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Spectral Properties of Partial Integral Operators
of Volterra and Volterra-Fredholm Type
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Abstract. We give sufficient conditions under which the spectral radius of a partial integral
operator of Volterra type is zero, or a partial integral operator of Volterra-Fredholm type has
a trivial essential spectrum.

Keywords: Partial integral operators, Volterra operators, Volterra-Fredholm operators, spec-
tral radius, essential spectrum

AMS subject classification: 47 G 99, 46 E30, 47 A 10, 47 A 25, 47 A 53

1. Introduction

Let a,b > 0, and let Q denote either [0,¢] x [0,s], [0,¢] x [0,8} or [0,a] x [0,s]. Given
measurable functions

1=1(t,s, 1), m = m(t,s,0), n=n(ts,1,0)

consider the linear partial integral operator of Volterra type

t

(Kz)(t,s) = /I(t,s,r)z(r,s)dr

0

+ / m(t,s,o)z(t,0)do
0

+ /n n(t,s,7,0)z(r,0)d(r,0)

In what follows, we denote the operators which are defined by the first, second and third
integral in (1) by L, M and N, respectively. Further, by Pp we denote the multiplication
operator by the characteristic function x p of some measurable set D, and by § = S(4Q)
the space of all (real or complex) functions on a measurable set A which are measurable
and almost everywhere finite. Recall (7, 11] that a Banach space Z C S is called ideal
space if the relations z € S, z € Z and |z(w)| £ |z(w)| a.e. on A imply that also z € Z
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and ||z|| < [lz}|- An ideal space Z is called regular if |Ppz|| — 0 as mesD — 0 for
each z € Z, and almost perfect if ||z]| < lim ||z,|| for each sequence z, in Z which
n— 0o

converges in measure to z € Z. Examples of almost perfect spaces are the Lebesgue
space LP (1 < p € 00) and Orlicz spaces; for 1 < p < oo the space L? is regular.

Suppose that the operator (1) is bounded in some ideal space U of measurable
functions on [0,a] x [0,b]. Then the operator

P[c,(':]x[d,J]KP[c,E]X[d,d-} (OSCSESG,0<d<d~S b)

is also bounded in U. Denote by r(K') the spectral radius of the operator K, and let

8(K) = lime-e~o || P g xpa.at K Ple.gxaqll- (2)

d-d—0

Consider the operator (1) first with @ = [0,¢] x [0, s]. The following result may be found
in [12].

Theorem 1. If the operator K is bounded in the space U, then the estimate
r(K) < é(K) (3)

13 true.
The following example shows that one may have strict inequality in (3).

Example 1. Let a = b= 1, m(t,s,o) = n(t,s,7,0) =0, and

2" f2r<r<t<g2i-n

0 otherwise.

it,s,7) = I(t,7) = {

The operator
t

(Lz)(t) = /l_(t,r)z(r) dr
0
acts in L*([0,1]) with r(L) = 0 [10]. Consequently, the corresponding operator (1)
acts in L*°([0,1]) with r(K) = 0. On the other hand, choosing z(¢,s) = 1 we see that
the function })[c,é]x[d,J]KP[c,E]x[d,J]m takes the value 1 on a set of positive measure, and
thus §(K) = 1.

Observe that the number (2) satisfies the properties
§(K)20,  6(Ki+Ky) <§(Kr)+0(K2),  6(AK)=|M8(K)

on the space Lw(U,U) of all operators of the form (1). We say that the operator (1)
has the Andé property if

el | Po. x 0. K Pp,x s || = 0. (4)
mes Dy—0
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. Of course, the Andd property holds for the operator K above if it holds for the compo-
"nents L; M and N, and may be verified by the usual majorant techniques (see, e.g., [5,
6]). In particular, if the operator |K| defined by

(|K|z)(t,s)=/|I(t,s,r)|:r(r,s)dr

r <t < < s <
+ [ Im(t,5,0)la(t,0) do (0st<al<s<b)  (5)
0

+ /,, In(t, s,,0)|z(r,0) d(, )

has the Ando property, then the operator (1) has of course the Andé property as well.
In [5] it was shown that the operator (5) is bounded in an ideal space U if and only if
the operators |L|, M| and |N| defined by the first, second and third integral in (5) are
bounded in U. Consequently, the Andé property holds for the operator |K'| if and only
if it holds for the components |L|, [M], and |N|. We remark that the operator (1) is
regular in an ideal space U (i.e. may be majorized by a positive operator in U) if and
only if the operator (5) acts in U [5].

