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Weighted Inequalities of Weak Type
for the Fractional Integral Operator

Y. Rakotondratsimba

Abstract. Sufficient conditions on weights u(-) and v(-) are given in order that the usual
fractional integral operator Io (0 <.a < n) is bounded from the weighted Lebesgue space
L?(v(z)dz) into weak-LP(u(z)dz), with 1 < p < co. As a consequence a characterization for
this boundedness is obtained for a large class of weight functions which particularly contains
radial monotone weights.
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1. Introduction

The fractional integral operator I, of order « acts on locally integrable functions f(-)
of R™ as

(I f)(z) = / e -y )y (0<a<n)

‘The purpose of this paper is to determine weight functions u(-) and v(-) for which I, is
bounded from L2 = LP(R",v(z)dz) into weak-LP(R",u(z)dz) = LP*® with 1 < p < oco.
This means that for some constant C > 0

)\"/ u(z)dz < C/ fP(z)v(z)dz forallA >0and f(:) >0. (1.1)
{z| (I fY(z)>A} Re

For convenience this boundedness will be denoted by I, : LP — LP*,

Such an inequality takes an important part in Analysis. For instance, it is well-
known [5] that (1.1) is a main point to get Sobolev inequalities with weights. Moreover,
applications on the estimates of eigenvalue of some Schrédinger operators can be derived
from (1.1) (see [2]).

Sawyer (3] proved that if 1 < p < oo, then I : L — LE* if and only if for some
A>0

/(Ic,ulQ)'P'(z)v‘-P’(z)dx < A/ u(z)dz  for all cubes Q (1.2)
Q Q
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where p' = }—,{—1 and 1¢(-) is the characteristic function of the cube Q. Although (1.2) is
a characterizing condition, it is not easy in general to check it for given weight functions.
Indeed, a main- difficulty comes from the fact that (1.2) is expressed in term of I, and
the integrations over arbitrary cubes are also hard to compute. So it is a challenge
problem to derive conditions which ensure inequality (1.1) but more easily verifiable

than (1.2).
For 1 < p < ¢ < 00, Gabidzashvili and Kokilashvili [1] proved that

A(/ u(x)dz); < c(/ f”(z)v(z)d:t); (1.3)
, (=1 (Ta (2)>A} R
for all A > 0 and f(-) > 0 if and only if

( /Q u(w)dy) " ( / . (=l ‘+'|Q|*)(°_")’°lv“"'(y)'dy)

for all cubes Q. Here zg denotes the centrc of @, and |Q| = fQ dz. The proof of this
result does not work for the case p = ¢, so the problem of finding a similar charac-
terization for I, : L? — LP* remains open. According to Sawyer and Wheeden [5],
inequality (1.1) holds if for some A >0and 1<t < 2

o)~

<A (1.4)

1

|Q;%(|Q|—1/ '(y)dy) (|Q| 1/ v (y)dy) ” <4 foral cubes Q. (1.5)

In fact, in [5] it is seen that (1.5) implies the strong inequality I, : L2 — L? associated
to (1.1), so a weaker sufficient condition than (1.5), for the weak-type inequality (1.1),
is not known. Bumping u(-) or v P'(:) as in (1.5) is not always satisfactory. Indced,
taking v!~?'(z) = |z|""In"? (|z|?) for |z| < 3, then fl |<Rv‘(l_”’)(z) dz = oo, for all
t > 1and R < j though f |<Rv‘ ?(z)dz < co. But for such a weight function v(+)
(see Corollary 2.8) the boundedness I, : L?P — LP* holds true. All of these reasons
lead us to consider and study again problem (1.1).

In this work, we first state in Theorem 2.1 a necessary and sufficient condition for
I, : L? — LP2*°. Next, in Theorem 2.6 we will prove that with an additional pointwise
inequality, the necessary condition (1.4) [with p = g] becomes also sufficient to ensure
I, : L? — LE>. Moreover, it will be shown that the test condition could be restricted
to balls centered at the origin, rather on arbitrary cubes. For radial and monotone
weights we will see (in the.same theorem) that I, : LE — LP* is equivalent to -

(/.;|<R@(¢)dz) % (/yemn.(lyl # R () ) < 4 0o

for all R > 0. For p =1 a substitute of (1.6) will be given in Theorem 2.7.

Actually, in Section 3, we will be able to study the more general weighted wea:k-type
inequalities I, : L? — wLP™ ie.

/\”/ u(z)dz < C/ fP(z)v(z)dz
{z€R" | w(z)({a f)(2)>A}

for all A > 0 and f(-) > 0. The last Section 4 is devoted to the proofs of our results.
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2. Results for classical weighted weak-type inequalities

In this paper it will be assumed that

0<a<mn, 1<p<oo and p' = plifp>1

and
u(-),v(-) are weight functions
with v!77'(-) € L, (R*dz)if p>1else v='(-) € L.(R", v(z) dz).

Now the first main result, about a necessary and sufficient condition for I, : L? —
L2, can be stated.

