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On Generating Orthogonal Polynomials
for Discrete Measures

H.-J. Fischer

Abstract. In the present paper, we derive an algorithm for computing the recurrence co-
efficients of orthogonal polynomials with respect to discrete measures. This means that the
support of the measure is a finite set. The algorithm is based on’formulae of Nevai describing
the transformation of recurrence coefficients, if we add a point mass to the measure of orthogo-
nality (generalized to the case of discrete measures). The numerical condition of the problem as
well as the stability properties of the new algorithm and of the well-known Stieltjes-procedure
are investigated. As examples show, this new algorithm has stability properties similar to
procedures based on the Lanczos algorithm.
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1. Introduction

Let o be a given positive measure with infinite support S(¢) and finite moments of all
orders. Then there exists a unique family of monic polynomials #; with

/fr,(m)frj(z)da(z) =0 (I<y) Aand /fr?(x)do(z) = 7;2 >0 (7200 (1)

(v; is the leading coefficient of the orthonormal polynomial of degree j). They sa.tisfy a
three-term recurrence relation

#iv1(z) = (z — aj)5(z) = BiFia(z) (5 20) ®@

if we set #_1(z) = 0. The value of the coefficient Sy has no meaning for the recurrence
relation.

If the support S(o) is a finite set {71,...,7n}, the situation changes (compare the
discussion in (8: Introduction] - Gautschi calls this a discrete measure): The family of
monic polynomials satisfying the orthogonality conditions (1) is also finite. It consists
of N polynomials 7, ..., 7n_1. Formally we can calculate from the recurrence relation
(2) one more polynomial 7y, but we will have [ #},(z)do(z) = 0 (see Section 3 below).

As Gautschi [8] explained, the problem of generating orthogonal polynomials is
equivalent to the problem of calculating the coefficients «j-and §; in their basic recur-
rence relation (2). In principle, this task always can be reduced to the case of a discrete
measure. To make this more precise, we introduce some notations.
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Definition 1. The vector of the first recursion coefficients

[d07'~‘:an—l:ﬂl)"',Hn—l]'r

will be denoted by b, (or by b,(c) to indicate the dependence on the measure).

Definition 2. For some real t let §, be the discrete measure defined by

/ f(z)dbi(z) = £(1)

for any function f (this is just a point mass of weight 1 at t).
Definition 3. The set of all polynomials of degree < d will be denoted by P,.

Definition 4. We say that the discrete measure oy = zf\;l A; 65, 1s a discretization
of the measure o of algebraic precision d if

/q(z)dc(z) = /q(z)daN(z) = Aig(n), (3)
1=1

for any q € Py.

Now it is known that the coefficients bn(c) depend only on the moments of order
up to 2n — 1 (see cquations (4) and (5) below) and thus the recursion coefficients b, ()
and b,(on) for the measure o and the discretization oy of algebraic precision > 2n — 1
coincide. But discretizations of sufficiently high algebraic precision trivially exist: If
T1,.., TN and Ay, .., An are the nodes and weights of a Gauss-Christoffel quadrature
formula, respectively, then o5 will have algebraic precision 2N —1. In practice, of course,
the Gauss-Christoffel rule for some measure ¢ may be unknown, but discretizations of
sufficiently high algebraic precision are often available.

Usually, the coefficients b,(on) for discrete measures on are calculated with the
well-known Stieltjes procedure, which we analyze in the next section. Paradoxically, the
method is reliable in many cases where the discretization oy is only an approximation to
a continuous measure ¢. But it breaks down completely in some cases where the measure
itself is discrete or has discrete components! A striking example for this situation is
Gautschi’s Example 4.8 in [8: p. 315]: He adds a point mass of weight 1 at z = 2 to
the absolutely continuous distribution ¢ with do(z) = dz on [-1,-0.5] U [0.5,1]). The
Stieltjes procedure is not suitable to calculate accurately the first coefficients b,(o +62)
already for rather small values of n. Gautschi reports an error growth of more than
4-10" for n = 24 and remarks: ”We know of no stable method to compute orthogonal
polynomials of the type introduced in Example 4.8.” Fortunately, the situation has
changed. Gautschi retracted this statement in his 1994 paper [12]. In the ORTHPOL-
package of Gautschi, a routine lancz is included, which is based on the Rutishauser
stabilization of the diagonal Hermitian Lanczos process (see the article of Gragg and
Harrod [13] or the generalization of Reichel [17]). This algorithm is fast and stable, but
it is derived and formulated in the language of inverse spectral problems. However, there
is a simple derivation of a procedure completely in the language of discrete measures
and orthogonal polynomials.
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In Nevai's famous memoir [16], he has shown how to systematically add mass points
to measures. This was known earlier for special systems of orthogonal polynomials.
Adding some details, we are able to derive a new algorithm which is more stable than
Stieltjes procedure and comparable to lancz.

2. Stieltjes procedure and its stability

The cocfficients aj and f; can be expressed by 51mple formulas (see [8: Equation (2.2)]):

We have
amr2 z)do(z )
% G20 “

and

f frf(x) do(z)
f .7?;2‘—1 (z)do(z)

These formulas together with the recurrence relation (2) can be used to calculate recur-
sively as many coefficients a; and 3; (and polynomials 7;) as desired (compare Gautschi
[8: p. 292] or {10: p. 198]): Starting from #_; = 0 and #, = 1 we can compute ap from
(4) with 7 = 0. Now (2) gives the new polynomial #; allowing to compute a; from (4)
and f from (5).

At step k of this algorithm we have calculated bx. Then we use the recurrence
relation (2) with j = k — 1 to compute 7 and from this (via (4) and (5) with j = k)
we obtain the new cocfﬁcxents ay and Bk.

