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The 2-Dimensional Dirichlet Problem
in an External Domain with Cuts

P. A. Krutitskii

Abstract. The Dirichlet problem for the Laplace equation in an external connected plane

region with cuts is studied. The existence of a classical solution is proved by potential theory.

The problem is reduced to a Fredholm equation of the second kind, which is uniquely solvable.

Consequently, the solution can be computed by standard codes. The solvability of the Dirichlet

problem in an internal domain with cuts is proved with the help of a conformal mapping.
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1. Introduction

Boundary value problems in arbitrary plane domains with cuts were not actively studied
in the theory of partial differential equations before. Problems outside cuts in the plane
and problems in domains bounded by closed curves have been studied separately, be-
cause different methods for their analysis were used. The 2-dimensional Dirichlet bound-
ary value problem for the Laplace equation in a multiply connected domain bounded
by closed curves is considered, for instance, in (2, 8]. The Dirichlet problem for this
equation in the exterior of cuts is studied in [8]. The present note is an attempt to
join these problems together and to consider domains containing cuts. From practical
stand-point such domains have great significance, because cuts model cracks, screens or
wings in physical problems. Domains without cuts are a particular case of our problem.
Our approach is different from [2, 8] even in this case.

The approach proposed in the present paper can be applied to other elliptic problems
in domains with closed and open boundary. The Dirichlet and Neumann problems for
the Helmholtz equation in plane domains with cuts have been recently investigated in
[4, 6, 7]. Some nonlinear problems on fluid flow over several obstacles, including wings,
were treated in [5).

The uniqueness theorem in the Dirichlet problem for the Laplace equation follows
from the maximum principle, unlike the Dirichlet problem for the Helmholtz equation
[4, 7], where the energy equalities are used. This enables to study the problem in the
present paper under weakened smoothness conditions in comparison with [4, 7).
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2. Formulation of the problem

By a simple open curve we mean a non-closed smooth arc of finite length without
self-intersections [8].

In the plane z = (z;, ;) € R? we consider the external multiply connected domain
bounded by simple open curves I'},...,T'}y, € C** (N; > 0) and simple closed curves
r},..,I%, € CY* (N, 2 1) with A € (0,1], so that the curves do not have points in
common. We put

Nl NZ
r=Jr, r=Jr: r=riur
n=1 n=1

The external connected domain bounded by I'? will be called D. We assume that each
curve I'¥ is parametrized by the arc length s:

Ik = {z sz = z(s) = (z1(s), z2(8)), s € [af,,bf,]} (n=1,..,Ng, k=1,2)

so that
a; <bj <..<aj, <by, <al <b] <..<a}, <t}

and the domain D is on the right when the parameter s increases on I'Z. Therefore,
points z € ' and values of the parameter s are in one-to-one correspondence except

a%, b2, which correspond to the same point z for n = 1,..., N,. Below the sets of the
mtervals on the Os-axis

N, N2
U [a},,b},], U U U [an’bfx]
n=1 n=1 k=1n=1 -

will be denoted by the same symbols as corresponding sets of curves, that is, by I'!, I'?
and T respectively.

We put
co(r2) = {F = F(s): FeCla?, B2, F(ad) = F(12))

and

CO(F2 m CO(F2
n=1
By D, we denote the internal domain bounded by the curveI‘f,. (n= i, oy N2).
The tangent vector to I' at the point z(s) we denote by 7. = (cosa(s), sina(s)),
where cos a(s) = z}(s) and sina(s) = z)(s). Let n;.= (sina(s), — cos a(s)) be a normal
vector to I' at z(s). The direction of n, is chosen such that it will coincide with the
direction of r; if n, is rotated anticlockwise through an angle of 7

We consider the curves I'! as a set of cuts. The side of I'' which is on:the left,
when the parameter s increases, will be denoted by (I'!)*, and the opposxte side will be
denoted by (I')~.