We point out that our definition of the Andé property is somewhat different from
that given in [6, 12], where (4) is replaced by

lim ||PpAPp|| =0, (6)

but D is not necessarily a “rectangle” D; x D, with mes D; — 0 and mes D; — 0; this
is a stronger condition than ours. For example, the operator K with constant kernels
has the Andé property in L*°([0,a] x [0, ]) in our sense, but not in the sense of [12].

The following is a straightforward consequence of Theorem 1.

Theorem 2. If the operator K 1s bounded in the space U and has the Andé property,
then 6(K) =r(K)=0.

The example of the partial integral operator of Hardy-Littlewood type

t s

(Kﬂ@g:%/dn9&+%/dnﬂw

0 0

inU = Lp([0,1]x[0,1]) (1 < p < o©) shows that the spectral radius of a partial integral
operator of Volterra type may be strictly positive. Thus, the equality 7(K) = 0 is not
true in general.

For0<s<band0<t<alet

L(s)z(t) = /l(t,s,r):z:(r)d'r, ~|L(s)|z(2) =/|l(t,s,‘r)|1:(7') dr )
0 0
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and
M(t)y(s) = / m(t,s,0)y(0)do,  [M()ly(s) = / Im(t, s, 0)ly(0)do.  (8)
0 0 .
If the operators L(s) (0 <s < b)and M(t) (0 <t < a) are regular and compact in two

1deal spaces X and Y, respectively, then the resolvent kernels ¢(t,s,7) and ¥(t,s,0) of
these operators may be represented as series of iterated kernels

é(t,s,7) = i/\_"l(k)(t,s,‘r) (9)
k=1
and
¥(t,s,0) = Z/\ tm®(t,s,0), (10)
k=1

which converge in the so-called Zaanen spaces Z(X, X) and Z(Y,Y), respectively [6, 9].
We remark that the spaces Z(X, X) and Z(Y,Y) consist of all kernels which generate
regular integral operators in X and Y, respectively.

To state our next theorem, another definition is in order. Let X be an almost perfect
ideal space over [0,a], and ¥ an almost perfect ideal space over [0,5]. The space with
mized norm Y|[X] consists, by definition, of all measurable functions z on [0, a] x [0, 8]
for which the norm

Izllyixy = [|s = (o 8)llx [l

is finite. Similarly, the space with mixed norm X[Y] is defined by the norm

Izllxpyy = flt = llz(t, )y || -

Important results on ideal spaces with mixed norm may be found in [3]. In particular,
the spaces Y[X] and X[Y] are regular (resp. almost perfect) if the spaces X and Y are.

2. Results for Volterra operators

Let U be an ideal space over [0,a] x [0,b]. By Ry(U,U) and R, (U,U) we denote the
sets of all measurable functions | = I(t,s,7) on [0,a] x [0,8] x [0,a) and m = m(¢,s,0)
on [0,a] x [0, 8] x [0, ], respectively, with '

lllzswwy = sup / UG, 7)a(n, Ydr|| < oo
llzllv <1 4 U

and

Il oy = sup / im(-,,0)2(-,0)|do|| < co.
llzllv L1 U

These spaces have been studied in [5].
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Theorem 3. Let X and Y be almost perfect ideal spaces over [0,a] and [0,5),
respectively, and U = Y[X] or U = X[Y]. Suppose that the operator (1) is regular in
U, and the operators |L(s)| (s € [0,b]), |M(¢t)| (t € [0,a]) and N are compact in X, Y
and U, respectively. Finally, assume that the resolvent kernels #(t,s,7) and P(t,s,0)
belongs to Ri(U,U) and Rnm(U,U), respectively, and at least one of the operators LM
or ML is compact in U. Then the spectral radius of the operator (1) s zero.