As was mentioned by Gautschi [10: p. 198], in order to 1mplement this algonthm we
have to find an appropriate codification of the polynomials 7; allowing the evaluation
of the integrals in (4) and (5). If the given measure is discrete or has a discretization
ON = Zfi] A; 8, of sufficiently high algebraic precision, then we can use equation (3)

"to compute the integrals. In this case, the polynomial #; will be represented by the
vector [7;(m1),...,7%;(7a)]7. In this form the algorithm is called (discrctized) Stieltjes
procedure.

The stability of thc dlgorlthm depends on the stability of the recurrence relation
(2). Though we are not able to analyze this difficult question completely, we can say
that the recurrence (2) is unstable in isolated mass points z of the measure 0. We
will give rough estimates for the order of magnitude of the resulting error magnification
(compare the similar analysis in the paper of Gautschi [11]).

B = (7.2 1) : (5)

We start from the well-known fact that instability of the recurrence relation (2) is
caused by the introduction (via rounding errors) of another independent solution of the
recursive equation. Thus we compute not 7;, but @; + €p;, where € is of the order of
the machine eps and p; are the numerator polynomials (see Appendix). Consequently,
instead of the quantities [ #%(z)do(z) and [ z#%(z)do(z) occuring in equations (4)
and (5) we calculate

/(fr;(z) +epi(x)) do(w) = /frf(:r,)da_(:c) +et /ﬁ?(:x)da(u,‘)
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and
/x(frj(z) +epj(z))? do(z) = /xﬁ'f(x)da(:) + 2% + €* /mﬁ?(z)du(z)

(observe that 5; € P;_; and that zpj(z) is a monic polynomial contained in P;).
Since we consider measures ¢ with bounded support S(¢), the error in the recurrence
coefficients a; and f; is characterized by

_ o JA@)do(z)

j —_—_— = 2 [ 3%(z)do(z).
B = aaty =1 [ A deta)

In the Appendix we will show that the numerator polynomials may grow exponentially
with their degree in isolated mass points of the measure ¢ (see Lemma 12 below).

Proposition 1. If 7 is a mass point with weight A, we can ezpect an error magni-
fication My, = E, /e in the cocfficients b, that satisfies M, > eAvy? p2(7).

In contrast to this, if the support of the measure has some regularity property, then
the error magnification grows only polynomially with the degree n (see Lemma 8 in the
Appendix). '

3. Adding point masses

Nevai (16] formulated his results in terms of the orthonormal polynomials m;. Their
orthogonality relation reads

/ﬁ;(szj(x)da(z)=0 (I<j) and - /ﬂf(z)da(x)=1 (6)

(for j < N —1if the support of o contains N points only). They are uniquely determined
if we assume the highest coefficient +; in 7; to be positive. Obviously, we have m; = v;7;
and from (6) v; 2 = [ #2(z)do(z). This gives (see (5))

n = | (7)

for j > 1 (note that Nevai [16] always writes y;_;/7; instead of ﬂ;/z

relation for these polynomials is

). The recurrence

B (2) = (2 — aj)mi(z) — B, 1,0 () (8)

for 7 >0 (and j < N — 2if 5(0) has just N elements).

Now we are able to formulate Nevai’s lemma (16: Lemma 7.15] in our notations (we
simply write «j, 3;,... instead of aj(a), Bj(a),...).
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Lemma 1. Let o be a measure, 7; the orthonormal polynomials with respect to this
measure satisfying the recurrence relation (8) and v = o + A8.. Then the recurrence
coefficients for the orthogonal polynomials with respect to v can be computed from

() V20 s
a(v) = a; + A ﬁj+17f;(7j)7f1+l(f) 5 w,(jr_)lnj_,(r) o
1+ A5 mi(r) 1+ Ay 72(r)
=0 =0

and

13 w20 142 £ w0

Bi(v) = B,

[1 + A’z;j; Wg(r)r |

For computational purposes, it is better to work with monic polynomials in order
to avoid square roots in (8) and (9). Moreover, if we apply the lemma to a discrete
measure o = ZxN=1 Xi &-,, there is a difficulty: if all 7; and 7 are different and all A; and
) are positive (i.e. we have really N + 1 mass points), then an(v) is defined, but we
can not compute it from (9), since an(o) is not defined.

For these reasons we rederive the relecvant equations here. First, we need some
auxiliary results.

Lemma 2. The coefficient of "~ ! in 7in(z) 18 — E:;Ol aj.

This is just [3: Chapter I/Theorem 4.2(d)]. Now we are able to prove a simple

relation for all existing recurrence coefficients a; of a discrete measure.

Lemma 3. Leto = Zfil Xi &y, be a discrete measure, where A; >0 fore=1,...,N

and all 7; are different. Then Efl;ol aj = Zfil i

Proof. We prove first that
in(z) = (z—n) (2= ). - (10)

Indeed, both polynomials of the same degree N are monic, and so its difference r is in
Pn—). Consequently, r is orthogonal to 7. But r is also orthogonal to the polynomial
(z — 7))+ (z — 7n). Thus 7 must be orthogonal to itself, i.e.

N
/r2(3:)da(3:) = Z Nrt(m) =0.