Theorem 2.1. For p > 1, the boundedness I, : L? — L2 holds if and only if
Io: LP — [P

and there i3 a constant A > 0 such that, for all R > 0,

Re— ™ (/lIKRu(z) dz) ’ (./|y|<n vl‘P'(y) dy)

(/'IKR “o dz)%(/m W) <A @)

Here the restricted operator I, is defined by

(T f)(z) = / Iz — yI*~" £(y) dy.
{2-'|z]|<|y|<2]z|} :

1
»’

<A @)

and

For p = 1 a similar equivalence is also true when (2.1) and (2.2) are replaced, for all
R>0, by

Ro7" (/IxKRu(x)dx) -esssué[ o )1| |<R(y)] <A - (2.3)
and '

(/|Z|<Ru($)d:r)~ess sup[hﬂ"‘";&lﬂq,l(y)] < A, (24)
respectively.

In (2.3) and (2.4) the essential supremum is taken with respect to the measure
v(z)dz. These conditions can be seen as limiting cases of (2.1) and (2.2), respectively.
Note also that both conditions (2.1) and(2.2) can be summarized by

1

(/ u(z)dz)” (/ (lyl + R 70! (y)dy) " <A forall R>0. (25)
|z|<R yER®

Theorem 2.1 means that the weighted weak-inequality problem for I, can be essentially
reduced to the corresponding welghted weak-inequality for the restricted operator Io.
Although a characterization for I, : L? — LP*™ remains.unsolved, surprisingly it is not
too hard to derive sufficient conditions ensuring this boundedness.
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Proposition 2.2. The boundedness I, : LY — LP® holds if for some constant
A>0

|r|°( sup u(y))’l’ < A(‘b(l‘)):_’ for a.e. z. (2.6)

47 z)<)yl <4z}
This condition can be replaced by

1

Ay ] —1— ’ ra !
|z|° (u(z)) (4_1“'5(11'5'(4':'0@)) <A forae z (2.6)"

Since (2.6) [or (2.6)'] is a pointwise inequality it is in general an easy verifiable
condition for given weight functions. And it is an interesting question to determine
some situations when (2.6) becomes also a necessary condition for I, : L2 — LE*. For
this purpose, growth conditions on weights are needed. So we define o(-) € H if

sup o(y) < CR_"/ o(y)dy forall R >0
4-1R<|y|<4R 2=V R<|y|<2¥ R

where C > 0 and the non-negative integer NV are fixed constants. Many of usual weights
satisfy the property H. It is the case of any radial and monotone weights, for which N
can be taken equal to 3. But the condition w(-) € H can be held although w(-) is not
necessarily a monotone weight. Indeed, we have the following

Lemma 2.3. Suppose w)(-) and w2(-) are radial monotone on (0, Ry) and (Ry,00)
for some Ry > 0, respectively. Let

w(z) = wi(lz]) X Lo, re)(I2]) + w2(lz]) ¥ L(ko,00)(12])-
Then w(-) € H, with constants N =3 and C > 0 depending on wy(-) and wo(-).
An answer to the above question can be given by using the growth condition H.
Proposition 2.4. Suppose u(-) € H. Then:

(1) For p > 1 the pointwise inequality (2.6) (or (2.6)') is satisfied whenever the
Muckenhoupt condition (2.1) holds and v'~7'(-) € H.

(i1) Simalarly, for p = 1, inequality (2.6) (ot (2.6)") is implied by (2.3).

Another special weight property is the so-called reverse doubling condition w(-) €
RD, (p > 0) which means, by definition,

/ w(y)dygct""/ w(y)dy for allt € (0,1) and R > 0

lyl<tR lyl<R

and for a fixed constant ¢ > 0. The interest in the introduction of this condition is
reflected by

Proposition 2.5. Assume that u(-) € RD, for some p > 0. Then:

(1) For p > 1, the dual Hardy condition (2.2) is implied by the Muckenhoupt con-
ditton (2.1).

(ii) Similarly for p = 1, condition (2.4) is implied by (2.3).

The facts contained in Theorem 2.1 and Propositions 2.4 and 2.5 can be summarized
as
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Theorem 2.6. Letp > 1.

A) The boundedness I, : LP — LP™ implies the Gabidzashvili-Kokilashvili con-
dition (2.5). Conversely, this last condition implies I, : LP — LP>® whenever the
pointunse inequality (2.6) or (2.6) is satisfied.

B) Inequality (2.6) in part A) can be dropped whenever u(-), v'_”'(-) e H.

C) The Gabidzashvili-Kokilashvili condition (2.5) in part A) can be replaced by the
Muckenhoupt condition (2.1) whenever u(-) € RD, for some p > 0.

Consequently, as announced in the Introduction, for a large class of weight functions
(like radial and monotone weights), the Gabidzashvili and Kokilashvili result [1] (valid
for p < ¢) can be extended to the casec p = q.

Theorem 2.7.

A) The boundedness I, : L) — L) implies conditions (2.3) and (2.4). Conversely,
these two conditions imply I, : L) — L1%®° whenever the pointwise inequality (2.6) or
(2.6)" 13 satisfied.

B) Inequality (2.6) in part A) can be dropped whenever u(-) € H.

C) Condition (2.4) in parts A) and B) can be dropped whenever u(-) € RD, for
some p > 0.

Now examples and applications, showing the gain in our results compared with past
results, are given.

