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Abstract. A variety of fixed point results is presented for weakly contractive multi-valued
maps. Qur theory will then be applied to establish general existence principles for operator
inclusions in Banach spaces relative to the weak topology.
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1. Introduction

This paper presents a new fixed point theory for weakly contractive multi-valued maps
between Banach spaces. This theory is then used to establish new results for differential
and integral inclusions in a Banach space relative to the weak topology.

In 1971, Szep [24] discussed the abstract Cauchy problem

¥(0) = vo (1)

y' = f(t,y) on[0,T] }
where f : [0,T] x E — E is a weakly-weakly continuous function and E is a reflexive
Banach space. More recently (3, 4, 17, 18, 20, 21] the non-reflexive case was examined,
the weakly-weakly continuity of f was relaxed and also the more general integral equa-
tion case was discussed. However, the inclusion analogue of (1.1) has received very little
attention; we refer the reader to [3, 5]. In this paper we will discuss in detail operator
inclusions in a Banach space relative to the weak topology. Our general theory will
include as particular cases differential and integral inclusions.

For the remainder of this section we gather together some notation and preliminary
facts. Let Qg be the bounded subsets of a Banach space E and let K be the family of
all weakly compact subsets of E. Also, let B be the closed unit ball of E. The DeBlasi
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measure of weak non-compactness ([7]; see also [11]) is the map w : Qg — [0, 00)
defined by

w(X) = inf {t > 0: There exists ¥ € K* with X CY + tB} (X €Qp)

For convenience we recall some properties of w. For this let X, X, € Qg. Then:
(i) X1 € X2 implies w(X;) < w(X2).

(ii) w(X,)=0if and only if X}* € K¥; here X” is the weak closure of X, in E.
(iii) w(XF) = w(X;).
(iv) w(X1U X2) = max{w(X)), w(X3)}.
(v) w{rX;)=rw(X;) forall r >0.
(vi) w(co(X1)) = w(Xy).

(vii) w(X; + X2) < w(X)) + w(X2).

(viii) If 0 £ X, C E (n € N), X, bounded, are weakly subsets with X,, | and

lim, e w(Xn) = 0, then N2, X, # 0 and weakly compact. '

Suppose F: Z C E — 2 (here 2 denotes the family of non-empty subsets of E)
maps bounded sets into bounded sets. We call F' an o w-contractive mapif 0 < a < 1
and w(F(X)) € aw(X) for all bounded sets X C Z. We say F : E; — 252 (here E;
and E, are Banach spaces) is weakly upper semicontinuous if the set F~1(A) is weakly
closed in E; for any weakly closed set A in E,.

We now state a theorem of Ambrosetti type (see [17, 21] and [22: pp. 86 - 88]).
Theorem 1.1. '
(a) Let H be a bounded subset of C([0,T),E) (here E is a Banach space). Then

sup w(H(t)) < w(H)
t€fo,T]

where H(t) = {¢(t): ¢ € H}.
(b) Let H C C([0,T), E) be bounded and equicontinuous. Then

w(H) = sup w(H(t)) = W(H[0,T))
tefo,7T)

where H([0,T] = Uiepo,77 {6(t) : ¢ € H}.

Next we state two results (the second one follows immediately from the first) which
will be used frequently in Section 2 (see (23] for definitions and proofs).

Theorem 1.2. Let X and Y be topological spaces and F: X — 2Y be an upper
semicontinuous, point-compact multifunction. Suppose {zo} is a net in X such that
To = Zo. If yo € F(za) for each o, then there is a yo € F(zy) and a subnet {yg} of
the net {ya} suck that yg — yo.
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Theorem 1.3. Let X aend Y be topological spaces and F : X — 2Y be a upper
semicontinuous, point-compact multifunction. Suppose {z,} is a net in X and yo €
F(z4o) for each o. If 2o — zo and yo — yo, then yo € F(zo).

Throughout Section 2, E will be a Banach space with norm | - |. E* will denote
the dual of E. We will let E, denote the space £ when endowed with the weak
topology generated by the continuous linear functionals on E (the family of seminorms
{pn : h € E*} isdefined by ps(z) = |h(z)| for all z € E). A function g from a measure
space (2, M) to F issaid to be scalarly measurable if for any ¢ € E* the function ¢(g)
is measurable on (2, M). Two scalarly measurable functions g,h : @ — E are said to
be weakly equivalent if for all ¢ € E* we have ¢(g) = ¢(h) a.e. Let y be a function
from [a,b] into E. Then y is said to be weakly continuous at to € [a,b] if for every
¢ € E* we have ¢(y(-)) continuous at tg. Denote by C(|a,b], Ey) (or Cy(la,b], E))
the space of weakly continuous functions on [a,b] with the topology of weak uniform
convergence (the family of seminorms {74} is defined by na(g) = sup.¢(a b Pr(9(z))
for all g € C([a,b], Ey)). This topology is of course determined by the basis

m

Vu(qbl,...,d;m; €)= ﬂ {g € C([a,b], Ew) : [suﬁ |6x(g(t)) — u(t)| < e} ,
k=1 a,
where u € C([a,b], Ew), ¢1,.-.,¢m € E*, € >0 and m € N.

