indicated in Section 4; for
instance, Example 2 contains the construction of some linear means L%, for multivariate
Fourier series with ||[L%|| = O(lnlnln V).

We use the same letter C for different constants independent of substantial param-
eters.

2. Classes of functions related to bounded variation

For 0 < 6 < 1 and a locally integrable function g on (0, 0c) define the fractional (Weyl
type) integral of order § hy

0

ift>w

and, following Cossar (8], a fractional Weyl derivative of order a by

¢'*(t) = lim —%Wj‘%g)(t}
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when 0 < o < 1 and »
d
== (6)
00 = () 99
whena =p+édwithp=1,2,...,and0<é < 1.

Denote by AC),. and BV, the classes of functions locally absolutely continuous
and locally of bounded variation, respectively.

Let o* be the greatest integer less than a. Consider the class MV}, |, witha >0
and b > 0, of C(0, c0)-functions satisfying the following conditions (cf. [15, 16]):

9.9',..,9°")  are locally absolutely continuous on (0, ). (2)

- Jim g(t) =0, Jim £°*%*(t) = 0. L ®

lollrs,, = supleta+ [ |14 )< oo @)
e+t t>0 0

This space is related to the class BV2, | of C(0,00)-functions satisfying the followiﬁg
conditions (see, e.g., [7] or [23: p. 1181]):

glemlel gt~ ¢ AC), (0, 0). 2"

tlirrgog(t) =0, ¢ € BVj,(0,00). (3"

lollsve,, o= [ #7*1da (o)) < oo (@)
0

and the class WBVY, ,,, as considered, e.g., in {10, 11], of C(0, co)-functions satisfying
(2') and additionally ¢(®) € AC},.(0,00), and

llgllwayy, ,,, = csssup |t°g(t)] + eSf;;prt”“”g(““)(t)l < oo. (4")

o0, 0+1

The following lemma establishes relations between these classes.

Lemma 1. In the sense of continuous embedding there holds
BV}, — MV:H‘H WBVolL,A-

None of these embeddings holds in the opposite direction.

Proof. We only discuss the instance b = 0 which is the worst case. Here and in
what follows we omit the superscript b in the case b = 0. Suppose ¢ € BV44,. Then,
by [23: Lemma 1.1],

oC [e 0] oo
/ ld(t*g (1)) < € / 0 g () dt + C/ t71dg' ()] < Cllgllsv g s
Jo i JO o o 0
showing the norm estimate for the left inclusion. Trivially, a function h of bounded vari-
ation, vanishing at infinity, satisfies [l(1)] < ]l;x” [dh(t)], hence [gllwnve, . < H9llatvi -
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The absolute continuity properties follow from the discussion in [10: Section 3].
Further, by [22: Lemma 3.15],

[ 4t

which, by hypothesis, tends to zero as t — oo, a.e., so the embeddings are proved.

jtg¢(8)] = Ct°

<c / s°1dg@(s)] (g€ BVasn)
t

That the inclusions are strict show the examples (b = 0)

91(t) = x(8)sin(InIn(1/1)), (5)

where x € C*°[0, c0) is a cut-off function which equals to 1 for 0 < ¢ < 1/4 and vanishes

for t > 1/2. Then gj(t) = —cos(Inln(1/t))/(t1n(1/t)) for 0 < t < 1/4 and g¢}(t) = 0 for
t > 1/2, hence tgj(t) is of bounded variation on [0, c0) but

1/4 0 oo
nglnav,z/o |g;(t)|dt=/l icos(lnundu/uz/ |cos v dv = oo,
nd 1

thus g1 & BV, since ||g1l|Bv, < Cllg1llBv,. This argument also works for all a > 0,
b=0, if one replaces g; by (a =p+6,0<§<1)

olt) = == GO, 4y (5

Note that g, is bounded and that q(é)(t) = Ccos(Inln(1/))(t* In(1/t)) ' x(¢). In the
case o = 1, E. Belinskii (sece [15]) suggested to replace (5) by g2(t) = ¢1(t)/InlIn(1/t)
which also yields an cxample for the strict embeddings; observe that g, is continuous
at the origin and vanishes there in contrast to (5).