From this we see that r(r;) = 0 for z = 1,...,N. Now r € Pny_, implies r = 0.
Comparing the leading coefficients of both sides in equation (10), we immediately obtain
our proposition: The coefficient of zV~! in #n(z) is — ZJN:_Ol aj (see Lemma 2), and

the samé coefficient in the right-hand side is- — Z‘Iil 7;, thus our proposition is true B

After these preparations we can formulate the main result.
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Theorem 1. Let 0 = Zf\;l Ai by, be a discrete measure, where A\; > 0.for ¢ =
.»N and all 7; are different. Further, let A > 0, 7 be different from all 7;, and
v=0+ A6,. Then we have . . C :

Y ‘7,2'—17}1'("')7?1—1(7')

1423 () 1+,\§73ﬁ3(r)

2% )T
Olj(l/)=01]‘+/\ 7 ]+]( ) J( ) (11)

and o [1+A27 z(THHAEv )] (12)
G ]

for 3 < N, and furthermore

YA TN(T)EN -1 ()
_ N—-1

1+ A 3 y2al(r)
1=0

‘aN(u)=r—/\

(13)

and
MR AR(T) [1 +AN§2737}3(T)]
Bn(v) =" =0 : (14)
S|

Proof. We denote the monic orthogonal polynomials thh respect to v by p;- Then
we must have .

pi(e) = () + 3 ciii(z) (1)

<3

with some unknown coefficients ¢;;. Multiplying this by #;(z) und integrating we obtain

0= /pl(x)frl(:t)du(z) = /p](.z)m(z) do(z) + /\pJ(T)m( = 01571_2 + /\p’j(r)frl(r)f

and from this ¢;; = —Ayf;)](r)fritr). Putting the last result into (15) for z = 7 and
then solving for p;(7), we finally obtain

7;(7)

py(r) = —24 (16)
1+ A ; vird(T)
and ”- A
oy = - DDA o

14 2SS )

=0
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Comparing the coefficients of z7~! in both sides of (15) we have by virtue of Lemma 2

i1 i-1 i1 2z 7 :
Ayi_ 7wi(m)m o0 (r
_—Za;(u):—Zai+c”~_1=—Zai— 7 lj’_(l) ? l( ) (JSN) (18)
i=0 i=0 i=0 14+ A3 y272(r)
1=0

Taking differences we immediately arrive at (11) for j + 1 < N. The last coefficient
O’N(l/) can be calculated from Lemma 3. Applying the lemma to the measures o and v

we have’
N1 -
-

1=0 =1

N N

. N
Ti and Za,-(u) = Z T+ T
=0

i=1

and consequently

N N-1
Za,-(u) = Z a; + 7.
1=0 1=0

Solving for an(v) and using (18) for j = N we obtain (13).

In order to calculate the coefficients B;(v) we use (5). From (15) we have
[B@anta) = [ sie)dota) + 2p3r)
= /7??(1:) do(z) + Zc?,/ﬂ'?(x) do(z) + /\pi(r).
=0

Since f 73(z)do(z) = 71»_2 (j < N) and [ #%(z)do(z) = 0, using (16) and (17) we get

b
. 252
\—=2 2 ' —2 . ’\7}?(7) -2 t /\igo W)
vi(p)™* = /pj(x)du(r) =7, "+ o1 =1, o1 (19)
1+ A3 y272(r) 14 XY y372%(r)
=0 _ i=0

f;)rj < N and
Aiq(7)

[ @@ = ——
g 14X §)A ¥272(T)

Now from (5) (for the measure v) and (7) we obtain (12) and (14) B

Using equations (11) - (14) together with the recurrence relations (2) and (7) it is
possible to design a new algorithm which adds point masses one by one and computes
the recurrence coefficients of a discrete measure starting from nothing.

The numerical stability of this algorithm obviously depends on the stability of the
recurrence relations (2), as well. If we add points in ascending order, then any new
point will be outside the interval of orthogonality of the measure constructed so far,
and Lemma 9 will be applicable. '
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4. Questions of numerical condition

In this section we investigate the sensitivity of the map Hp : [11,...,7n,Aq,. .., An)T —
b, from the nodes and weights of a discrete measure o = Efi, Ai 65, to the recurrence
coefficients b, = b,(a). :

This problem has an interesting history: In his paper [7] Gautschi explained that
the inverse map H,' is essentially an eigenvalue problem for the symmetric positive
definite Jacobi matrix and thus should be well-conditioned. However, no estimates for
condition numbers were given. In his article [8] Gautschi gave estimates for the condition
number which (if used as a-posteriori bounds!) seemed to show bad conditioning in some
cases. Unfortunately, his formulas were partially erroneous, and Gautschi corrected his
statement in [9: Note added in proof]. But for all we know no correct estimates of the
sensitivity of the map H, appeared in the literature.

Our analysis is based on the following rather general result concerning dependence
on a parameter.

Lemma 4. Let! be some positive linear functional on Pyn_y, differentiably depend-
ing on some parameter t, and let the functional ¢ be defined by % = c. Then there ezist
unique monic polynomials 7o,...,Tn—1 with

(7j7)=0 (0<i<j<n-1) aend U7})=72>0 (0<j<n-1),

fulfilling the recurrence relation (2). The partial derivatives of the recursion coefficients
with respect to t are
O - . - .
20 = e(®iFi) = vioae(Fa ) (20)
and 98,
'—J = B; [’Y; (7 f) - 7]2'—10(7?12—1)]- (21)
Proof. The assertion concerning the existence of the polynomials and the recur-
rence relation is clear (see [3: Chapter I/Sections 3 and 4]). The coefficients a; and §;
can be calculated from

l(z7%(z (7?2 2,
@; = —'—( 55')) and )= EzJ) = 7)21
i(#3) (75-0) %
(these equations are just (4) and (5) in another notation). Since our polynomials are

monic, i.e. their highest coefficient 1 is independent of ¢, we have 97,/3t € P;_,. In
order to calculate this polynomial, we expand it into a Fourier series:

(22)

67})- j-1 i ’ ' I %?‘7?1) 2. 67?,-
= Lo it o=~ =t (R).

These coefficients can be obtained differentiating the orthogonality relations with respect
to t. From the elementary identity

50 =1(5)+ G =1(5) +e0 (23)
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we have
o, . or; _ o7, .. .
0= al(ﬂ",—m) = l( at" ) +1 ( i % ) + c(#;7;) (i <3),
but { (7, 86’; ) = 0 due to orthogonality. Thus we have cj; = —y2c¢(#;%i) and conse-
quently ’

37r1 = 27, c(7 7). (24)

From I(7%) = 7]72 and (23) we obtain

oy:? e
o =1 (52 et =

due to orthogonality again (recall 0%;/0t € Pj_;). Now equation (21) is an immediate
consequence of (22) and the last equation.