2. Theory and applications

We begin by establishing some new fixed point results which will be useful when we
are discussing abstract operator inclusions. We first state a fixed point result due to
Arino, Gautier and Penot [3]; the proof follows easily from Himmelberg’s fixed point
result [13].

Theorem 2.1. Let E be a metrizable locally convez linear topological space and
let C be a weakly compact, convez subset of E. Then any weakly sequentially upper
semicontinuous map F : C — C(C) has a fized point; here C(C) denotes the family
of non-empty, closed, convez subsets of C. '

Remark 2.1. F: C — C(C) is weakly sequentially upper semicontinuous if for
any weakly closed set A of C, F~'(A) is sequentially closed for the weak topology on
C. ‘

Remark 2.2. The proof of Theorem 2.1 follows immediately from [13] once we note
F:C — C(C) is weakly upper semicontinuous (see the argument in Theorem 2.3) and
that a convex subset of a locally convex space is closed if and only if it is weakly closed.

Our next result replaces the weak compactness of the space C with a weak com-
pactness type assumption on the operator F.

Theorem 2.2. Let Q be a non-empty, bounded, convez, closed set.in a Banach
space E. Assume F:Q — C(Q) is weakly sequentially upper semicontinuous and o
w-contractive (as defined in Section 1; here 0 < « < 1). Then F has a fized point.
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Proof. Let

S$i=Q }
Sn+l = E(F(Sn)) (71 Z 1)

It is easy to see that
Sa+1 € Sn and  w(Sn4) < a”w(S)) forn > 1.

Since w(Sn) — 0 as n — oo we have that N2, S, = S is non-empty. In addition,
S 1s weakly closed and convex since each S, is; in fact S, is weakly compact since

w(Se) = 0. Also, since
F(5,) C F(Sn-1) C 6 (F(Sn-1)) = Sa forall n

we have F : Sou = C(Ss). Theorem 2.1 implies that F has a fixed point in Seo CQ B
We now use Theorem 2.2 to obtain a nonlinear alternative of Leray-Schauder type.‘

Theorem 2.3. Let Q and C be closed, bounded, convez subsets of a Banach space
E with Q C C. In addition, let U be a weakly open subset of Q with 0 € U, U¥
a weakly compact subset of Q@ and F : U¥ — CK(C) a weakly sequentially upper
semicontinuous, a w-contractive (here 0 < a < 1) map; here CK(C) denotes the
family of non-empty, convez , weakly compact subsets of C. Then either

(Al) F has a fized point
or

(A2) there is a point u € QU (the weak boundary of U in Q) and A € (0,1) with
u € AFu. .

Proof. Suppose (A2) does not hold and F does not have a fixed point on U
(otherwise we are finished, i.e. (A1) occurs). Let us look at E = (E,w) (the space E
endowed with the weak topology); note E is a locally convex Hausdorff linear topolog-
ical space. Let

Hz{zew: z € AF(z) for some AE[O,I]}.

Now 0 € H. Also, H is closed in (E,w). To see this we claim F : U¥ — CK(C) is
weakly upper semicontinuous (i.e. upper semicontinuous in (E,w)). Suppose the claim
is true for the moment. To see that H is closed in (E,w) let (zo) be a net in H
(i.e. Ta € Ao F(zq) for some Aq € [0,1]) with z, — 7o € U¥ in (E,w) (ie. zq
converges weakly to z9). We must show zo € H. Without loss of generality assume
Ao = Ao €[0,1]. Let

N(z,\)=AF(z) andnote N:U¥ x|[0,1] = CK(C).
We first show N is weakly upper semicontinuous. Let 2 be a weakly closed subset

of C (i.e. € is a closed set in (E,w)), (Ya,ta) is a net in U*¥ x [0,1], yo — yo in
(B ,w), ta — to and ty F(ya) N Q2 # @. Suppose wo € F(yo) with tows € Q. Now
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since F' is weakly upper semicontinuous (i.e. upper semicontinuous in (E,w)), then
there exist (Theorem 1.2) wo € F(yo) and a subnet (wg) of (we) with wg — wp in
(E,w). Since Q is weakly closed we have towp € 2. Consequently, to F(yo)NQ # 0,
so N:U"¥ x [0,1] = CK(C) is weakly upper semicontinuous. Then since (ZTayAa) 1
anetin U¥ x [0,1] with zq — 2o in (E,w), Ay = A¢ and z, € N(za,Aq) we have
(from Theorem 1.3) that zo € N(zo,A0), so zo € H. Thus H is closed in (E,w) if
our claim is true.