Corollary 2.8. Let 0 < Ry < 1 < p < 00. Define the weight functions
u(z) = 121’ "M 1< ro(2) + 127" L zp5 Ro(T)
v(z) = 2"V I (|27 )< ro (2) + 12157 25 ro ()

Then, for § >0 and ap < 6, I, : LV — LP™® whenever

\

apt+y<np<ap+f and ap+v<86.
Also, sct
W) = el ™ 7 ] T g ero(®) + 2] TP S gy (2)
vt (x) = |~‘If|“—")(ﬁ_‘")1|r|</e°(-"o') + |$|('_p)(y_")1[x|>no($)-
Then, for >0, I, : Lb. — L' whenever

ap' +y<np' <ap' + 8 and ap' +v < 8.

-z

As we have mentioned in the Introduction, for this example the boundedness I, :
Lt — L1 is not obtainable from the Sawyer-Wheeden criterion (1.6).
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Corollary 2.9. Let1 < p < 2 and u(-) € HNRD, (p > 0). Then, for some
constant C > 0,

AP / w(z)ds < C / () (Mapu)(z) dz 2.7)
{zl (1a £)(z)> A} R"
for all X >0 and f(-) 2 0. Here My, 1s the usual fractional mazimal operator

(e (&) = sup{101% 7 [ 150)]dy] @ & cube with @ 3 2},
The constant C in (2.7) depends only on the constants in properties H and RD,
but not directly on u(-).
A result like Corollary 2.9 can be used to derive weighted Sobolev inequalities as

Corollary 2.10. Let1 < p<nand u(-)€ HNRD, (p>0). Then

/ |g(z)|"u(z)dz50/ (V9)(@)P(Myu)(z) dz (28)
R R

for all g(-) € C§°(R™) and for some fized constant C > 0.

Indeed, it is known from [2] (see also [5]) that I; : L? — L2* implies the Sobolev
inequality [g. lg(z)[Pu(z)dz < C fp. [(Vg)(z)|Pv(z) dz.

For general weight functions u(-), Pérez (3] proved an inequality like (2.8), with
(Mapu)(-) replaced by (Mo,pM([)p]u)(). Here M!?l is the [p]-times iteration of the Hardy-

Littlewood maximal operator My. Since trivially u(-) < M([,"}u)(~), Corollary 2.1Q can
be seen as an improvement of this author’s result for weights u(-) € KN RD,.

3. More General Results

In this section a, p, u(+), v(:) are assumed as in Section 2, and moreover w(-) is a weight
function. Our purpose is now to study the more gencral weighted weak-type inequalities
Io: LP - wLll™ ie.

)\”/ u(z)dz < C/ fP(z)v(z)dz (3.1)
{z€R" | w(z)({a f)(z)>A} : R"

for all A > 0 and f(-) > 0. As usual, C is a fixed non-negative constant.

The boundedness I, : L} — Li™ is a particular case of (1.1), but for w(-) # 1 the
two inequalities are quite different since the weight w(-) cannot be combined with (")
or v(-). It seems that no result about I, : L2 — wL2* [with w(-) # 1] were explicitely
written and available elsewhere. Actually, results given in Section 2 are consequences
of those we will present in this section.

First a necessary and sufficient condition for I, : L? — wL2™ is stated.
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Theorem 3.1. For p > 1, the boundedness I, : L? — wLE™ holds if and only if
In: L? — wLP™®

and there is aconstant A > 0 such that

‘4...

1
/\(/ u(z)dz) g (/ v 7P (y) dy) <A (3.2)
{w(z)|z]*-">A}n{2R<|z]} lyl<R

and

L 1
([ @) ([ e ) <4 @y
{w(z)>A}N{|z|<R} 2R<|y| ’

for all A\ > 0 and R > 0.The restricted operator I, is defined as in Theorem 2.1.

For p =1 a similar equivalence is also true when (3.2) and (3.2)" are replaced by

' 1
/\(/{W(I)I=I°‘">A}n{23<|,|} u(z) dx) (ess sup [@II.KR(y)]) <A (3.3)

and

/\(/{w(z)>,\}q{|z|<R} u(z)dx) (esssup[|y|°_";(1y—)12,3<|‘|l(y)]) <A (3.3)*

for all A >0 and R > 0.

Theorem 3.1 means that to solve the weighted weak-type inequality (3.1), the real
problem is to decide when does the boundedness of the restricted operator I, hold.

Note that in Theorem 3.1, the direct Hardy condition (3.2) and its dual version (3.2)*
are used. But in Theorem 2.1 the Hardy condition is not appeared and is replaced by
the Muckenhoupt condition (2.1). An explanation of this fact will be seen below in
Proposition 3.4.

Although a characterization of weights for which I, : L? — wLP*™ is still an open
problem, we are able here to derive an easy sufficient condition ensuring this bounded-
ness whenever w(-) is constant on annuli [or merely w(-) € A], in the sense that

su w(z) <c inf w(1 for all R > 0.
{R<|z|EmR) () (R<|y|<16R)} )

This is not a real inconvenience since many of usual weights w(-) for which (3.1) is
considered are-constants on annuli. Indeed, for w(z) = |z|71n’(e +|z|) (7,6 > 0), then

w(-) € A. It is also the case of any radial increasing [resp. decreasing] weight w(-) for
which w(4R) < cw(R) [resp. w(R) < cw(4R)].
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Proposition 3.2. For w(:) € A, the boundedness I, - L? — wLP*® holds if for
some constant A > 0

w(x)la:l"( sup (y))% < A(v(r))% for a.e. z. (3.4)

47 z|<|yl<4]zf

This condition can be replaced by
w(z)lzl” (u()) " (

Without the hypothesis w(-) € A, the above conclusions are also true whenever I,
LP(R",dz) — LP(wP(z)|z|"*Pdz).