By virtue of Lemma 2, the coefﬁcient of 27V in jis — Zf;g a;. Consequently, the
coefficient of 2/~ in 9%,/0t is — & S ey = —yi_1¢(#;7j-1) due to equation (24).
Taking differences we arrive at equation (20) il

Remark. The idea of this proof is not new. In the article [5] we analyzed the
dependence on modified moments with essentially the same method (compare {5: The-
orem 1], where the result is formulated in terms of orthonormal polynomials, however).
The method can be refined to be applicable to scalar products of Sobolev type, but this
is beyond the scope of the present paper.

Now we are able to calculate the partial derivatives of the coefficients a; and B;
with respect to a single node or weight.

Lemma 5. Let o be a measure not depending on A and 7 and let v = o + A6,
We denote the monic orthogonal polynomials with respect to v by p; (as in the proof of
Theorem 1). Then the formulas

B4 ), (s (7) = s WIprma (PIps(r) (25)

OB _ )2 () = A ()] 29)

aaa;S/) = M) [P ()P (1) + P ()P4 (7)] (27)
= M) [P (Tpi(7) + =i (7)P(7)]

@# = 2X8,(v) [v; ()P (T)ps(7) = 1}-1 (V)P -1 (7)Ps—a (7). (28)

hold.

Proof. The proposition is an almost trivial consequence of our Lemma 4. The
linear functional ! is defined via I(q) = [g(z)dv(z) = fq(:c) do(z) + Ag(r) for any
polynomial ¢, and obviously we have 2£(¢) = ¢(r) and 2t(g) = Ag'(r) B
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Now we are going to define an appropriate condition number cond H,,. As in [8:
Section 3.1] we consider each a; and f$; individually as functions of one particular A;
or 7;. However, we feel that the relative error is an adequate measure for 8; or A; only.
In contrast to this, some node 7; and even all coefficients a; can be zero. Thus we basc
our condition number on the relative error of §; and A; and on the absolute error of a;
and 7y, i.e.

(cond a;)(\) = /\,gi/\: (j=0,....,.n=1i=1,...,N)
(cond a;)(r;) = 66‘:’ (G=0,....n—1;i=1,...,N)
(cond B;)(\i) = |8} ,\gf’ G=1,...,n-1;i=1,...,N)
(cond B;)(ri) = ﬂ;‘g—[jﬁ (G=1,...,n=1;i=1,...,N).

The sensitivity of a single coefficient a; or §; to errors in the initial data can now be
measured by

N .
condaj = Z ((cond @;)(Ai) + (cond o, )(:)] (7=0,...,n-1)
i=1 . o .
N
cond B; = ) [(cond B;)(A:) + (cond B;)(:)]  (j=1,...,n—1).
=1
A suitable condition number is the maximum over all these quantities:

condH,,:max{A max condaj, max condf; ;.
1=0,...,n—1 J=1,...,n—1

The following Theorem 2 is an immediate consequénce of equations (25) --(28) above.

Theorem 2. Let o = Ef\;l Aibr, be a discrete measure, b, the recurrence coeffi-
cients, 712 the normalization constants and #; the monic orthogonal polynomials with
respect to 0. Then we have

cond H, = max {

N

o Ay (|7I'J(T.)7r,+1(r.) = B (1) (7))
i=1

+ ’[7?' (Tf)frjﬂ(f-‘) + 85170 (7)] = B; {75 (r)75(7) + o1 (ri) (7)) |)’

=1,

Proof. The proof is just by insertion of equations (25) (28) into the above deﬁ
nitions (recall 7_’ 1 ,8]7]) [ |
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However, these formulas are applicable only as a-priori bounds. If instead we use
the results of some unstable algorithm, the obtained figures will show this instability,
but not the conditioning of our problem. Some relevant a-priori estimates of the size of
orthogonal polynomials and their derivatives are summa.rlzed in the Appendix. We can
use them to obtain the following results.

Corollary 1. Let oy = Z‘-zl Aiby, be a discretization of algebraic precision M of
some measure o satisfying (34) with support S(0) € M?*(C,a) (see Definition 6). Then
the condition number of our problem can be estimated by

cond H, < C(C,a)n” for 2n < M,
where C1(C, a) denotes a constant depending on C and a.

Proof. We simply estimate the sums in Theorem 2 using the Cauchy-Schwarz in-
equality. The sums not including derivatives are uniformly bounded, if we assume

S(o) C [a,b]:

N
Z A2 |75(i)F e (i) — BiT i (T:‘)T‘fj(ﬂ‘)]

< Z ’\x‘)‘, |75(T )T 541 ()| + Z ’\t'YJ Bj| -1 ()7 (i)

i=]

N N N
<Al DoAY YD NA () + By | D A (7) EAWZ(T.
i=1 =1 i=1

= V(U5 ll2l 7 llz + Bill 71 1201 75l2)
1/2 1/2
=851 + 5

S b— a,
(for the last inequality see [3: Chapter IV /Exercise 2.12]) and

Zm,lfr () = B572_y (m3)| < V2 (17503 + Bill7j-al13) = 2.

The sums contalmng derivatives can be similarly estimated using ||7}|l2 < Cj°%||#;|l2 =
Cj"'yj_’, and we arrive at our proposition il

Corollary 2. Let oy = Z:\;] Aibr, be a discrete measure satisfying
1 o ’
/\i_lsclNa and F—|SC2NB (l#]é{l,,N})
i —Tj :
Then we have the estimate
cond H, < C3(C,C2,a,f) Ne/2+B+1 for n< N
where C3(C,,C2, o, B) denotes a constant depending on C,Cs and a, 3.