To show F :U¥ — CK(C) is upper semicontinuous in (E,w) let 4 be a weakly
closed subset of C.

Remark 2.3. F~'(A) is sequentially closed in E (with respect to the strong topology);
recall a subset M is sequentially closed in E (with respect to the strong topology) if whenever
zn € M for all n € N and z, — z (with respect to the strong topology), then =z € M. Let
ya € F7'(A) and ya — y (with respect to the strong topology). Then y. converges to y
in (E,w). Now since F:U¥ — CK(C) is sequentially upper semicontinuous in (E,w) (i.e.
F~'(A) is sequentially closed in (E,w)) we have y € F~!(A). Consequently, if A is a weakly
closed subset of C, we have F~'(A) sequentially closed in E (of course, by definition also
weakly sequentially closed).

Now since U™ is weakly compact we have F-1(A)* weakly compact. Let z €
F-1(A)*. The Eberlein-Smulian theorem [10: p. 549] implies there exists a sequence
zn, € F71(A) with z, = z in (E,w). Since F~!(A4) is weakly sequentially closed, we
have z € F~1(A). Thus F~}(A)* = F~!(A), so F~!(A) is weakly closed. Conse-
quently, F: U¥ — CK(C) is upper semicontinuous in (E,w).

Next we show H is compact in (E,w). To see this notice H C co(F(H)U {0})
and so

w(H) < w(F(H)) < aw(H).

Consequently, w(H) = 0, so H is weakly compact. Now (A2) does not hold and F
does not have a fixed point on 9QU, so HNdgU = 0. Also, (E,w) is Tychonoff, so
there exists a continuous (continuous in (E,w)) g : U¥ — [0,1] with u(H) =1 and
u(@q U) =0. Let
_Ju@)F(z) forze W_
N(z) {{0} forz € C\Uw».

Consider E with the norm topology. It is easy to see since F': U¥ — CK(C) is weakly
upper semicontinuous that N : C — CK(C) is weakly upper semicontinuous. Also,
N:C — CK(C) is a w-contractive. To see this let X C C and notice

N(X)Cco(F(XN U)‘U {o}).

Thus
w(N(X)) S w(F(X NV)) < w(F(X)) < aw(X).

Now Theorem 2.2 implies that there exists z € C with z € N(z). Now z € U since
0 € U. Consequently, z € A F(z) with 0 < A = pu(z) < 1. Consequently, z € H,
which implies pu(z) =1 and so z € F(z) B
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Remark 2.4. The cond_ition that U® is weakly compact can be removed in The-
orem 2.3 if we assume F : U¥ — CK(C) is weakly upper semicontinuous.

Theorem 2.3 can now be used to establish a new fixed point result for weakly
sequentially upper semicontinuous maps in separable, reflexive Banach spaces.

Theorem 2.4. Let E = (E, || - ||) be a separable and reflezive Banach space, C
and Q are closed, bounded, convez subsets of E with Q C C and 0 € Q. Also, assume
F:Q — CK(C) is a weakly sequentially upper semicontinuous (and weakly compact)

map. In addition suppose the following:
For any Q, = {z € E:d(z,Q) <e} (¢>0), if {(zj,2;)}52, is a sequence
inQ x[0,1] withz; =z €0q,Q and A\j - XA and ifz € AF(z),0 < A<,
then {A; F(z;)} C Q for j sufficiently large (On.Q is the weak boundary

of Q@ relative to Q., d(z,y) = |z —y| and — denotes weak convergence).

(2.1)

Then F has a fized point in Q.

Remark 2.5. A special case of (2.1) (this is all we need for applications) is the
following condition:

If {(z;,2,)};2, is a sequence in @ x [0,1] with z; — z and A\; — A and 2.2)
if z € AF(z) with 0 < A < 1, then {); F(z;)} C @ for j sufficiently large.

Proof of Theorem 2.4. Let r : E — Q be a weakly continuous retraction guar-
anteed from [4] (see also [19, 20]) and consider

={z€E:z€Fr(z)}

We first show B # 0. Notice the argument in Theorem 2.3 (note Q is weakly compact
since a subsét of a reflexive Banach space is weakly compact if and only if it is closed in
the weak topology and bounded in the norm topology) implies that F: Q@ — CK(C) is
weakly upper semicontinuousand so F'r : E — CK(C) is weakly upper semicontinuous.