Let us formulate the Dirichlet problem for the Laplace equation'in the domain D\I'!.
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Problem (U). To find a function u = u(z) of class CO(D\I'' )N C?(D\I'!), so that
u(z) satisfies the Laplace equation

;%—?U(z) + ngu(r) =0 (zeD\I"), (1)a

the boundary conditions

u(@( Dl =FH(s),  uz()leny- =F7(s),  u(@(s)les = F(s) (s

and the condition at infinity
lu(z)| < const (x| = \/z} + 2% — 00). (1)e

All conditions of the problem (U) must be satisfied in the classical sense.

Remark. By C°(D\I'!) we denote a class of functions, which are continuously
extended on cuts I'! from the left and right, but their values on I'! from the left and
right can be different, so that the functions may have a jump on I''.

If Ny = 0 and cuts I'! are absent, then problem (U) transforms to the classical
Dirichlet problem in a domain D without cuts.

On the basis of the behaviour of harmonic functions in external domains [9: Sub-
section 26.1) and the maximum principle we can readily prove the following assertion.

Theorem 1. Problem (U) has at most one solution.

3. Integrél equations at the boundary

Below we assume that the functions F+ = F*(s), F~ = F~(s) and F = F(s) in (1)s
are subject to the following conditions:

FY*,F-eC™ "), FeCI?) (re(0,1)) (2)a
F*(ap)=F(an), F*(L)=F~(b,) (n=1,..,M) (2)s

If By(T'") and B;(I'?) are Banach spaces of functions given on I'! and I'?, then by
B;(T'') N By(I'?) we denote the Banach space of functions F = F(s), which are defined

on I' = I'' UT? and such that F|rm € Bm(I'™), where m = 1,2. The Banach space
By(I'') N By(T'?) is endowed with the norm

Il - Is,¢rrynsyray = Il - sy rry + I - llsa(r2)-

An example of such a Banach space is C°(I") = C%(I'')n C(T?).
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We say that the function u = u(z) belongs to the smoothness class K if the following
conditions are fulfilled:

1) w € CO(D\IT) N CHD\I").
2) Vu € C%(D\I''\I'?\ X ), where X is a point set, consisting of the end-points of ['':

Ny
X =" (a(ah) uz(dl)).

n=1

3) In the neighbourhood of any point z(d) € X, for some constants C >0, ¢ > —1
the inequality
[Vu| < Clz — z(d)* (3)

holds, where ¢ — z(d) and d = a} ord =8} (n=1,..,N}).

We shall construct the solution of problem (U) from the smoothness class K with
the help of potential theory for the Laplace equation (1),.

/da

n=1 t

By fr" ... do we mean

We consider an angular potential [1] for equation (1),:

nl(z) = 5 /r o)V (z,y(0)) do. (4)

The kernel V(z,y(o)) is defined (up to indeterminacy 2rm, m = £1, £2,...) by the
formulae

cos V(z,y(o)) = T;—:Zz-gz—l) , sinV(z,y(o)) = |:z: yzi‘;l)

where

y=y(0) = (11(9),42(0)) €T', |z —y(0)l = V(21 = 11(0))? + (22 - y2(0))*.

One can see that V(z,y(0)) is the angle between the vector y(o)z and the direction
of the Oz,-axis. More precisely, V(z,y(o)) is a many-valued harmonic function of z
connected with In |z — y(o)| by the Cauchy-Riemann relations.

Below by V(z,y(o)) we denote an arbitrary fixed branch of this function, which
varies continously with o along each curve T’} (n = 1,...,N;) for given fixed z ¢ I'!.