. Proof. It suffices to show that, for any f € U and every complex number g = A1,
the equation z = uKz + f has a unique solution z € U. Since X is an ideal space and
the operators |L(s)| (s € [0,b]) are compact in X, we have r(|L(s)|) = 0 for all s € [0, 8]
(8. Analogously, ~(|M(t)|) = 0 for all t € [0,a]. This means that #(t,s, ) and ¥(¢,s,0)
~ are limits of the series (9) and (10) which converge in the Zaanen spaces Z(X,X) and
Z(Y,Y). From this and the hypotheses ¢ € Ry(U,U) and % € Rpu(U,U) it follows that
the operators

®z(t,s) = z(t,s) + /d)(t,s, T)e(r,s)dr (11)

0

and .
Yz(t,s) =z(t,s) + /1/)(t,s,a):z(t,a)do (12)

are inverse, respectively, to the operators I — uL and I — uM in the space U. But
this shows that the equation z = pKz + f, with f € U, is equivalent to the Volterra
equations

(- (I = M) (I - pL) ' w(N + pLM)]z = g

(71— = pL) M (I = pM) ' w(N + uM L))z = h 1)

where
g:=(I-puM) (I -pL)'f and  hi=(I-pL) Y (I - puM)"'f.

At least one of these equations contains a compact operator in an ideal space, and hence
has a unique solution. This shows that the spectral radius of the operator (1) is zero as
claimed B

The hypotheses of Theorem 3 are rather easy to verify in the case X = LP([0,a])
and Y = L?([0,8]) (1 < p < o0). Here the conditions ¢ € Ry(U,U) and % € Rpn(U,U)
mean that the partial integral operators defined by the kernels ¢(t,s, ) and ¥(t,s,0)
are regular in U. The following technique for estimating §(L) and §(M) is taken from
(12].

Suppose that the operator L(s) acts, for each s € [0,5], in an ideal space X over
(0, a], and the operator M(t) acts, for each t € {0,q], in an ideal space Y over [0,8]. Let
a(s) = |L(sllix—x  and  B(t) = |M(t)lly—v. (14)

Then the operator L acts in Y[X] if a € L*, and the operator M acts in X[Y] if
B-€-L*; in this case, ||L|| < [laljz~ and ||M|| < ||B]|z [5]. From (2) and (14) we get
the estimates _

(L) < imz—c—o||s = (| Pie,gL(s)Pie gl  _ 5l o (15)
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and
§(M) <Timg_y_olft — ”P[d,J]M(t)Pld,J]”Y—-Y||Lm~ (16)
Now, if the operators L(s) and M(t) from (7) and (8) have the Andé property, i.e.
meglglﬂo Osﬁtgb ”PDL(S)PD“X—.X =0 (17)
and ’
me}ilgl—‘o os<l¢1$pa ”PDM(t)PD”Y_’Y = 0’ (18)

" then §(L) = r(L) = (M) = r(M) = 0, where L is considered as an operator in Y[X],
and M as an operator in X(Y]. The relations (17) and (18) are usually proved by means
of majorant techniques.

Our discussion implies the following result [12].

Theorem 4. Let X = LP([0,a]) end Y = L?([0,b]) (1 < p < 00). Suppose that the
linear integral operators L(s) (0 < s < b) and M(t) (0 <t < a) actin the spaces X and
Y, respectively, and have the Andé property. Moreover, assume that the linear integral
operator N acts in the space U = LP(|0,a] x [0,3]) and has also the Andé property.
Then the operator K satisfies 6(K)=r(K)=01inU.

Let us give still another method for estimating the numbers §(L) and §(M). Define
operators L and M by

t

Lz(t) = /i(t,f)z(rjdr and  My(s) = /rh(s,a)y(a)da, 19)

0

where :
I(t,7)=It,,7)llLe  and  1(s,0) = |Im(;,s,0)|L-.

If the operator L acts in an ideal space X over [0,a], and the operator M acts in an
ideal space Y over [0, 3], then the operator L acts in X{Y] and the operator M acts in
Y[X] [5]- In this case
LU xpy)—xpv) < [ L] 2o x )
and
IMllyx)—vix) < [lim( 8,0l [l 2 v,vy-

These estimates imply in turn that

8(L) < Tme—emol| Pea L Pl o, x x) = §(L) (20

and e .
§(M) < Timy_y_o||Py M P

(YY)~ 6(M)’ (21)

where £,(Z, Z) denotes the space of all regular linear operators acting in Z. From the
Andd prope~rty of the operators L and M it follows that §(L) = 6(L) =0 in X[Y] and
§(M) =6(M)=0in Y[X]. In this way, we have proved the following
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Theorem 5. Suppose that the operators L, M and N act in the spaces LP([0,a]),
L?([0,b]) and U = L*?([0,a) x [0,b]), respectively, and all have the Andé property. Then
the operator (1) acts in U end satisfies §(K) = r(K) = 0.