Remark 2.8. Notice F : @ — CK(C) is a weakly compact map is redundant in the
statement of Theorem 2.4 (this is why we use brackets) since F : Q — CK(C) is weakly upper
semicontinuous and @ is weakly compact (see [1: p. 464]).

Now since F is a weakly compact map, we have F r(E) weakly compact. Theorem
2.2 implies that B # 0. Also, B is weakly closed (see the argument in Theorem 2.3);
in fact B is weakly compact since B C F(Q).

We now show BN Q # 0. Suppose BN Q = 0. Then since Q is weakly compact
and B is weakly closed we have from {12: p. 65] that d(B,Q) = inf{|lz - y| : =
B,y € @} > 0. Thus there exists € > 0 with ., N B = 0; here §, is as described
in (2.1). Note Q. is weakly compact (since Q. is closed and convex (so weakly closed)
and bounded). Also, since E is separable, we know from [8] that weak topology on 2,
is metrizable; let d* denote the metric. For : € N let

Ui={z€q: d'(2,Q) < f}
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Fix 1 € N. Now U; is d*-openin §,,so U; is weakly open in .. Also,
TP=Uf ={ze: ¢@Q <5} ad dUi={ren: d¢'=Q=2}

Now Theorem 2.3 implies (since 2, N B = 0) that there exists y; € dp, Ui and X; € (0,1)
with y; € A; F'r(y,'). .
Remark 2.7. Note: (i) U is weakly compact since U; C Q. and (i) Fr: U®¥ — CK(C)
is a weakly upper semicontinuous map.
Consequently, for each j € N there exists (y;,A;) € 8a,U; x (0,1) with y; €
Aj Fr(y;). Notice in particular since y; € dp,U; that '

{A\Fr(y;)} €@  forjeN. (2.3)

We now look at
D= {a: €E:z€AFr(z) for some A€ [0,1]}.

Clearly, D is weakly closed since Fr : E — CK(C) is weakly upper semicontin-
uous. Also, since D C co(F(Q) U {0}) we have that D is weakly compact (so
weakly sequentially compact by the Eberlein-Smulian theorem). This together with
d*(y;,Q) = 5 [A;] £ 1 (j € N) implies that we may assume without loss of gen-
erality that A; — A* and y; — y* € 84,Q. Also, since y; € A; Fr(y;), we have
y* € M Fr(y*) (note H:UP x[0,1] —» CK(C) given by H(u,)) = A Fr(u) is weakly
upper semicontinuous (see the argument in Theorem 2.3)). Thus y* € A* F(y*). Now
A* # 1 since BNQ =0 and so we may assume 0 < A* < 1. But in this case, (2.1)
with z; = r(y;), 2 = y* = r(y*) implies {); Fr(y;)} C Q for j sufficiently large.
This contradicts (2.3). Thus BN Q # 0, so there exists z € Q with z € Fr(z),ie.
z€ F(z)N :

We now use Theorems 2.2 and 2.4 to establish some general existence principles for
the nonlinear abstract operator inclusion

y(t) € Fy(t) on [0,T). (2.4)
Remark 2.8. Notice (2.4) is understood for a.e. t € [0,T] if we are looking for
solutions in L?([0, T}, E).

Theorem 2.5. Let E, be a Banach space and let E be either C([O,T],El) or
L*([0,T),Ey), 1 < p < co. Let Q be a non-empty, bounded, convez, closed subset of
E and assume F: Q — C(Q) is a weakly sequentially upper semicontinuous and a
w-contractive (0 < a < 1) map. Then (2.4) has a solution in Q.

Proof. The result follows immediately from Theorem 2.2 i

Theorem 2.6. Let E, be a separable and reflezive Banach space and let Q and
C be closed, bounded, convez subsets of LP([0,T],E;), 1 < p < oo, with QCC and
0€ Q. Assume F:Q — CK(C) is a weakly sequentially upper semicontinuous map
such that (2.1) (or (2.2)) holds. Then (2.4) has a solution in Q.

Remark 2.9. Note [8: Chapters III and IV] implies LP([0,T], E,) is reflexive and
separable. '

Proof of Theorem 2.6. The result follows immediately from Theorem 2.4 B
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It is also of interest (see [3, 4 - 6, 16 - 18, 20 - 22, 24]) to find solutions to (2.4)
in C([0,T], E,); here E is a Banach space. To establish existence in this case we use
Himmelberg’s fixed point theorem [13]. For convenience we state it here.

Theorem 2.7. Let Q be a non-empty, convez, closed subset of a locally convez
Hausdorff linear topological space B. Assume that F : Q — C(Q) is upper semicon-
tinuous and F(Q) s relatively compact in B. Then F has o fized point.

Theorem 2.7 immediately yields the following existence principle for (2.4).