Under this definition of V(z,y(c¢)), the potential vl[u](z) is a many-valued func-
tion. In order that the potential v,[v](z) be single- valued it 1s necessary to impose the
following additional conditions:

b
/u(a)da =0 (n=1,..,Ny). (5)

1
an
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Below we suppose that the density v = v(s) belongs to C®*(I'!) and satisfies con-
ditions (5). As shown in (1, 3], for such v = v(s) the angular potential v, [v](z) belongs
to the class K. In particular, condition (3) is fulfilled for any € € (0,1). Moreover,
integrating v; [v](z) by parts and using (5), we express the angular potential in terms
of a double layer potential

) = 5= [ o) lale = u(o)ldo (6)

with the density

o

P“)?/?@”é_(°?“?%L"=lva}_ o

1
an

Consequently, v, [v](z) satisfies both equation (1), outside I'' and the condition at
infinity (1).

/
Let us construct a solution of problem (U). We seek a solution of the problem in
the form

uly, pl(z) = v [v)(z) + wlul(<) (8)
where v;[v](z) is given by (4), (6) and ’

wlpl(z) = wi[p)(z) + w2(p](z) + A[p)(z). (9)

Here

i) = —5- [ w(o)Inlz - u(oldo

wnlul(a) = =5 [ w0 3o Il = y(o)ldo.

By h[u](z) we denote the sum of point sources placed at the fixed points Y lying inside
I'? (k=1,..,N2) and a constant:

N,
Bule) = -o= 3 [ w(o)do Inlz - Vil
2n k=2 I‘:

/r;t(a)do—/rg p(a)da] 1n|x—y,|+/r,u(a)'da

where Yy € Di (k =1,...,N3). Clearly, h{u](z) obeys equation (1), and belongs to

N2
c* (R?\ U yk> .

k=1

1

+27r

Besides, if z(s) € T, then h[u)(z(-)) € CVN(T).
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As noted above, we will look for the density v = v(s) satisfying conditions (5) and
belonging to C%*(T').

We will seek p = #(s) in the Banach spéce Cy(T)nCo(r?) (we(0,1), g €[0,1))
with the norm || - ”Cu(r‘l)nCO([‘?) =|- “Cu(]"l) + ” “coa*:) We say that u € C“'(Pl) if
the funtion 8 = 6(s) defined by

Ny
8(s) = u(s) [[ Is — aklls — b4

n=1

belongs to the Holder space C%*(T'!) with the exponent w and
lelicerry = 18l cow iy -

It can be checked directly with the help of [3, 8] that for such p = p(s) the function
w) [u)(z) obeys equation (1), and is of class K. In particular, inequality (3) holds with
e = —q if ¢ € (0,1). The potential w;[u](z) satisfies equation (1), and belongs to
C°(D) N C*(D). Consequently, wa(u)(z) belongs to the class K. The function A[u)(z)
is constructed in such a way that w(u](z) meets at infinity condition (1)., because
according to our assumptions N, > 1.

To satisfy the boundary conditions, we put (8) into (1), and arrive at the system of
integral equations for the densities u(s), v(s):

£50(6) = 5 [ MOV (a(e).y(0)) do

— 51— p(o)In |z(s) — y(o)| do - o),
™ Jr | __ | |
- 51‘,; - #(o)a—i.ln |2(s) — y(o)| do. + hlu](z(s)) = F*(s)

and

_ % /r‘ v(o)V(z(s), y(o))do

——21; y(o)ln|x(s>—y(a)|do+§u<s> | (s€T?) (10}

= [ o )— In [2(s) — (0)ldo + hlul(a(s)) = F(s)

where p(s) is defined in terms of v(s) in (7). The kernels of the second integral term in
(10), and the third integral term in (10); have a weak singularity as s = o.

To derive limit formulas for the angular potential, we used its expression in the form
of a double layer potential (6).

Equation (10), is obtained as z — z(s) € (I'')* and comprises two integral equa-
tions. The upper sign denotes the mtegra.l equatlon on (')t the lower sign denotes
the integral equation on (I'!)~.
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In addition to the integral equations (10) we have conditions (5).