Proof. This follows immediately from Theorem 2 and the inequalities in Lemma
AI/QA—1/2

13, since under our assumptions we have j—lT— < (1 + 70_1011/2N°/2)CZN‘3 for
1#3 1
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5. Examples

In this section we compare the performance of the Stieltjes procedure (stieltj), the
stabilized Lanczos process (lanczl — for technical reasons we used not the original
procedure lancz from the ORTHPOL-package, but an own implementation in Pascal
based on the Algorithm RKPW in [13: p. 328]) and of the new algorithm (points)
based on equations (11) - (14) in a number of examples. In any of these examples
we have more or less explicit formulas for the recurrence coefficients and thus we can
compute the actual error magnification.
Example 1: Chebyshev measure. We consider the measure

do(z) = - dz on [~1,1].

V1 - z?
This, of course, is a continuous measure, but the Gauss-Christoffel quadrature formula
is well-known in this case. If we set 7; = cos %’ and A; = % for:=1,..., N, then
the discrete measure oy = Z‘Zl Aib;; is a discretization of algebraic precision 2N — 1

and consequently b,(0) = b,(on) for n < N. The coefficients b,, are known explicitly
in this example. We have a, = 0 due to symmetry of the measure, and

o= {

Table 1: Error magnification in b, for Example 1, N = 50

and Y =

forn=1 {1 forn=0

2
forn > 2 227-1 forn > 1.

B N

n | points lanczl | stieltj
10 | 9.00e+00 | 6.00e+00 | 4.00e+00
20 | 1.40e+01 | 1.00e+01 | 1.00e+01
30 | 3.40e+01 | 3.20e+01 | 1.50e+01
40 | 3.40e+01 | 3.20e+01 | 2.80e+01
50 | 3.40e+01 | 4.00e+01 | 2.80e+01

The orthogonal polynomials are well-known, too. The monic polynomials are
fip = 27117, and pn=2""1U,_,,

where T, and U, denote the Chebyshev polynomials of first and second kind, respec-
tively. From this we can calculate easily

cond-H, = O(n)

uniformly in N. Thus our problem is well-conditioned, but we have to estimate the
quantities characterizing the stability of the algorithms stieltj and points. Since

E, =92 / 5% (z) do(z) = 2¢7n,
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the Stieltjes procedure is expected to be stable. The same is true for the new algorithm
points, if points are added in ascending order: The stability is characterized by the
bounds in Lemma 9, which grow only polynomially in N.

The results of numerical computations are shown in Table 1. The error magnification
tabulated there is defined as the maximum of the absolute errors in the «; and the
relative errors in the f§;, divided by the machine eps (of order 1E-19). The figures
confirm our expectations concerning the qualitative behaviour of the algorithms.

Example 2: Bessis’ example. Following the article of D. Bessis (2] we consider the
equilibrium distribution o of the Julia set of the polynomial T(z) = z? — A with A real
and A > 2. This is a Cantor-like set K C [—£,€], where § = m@. Again, it is
not a discrete measure, since the support S(¢) = K is not finite. But a reasonable
discretization is readily found. The measure is characterized by the invariance property

[ AR
2

/f(z)do(z) do(z). (29)

This property together with the normalization ¢([—00,00]) = 1 uniquely defines o.
Indeed, for a constant function f = ¢ we have [ f(z)do(z) = [cdo(z) = c = f(0) due
to the normalization. If f € Py, then ) )

o) = LTI+ /EFN)
2

defines a polynomial g € P, /5. Consequently, equation (29) recursively defines integrals
with respect to measure o for polynomials f of any degree and thus for all continuous
functions by continuity. Moreover, we see by induction that for N = 2* the set Sy =
{m1,..., 7~} = T7¥({0}) of nodes together with the weights A\; = 1/N fori=1,...,N
give a discretization of algebraic precision 2N — 1: If we set oy = ﬁ 2. resy - and this
is a discretization of algebraic precision M, then o;n has algebraic precision > 2M + 1
by equation (29). But o; = &y has algebraic precision 1, since [zdo(z) = 0 due to
symmetry of the measure.

The recurrence coefficients b, are not known explicitly, but can be calculated re-
cursively from the equations

Br =X, PBaBork—r =Pr and Pok + Bak1 =2 for k2>1

(these are Bessis’ Equations [2: Equations IV.105] in our notations). Of course, we
have oy, = 0 due to symmetry. Thus we can compute the actual error magnification in
our algorithms. To see what we have to expect we need some estimates of orthogonal
polynomials, of their derivatives and of numerator polynomials on Sy.

On the support of the measure we have explicit bounds for the orthonormal poly-
. nomials 7,. Bessis’ estimate [2: Inequality IV.141] is

oo e o -
(@) < = | ——me— for 28! < n < 2F,
(=)l 2<m_1) or 27 sn s
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where z € K. This seems to be of little use, since obviously Sy N K = . Fortunately,
a careful analysis of the proof shows that estimates of the form

[7a(z)] < C(A)*  for 2¥7' < n < 2k

are valid not only for z € K, but also for z € T7*([-¢,£]), and this set contains
T~*({0}) = Sy for N = 2*. The same is true for the polynomials ], and p, (we omit
technical details here, see the forthcoming paper [6]). Consequently, the condition of
our problem can be bounded by a polynomial in n and N. This fact we could derive
from Corollary 2, too: For N = 2* and Sy = {r1,...,7n} we have A]! = N and

=1 2C-(2)7F  for i #5. (30)

This follows from the definition of Sy and the elementary inequality

VAFz-VAyl2 2'\1/;%'5 = 'I;Ey' for z,y € [€,€].