Theorem 2.8. Let E be a Banach space with Q a non-empty, closed, convez subset
of C([0,T],Ey). Also, assume Q is a subset of C([0,T),E) and F: Q — Cc(Q) is
w-upper semicontinuous (i.e. for any closed set B of C([0,T),E,), F~'(B) is closed
in C((0,T), Ey)). In addition suppose the family F(Q) is weakly equicontinuous and
F(Q(t)) s weakly relatively compact in E, for each t € [0,T]. Then (2.4) has a solution
in Q.

Remark 2.10. Cc¢(Q). denotes the family of non- empty, convex (subset of C([0,T),
E)), closed (in C([0,T], E)) subsets of Q.

Proof of Theorem 2.8. The result follows from Theorem 2.7 (there the locally
convex Hausdorff space B is C([0,T), Ey)) if we show F(Q) is relatively compact in
C([0,T],Ey) and if F:Q — Cw(Q) (here Cw(Q) denotes the family of non-empty,
convex, closed (in C([0,T], E,,)) subsets of Q).

To see that F (Q) is relatively compact in C([0,7T), E,,) we apply the Arzela-Ascoli
theorem [15: Theorem 7.17/p. 233]. We must show (which were assumed)

(i) for each t € {0,7T), FQ(t) = {Fy(t) : y € Q} is weakly relatively compact in E
(i) F(Q) is weakly equicontinuous.

To show F': Q — Cw(Q) we need to check that F'y is closed in C([0,T], E,,) for each
y € Q. Fix y € Q and look at F'y. Now Fy has closed, convex values in C([0, T}, E).
Also note, if ¢ € E* and if we define the point functional 3 by ¥(u) = ¢(u(0))
(here u € C([0,T], E)), then % € (C([0,T), E))*. Suppose (zg) is a net in Fy with
zg — zo in C([0,T), Ey). Take ¢ € E* and define the point functional ¥ as above.
Now #(zg) — ¥(zo) together with the fact that Fy is weakly closed (since Fy is
a closed, convex subset of C([0,T], E)) implies zo € F(y). Thus Fy is closed in
C([(0,T], E,) foreach ye Q1

Remark 2.11. Notice F : @ — Cc(Q) could be replaced by F : Q — Cuw(Q)
in the statement of Theorem 2.8. Also, the condition @ is a subset of C([0,T), E) is
not needed in the proof if we wish to guarantee a solution in C([0,T], E\,) (but not
necessarily in C([0,T], E)).

A more general version of Theorem 2.8 is the following result.

Theorem 2.9. Let E be a Banach space with Q a non-empty, closed, convez subset
of C([0,T], Ey). Also, assume Q 1is a closed, bounded subset of C([0,T],E), F:Q —
Cc(Q) is w-upper semicontinuous, and there ezists a,0 < a < 1, with w(F(X)) <
aw(X) for all bounded subsets X C Q. In addition suppose the family F(Q) is weakly
equicontinuous. Then (2.4) has a solution in Q.
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Proof. Let

S1=Q
Sa+1 =00(F(Sa)) (n2 1)~}
It is easy to see that
Sn+1 € Sn and  w(Sn41) < a”w(S)) for n> 1.

Since 0 < a < 1 we have w(S,) — 0 as n — oco. Also, since S, is a weakly
closed subset of C([0,T],E) for each n we have that S., = N2, Sn is non-empty.
In addition, S, is weakly closed and convex. Also, an easy argument (see the ideas
in Theorem 2.8 using point functionals) implies that Seo is closed in C([0, T), Ey). In
addition, since

F(S,) C F(Sn-1) C(F(Su-1)) = Sa  forall n

we have F' : Sou = Cc(Swo); in fact F : Soo — Cw(Ss) as in Theorem 2.8. The
result follows immediately from Theorem 2.7 if we show F(S.,) is relatively compact
in C([0,T], Ew). Apply the Arzela-Ascoli theorem [15: p. 233]. We have immediately,
by assumption, that F(Ss) is weakly equicontinuous so it remains for us to show for
each t € [0,T] that the set F Soo(t) ={Fy(t): y € Seo } is weakly relatively compact
in E. To see this notice since w(Seo) =0 and F(Sc) € Seo 50 we have w(F(Sw)) = 0.
This together with Theorem 1.1/(a) implies w(F Seo(t)) = 0 for each t € [0,T]. Thus
for each t € [0,7] we have that F S (t) is weakly relatively compact in E U

To illustrate the theory derived we now consider the Volterra integral inclusion

1
y(t) € h(t) + / k(t,s) F(s,y(s))ds on [0,T)]. (2.5)
0
When we are discussing (2.5) we will assume the following conditions hold:

F:[0,T] x E — E has non-empty, compact, convex values. (2.6)
For each continuous y: [0,T] — E there exists a scalarly
measurable z : [0,T] — E with 2(t) € F(t,y(t)) a.e. on [0,T]. } @17
For any r > 0 there exists a constant M, > 0 with
|F(t,y)l < M, for all t € [0,T] and y € E with |y| < r. } (28)
For each continuous y : [0, T] — E there exists a z (as in (2.7))
with either z [0, T) relatively weakly compact or z is Pettis (2.9)
integrable and €6 (2 [0, T]) has the Radon-Nikodym property.
h:{0,T] —= E is a continuous single-valued function. V (2.10)
ke(s) € L'([0,¢],R) for each ¢t € [0, T] (here k. (s) = k(t, s))
and there exists v € LI[O, T] and constants a, 8 > 0 such that (2.11)

for z,t € [0,T], z <t we have f:|k(t,s)|ds < ﬂ(f:v(s)ds)a.
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!'
/|k¢(s) —ke(s)|ds - 0 as ¢t —t', where t* = min{t,t'}. (2.12)
0

Assign a multi-valued operator
N:C([0,T),E,)nC([0,T), E) (=C(0,T),E)) = C(C([0,T],E))  (2:13)
by letting

t

Ny(t) = {h(t) + / k(t,s)v(s)ds

0

v:[0,T) — E is scalarly measurable (2.14)
with v(t) € F(t,y(t)) ae. t € [0,T)] )

We first show (2.13) makes sense. Suppose y : [0,T] — E is continuous. Then there
exists a scalarly measurable z : [0,T] — E with z(t) € F(¢t,y(t)) ae ¢t € [0,T]
From (2.9) and [9: p. 671] we have that z is weakly equivalent to a strongly Bochner-

measurable mapping g. Also, |g| is bounded since |¢(z)| is bounded (see (2.8)) for all
¢ € E* with |¢| = 1. Let r(t) = h(t) + f(: k(t,s)g(s)ds. Then for each ¢ € E* we

have
¢ (/ k(t,s)g(s)ds) = /k(t,s) #(g(s))ds = /k(t,s) 2(s)ds

0 0

and so ¢(r) = ¢(h(t) + f; k(t,s)2(s)ds).

Next we show '
t
u(t) = h(t) + / k(t, s) 2(s) ds € C([0, T}, Ew) N C((0,T), E).
0
Now u € C({0,T), Ey) immediately since

B(u(t)) = S(h(2) + / K(t,5) (s) ds) = B(r(1)).

To see that u is continuous first notice that there exists r > 0 with |ylo = supjo 77 [y(t)| <
r and so (2.8) implies that there exists a constant M, with

|F(t,y(t))| < M, for all t € [0,T].

Let t, z € [0,T] with ¢ > z. Without loss of generality assume u(t) —u(z) # 0. Then
there exists (consequence of the Hahn Banach theorem) ¢ € E* with |¢| = 1 and
lu(t) — u(z)| = ¢(u(t) ~ u(z)). Thus,

z

fu(t) — u(z)| = ¢ (h(t) — h(z) + /[.k(t,s) — k(z,s)]2(s)ds + / k(t,s) z(s) ds)

t

< |h(t) — k()| + M, / |k(t,s) — k(z,s)|ds + M, / |k(t,s)| ds,
0

z
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so u € C((0,T), E). Consequently,
N :C([0,T),E.)NC([0,T],E) (=C([0,T),E)) — 2CT.E),

To show (2.13) it just remains for us to show that N has closed (in C([0, T), E)) values
(note N has automatically convex values since (2.6) is true). Let y : [0,T] —» E be
continuous and look at the set Ny. Suppose w, € Ny (n > 1). Then there exists
zn : [0,T] = E (n 2.1), scalarly measurable with z,(s) € F(s,y(s)) for a.e. s € [0,T).
Suppose
t
wn(t) — h(t) + /k(t,s) z(s)ds = w(t) in C([0,T), E).
0
Fix t € (0,T) and ¢ € E*. Then ¢(k(t, - ) zn) — S(k(t, -)z) in LY[0,t],s0 ¢(k(t, -)zn)

— ¢(k(t, - ) z) in measure. Thus there exists a subsequence S of integers with
#(k(t,s) zn(s)) = S(k(t,5)2(s))  for ae. s €[0,t] (as n — oo in S).