Subtracting the integral equations (10), and using (7), we find

ps) = FHs) = F(s), wls) = F'*(s)= F(s), F**(s)= SF¥(s), (1)

so that
pE Cl,A(Fl), ve CO,A(FI)‘

Clearly, v = v(s) is found completely and satisfies all required conditions, in partic-
ular, (5). Hence, the angular potential (4), (6) is found completely as well.

We introduce the function f = f(s) on I" by the formula

I =FO + 32 [ (FHO) - F@)V @ ue)de (€D (2)

where F' = F(s) is a function defined on T, so that F(s) on I'? is specified in (1), while
F(s) on I'! is specified by the relationship

F(s)= > (F*(s)+ F(s))  (seI™).

1
2
As shown in [3], f € CV}(T!). Consequently, f € CV}(I'!) N CO(T2).

Adding the integral equations (10), and taking into account (10);, we obtain the
integral equation for u(s) on I’

wl((e)le = ~5= [ W(o)Inla(s) = u(o)ldo + Z6(%, 5)u(s)

- 57 [ MO o 1nla(9) - o)l do + Hu(ale)) €T (Y

= f(s)

where f(s) is given in (12), and the limit values of the function (9) as ¢ — z(s) € T
(z € D) are denoted by w(u](z(s))|r. Furthermore,

0 ifs¢gl?
5(1‘2,3)={1 ;fsgI‘Q.

Thus, if 4 = u(s) is a solution of equation (13) from the space Cy/(I'') N C°(I'?)
(w € (0,1}, q €[0,1)), then the potential (8) with v(s) from (11) satisfies all conditions
of problem (U) and belongs to the class K. The following theorem holds.

Theorem 2. Let I'' € C??, T? € C'* and conditions (2) hold. If equation (13)
has a solution p = p(s) from the Banach space C(T') N C°(T?) for some w € (0,1]
and g € [0,1), then a solution of problem (U) ezists, belongs to the class K and is given
by (8), where v = v(s) is defined in (11).
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If s € T'?, then (13) is an equation of the second kind. If s € I, then (13) is
an equation of the first kind, and its kernel has a logarithmic singularity. Our further
treatment will be aimed to the proof of the solvability of (13) in the Banach space
C¢(T')N C°(I'?). Moreover, we reduce (13) to a Fredholm equation of the second kind,
which can be easily computed by classical methods.

By differentiating (13) on I'!, we reduce it to the Cauchy singular integral equation
on I':

-;—sw[y](:r(s)) -1 ./1:: #(U)M)y(_a)) do

lI(S) y(o)l
1
._— /“( )ga_lnlx(s)_y(a)ldo (5€F1) (14)
+ 5s—h[y1(z(s»
= f'(s)

where ©o(z,y) is the angle between the vector zy and the direction of the normal n..
The angle yo(z,y) is taken to be positive if it is measured anticlockwise from n., and
negative if it is measured clockwise from n.. Besides, po(z,y) is continuous in z,y € '
if z # y. Note, that for z(s),y € I' and z # y we have the relationships

P inla(s) =3l = g Inle — vl = 5o V(z,0)
__singo(z,y) _ cos(V(a(s),y) - a(s))
E ()~ 9]
and 5 8
357 #ohy) = 5-V(zy) = lz -yl

_cos<po(:c,y) _ _sin(V(a:(s),y) - af(s))

|z -yl - fe(s) -l ’

where a(s) is the inclination of the tangent 7, to the Oz,-axis, and V(z,y) is the kernel
of the angular potential from (4).

Equation (13) on I'? we rewrite in the form

u(s) + /;‘ w(0)Az(s,0)do = 2f(s) (s €T?), (15)

where
Aa(sr0) = { = 1 (1= 8(0%,0)) Infa(s) = (0] = 267, 0) 50 Inla(s) - u(o)

1 ' 1
- = z §(T%,0)In |z(s) — Y| + = (1-6(T%,0))In |z‘(s) -Y|+ 2}.



The 2-Dimensional Dirichlet Problem 369
The function §(I'?, o) was introduced in (13), and

0 ifo¢l?