Slmllarly, consider g3(t) = t*7, with v € R. Then g3 € WBVy o for all @ > 0 and
obviously t'Y € MV, for all @ > 0 and v € R fixed

Lemma 2. Ifg € MV,fH? then it follows for p=1,2,...,a" that

1529 (Dlloo < Cllglinrve,,  end  lim #PgP(t) =0,

Proof. The first assertion is clear on account of the embedding behavior of the
W BV -spaces: WBV” — WBV g for 0 < B < a. From this also the second
assertion is obvious in t,h< case b > () So let b = 0 and first suppose « is integer.
Then the argument in [24: p. 193] shows the assertion in the case a = 2. That this
argument also works for all « integer we illustrate at the case @ = 3. Thus we show:
limy—oo g(t) = 0 and lim,— t3¢"'(¢) = 0 implies lim,_ t?¢"(¢t) = 0 whence follows
lim; .o tg'(t) =0 by thecasea = 2. Let 0 < 6 < 1/4 be arbitrary, fixed, t > 0 be large.
Then by Taylor’s formula (at s = 0)

G(s) 1= Alg(t) = g(t + 25) — 29(t + 5) + ¢(t)

= g"(t)s* +(s°/3Y) <Sg"'(t +20s) - 2¢"'(t + 65))
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with 0 < § < 1. Now choose s = +6t and Ts so large that |A%,g(t)] < & for all t > Ts.
Furthermore, observe that by hypothesis

IG" (85)] < 8M(t + 206t)™3 + 2M(¢ + 66t) < 10Mt™3(1 — 26)°

and thus
[t2g" (1)) = {67 20%4,.9(¢) — 6t3G’"(95)/3!‘ < 5(1 +10M(1 — 26)‘3/3!>

for t > Ty, i.e., the assertion for a = 3. It is clear that by using higher differences, the
remaining case of « integer can be proved by induction.

If a is fractional and & > 1, then we have, by Lemma 1, that g € WBV [o] —
WBVy,j, J = 1,...,[a], and the argument for « integer shows lim;_.co t7¢)(t) = 0 for
j =1,..,|a] — 1. Thus we only have to look at the case j = [a] < a. By Lemma 1, we
have ¢ € W BV, and hence the fractional calculus within the W BV -spaces (see (10,
11]) may be applied to give with an integration by parts

g([a])(t) — C/ (s _ t)o—[tx)‘ls—osag(o)(s) ds
t
_ C(/ (0 — t)u—[o]—-la—o dd) sag(a)(s) |:Zt

+C [o (/sw(a — gyl g e do) d(s°g(°>(s))

= Ig + II(
With the substitution ¢ = tr the term I, can be estimated by (s > t,a > 1)
|thel ) < c(/ (r —1)o"lel=tpme dr)s°g(°)(s)|
s/t s=t

= c(/ (r —1)o7lel=lpme dr)t"g(")(t),
1

thus |tlelT,| — 0 as t — oo since by hypothesis lim;—.oo togle(t) = 0.

Concerning II, an interchange of integration gives
\[I,] = c/ (o —t)yolol=1g-o / |d(s%g(®)(s))| do
t o !oo
< ctlel / |d(s® ¢ ™) ()] / (r = 1)olel=lpma g,
¢ 1

thus also |t!e} 1| — 0 as t — oo since f(fo |d(s®¢{®)(s))| < co. Combining these two
situations gives the remaining case lim(—oo tlelgled(ty =om
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3. A class of radial functions and the Fourier transform

Now we are able to describe the passage from the multidimensional Fourier transform
to the one-dimensional Fourier transform of a related function.