1
sup —) "<A  forae z. (3.4)
4=}zl <fyl<4lz) V(¥)

In general, (3.4) [or (3.4')] is an easy verifiable condition since it is just a pointwise
inequality. And the main qucstlon remains to determine situations for which (3.4) is
also a necessary condition for I, : L? — wL2®. In solving this problem, it is useful to
note that a necessary condition for such boundedness is the Muckenhoupt condition

R"'"/\(/ u(x) d:z:) ’ (/ vl_p’(y) dy) ” <A (3.5)
{w(z)>A}n{|z|< R} lyl<R

for all A, R > 0 and where A > 0 is a fixed constant. The replacement of (3.5) for p = 1

R"‘",\(/{w(z)»\}n”zkk} u(z) dx) (esssup[ o )ll |<R(y)]) (3.6)

for all A > 0 and all R > 0. The mentioned implication can be casily proved similarly
as the necessary part in Theorem 2.1. Obviously, the above question can be reduced to
get (3.4) from (3.5) or (3.6).

Proposition 3.3. For p > 1 and u(-), v‘_”'(~) € H, the pointwise inequality (3.4)
or (3.4) is satisfied if for some constant A >0

P ! ;|'
R"_"/\(/ u(z) r) (/ v!? (y)dy) <A (3.3
{w(z)>A)N{R<|z|<22N R} R<|y|<22V¥ R

for all A\, R > 0 and whenever w(-) € A, in the sense that

sup w(z) <c¢ w(y). (3.7
{R<|z|<22N 1t} ) {R<|y|<z=NR} )

Here N is the integer from assumption M. In particular, the Muckenhoupt condition
(3.5) implies (3.4) or (3.4).

Simalarly, for p = 1 and u(-) € H, incquality (3.4) ( or (3.4') ) is satisfied if for
some constant A > ()

1
R"—",\(/ u(:z:)d:n) (esssup[ a2y n(y)]) <A (3.6)
J{w(z)> A N {R<iz| <22V R} u(y)

for all A, R > 0 and w(-) € A. In particular, condition (3.6) implies (3.4) (or (3.4)").

Since for p > 1 the Hardy conditions (3.2), (3.2*) and the Muckenhoupt condition
(3.5) are both necessary conditions for the boundedness I,, © L2 — wL2® then it is a
natural question to precise some relations between these three conditions whenever the
weights have aspecial property like the reverse doubling condition RD,.
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Proposition 3.4.

A) For w(z) = |z|77, with v > 0, the Muckenhoupt condition (3.5) implies the
Hardy condition (3.2), and similarly condition (3.6) implies (3.3).

B) For general weights w(-) and p > 1, then (3.5) implies (3.2) wheneve vITP() €
RD, for some p > 0.

This result yields an cxplanation why, for the boundedness I : L? — L{*, the
Hardy condition does not appear in Theorem 2.1.

Facts described in Propositions 3.2 - 3.4 and in Theorem 3.1 can be now summarized.
Theorem 3.5. Letp > 1.

A) The boundedness Io : L2 — wL2> implies the Hardy conditions (3.2), (3.2)*
and the Muckenhoupt condition (3 5). Conversely, the conditions (3.2), (3.2)* and (3.5)
imply I, : L2 — wLP® whenever u(-), v' ™?'(-) € H and w(-) € A as in (3.7).

~ B) Ifu(’) and v(-) are radial and monotone functions and w(:) € A, then I : L} —
wLP® if and only if (3.2) and (3.2)" are satisfied.

C) In parts A) and B), the Hardy condition (3.2) can be replaced by the Muckenhoupt
condition (3.5) whenever w(z) = |z|™7, v >0 or v'~ P(:) € RD, for some p > 0.

Consequently, as announced in the Introduction, we obtdmed a characterization of
the boundedness I, : L} — wLi® whenever u(-) and v! 7P (-) arc radial monotone
weight functions and w(-) € A.

Theorem 3.6.

A) The boundedness I, : L), — wL,>™ implies conditions (3.3), (3.3)* and (3.6).
Conversely, these conditions (3.3), (3.3)* and (3.6) imply I, : L) — wL!® whenever
u(:) € H and w(-) € A as n (3.7).

B) Ifu() and v(-) are radial and monotone functions and w(-) € A, then I : Ll —
wL!® if and only if (3.3) and (3.3)" are satisfied.

C) In parts A) and B), condition (3.3) can be replaced by (3.6) whenever w(z) =
lz=7,v 2 0.

4. Proofs of the results

First we prove results in Section 3 and next outline proofs of those stated in Scction 2.