52, o) = k=1,.,N,).
( k?a) {1 1fa€FZ ( 3000y 2)

The kernel A;(s, o) has a weak singularity if s = 0 € I'2. Consequently, the integral
operator from (15) is a compact operator mapping C°(T') into C°(I'?).

Remark. Evidently, f(a2) = f(b2) and As(a2,0) = Ay(b%,0) for o € T, ¢ #
a’,b% (n=1,..,N;). Hence, if u = u(s) is a solution of equation (15) from

N2
s (U [az.,bm> |

then according to the equality (15), u(s) automatically satisfies the matching conditions
p(a?) = p(b%) for n = 1,..., N7 and, therefore, belongs to C°(I'?). This observation is
true for equation (13) also and can be helpful in finding numerical solutions, since we
may refuse from the matching conditions p(e?) = u(b2) (n = 1,...,N,), which are
fulfilled automatically.

We note that equation (14) is equivalent to (13) on I'! if and only if (14) is accom-
panied by the additional conditions

wiul(z(al) = f(al)  (n=1,..,N). (16)

The system (14) - (16) is equivalent to the equation (13).
It can be easily proved that

S L oot

(see [3, 8] for details). Therefore, we can rewrite (14) in the form

do
o~-s

d » 1 4 1
255 uwlkl(z(s)) = ;/r] #(9) +/ru(a)M(s,0)d0 =2f(s) (seT?) (17)

where f'(s) = disf(s) belongs to C%*(I'!) and

M(8,0)=%{(1—6(l"2,o)) [Si“w(x(s),y(o))_ 1 ]

lz(s) —y(e)l o

al e AL
- s(rz,a)a [6_ny In|z(s) — y(o)| + k; 8(T2,0)In |z(s) — Y|

+ (1 =6(I2,0)) % In|z(s) — Y1|} € COMI'" x T).
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4. The Fredholm integral equation and the solution
of the problem

Inverting the singular integral operator in (17), we arrive at the following integral equa-
tion of second kind [8}:

N, -1

y(s)+Q()/y(aA(sa)da+Q()ZG )‘b(s) (seT!) (18)

where

N,y
Qi(s) = 1‘[ |V/s — al/bL — ssign(s — al) ,

Ar(s,0) = /M(f"’)cz(s)ds, #() = -1 [ 2Dy,

og—s
and Gy, ...,GN, -1 are arbitrary constants. It can be shown using properties of singular
integrals [8] that &, = &,(s) and A, = A,(s,0) are Holder functions on I'! and T'! x I’
respectively. Consequently, any solution of (18) belongs to CI/Z(F‘) and below we look
for u = u(s) on I'! in this space.

We put

Q(s) = (1 - 6(T2,s)) @i(s) + 6(T2,s) (s eT).

Instead of u € CI/Q(I“) N C°(I'?) we introduce the new unknown function p, = p.(s),
so that p,(s) = u(s)Q(s) and p, € CO*(I'')NC°(T?). Now we rewrite (18), ,(15) in the
form of one equation in terms of p.(s)

Nyi—1

y.(s)+/p.(a)Q (0)A(s5,0)do + (1 - 8(T%,5)) 3 Gus™ = &(s) (s€T) (19)

n=0

where

A(s,0) = (1 = 8(T%,5)) A1(s,0) + 6(T%, s)Az(s,0)
®(s) = (1 — 8(T2%,s)) 1(s) + 28(T2,s)f(s).

To derive equations for Go,...,Gn,-1, we substitute u(s) from (18), (15) in the
conditions (16). Then in terms of p.(s) we obtain

Ny -1
/Q QM (On(Ode+ 3 BamGm=Ha  (n=Loul)  (20)
where .
(€)= ~w [QT (VA E] (@), Ha= —w[Q7'()2()] (ab) + f(al) ,
Bam = —w [Q7'() (1 - (%) ()™] (ab). (21)

By - we denote the variable of integration in the potential (9).