Analogous results hold for the spaces Y[X] and X[Y]:

Theorem 6. Let X and Y be ideal spaces over [0, a] and [0, b], respectively. Suppose
that the operators

a) L(s) (0<s<b), Mand N actin X,Y and Y[X], respectively
or

b) M(t) (0<t<a), Land N actinY,X and X[Y), respectively
and have the Andé property. Moreover, assume that o € L™ or f € L, respectively.
Then the operator (1) act in Y{X] or X[Y], respectively, and satisfies §(K) = r(K) = 0.

Proof. The inclusion L(Y[X]) C Y[X] and the equality §(L) = 0 follow from the
inclusion a € L*° and the relations (15) and (17). The definition (19) and the estimate
(21) imply that M : Y[X] — Y[X] and §(M) = 0. Consequently, the operator (1) acts
in Y[X] with 0 < r(K) <8(K)<8(L)+6(M)+6(N)=00

Now we are going to study the case 2 = [0,t] x [0,8]. To this end, we associate to
the operator

tb
(Nz)(t,s) = //n(t,s,r,a)x(r,a) drdo (22)
00
the number
6¢(N) = limz—co|| Pre, 2 x[0,61 N Pe,cy (o, (23)

This number satisfies the properties
&(N) >0, 6:(N1 + N3) < 8(N1) + 6:(N), 8§(AN) =|A|6:(N)

on the space Ln(U,U) of all operators of the form (22).
'~ Theorem 7. If the operator N is bounded in the space U, the estimate
r(N) < 6(N) (24)
13 true. |
Proof. Let [A| > 6;(N). We divide the rectangle [0,a] x [0, 5] by straight lines t =
t; (i=1,...,n) into rectangles D; = [t;),t;] x [0, b] in such a way that ||[Pp,NPp,| <

|A] for i = 1,...,n; this is possible by the definition of §;(N). The equation Az = Nz + f
is then replaced by a system

Az(t,s) = (Nz)(t,s) + f(t,s) (¢, ) € Dy i=1,...,n).

The first equation has a unique solution on D), by the Banach-Caccioppoli contraction
mapping theorem (observe that |A]7!||Pp,NPp,|| < 1). Analogously, we may find a
unique solution on the other sets D, ..., Dy. Consequently, for |A| > §(N) and f € U,
the equation Az = Nz + f has a unique solution z € U, and hence (24) holds
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The following example shows that one may have strict inequality in (24).

Example 2. Let a = b = 1 and n(t,s,7,0) = I(t,7), where I(t,7) is defined as in
Example 1. Then the operator (22) acts in L* with 7(N) = 0. On the other hand, as
in Example 1 one may show that §,(N) = 1.

Let us say that the operator (22) has the Andé t-property if

lim . ”PDx[o,b]NPDx(o,b]” =0. (25)

mes D—

Usually, this property may also be verified by means of majorant techniques. In the
space LP (1 < p < oo) the Andoé t-property is satisfied for N, for example, if the kernel
n is bounded. The Andd property of IV implies the Andé t-property. In particular, a
compact regular operator N in a regular ideal space has the Andé t-property. From
(23), (25) and Theorem 7 we get the following

Theorem 8. If the operator (22) has the Andd t-property, then 6,(N) = r(N) =0.

Consider now the operator (1) with = [0,¢] x [0, b]. It turns out that, under some
natural assumptions, the spectral radius of the operator (1) is zero also in this case. We
suppose throughout that the operator (1) is regular in some ideal space U. Sufficient
conditions for the equality (L) = r(M) = 0 may be obtained from the above theorems.

The equation ¢ — pKz = f with K given By (1) is in U equivalent to each of the
equations (13). The first of these equations admits a representation

z(t,s) = p(Rz)(t,s) + g(t,s), (26)
where
t b
(Rz)(t,s) = //r(t,s,'r,a)x(r,a)drda ’ (27)
with

t
r(t,s,7,0) = /qS(t,s,T] ni(m,s,7,0)dn
T
s
+/¢(t,$,Ul)nl(t,'Ul,T,U)dol
0

t o
+ /jng(t,s,rl,al)nl(n,al,r,o)drldal
r 0

+ nl(ta 5,7, U)a
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and

g9(t,s) = f(t,s)

+/¢(t,s,r)f(¢,s)d7'
+ | ¥(t,s,0)f(t,0)do
/

t s
+//n2(t,s,r,a')f(r,o)d'rda
0 0

with ) ]
ni(t,s,7,0) =n(t,s,7,0) + plt,s, 1) m(r,s,o)xlo,,](a)

na(t, s, 7,0) = ¢P(t,s,0)é(t,0,7).
Now, if the operator (27) has the Andé t-property, equation (26), and hence also the
equation z — pKz = f, has a unique solution in U. Consequently, p~! ¢ o(K), and
hence r(K) = 0.
In this way, Theorem 3 remains valid for the operator K with Q = [0,¢] x [0, b]

without any change. For the sake of completeness, we also formulate analogues to
Theorems 4 - 6 in this case.