Proof of Theorem 3.1. Necessary Part: We first assume that I, : LD — wLi®™,
which is equivalent to

“w(')(l”f)(')“l,ﬁ“’ < C"f()“/{j for all f(:) >0 (4.1)

“f(')i,,iﬁ =/ |f(z)|Pv(x) de
Rn

where



124 Y. Rakotondratsimba

and
NP peo = su /\p/ u(z)dz ;.
llg( )”Lu . i;g{ ( (z) }

The boundedness I, : LY — wLP™ appears clearly, since trivially (fof)() < L))
The main point for condition (3.2) is the existence of a constant C > 0 such that

z: |g(z)|>A}

(] (@@ Ot Ole < ([ r@oma)* 02

for all f() > 0 and R > 0. Indeed, in the case p > 1, taking £(-) = v'~% ()1} 1cp)(-)
in this inequality and if 0 < f'y|<Rv‘_” (y)dy < oo, then

) 1
1 ’ o
IO taneiOll= (o) <c

yl<

which is nothing else than (3.2). This is obviously satisfied if 0 = fly|<va_”'(y) dy:
And the fact that fIvI<R v!7P'(y)dy < oo is ensured by (4.2) or the hypothesis on v(-).

Condition (3.3) (i.e. for p = 1) appears by taking p — 1 in this last inequality, and
since the constant C > 0 in (4.1) or (4.2) does not depend on p.

Inequality (4.2) is a direct consequence of the boundedness I, : L — wLP> and
the fact that for |z| > 2R ' '

| / fv)dy < Jal*= / f(v)dy
lyI<R FlzI<lz—yi< 3|z

R e T O
lz-yl<2]zf -

< 2°7(La f)(2).

Similarly as above, the main point for condition (3.2)* is
1
( / 1v1°"g(w) dy ) [| ()11 <R () | g < C( / PW)vv)dy)" (42)
2R<|y| * R~

for all g(-) > 0 and R > 0. Setting g(-) = |- |(°'"‘)(”"').v"P’(~)1{w‘<|‘|<n,}(-),4then

/ ly|°~"9(y) dy =/ yl@=mP Y =P (y)dy
2R<|y| 2R<|y|< R, . )

and )
/ 97 (y)v(y)dy =/ ylCTmP Y P () dy
R" 2R<|yl<Ry

< Rle=m’ / o1 (y) dy
lyl< Ry

< oC.
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So taking such a function g(-) in inequality (4.2)* and assuming that

/ ly|=? v (y)dy > 0
2R<|y|< R,y

it appears that

-

loOterO = ([ e G)ay)” <c
2R<|jy|

after letting R; — oo. This is condition (3.2)*.

Inequality (4.2)* is also a direct consequence of I : L? — wLP™ and the fact that
for |z| < R - :

/ e () dy < e / Iz — 41" F(y) dy < 2"~ (Lo f)(2).
2R<|y| - :

[z—yl<2|y|

Sufficient Part: To get Io : L? — wLP™ first observe that for some constant ¢ > 0
o) Ta ) < c(SP+SE+8E)  forall f(1) 20

where

si=[wO(f , 1w @) ..
5= ”w(')(/%|-|<|y|<2|~| T d)

s= O (] 1w )

So it is sufficient to bound each S; (: € {1,2,3}) by CAJ|f(-)||.» where C and A are
non-negative constants which do not depend on f(-).

Since I : L2 — wL?™, then

oo
Ly

poo
Lu

Sz = [|w( )T f))]

L= S cAl| £ Le

Here A > 0 is taken as the constant in the Hardy conditions (3.2) and (3.2)*.

Arguing as in (4.2) and (4.2)*, estimates of S; and S are reduced to get the Hardy
inequalities type

Hw()l e (/|y|<%|.| f(y) dy)
eo(f, i)

Since the arguments are similar, the proof is limited to that of (4.3).

Lo < cA||f(~)||L5 for all f(:) 20 (4.3)

<cAllf(), forall F()Z0.  (43)

oo
Ly
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One of the point keys is the inequality
P
IZ0fO1e Ol < Ell FO1e Ol pen (4.4)

where the &’s are disjoint sets. This cutting summation is valid for 1 <p < oo and
can be directly seen by using the definition of || - |z and the fact that

{:z:GIR"

Tef@a(@) >} ={ze U,&| Sef@nez) > 2}
U, {z e &]5(z) > A},

To prove (4:3) it can be assumed that f(-) > 0 is a bounded function with compact sup-
port, since the further estimates do not depend on the bound of f(-), and the monotone
convergence theorem will yield the conclusion for general non-negative functions. Since
0 < [z f(¥)dy < oo, then 2V < Jzn f(y)dy < 2N+ for some integer N. By the fact
that r € [0,00) — flyl<%r f(y)dy defines an increasing and continuous function, there

is an increasing sequence (7 )¥__ _ of non-negative reals such that

2m — y)dy =2 d 4.5
/Mrmfu) y / e, T (4.5)

and 2V = f|y|<%r~ f(y) dy. Let

Em = {zeR" 2"‘</ f(y)dygz'"“}
lyl<ilzl (m<N-1). (4.6)
= {1'6 R rm < [z] Srm+1}
Setting rny 41 = oo, then
the Ej are pairwise disjoint sets and R® = U,N,,:_OOE,,,. (4.7)

Now we are ready to give the chain of estimates which yields inequality (4.3). Indeed,