Theorem 1. Let fo € MV}, | with0 < a < (n - 1)/2 and b= (n —1)/2 — a, set
Fo(t) = t=D/2 f9)(t) . Then there holds, for the radial extension f(z) = fo(lz]) of fo,

flz) = |z|-<“-1>/2—"{cl,n /Ow Fo(t)cos(|z|t — m(n + 2a — 1)/4) dt
+ Conle| ™! Fa(n/(2lz])) (6)

roler [ min(2|_z|s/7r, rClels) ) dFa(o) ) |

where Cy n = 200D/ 2 (n=D/2(_1)0"+) 4nd Cy, is a constant depending only on n and
o, gwen in (8) below.

Remark 1. In (15, 16] a weaker form of Theorem 1 was derived in the case o =
(n—1)/2 (hence b = 0). Unfortunately this weaker form was not applicable to genceralize
results from [14].

Remark 2. Concerning the terms in the brackets on the right-hand side of (6),
the first one is the claimed one-dimensional Fourier transform for which in a concrete
situation an explicit formula may exist - there are numerous detailed tables (see, e.g.,
(2]). The integral exists as an improper Riemann integral since F, € BV[0,00) and
vanishes at infinity. ,

The sccond term in the brackets, being given explicitly, is easy to handle. It may
lead to a non-LP-integrable term if o < n(1/p — 1/2) - 1/2, since

N
/ 7.n—l
1

1s in any case uniformly bounded in N if & > n(1/p — 1/2) — 1/2.
The third one is trivially dominated by [z|~"|| foll psv» 1 and thus may be interpreted
ot

14

prm=Dime=t g 20 )| dr

as a remainder term. It may lead to a non-LP-integrable term if (in difference to the
second term) a < n(1/p — 1/2) — 1/2, since

N
/ 7'"—1
1

15 uniformly bounded in N provided a > n(1/p—1/2)-1/2 (the casep = 1, o = (n—1)/2
was already considered in (15, 16]; see also (3, 4]).

"
dr

prn=D/2=a=1 / min((2rs)/n, 77'/(21’3))|(1F(,(s)|

0

Remark 3. For radial functions with compact support and integrable Fourier
transform, A. Podkorytov [17] obtained a similar formula. Under very restrictive as-
sumptions, in [18: Chapter 5/Lemina 25.1°) the multidimensional Fourier transform of
a radial function is reduced to the one-dimensional one.

Remark 4. In the proof of Theorem 1 there will be essentially used the following
resnlt:
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Theorem A. Let fy be a function in MV:+1 and set.

1
Qa(t) = /0 (1 -s)>"1sn/2 Jnj2-1(ts)ds.

Then
Fey = (2m)"/2(—1) ! uli=n/2 ® at1/2 u
F = =g | Rty ettt at (7)

18 continuous, tends to zero as |u| — oo, and coincides with the distributional Fourier
transform of f; for |z| > 0 the following inverse formula holds:

f(r)=/}ignw(2w)‘"/ll<A (1 - [uf2/4?) "0 fuye = tdu. .

Both integrals converge uniformly awaey from the origin. \

In [15,'16] this result was obtained under some additional conditions at the origin
and infinity which are removed by Lemma 2. We note that Theorem A can handle radial
functions which are not LP-integrable, p < oo; e.g., fo = ln_l(e +t), « =(n—-1)/2.

Further observe that the restriction a < (n — 1)/2 is somehow natural, since f € L;ad

yields fo € BV,41 with v < (n — 3)/2. Representations similar to (7) with a >
n(1/p — 1/2) — 1/2 have been used earlier (see, e.g., [23]), where one has the absolute
convergence of the integrals involved. Theorem A is mainly based on the handling of
improper Riemann integrals.

Proof of Theorem 1. Write

Bo(r) = (1/T(a))r*+/2Qu(r) — V/2/7 cos(r — m(n + 2a — 1)/4).