Now since k(t,s)z2n(s) € k(t,s) F(s,y(s)) for a.e. s € [0,t] and since the values of F
are closed and convex (so weakly closed), we have k(t,s)z(s) € k(t,s) F(s,y(s)) for
a.e. s €[0,t]. Thus w€ Ny and so N has closed (in C([0,T), E)) values B

Theorem 2.10. Let E be a Banach space and Q a non-empty, closed, convez subset
of C((0,T], Ew) with Q a bounded subset of C([0,T),E). Also, assume (2.6) — (2.12)
are satisfied. In addition, suppose the following conditions hold: _

N:C([0,T],E,)NnC([0,T), E) (=C([0,T),E)) — Cc(C([O,T],E))} (2.15)

18 w — upper semicontinuous (here N 1is as defined in (2.14)).

K({t} x [0,t] x Q[0,¢]) is weakly relatively compact } 216
in E for each t € [0,T); here K(t,s,u)= k(t,s) F(s,u). (2.16)
N:Q - CdQ). (2.17)

Then (2.5) has a solution in Q.

Remark 2.12. Condition (2.15) is our replacement for conditions of Type A in [4,
5. Certainly, if F(p) is point-valued for every p € [0,T] x E and F : [0,T]xE— E
is weakly-weakly continuous, then (2.15) is satisfied; in fact, F' is a w-continuous (21
single-valued map.

Proof of Theorem 2.10. The resuit follows from Theorem 2.8 once we show:
(i) NQ(t) = {Ny(t) : y € Q} is weakly relatively compact in E for each t € [0, 7).
(i1) N(Q) is weakly equicontinuous.

To see (i) fix t € [0,T] and take y € Q. Let u € Ny. Then there exists a scalarly
measurable z : [0,T] — E with z(t) € F(t,y(t)) a.e. and

u(t) = h(t) +/k(t,s)z(s)ds.
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By [16] we have
/k(t,s)z(s) ds € t©o {k(t,s)z(s), s € [0,t]},

> w(N Q(1)) < w(t @{K(t,s,y(s)): y€Q,s€[0,]})
=T w(K({t} x [0,4] x Q[0,¢]))
=0.

This implies N Q (t) is weakly relatively compact in E for each t € [0, T).

To see (i1) notice since @ is bounded that there exists r > 0 with |u|p < r for all
u € @ and so from (2.8) there exists M > 0 with

|F(t,y(t)| < M for all t € [0,T] and all y € Q.

Let ue€ NQ and t, z € [0,T] with t > z. Without loss of generality assume u(t) —
u(z) # 0. Then there exists ¢ € E* with |¢| =1 and |u(t) ~ u(z)| = é(u(t) — u(z)).
Thus

lu(t) — u(z)] = d(u(t) — u(z))

< |h(t)—h(z)|+M/|k(t,s) - k(m,s)]ds+M/|k(t,s)|ds.

Thus N Q is weakly equicontinuous (of course, N @ is also strongly equicontinuous) B

Remark 2.13. Since N @ is relatively compact in C([0,T), Ey), then to check
(2.15) we need to show [1: p. 465] the following property holds: if (yo) (here (yq) is
a net'in C([0,T}, E)) converges to y in C([0,T],E,) and ve € N(ya) is such that
(va) converges to v in C([0,T), Ey), then v € Ny (i.e. the graph of N is a closed
subset of C([0,T), Ew) x C([0,T), Ey)).

A more general version of Theorem 2.10 is the following result. -

Theorem 2.11. Let E be a Banach space and Q a non-empty, closed, convez
subset of C([0,T),E,) with Q a bounded subset of C([0,T}, E). Also, assume (2.6) —
(2.12),(2.15) and (2.17) hold. In addition, suppose

N Q(t) is weakly relatively compact in E for each t € [0,T). (2.18)

Then (2.5) has a solution in Q.

Remark 2.14. If E is reflexive, then (2.18) holds since a subset of a reflexive
Banach space is weakly compact if and only if it is closed in the weak topology and

bounded in the norm topology (now use (2.8) and the fact that Q is a bounded subset
of C([0,T), E)).
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Remark 2.15. We could also use Theorem 2.9 to obtain another existence result
for (2.5). We could replace (2.16) in Theorem 2.10 by

there exists ¥ > 0 with vT < 1 and w(K({t} x [0,t] x Q)) < yw(R2)
for t € [0,7] and for any bounded subset Q of Q

provided @ is a equicontinuous subset of C([0,T], E) (the idea is to use Theorem
1.1(b)).

Remark 2.16. It is also possible to discuss the Hammerstein inclusion
T
u(t) € h(t) + / k(t,s) F(s,y(s))ds  for t€[0,T).
0

Here (2.11) and (2.12) are replaced by
ke(s) € L'([0,T),R) for each t € [0,T] and the map
t — k¢(s) is continuous from [0,T) to L'([0,T],R).