1127 /W%H f(y)dy)|

N
= 3 w0 |a_n(/|y|<%|<| s )16 )

P
L™

P
e (¥ 4T
m="-00
14
< ¢ Z gmpr(.)| . lQ—"lEm(~)‘ oo (by (4.4) and (4.6))
m=—o0 u
N P P
< e (/ ) dy) Hw(')l 1T L <l < )(')‘ o
m=Z—oo {%"m-l<l'|5%r'ﬂ} = g

(by (4.5))
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<o Y (/{

m=-—00

t ‘zr
X X v TP (y)dy)®
(/{I'IS%M} (v) y)

(hcrc the Hélder inequality is applied if p>1

@) )

%"M—l<|'|S';'"m

-n P
w1 gt ey <13 () Lreo

and for p=1: (f l"”(y) dy)fr is replaced by esssup(;—sv—yllvl<§rm(‘)))

Wigkrmy ®

N
<awr ) [ ROROL

m=—00 zrm—l<|'|s%"m

(by using condition (3.2) if p>1 and (3.3) for p=1)

, N S
=C2Ap/u; [ D e i<lghem ()] FP) v(y) dy

m= =00

(since the sets {irm_1<||<§rm} are disjoint)
<ad’ [ POy
RVI

= a2 4P| fO)IIZz -
Proof of Proposition 3.2. It is suitable to introduce the notations
Er = {y e R"|2F < |y| < 2**'} and Fr = {y e R"|2"7 < |y| < 25+2)

Wi = sup w(z) and Ur = sup u(y).
z2€EE} yEE:

So using the property w(-) € A, then

Wi < sup w(z) < qqw(z) for each = € F. (4.8)
4-1|z|<|z|<4|z]|

Here ¢; > 0 is a constant which only depends on the fact that w(:) € A. Similarly,

Ui < sup u(z) for each = € Fy. (4.9)
4 zI<| 2| <4]z]

One of the crucial points to get In: L? — wIP* is the inequality
/ (Inf1p,)P(z)|z|”Pdz < C/ fP(z)dz for all f(:) >0 (4.10)
Ek Fk
where C > 0 is a fixed constant. Inequality (4.10) is true for p = 1 since

/ (T f1r)(@) el ~odz ~ 27 [ (I f1F,(z) dz

Es
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=27 [ fa)Lap) @) de < 2 [ fapeds = o [ f(z)de.
Fy F Fy

For p > 1, (4.10) is also true since I : LP(dz) — LP(|z|~oP dz). This last boundedness
can be seen by applying one of the well-known boundedness criteria for I, on weighted
LP-spaces (see [5]). 5

Now assuming hypothesis (3.4), the boundedness I, : L? — wLP* can be obtained
as follows:

() Ta )| poe
|- =yl f(y) dy) 15,()

;w(.)(/ﬂklyk?l-l °

< Y WU (e f1R)O1E () e
k

P
Lr

(by the definition of llg()II? ,en)
<o Y2 Wi [ (af1n () el
k E:
(recall that LfCwa)

Sc3Z2°"owuk/ fP(z)dz  (see (4.10))
k Ey
1yp
52%32/ fp(z)[wkm“u;] dz
& R

< ¢4 ;/F‘k f”(z)[w(z)h:l“( sup u(z)) %]pdz (by (4.8) and (4.9))

47 z|<|z]<4|z|

k—l<|z|szk+2

< ¢y AP Z/ f”(z) v(a:)dz: (by condition (3.4))
k 72 y

' p§ , P
< 3csA 4 /2k<|x|52k+1 fP(z)v(z)dzx
— P P d

3csA /Rn fPy)v(y)dy

= 3C4Ap“f()“:5

If instead of (3.4) condition (3.4)' is assumed, then the modifications in obtaining the
conclusion are as follows:

(- Y(Za O o

iip
<ecs Z/ fp(.’li) [WkZ""L({] dz (see the above estimates)
k JF '

<32 [ 7 e ()Y
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<o [ e s fuwie () (55) ) e

= zk: /pk fH(z)(z) sup {w(y)lyl° (u(y)) : ( sup . )% }de

4= yl<lzl<aly| ¥(2)

< CSAP Z/ fp(l’) v(x)dx (by condition (3.4)")
k /F

< 3CsA"/ fP(y)v(y)dy
Rﬂ

= 3 A”|| FOII7,

If no assumption like w(-) € A is assumed, the boundedness I, : LP — wLP™ can be
similarly obtained if instead of (4.10) then

/ (Iaf1p )P (z)wP(z) [2|7*Pdz < C| fP(z)dz  forall f(-) >0
Ey \Fx

which is true whenever I, : LP(R",dz) — LP(R"™, w?(z)|z|~*Pdz).

Proof of Proposition 3.3. To prove the implication (3.5) = (3.4), take p > 1.
Using u(-),v'~?'(-) € H and w(:) € A, then

w@lel"( sp  uw)’ (@)

47 zI<|y|<4]z|

< enu@lel*™( [ uwdy)’ ([ v (y) dy)
2-Nz|<|y|<2¥|z| 27N z|<|y|<2¥|z|
1
[ o7
(/ v' 7P (y)dy) ’
2-N|z|<ly|<2¥|z|

< ealz " T lw(-)Lo-wpzp<pcan iz (]l o (/ o' (y) dy)”

2-N|z|<|yl<2V |z

5.
P

= caw(z)|z|*™"

[|12- %<1 <2m e (-

|-

< c3A (by using condition (3.5)").