Theorem 9. Let X = LP([0,a]) and Y = LP([0,b]) (1 < p < o). Suppose that
the regular integral operators L(s) (0 < s < b) and M(t) (0 <t < a) act in the spaces
X and Y, respectively, and have the Andi property. Moreover, assume that the linear
integral operator (22) is regular in the space U = LP([0,a] x [0,b]), and that the operator
(27) has the Andd t-property in U. Then the operator (1) satisfies r(K) = 0.

Theorem 10. Suppose that the operators (19) act in LP([0,a]) and LP([0,d]), re-
spectively, and have the Ando property. Assume that the operator (22) is regular in
U = LP([0,a] x [0,b]) and the operator (27) has the Andé t-property in U. Then the
operator (1) acts in U and satisfies r(K) = 0.

Theorem 11. Let X and Y be ideal spaces over [0,a] and [0,b], respectively, and
a,f € L*® with o and B given by (14). Suppose that the operators L(s) (0 < s < b)
and M(t) (0 <t < a) have the Andé property (17)/(18), and that the operators

a) M and N act in Y and Y[X), respectively
or

b) L and N act in X and X[Y], respectively
and have the Andé property. Then the operator (1) acts in Y[X] or X[Y), respectively,
and satisfies r(K) = 0.

Of course, analogous results hold in the case = [0,4a] x [0, 5].

Let us indicate yet another effective way of verifying the relation r(K) = 0 in the
case 2 = [0,t] x [0,s]. Suppose that the estimates

li(t,s,7)| < a(t,7), |m(t,s,0)| <b(s,o), |n(t,s,7,0)< ca(t, 7)b(s,0)
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hold. If the operators

(42)0) = [at,r)a(r)dr and  (Ba)(s) = [ss.012(0) do
0 0
act in two ideal spaces X and Y, respectively, then the operator (1) is regular in U =
Y[X] and U = X[Y], and
r(K) < r(A) + r(B) + cr(A)r(B).

In particular, r(K) = 0if r(A) = r(B) = 0.

3. Operators of Volterra-Fredholm type

We turn now to another, class of operators. For p,q > 0 let
P
(Lpz)(t,s) = /l(t, s,1)z(T,8)dT
0
q
(M,z)(t,s) = /m(t,s,o)x(t,a)da
0

P
(Npgz)(t,s) = // n(t,s,'r,\o):c(r,a)drda.
00

For p € {t,a} and ¢ € {s,b} we call then the operators

Ky =L+ M,+4+ Ng (28)
K, =L+ My + Ny, (29)
K3 = Lo+ Ms + Ny, (30)

partial sntegral operators of Volterra-Fredholm type. Many problems arising in contin-
uum mechanics [1], in contact problems (2], and in other fields [4] lead to such equa-
tions. The properties of the operator (28) are essentially different from those of the
operators (29) and (30). For instance, the Fredholm alternative applies to the equation
z — K1z = f for many kernels, while it does not apply to the equations z — Koz = f
and z — K3z = f even for bounded kernels.

Consider first the operator (28). Using conditions for the equalities r(L) = r(M) = 0
and the relations (11) and (12), the equation £ — Kz = f involving a regular operator
K, reduces to the equivalent Fredholm integral equation

x(tvs) = #(Rlz)(t’s) + g(t’s)’ : (31)
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where
ab
(Riz)(t,s) = //r,(t,s,r,a):z:(‘r,o)dfda
00
with
t
ri(t,s,7,0) = /¢(t,s,Tl)nl(rl,s,r,a)d'rl
0
+/¢(t,s,al)n1(t,al,r,a) do,
0
ts v
+//ng(t,s,‘r],al)nl(n,a,,r,a)d'rldal
00
+ny(t,s,7,0)
and :
9(t,s) = f(t,s)
t
+/¢(t,s,1')f(r,s)d7'
0
+/¢(t,s,o)f(t,a')da
0
st
+// na(t,s,7,0)f(r,0)drdo,
00 .
with

nl(t’ S$, T, 0) = Tl(t, S, T, 0) +p I(t’ S, T)m(Tv S, U)X[O,t](T)X[O,a](a)
na(t,s,7,0) = P(t,s,0)é(t, 0, 7).
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(32)