Then (7) may be written in the form

f(z) = Cy plz|~(n—D/2-e /oo Fo(t)cos(|z|t — 7(n + 2a — 1)/4) dt
0

oo
+(@n) (-1 a0 [T 09 (ale)dt
0
and only the last term has to be discussed. Decompose it into

Fa(r/(2121)) / " (|2l dt + / IFa(t) = Fa(n/(2lz))@a(lzlt) dt = I, + I,

We have

= Ca,n(2m)™"/3(=1)" 2| 7 Fa(n/(2]2)))
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provided fo°° ®,(t)dt is finite. The integral is obviously convergent over [0, 1]. Thus it
remains to estimate ®4(t) on [1,00). We need the following relation (see [15: Lemma
2]): Forr > 1, B> —1/2, p > —1 and each positive integer p

1 ‘ p
/0 (1 = s)*sPT Ja(rs) ds = Z a;‘r_(‘”'") Jg+u+i(r) + O (r—u—p—3/2) , (9)
=1

where o} are some numbers depending only on p and 4, and &f = I(p + 1), of =

uI'(p + 2). By (9) we have

1
Qu(®) = [ (1= 9715 o (t5)ds
0
= D@t Jnjzrat(t) + (o = D@ + D21 oy of8) + O(t727512),

Using also the asymptotic formula for the Bessel function (see, e.g., [1: §7.13.1(3)))

Ju(t) = \/2/(wt)cos(t — mv/2 — 7 /4)
+V2/7[(1 — 4?)/8)t 73 % sin(t — mv /2 — n/4) + O(t3/%)

as t — 0o, we obtain

Bo(t) = 2722721 — 4(n/2 + a — 1)?)t ' sin(t — 7(n + 20 — 1)/4)
(e = )I(a +1)

7t~ cos(t — w(n o — —2
) 2/t (t — m(n + 20 — 1)/4) + O(t™2)

and the integral in question is convergent.

Split I into two parts. We have

m/(2|z])
/0 (Falt) = Fa(r/(2l2]))|@a(lz]t) dt

n/(2]z|) =/(2]z|)
- _/ <I>,,(|:c|t)dt/ dFa(s)
0 t

/(2]|z]) s
_ / dFa(s) / B, (|zt) dt
0 0

~of [ " aE o) [ el el 4 )

_ O(/On/mzn sldFa(s)|>
~1elo( | e |z|s|dFa<s)|).
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Further,

/ T [Falt) = Fa(r/(2lz]))]®allzlt) dt

/(2|z])
o t
= / @a([:c|t)dt/ dF,(s)
n/(2)z)) =/(2z()

o [o o]
= / dn,(s)/ ®o(|zt) dt
n/(2|z|) s

oo

= |z|™! / dF,(s) d,(t)dt,
m/(2)z]) Iz1s

and finally, by the above asymptotic for @4,

/w @, (t)dt = 27325721 — 4(n/2 + a — 1))
|

z|s

X /| sin(t — m(n + 2a — 1)/4) dt/t

z|s

_*_(Of—lr?(l“;l+1)\/2/—7r cos(t — m(n + 2a — 1)/4) dt/t
|zis

+ O(/:;t‘? dt) = 0((|z|s)“).

This proves the theorem B

4. Applications

Let us generalize some recent one-dimensional results in (14] to the radial case. For

1 < g < ooset
oo 1 1/‘1
lolla, = [ (— / |g(t)|th) du
0 U Ju<|t|<2u

oo
lollau, = / ess sup [g(1)] du;

0 u<|t|<2u

while for ¢ = o0

for the behavior of the Fourier transform on these spaces, see also [12, 21]. Let us define
Hpr as the space of integrable functions satisfying

lglltor =/|g(t)|dt+/ / 9s=t-9(s+t) ) oo
R o Ji<s/2

t
which is an integral version of the series condition due to Boas-Telyakovskii. For this and
relations to the Hilbert transform and the real Hardy space ReH!, see [14]. Although
the spaces AP are not embedded in ReH' the following embeddings hold:

Aeo — Ay, — Ap, — Hpr — L! (pr >p2>1). (10)

The main result of the paper [14] may be slightly reformulated in the following form:
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Theorem B. Let A be alocally absolutely continuous function with limjg|~co /\(t) =
0 and \' € Hgy. Then

A(r) = ir™! (A(w/mrm - A(—vr/<2|r|>>) +64() (Il > 0)

where 10| < C and [ |v(r)|dr < [|N||zyr-

Among various applications of this result and the like (see, e.g., [12, 14]), we point
at a somewhat unexpected one, namely to problems of best approximation of infinitely
differentiable functions by entire functions (see [9]).