The implication (3.6)) = (3.4) can be proved by using a similar argument, except
that no growth condition on v(-) is needed. Therefore Proposition 3. 3 is proved since
trivially (3.5) == (3.5) and (3.6) = (3.6)".

Proof of Proposition 3.4. Part A: Since w(z) = |z|™ for ¥ > 0, then {z :

w(z)|z|" > A} = {z : |z| < A=} and
1
(a—n=7) / (z)d g
T u\r T
( 2R<|z|<T ) }

{

= sp (T anaie Ol
{
{

”w()l . |0—"12R<H(.)”L5m = sup

T(a—")” | . |_712R<|'|<r(')“Lﬁw}

(@ |w( )1y ()]] oo }

N
»
=
el

A
J o
=4
el



130 Y. Rakotondratsimba

The implications (3.5) = (3.2) and (3.6) = (3.3) appear immediately from this
last inequality.

Part B: Assuming the Muckenhoupt condition (3.5) and v'~?'(-) € RD,, the Hardy
condition (3.2) is satisfied since

e \E
I =" tana e (2 010

> , &
<a Z(2kR)(a_")p”w(')lztR<|~|<2k+ln(‘)”§,§w (/II va_p (v) dy) ?
k=1 yI<

i

(by using the cutting summation (4.4))
ad . 5
<oy 27 kn(p=Do(kH RYE=™P||w( )1 cortr r ()| oo (/ v!' P (y)dy) ’
k=1 “ lyl<2*+'R
(since vl'pl(~)€RD,)
oo
< ¢ AP Z o—kn(p-1)p
k=1

= C3Ap (by condition (3.5) and p>1).

Proof of Theorem 3.5. Part A: The necessary part is essentially described in
Theorem 3.1. The sufficient part is a consequence of Proposition 3.3 and Theorem 3.1.

Part B: In view of Proposition 3.3 and Theorem 3.1, to prove I : LP — LP jt
remains to check condition (3.5)' by using (3.2) or (3.2)*. Note that u(-),v'"?'(:) € H
by Lemma 2.3. Suppose for instance that v!~?(-) /. Then

/ Py <o o177 (y) dy
R<|y|<2M R 2(2V R)<|y|<4(2¥ R)

< R (/ [yl (y) dy ).
2% RI<lyl

Consequently,

1
»

Q(R) = Ra_n||w(')1R<|~|<27N R(')|

Lzes (/};(kazmﬂv’_pl(y) dy)
< esl|w( )1 caen r()| oo (/

2(22¥ R)<|y|

1
»7

Jyl(e=™Pp1 =7 (y) dy)

< czA (by condition (3.2)*).

For v'~=P'(-) \, then fR<|y|<2~va‘P'(y)dy <4 fly|<§R v'~%'(y) dy and hence, by using
condition (3.2),

Q(R) < esllw()l - 17" Loy my< ) O] 2o (/

lyl<iR

1
vl_”l(y) dy) ” < csA.



Weighted Weak-Type Inequalities for I, 131

Part C: This statement is an immediate consequence of Proposition 3.4.

Proof of Theorem 3.6. The arguments are the same as those used in the proof
of Theorem 3.5.

Proof of Theorem 2.1. The necessity part is immediately given by parts A in
Theorems 3.5 and 3.6. The sufficient part can be seen by applying Theorem 3.1 and
Part A in Proposition 3.4.

Proof of Proposition 2.2. This result is just a statement of Proposition 3.2 with
w(-) = 1.

Proof of Lemma 2.3. It remains to estimate w(y) for each y with 1R < |y| < 4R.

First consider the case where R is small, i.e. R < %Ro. Since 8R < Ry, for w,(-) /
then

c

w(y) = wi(y) < <

wy(2)dz = — w(z) dz.
R™J4r<|:|<8R ) R"J4r<|2128R
And for w(-) ™\, then
¢ c
w(y) = wi(y) < o= wy(2)dz = == w(z)dz.
R™J1R<|z|<iR R™Jyr<lzi<ir

Similarly, if R is big, i.e. 8Rg < R, and with wz(:) /" or wa(+) \, then

w(y) = wa(y) < i,,/ wo(2)dz = iﬂ w(z)dz.
R™J1R<|z1<8R R™Jir<ysi<sr

Finally, for R &~ Ry, i.e. R0 < R < 8Ryp, then w(y) < C for a fixed constant C > 0
which depends only on w(-). Assume for instance that %Ro < R < Ry. If wy(-) /, then

wy(2)dz < —g w(z)dz.

c
PP <
w](;—gRo)R" 1R<|zI<R R L1R<|z|<4R

And when wi(-) N\, then

c C
w(y) < ——-/ wy(z)dz £ — w(z)dz.
(y) wl(Ro)R" 1 R<|zI<R l( ) R™ 1 R<|z|<4R ( )

Analogously, for Ry < R < 8Rg and wa(-) / or wa(-) \, then

C C
w(y) < — wo(z)dz < — w(z)dz.
® R™ Jr<|z1<4ar : R"J1p<)s1<8R =)

Proof of Proposition 2.4. Proposition 2.4 is just a consequence of Proposition
3.3 with w(-) = L.