If, in addition, the operator (32) is compact, then the operator I — uR, is Fredholm of
index zero. Consequently, A = u~! does not belong to the Fredholm spectrum of K,

and hence o.,(K;) = {0}, where

Oes(K1) = {/\ € o(Ky): Al - K, is not Fredholm operator of index zero}.

We thus arrive at the following results.

Theorem 12. Let X and Y be almost perfect ideal spaces over [0,a] and (0,8,
respectively, and U = Y[X] or U = X[Y]. Suppose that the operator (28) is regular in
U, and the operators |L(s)| (0 < s < b) and [M(t)] (0 <t < a) defined by (7) and
(8), respectively, are compact in X and Y. Finally, suppose that the resolvent kernels
é(t,s,7) and P(t,s,0) belong to Ry(U,U) and R,(U,U), respectively, and the operators

Nap and LM, are compact in U. Then o.,(K,) = {0}.
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Theorem 13. Let X = L?([0,¢]) arnd Y = LP([0,}4]) (1 < p < o). Suppose that
the integral operators L(s) (0 < s <b) and M(t) (0 <t < a) are regular in the spaces
X and Y, respectively, and have the Andé property (17)/(18). Assume, moreover, that
the operator (28) is regqular in U = LP([0,a] x [0,8]), and the operators Nap and L M,
are compact in U. Then o.,(K,) = {0}.

Theorem 14. Suppose that the operators L and M defined by (19) act in LP([0, a])
and LP(|0,b}), respectively, and have the Andé property. Assume that the operator Ngp
is regular in U = LP([0,a] x [0,b}), and the operators N,y and L;M, are compact in U.
Then the operator (28) acts in U and satisfies o.,(K,) = {0}.

Theorem 15. Let X and Y be almost perfect ideal spaces over [0,a] and [0,),
respectively. Suppose that a € L™ or B € L*, respectively, with a and B given by (14).
Moreover, assume that the operators

a) L(s) (0 < s < b) have the Andé property (17) and M acts in Y and has the
Andé property,

or

b) M(t) (0 <t < a) have the Andé property (18) and L acts in X and has the
Andé property,
Ny is regular in Y[X] or X[Y] and Nuy and LM, are compact in Y[X] or X[Y],

respectively. Then the operator (28) acts in Y[X] or X[Y], respectively, and satisfies
oes(K1) = {0}.

Theorem 14 implies, in particular, that the operator (28) acts in L°°([0,a] x [0, b])
with 6.,(K,) = {0} if the kernels ! and m in (28) are bounded and n, is continuous.

The operator (29) can be analyzed similarly. Using conditions for the equality
r(L) = 0 and relation (11) with A = 1, the equation £ — Kyz = f involving the regular
operator K, = Ly + My + Npg (p € {t,a},q € {s,b}) reduces to the equivalent equation

2(t,s) = (My + N)z(t, s) + g(t, s), (33)
where |
ab
(Nz)(t,s) = //r_z(t,s,r,a)x(r,a) drdo. (34)

Here the kernel 7 has the form
Alt,s,7,0)
= 8(t, 5, 7Y m(7, 5, 0)x[0.(7)
[n(t,5,7.0) + Jy (2, 5,€)n(€,5,7,0) &€ xp0,0(0) forp=a
[n(t,5,7,0) + [ 9(t,5,€) (€, 3,7, 0) dE] xpo,0(TIxXpo,0(0) for p =1
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and the function ¢ in (33) is defined by

g(t,s) = f(t,s) +/¢(t,s,r)f(r,s) dr.

If the operator (34) is compact, then the operator I — K3 is Fredholm of index zero if
and only if the operator I — M, is so: In particular, in the case m(t,s,0) = m(s, o) the
operator I — K, is Fredholm of index zero if and only if the operator I — M, is invertible.

The same approach works for the operator (30). We do not formulate the corre-
sponding results which are similar to Theorems 12 - 15.
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