The estimate (30) together with Lemma 9 shows that the procedure points should be
stable. The same is true for the Stieltjes procedure stieltj. The numerical results
confirm the expected behaviour of the algorithms.

Table 2: Error magnification in b,, for Example 2, N = 128

n | points lanczi | stieltj
10 | 1.00e+01 | 1.70e-+01 | 6.00e+00
20 | 1.40e+01 | 1.70e+01 | 8.00e+00
30 | 2.40e+01 | 1.70e+01 | 1.60e+01
40 | 2.60e+01 | 1.80e+01 | 3.30e+01
50 | 3.80e+01 | 4.70e+01 | 3.40e+01

128 | 9.70e+01 | 1.09¢4+02 | 8.20e+01

Example 3: An atomic measure with a dense set of mass points. In the
preceding example we assumed A > 2 and obtained a singular measure concentrated on
a Cantor-type set K of Lebesgue measure 0. For the ”degenerate” case A = 2 we would
obtain an absolutely continuous measure on [—2, 2] — in fact this is simply a Chebyshev
measure scaled to this interval. If we modify the defining invariance property (29), then
we have a more interesting example: Let the measure o with support S(o) = [-2,2] be
defined by

-V 2 0 v 2
/f(z)da(z):/f( It )+f3()+f( 2+ 2) 4o(2) (31)
and the normalization [1do(z) = o([-2,2]) = 752 = 1. Clearly, this measure puts
mass 37%~! on the points 2cos(2m —1)27 % 1xr fork > 0and m = 1,2,...,2% Thisis
an infinite set of points dense in [—2,2]. Again, it is easy to find a suitable discretization
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of the measure. The measure 0, = §; is a discretization of algebraic precision 1. If we

are given a discretization on of algebraic precision M, then we can construct a new

discretization ! )
T2N+1 =§5o+ Z §¢7N({72—2})6r
72-2€SN

with algebraic precision 2M + 1 using the invariance (31). Thus by induction we obtain
discretizations oy of algebraic precision N with N = 2F — 1.

The recurrence coefficients b, can be calculated from a system of equations sim-
ilar to (though more complicated than) the equations in the preceding example. The
following proposition will be given without proof (for details see (6]).

Proposition 2. Let v be measure o without the point mass at 0, i.e. v(B) =
o(B \ {0}) for any measurable set B on the real line. We have an(c) = 0 due to
symmetry of the measure. The coefficients fn(0) can be calculated from

Bi(v) =2, Ban(¥)+ Bant1(¥) =2, Ban(v)Ban—1(v) = gnPn(v) = Bn(9)

for n > 1, where

% forn=1
k
: 14 5 (E+sx) _ Bi(v): - Ba-1(v)
= Firaoy frn= L s=3 Ba(v) -~ Baul(v)
=1
L forn =2k +1

In-1

for k> 1.

Table 3: Error magnification in b, for Example 3, N =127

n | points lanczl | stielt)
10 | 2.80e+01 | 2.20e+01 | 3.00e+01
20 | 4.80e+01 | 4.60e+01 | 3.00e+01
30 | 4.80e+01 | 4.60e+01 | 3.00e+01
40 | 5.30e+01 | 4.60e+01 | 3.00e+01
50 | 5.50e+01 | 4.60e+01 | 3.00e+0!1

Estimates for derivatives of orthogonal polynomials are readily available in this example,
since S = [—2,2] preserves Markov’s inequality: In the notations of the Appendix we
have S € M™(3,2), and obviously our measure o satisfies condition (34) with s =
In3/1n2. Consequently, S preserves Markov’s inequality in L*(0),ie. S € M*(M,2+
s), due to [14: Proposition 1]. Thus, our problem is well-conditioned due to Corollary
1, and the procedure stieltj is stable in virtue of Lemma 8. The assumptions of
Corollary 2 are satisfied as well (with a = In3/In2 and B = 2), and the procedure
points is stable due to Lemma 9. The numerical results in Table 3 agree with these
expectations (observe that the algebraic precision of our discretization o is only N for
N = 2% _1 and thus we can calculate only the recursion coefficients b, with 2n—-1 < N).
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Example 4: Chebyshev measure plus point mass. In this exa.mplé we use the
measure 0 = 0. + 62, where the measure o, is defined by

dz
V1 —z?
l.e. we add a point mass of weight 1 at t = 2 to the measure from Example 1. The

recurrence coefficients can be calculated easily from the formulas of Section 3. We obtain
2=
7 = 1/2 and

do.(z) = on [-1,1],

Uzj—2(2)+ 25 +1
Ugj(Q) +25+3

The coefficients §; can be computed from equation (7), and the coefficients a; from the
equation

'y]? =2%-1 for 7 > 1.

Zj:a- _ 2Ti(2)T54.1(2)
U 1243

A discretization of the measure can be obtained trivially from the discretization ON—1
in Example 1 by adding Ay =1 and 7n = 2 (and consequently the algebraic precision
of oy is only 2N — 3, i.e. we can calculate b, for n < N —1). The assumptions
of Corollary 2 are satisfied, and thus our problem is well-conditioned. The procedure
points should be stable by Lemma 9. In the Stieltjes procedure stieltj, however,
we can expect instability: The inequalities in Lemmas 11 and 12 show that the ratio
p;(2)/7;(2) grows exponentially (in fact like (2 + v/3)% = (7 + 4v/3)). The data in
Table 4 indeed show this behaviour. We mention here that instability of the Stieltjes
procedure in this situation was reported by Gautschi (compare [8: Example 4.8]).