Proof of Proposition 2.5. The fact that the Muckenhoupt condition (2.1) irpliés
the dual Hardy condition (2.2) for u(-) € RD, can be seen as in the proof of part B of
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Lemma 2.6 (see also {5: p: 832 - 833]). The implication (2.3) == (2.4) is also true for
the same hypothesis on u(-). Indeed,

([|z|<n u(z)dz) Xesssup [Iyla_n ;(1;‘)12R<|4|(y)]
u(I)d:z) X €SS sup [L12*R<|~]52k+1 R(y)]

<q g(zkHR)o’_"(/lx o)

<ecp i 2~ knp(gk+l gya—n (/ ! u(z)d:t) X ess sup[L1|.|9x.+1R(y)]

|[<R

st lz|<2*+1R v(y)
oo
<Ay 27k
k=1
= C3A.

Proof of Theorem 2.6. Part A: The sufficient part is just a consequence of Theo-
rem 2.1 and Proposition 2.4. Part B is true by Proposition 2.4. For Part C it is sufficient
to apply Proposition 2.5.

Proof of Theorem 2.7_;- It is sufficient to follow the same argument as in Theorem
2.6.

Proof of Coroilary 2.8. Recall that

w(z) = {.ul(:c) = |z|B-™) for |z|] < Ro
uz(z) =|z|"™™ for |z] > Ry

. R W : ‘
vy P (z) = |z|™* In7P (Jz] ") for |z] < Ro
o(z) = T .
vy PN (z) = || TPt for |z| > Ro.

The dual Hardy condition (2.2) is satisfied when

-

(ul(RoH Ro<|z|<8u2(z)dz)%</;2<lzl lzl(a—é)p’éz(z)dx) =€ (4.11)

for Ry < R, and

(/I;KR ul(:r:)d;z:) ; (Ez(Ro) + /R<|,|<Ro |I|(a—n)p'ol(z) dz) » <c (4.12)

for R < Rp. The Muckenhoupt condition (2.1) is equivalent to-

R" (/WR u,(x)dz) (/Md‘a, (:c)d:z:) T co (4.13)
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for R < Ry and

1

R (o) + / °<.,|<R“2(")d") "(mir0) + /,;°<.,|<R‘”"’)“) " <c @)

for Ry < R. In these conditions

£ (R) :/ oi(z)dz, U(R) =/ u)(z)dz, Z(R) =/ |z|(@~™P 0, (z) dz.
|zI<R lz|<R R<|z|
For R < Ry and by standard calculations then
U(R)~ R, £,(R)~In"5(R™), / lz|(®=™P'g) (z) dz < cR—™P',
R<|z|<Ro

On the other hand, for Ry <R

RY for v >0
/ uz(z)dz < cx { ImnR+In(R;') fory =0
Ro<|z|<R Ry for vy <0

and since ap < 6, then T,(R) = RPI[°f%] and

RP'n=3l for 8 < np
/ oy(z)dz < cx { InR+In(Ry') for § =np
Ro<izl<k Rg =3 for np < 6.

By Lemma 2.3, we have u(-), v (-) € H. In view of the above calculations, condition
(4.11) 1s true since ap < 6 and ap + v < 6. Also, (4.12) is ensured by 8-> 0 and
np < ap + B. This last inequality also leads to (4.13). Finally, condition (4.14) is
appcared by using ap.< 8 and ap + v < . Consequently, by Part B in Theorem 2.6,
then I, : LP — LP>® »

The boundedness I, : L. — L?%° can be obtained by using similar arguments.
The details are omitted. :

Proof of Corollary 2.9. The conclusion will be obtained from an application of
Part C in Theorem 2.6 with v(-) = (Mpu)(-). Precisely the main key is to check the
Muckenhoupt condition (2.1) and the pointwise condition (2.6)' because u(-) € RD,.
The Muckenhoupt condition (2.1) appears immediatly once for a fixed constant

c>0
v (z) < c(R°P-"‘/

._.p’ . .
u(y) dy) for all |z| < R. (4.13)
lyl<R
Indeed, by this inequality

1

e (/Iy|<n uly) dy) ; (/|:l<R V) dz) g
sar=(f o) [w(mr [ na) ]

y
<C|.
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Inequality (4.13) is true since for |z| < R
R""""/ u(y)dy < R°”"”/ u(y) dy < o(Mapu)(z) = cv(z).
lyl<r lz—-y|<2R
To prove (2.6)' it is sufficient to find a fixed constant C > 0 for which

1
z|*Pu(z)— < C for 471 |z| < |y| < 4|z|.
el"u(e) s 21 < Iyl < 4lz]

It is equivalent to write
u(z) < 2yl Pu(y) = caly|”*P(Mapu)(y). (4.14)

Inequality (4.14) is an easy consequence of the fact that u(-) € RD,. Indeed, for some
constants c3,cq4 > 0

u(z) < c;lyl—"/ u(z)dz
g yl<lzl<calyl
< calyl =71yl | u(z) dz
2=yl <(1+cq)lyl

< esly| ™ P (Mapu)(y).
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