Thus, system of equations (14) - (16) for u(s) has been reduced to system (19), (20)
for the function p,(s) and the constants Gy, ..., Gn, —1. It is clear from our consideration
that any solution of system (19), (20) gives a solution of system (14) - (16).
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As noted above, ®, = $,(s) and 4, = A,(s, o) are Holder functionson I'! and I'! xT"
respectively. More precisely (see [8]), ®; € C*?(I'") (p = min{},A}) and A,(-,0) €
C%P?(T'") uniformly with respect to o € I'. We arrive at the following assertion.

Lemma. Let ' € C?*, T? € C'* (A € (0,1)), and & = &(s) is such that
® € COP(I') N C°(T?), where p = min{), 3}, If pe = pa(s) from CO(T) satisfies equa-
tion (19), then u, € COP(I'')N CO(I?).

The condition ® € C®?(I'') N C°(T'?) holds if conditions (2) hold. Hence below we
will seek u, = p.(s) in COT).

It was noted above that the integral operator from (15) with the kernel A,(s,0o)
is compact from C°(T) into C°(I'?). Since A; = A;(s,0) belongs to CO(I' x T'), the
integral operator from (19)

Ape = [ ()@ (0)A(s,0)do

is a compact operator mapping C°(T') into itself. We rewrite (19) in the operator form
(I+Au.+PG=9 (22)

where P is the operator multiplying the row P = (1 — §(I'?,s)) (s°,...,sM 1) by the
column G = (Go,...,Gn,-1)7. The operator P is finite-dimensional from Ey, into
C°(T') and therefore compact.

Now we rewrite equations (20) in the form
InG+ Lp.+(B-1In)G=H (23)

where H = (H,,..., HN,)T is a column of N; elements, In, 1s the identity operator in
EN,, and B is an (N, x N))-matrix consisting of the elements By, from (21). The
operator L acts from C°(T') into En,, so that Lu, = (Lig, ..., Ly, )T, where

Lop. = /F Q7 (E)pa(€)In(€) de.

The operators (B — In,) and L are finite-dimensional and therefore compact.

We consider the columns f = (Ig), $ = (;) in the Banach space C%(T') x Ej,

with the norm ||illcoryxen, = lttsllcocry + IGll e, -
We write system (22), (23) in the form of one equation

s A P
I+Ria=2¢, R—(L B—IN,) (24)
where I is the identity operator in the space C%T) x En, .

It is clear that R is a compact operator mapping C°(P) x Epn, into itself. Therefore,
(24) is a Fredholm equation in this space.



372 P. A. Krutitskii

Let us show that the homogeneous equation (24) has only a trivial solution. Then,
according to Fredholm’s theorems, the inhomogeneous equation (24) has a unique solu-
pe
Go
C°(T') x En, be a non-trivial solution of the homogeneous equation (24). According to
G°> € COP(I'")N C°(I'?) x En, where p = min{}, 1}. Therefore,

the function p%(s) = p9(s)Q~!(s) belonging to CPH(rh) N C°%T?) and the column G°
convert the homogeneous equations (18), (15), (20) into identities. For instance, (15)
takes the form

tion for any right-hand side. We will prove this by a contradiction. Let ji® = €

the Lemma, i° =

Jm L ell@) =0 @eD). (25)e

Using the homogeneous identities (18), (15), we check that the homogeneous identities
(20) are equivalent to

wp’l(al)=0 (n=1,...,N). ' (25)s

Besides, acting on the homogeneous identity (18) with a singular operator with the
kernel (s —t)™!, we find that u°(s) satisfies the homogeneous equation (17):

%w (9] (z(s))lrl =0. , (25).