=0

Table 4: Error magnification in b, for Example 4, N = 80

n | points lanczi | stielt]
10 | 5.20e+01 | 4.80e+01 | 5.53e+01
20 | 1.02e402 | 1.04e+02 | 1.08e+02
30 | 1.56e+02 | 1.58e+02 | 1.05e+13
40 | 2.32e4+02 | 2.28¢+02 | 4.45e+19
50 | 2.32e+02 | 2.28e+02 | 4.45e+19
79 | 4.66e+02 | 4.76e+02 | 5.13e+19

Example 5: Discrete Chebyshev polynomials. These polynomials are orthogonal
with respect to the discrete measure

. LN
ON = N Z 5.‘..1 .
=1
The recurrence coefﬁéients'vare known explicitly: We have

N -1
2

1 (k/N)?

(k=01 ,N=1) and fe= s

Qp = (k=1,,N—1)
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The values of the orthonormal polynomials m, at 0 can be evaluated easily using the
explicit formulas in [1: Section 22.19). After some calculation we obtain

ma(0) = (-1)"(N - l)!\/(N +(:;(;/121: ~7 for n=0,...,N - 1.

Now from equation (33) there follows
pari(®) _p(®) 1 _ 1

Fr1(0)  #n(0)  2En(0)Fns1(0) | AL (0)nsa(0)

since we have v2 = 1. This gives

pn(0) & 1 (N +1-1)(N —1-1)
T (0) ,Z: B i l(0)775(0) ; (N —1)2 '

and this quantity grows very rapidly as n approaches N (for n = N —1 its absolute
value is of order 22/V). Consequently, we can expect instable behaviour of the Stieltjes
procedure. The problem is well-conditioned, however, and the new algorithm points
should be stable, as the estimates in Lemma 9 and Corollary 2 show.

The numerical results reported in Table 5 confirm our expectations (the instability

of the Stieltjes procedure in this case was observed already by Gautschi, see [8: Example
4.1)).

Table 5: Error magnification in b, for Example 5, N = 80

n | points lanczl | stielt)
60 | 2.80e4+01 | 4.70e+01 | 4.00e+01

" 65 | 2.90e+01 | 6.00e+01 | 9.44e+05
70 | 4.70e+01 | 6.00e+01 | 1.49e+11
75 | 8.00e+01 | 6.00e-+01 | 3.36e+17
30 | 1.24e+02 | 6.00e+01 | 5.05e+20

6. Appendix

In this section we summarize some estimates used for the proofs of our results.

Definition 5. Let #; be the monic orthogonal polynomials with respect to some

measure o, satisfying the recurrence relation (2). The (monic)numeratorpolynomzals
p; are defined by

iz = | M«i 0} BRRED)

These polynomials (which are called sometimes associated polynomials or polynomi-
als-of second kind) satisfy the same recurrence relation (2), except for j = 0 (if we do
not make special assumptions about B). Note, however, that 5; is 2 monic polynomial
of degree j — 1 (compare the different notation in [3]).. We will use the following simple

property of numerator polynomials (this is Just {3: Chapter I1I/Identity (4.4)] in our
notations). )
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Lemma 6. The identity

Ta(2)hnt1(2) = Fat1(z)bn(z) = Z_j (33)

kolds for n > 0.

In sufficiently regular cases the numerator polynomials grow not essentially faster
than the orthogonal polynomials. This depends on the measure and its support. The
following definition is taken from [14].

Definition 6. Let 1 <p < oo,let SCR bea compact set and let ¢ be a measure
with support S satisfying, for some constants ¢y > 0 and s > 0,

o(B(z,7)) > cor’ (z€S,0<r<l) (34)

where B(z,r) denotes the closed ball with center z and radius r. The set S preserves
Markov’s inequality in LP(o) if there exist constants M > 0 and & > 0 such that

lg'lly < Mn®|lqll,  for g € Pa

(and for this we write S € MP(M,a)). The norm || - ||, is defined as usually: Hell, =
1/
([ lg(z)IP do(z)) * for p < o0 and |lglleo = sup,¢s la(z)|-
For our purposes, of course, only the cases p = 2 and p = oo are of interest. In order

to estimate numerator polynomials, we need the division inequality [14: Proposition 2).

Lemma 7. Let 1 < p < oo, let S € MP(M,a) and let q be a polynomial in P, of
the form q(z) = (z — z0) qi(z), where 7o € R. Then ||q]|, < 6Mn®||q|[,.
Lemma 8. Let 0 be a measure with S(o) € M*(M,«), and let %, and jpp be the

- 2
monic orthogonal and numerator polynomials, respectively. Then ”;" ||I|2 < T2M?*n?e,
nll2

Proof. For fixed z, we set g(t) = #n(z) — #a(t) = (z — t) @, (t). Then we have from
(32)
|6n(@) < % llailly < Yollgrllz < 6Mnyo]lq]l2

and (if n > 0) [lgl} = v °#2(z) + 7,%. Thus, we obtain f2(z) < 36M2n%e[72(x) 4
18v=?) and consequently |62/ < 72Mn?0y7% = 79Mn?e 322 B

"~ The result, of course, is applicable only to discretizations of continuous measures
(since finite sets trivially do not preserve Markov’s property).

- Outside the interval of orthogonality the numerator polynomials grow not faster
than the orthogonal polynomials.

Lemma 9. Leto = Zf;l Ai b, be a discrete measure with support S(o) = {m,...,
TN} C [a,b] and let T be o point with T > b. Then we have the estimate

pn(7) <7gz Ai for n < N.

Tn(T) ~ T
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Proof. Since all zeros of #, and j, are in the interval [a,b] and the polynomials
are monic, they are positive for 7 > b. Now from (33) the inequality

l?n(T) < pn+1(T)

— for n+1<N
() Tag(7)

follows immediately. Thus we have

PR(T)

Tn(T

S

Ai
71'N(T =% Z T—T;

1=1

~—

by the definition of numerator polynomials, since #n(7;) =01

However, in isolated points of the support the behavior of orthogonal polynomi-
als and numerator polynomials changes — the first show exponential decay, the latter
exponential growth.