We are now able to generalize Theorem B to the radial case. Since Theorem B is
essentially an L'-theorem we restrict ourselves to the casc @ = (n — 1)/2. For the sake

of simplicity, let us use the notation F(t) = Flaoyy2(t) = t(n- 0/2 g{n=D/2)(4) in what
follows. .

Theorem 2. Let fo € MV(n11y2; assume additionally F to be locally absolutely
continuous and F' € Hgr. Then

f(z) =z [Cl,nsin(ﬂ(n = 1)/2) + Con| F(x/(2lz]) + 8lz|'~"(|z]) (|| > 0)

where Cy n and Ca n are as in Theorem 1 while § and v as in Theorem B.

Proof. First of all the formula from Theorem B may be rewritten for functions
defined on the half-axis (0, c0) as follows:

/0°° A(t)cos(rt + p)dt = r~'sinpA(7/(2|r])) + 6(r).

Now this and (6) proves Theorem 2. One has only to recall that in (6) the third term
is integrable for o = (n — 1)/2 (see Remark 2) il

Let us apply Theorem 2.
Example 1. Let n = 3 and f = g, be given by (5). Observe that F(t) = tf'(t) €

Ag, ¢ > 1, and [Ylliwy < [1F'[lpr < CgllF'||a,, thus, by (10), the hypotheses of
Theorem 2 are satisfied. Hence

f(2) = Clz|=In™" (2elz|/) cos(InIn(2e|a| /7)) + Blz|~1(|z]) (Jz| > 7/2,z € R®)

where |6] < C and f /2 |7(t)ldt < co. This is indeed an asymptotic formula since the
second term on the right-hand side is integrable outside the ball with the radius 7/2

unlike the first term which is not integrable! This can be extended at once to the other
dimensions when using (5°) with § = 1/2.

Example 2. Let us consider the following linear means of the Fourier series of
- 2m-periodic in each variable functions f € L'(T"):

LY (fiz) = Y @lk/N)f(k)e™ =, f(k) =

keZr

o S

The following theorem is known for the L!-norms of these means.
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Theorem C. Let p(z) = o(|z|) be a radial function such that oo € MVini1)2
and continuous at the origin. Then

1811 = Gy [, 1@ s + O(10llpvio )

where ®(t) = t"‘“’”wé‘"“’“’(t),

Actually Theorem C is given (see (3, 4]) under some additional assumptions on ¢
which are removed by Lemma 2 (cf. Theorem A and below). Let n = 3 and o(t) =
(1 — g2(t))x(t), where x and g, are described below (5’). Note that we have wo(0) =1
which is necessary for approximation. If we apply Theorem C and then Theorem 2, we

obtain
: | cos(InIn(2}z|/m))| y
I3l =c / el In(2lz]/m) InIn(2lz/7) de+ o)

|cos(1nlnr)| !
rlnrinlnr dr+0(1)
1

=Clnlnln N + O(1).

Replacing Inln(1/t) by a “longer” In-chain in the denominator of the function g, one
can get a worse behavior in N of |[L%]|.

Remark 5. To derive Theorem 2, a weaker version of Theorem 1 (see [15, 16))

mentioned above is not applicable since it assumes that fol |F(t)|dt/t < oo. Note,
however, that this weaker version is sufficient to generalize the Zygmund-Bochkarev
theorem (see [5, 6]) to the radial case (see [3, 15]).

Remark 6. A result similar to Theorem 2 was proved earlier for boundedly sup-
ported radial functions with convex F (see [3, 16], in this case convexity implies fo |F(t)]
dt/t < oo; for precursory results, see {13, 20]).

For functxons with compact support there arises the question, what is the impact
of the behavior of the function near the right endpoint of the support. This will be
considered in details in a paper to appear.
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