To conclude this section we discuss “approximation type methods” for (2.4). A set
K = {To : @ € J (some index set)},
where
T, : C([0,T}, E) N C([0, T}, E) (= C(0,T}, E)) — Ce(C((0,T), E))

for each a € J, is collectively compact in C([0,T], E,,) if for each bounded set  C
C([0,T}, E) the set KQ is relatively compact in C((0,7T), Ey). To discuss (2.4) we
consider for each n € N the equations (think of these as corresponding numerical
approximations)

z(t) € Fy, z(t) on [0,T]. (2.19)"

Theorem 2.12. Let E be a Banach space and Q a non-empty, closed, convez
subset of C([0,T), Ey) with Q a bounded subset of C([0,T), E). Suppose the following

conditions are satisfied:

For each ne N, F,:Q — Cc(Q) is w — upper semicontinuous (2.20)
K ={F,: n€ N} is collectively compact in C([0,T], E,,). (2.21)
The sequence {F,}52, has the following closure property:

For any compact subset (sn C([0,T), Ey)) Q of Q,

if zn 10 Q with z, € Fy 2 (n-2> 1) and there ezists

20 € C([0,T), Ey,) with 2, — 2o in C([0,T], Ey), then 2o € F z.

(2.22)
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Then there ezists a subsequence S of N and a sequence {z,} of solutions of (2.19)"
(n € S) with £, = 29 (a8 n — o0 in §) in C([0,T),Ey) and z¢ is a solution of
(2.4).

Proof. For each n € N, F,, has a fixed point by Theorem 2.8 since F, Q is rela-
tively compact in C([0,T], Ew). Thus there exists z, € Q with z, € F, z,,. Let

Q={F.y:y€Q, n>1} (closure in C([0,T), E»)).

Now €2 is a compact subset of C([0,T], E,,). Also, z, €  for each n € N. Thus (z,)
has a subsequence which converges weakly uniformly on {0, T] to a weakly continuous
function zo € 2. Now (2.22) implies z9 € Fz, i

A set
K= {Ta : a € J (some index set)},

where T, : Z — C(Z) (here Z = C({0,T),E) or Z = L*([0,T},E) (1 < p< o), or
Z are subsets of such spaces) for each a € J is weakly collectively compact with respect
to Z if for each bounded set  of Z, the set X Q is weakly relatively compact in Z.

Theorem 2.13. Let E be a Banack space and let Z be either C([0,T],E) or
L*([0,T),E) (1 £ p < ). Also, assume Q is a non-empty, bounded, convez, closed
subset of Z. Suppose the following conditions are satisfied:

YVneN F,:Q — C(Q) is weakly sequentially upper semicontinuous. (2.23)
K = {F, : n€ N} 1is weakly collectively compact with respect to Z. (2.24)
For any weakly compact subset Q of Z, if z, € Q with z, € Fy, z,

(n > 1) and there ezists zg € Z with 2, — 20 in Z, then z9 € F z. } (225)

Then there ezists a subsequence S of N and a sequence {z,} of solutions of (2.19)"
(neS) with z, —~zp (as n— o0 in S)in Z and zo i3 a solution of (2.4).

-Proof. Let Q= {F,y: y€ Q,n>1}" (weak closurein Z) 1

A collection

K ={Ta: a € J (some index set)},

where T, : LP([0,T), E) — CK(L?([0,T), E)) for each a € J, is collectively bounded in
X (X C L?(|0,T],E)) if for each bounded set © of X, the set X is bounded in
L*([0,T),E) (1 < p < o).

Theorem 2.14. Let E be a separable and reflezive Banach space and let Q and
C be closed, bounded, convez subsets of LP([0,T],E) (1 < p < o0), with Q C C and
0 € Q. Suppose the following conditions are satisfied:

YneN, F,:Q - CK(C) is weakly sequentially upper semicontinuous. (2.26)
For each n € N, if {(z;,1;)};2; is a sequence in Q x [0,1]

withz; =z and A\; = A, endifz € AF, (z) with0< A <1, (2.27)
then {A; Fu(x;)} CQ for j sufficiently large.
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For any weakly compact subset Q of LP([0,T], E),
if 2n € Q with 2, € Frzp (n 2 1) and there ezists (2.28)
20 € LP([0,T), E) with zo — 2o in LP([0,T)], E), then 2y € F z,.

Then there ezists o subsequence S of N and a sequence {zn} of solutions of (2.19)"

(n€S) with zn, — 29 (as n — oo in §) in LP([0,T],E) and zo is a solution of
(2.4).

Proof. For each n € N, F,, has a fixed point by Theorem 2.6.

Remark 2.17. Note K = {F,. : n € N}, where F, :Q — CK(C), is collectively bounded
in @ since C is a bounded subset of L?([0,T), E).

Let Q= {F,y:ye@Q,n>1}"1
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