Definition 7. The distance of a point z € R from a set S C R will be denoted by
d(z,B), i.e. d(z,B) = inf,ep |z - y|.

Lemma 10. Let o0 be a measure with bounded support S(o) C [a,b) and let 7 be a
point with d(t,5(c)) > 6. Then there ezists a number ¢(7) > 1 with

R AAGEE Lo

=0

Proof. In terms of the orthonormal polynomials 7; the left-hand side of our in-
equality is 3_7_, mZ(7). But its reciprocal value is the Christoffel function

o) mign

(sce [3: Chapter I/Theorem 7.3 or {16: p. 4]). Now we construct a polynomial ¢ € Px
with |g| <1 on S(o). If we set

M(7) = max{(a — 7)%,(b— 7)*},
then we have 62 < (z — 7)? < M(7) for any z € S(o), and from this there follows

N2 _ g2
(-7 -8

1< _
V<25 TS

on S(o). Consequently, the polynomial

r— 1)~ 62
oo = (257 = )
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has the desired properties. We see easily

/q2(:1:) do(z) < /lda(z) =752 and ¢(r) = T[Z%I (% + 1) . (36)

The explicit expression

Tm(z) = % [(Z+ V2 - l)m + (:l:— z2 — 1)m}

(this is [15: Equation 4.13]) shows that
2 1 2 2[%] 1 > n—1
()2 (=) + VEEP=1) 7 2 1 (2(0) + VaGR 1) (37)
with z(7) = ﬁ% +1 > 1. From (35) - (37) our proposition with ¢(r) = z(7) +
VvV #(7)? ~ 1 follows immediately

Lemma 11. Let v be @ measure with bounded support S(v) C [a,b] and let T be a
point with v({r}) = X > 0 and d(7,S(v)\ {r}) > 6. Let p; be the monic orthogonal
polynomials with respect to v. Then there ezists a number ¢(7) > 1 with

1
1+ %Avo(u)zc(r)"‘z) ’

Ta(v)? PA(7) < Y

Proof. Under our assumptions ¢ = v — A, is a measure with support S(o) =
S(v)\{r} and we have d(7, S(0')) > 6. Thus, the assumptions of Lemma 10 are fulfilled,
and the monic orthogonal polynomials #; with respect to o satisfy the inequality there.
The measure v is obtained from the measure ¢ by adding a point mass at 7 of weight
A. Now from equations (16) and (19) we obtain easily

n—1
L+ A Y viwd(r)
1=0

TalT
(W) PA(r) = 72 ——= 2a(r)
LAY 73 (r) | 142 3 4272(r)
1=0 =0
1 1 1
=3 n—1 - n N
1+ A Y y2723(r) L+ A Y y273(r)
=0 i=0

1
n—1 :

A(140°5 ##2))
=0

2 ,
Our proposition follows from Lemma 10, since vo(v)? = ﬁ%, <41
(]
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Lemma 12. Let o be o measure with bounded support S(o) C [a,b) and let 7 be a
point with o({r}) = A > 0 and d(r,S(c) \ {7}) > 6. Let p; be the monic numerator
polynomials with respect to 0. Then there ezists a number ¢(7) > 1 with

. : M 1 n-
max (A 7o (1) 2 s (1 Dhagetr?)).

Proof. From equation (33) we have

. N N ¥ - 276
Y tn i1 [n(2)Pns1 (2) = Fngr (2)Bn(@)] = 1 =22 = 9Byt >

k)

where we used the well-known fact that

g < L=V (38)

(see [3: Chapter IV/Exercise 2.12]). Consequently, the inequality

2
()5 - . 7
max {|7"7n+17'n(3)9n+1(1)|,|‘7n7n+17fn+1(z)pn(x)|} > b—_"—a
holds. Squaring both sides and using inequality (11) for the measure o we obtain our
proposition B

The estimate of the condition of our problem given in Theorem 2 requires infor-
mation about the size of orthogonal polynomials and their derivative in the nodes T;.
But even if our discrete measure is the discretization of some continuous measure with
support S preserving Markov’s inequality, this may be not very helpful, since the nodes
are not necessarily contained in S. For this reason we give some rough estimates based
on the discretization itself.

Lemma 13. Let o = Zf\/:l Xi 6, be a discrete measure with S(g) C [a,b] and 7tn
the monic orthogonal polynomials with respect to o. Then the estimates )

|A;v27A(m) <1
1/2,-1/2
1+ A2

. - b—a
l’\i77217"n(7'i)7"n+1(7'j)l <1+ 3 Z

o mi-l
. . b—a 1+/\:/2/\4_l/2
I jvafnsr (T) ()l € —5 Z e = le
1#)
i ., 14 A2\
PP NCALACH RS —|;'—_,’|—
i j

(£ ]
hold.
Proof. The first estimate follows easily from the obvious equation

N _
42 = /ir?,(:c)da(x) =) NFE(m) 2 MFEA(T).

=1
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Now we prove the second estimate: The polynomial Eap(2)=Tasn(n) ¢ P is monic and
thus we have

r—7;

/*nﬂ(l‘) Tnt1(75) #in(z)do(z) = 772

I—T]

This equation can be written as

Aty (7)) in(ry) + Z A nt1(7i) = Fny1(7)) - #n(Ti) = v72. ~(39)

Ti — T
i#) I

From our first estimate we obtain Irnftn(Tj)] < /\_1/2 and

- ) Tn \-1/2 _ p1724-1/2 b—a -1/2
|7n7"n+l(TJ)|S;:’\j =B, ’\j < 5 ’\j

using (38). Substituting these inequalities into (39) we arrive at our proposition. Start-
ing from

/—ﬁ"(z) = (i) ; n(z)do(z) =0 and /M n+1(z)do(z) =0

z—T; T—T

the last two inequalities can be shown analogously B
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