It follows from (25) that pu%(s) satisfies the homogeneous equation (13). On the basis
of Theorem 2, u[0, #°%)(z) = w[e®](z) is a solution of the homogeneous problem (U).
According to Theorem 1, w[u®](z) = 0 on D\I'!. Using the limit formulas for normal
derivatives of a single-layer potential on I'!, we have

a
lim lim 0 = =0 rhH.
OB an, wlp’)(z) - O - wp ](r) p(s) = (seT)

Hence, w(u®](z) = wa[p®])(z) + h2[p?)(z) = 0 for = € D, where

N3
1
hal)(e) =~ /P (o) do In|z — Y|
k=2 k

) u(o)do — , ulo)do|In|z —Yi|+ [ p(o)do
r r? r2

and p%(s) satisfies (25),, which can be written as

(26)

+1
2

34°6) = 57 [ 10) o tnl(s) —y(o)ldo + halil(a(s) =0 (s€T). (21
2 v

The Fredholm equation (27) arises when solving the Dirichlet problem for the
Laplace equation (1), in the domain D by the double layer potential with the sum
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This inequality and (26) imply that

lA(c1). .. A(on)éllr(Cou,r7y < 6a(L', L") Wfellm(Copy  (n21). (35)
Further, by (28),

|A(a1)- -+ Alon )bl < 6a(L) éllR(Couy  (n21) (36)

The last inequality implies that the series in the right-hand side of (23) for ¢ € R(C, u,L)
is absolutely and uniformly convergent in the norm of the space X on each interval
(r — h,T+ h) (h < k(L)) where h(L) is the radius of convrgence of the series (30).
Thus, equation (23) for |t — 7| < h(L) defines a function z(t) = U(t, 7)¢. Repeating the
reasoning in the proof of Theorem 1 one can see that z(t) = U(t, 7 )¢ is a solution of the
Cauchy problem (2)/(24) on the interval (7' — h(L),7 + h(L)). Moreover, the estimate
(31) is proved.

Let L' < L" and ¢ € R(C,pu,L"). Then statement b) and inequality (32) follow
from the chain of inequalities

WU, 7)€l r(c 1)

)
< II&”R(C,;:,L”) + Z / ”A(O'l ) s A(a")glln(c’“,LH) dan oo dal
=04 (r,0)

<l€llrecurn + D)7 0a(L', L )R" ]l R(C o L)

n=0

< w(p, L', LY, k) [I€lr(c,u,

for |t — 7| < h, with h < R(L',L"). In order to prove the semigroup property U(t,s)
U(s,7) = U(t, ) one can see that the left-hand and right-hand sides of this equality are
operators which act from R(C, i, L') into R(C, u, L") under the hypotheses of Theorem
3. Moreover, the formal composition of series

oo
Ult,)=T+) / A(pr) - Alp;)dpj - - - dpy
j=0A,‘(a,t)

Uy =1+Y. [ Ak Al b dby

k=oAk(fy-')

can be written (after an evident substitution) in the form

i / /A(w)~"A(w)A(wx)---A(tbk)éd%---dsmd¢k~~~d¢1

3k=04 (s,1) Bu(r,s)

= Z / A(o1)--- A(on)€do, - --do,
=0t
=U(t,7).
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To justify the formal composition it is sufficient to verify absolute convergence of the
left-hand side of the latter equation; however, this is a consequence of the evident chain
of inequalities

[o o)

> [ [ 14w e aw) - Aweeide, - doy b dw,

k= A, (s,t) Ay(r,s)

IA

( > (j!)"(k!)"%(L',L)Gk(L,L")h(L',L)’h(L,L")") I€limcc,u,Lry

3,k=0

=0 k=0
w(l" L” L, hy )w(l‘) La L"1 h2)) II&I'R(C.;A,L')

(Z(ﬂ)"ej(L',L)h(L',L)’) (Z(k!)"@"(L,L")h(L,L”)"> lél=(c L)

for |1 —s| < Ay and |t — s| < hg, with by < A(L',L) and h; < h(L,L")). Thus, the
statement of Theorem 3 is proved il

One can see that the application of Theorem 3 can give non-trivial results only if
the Roumieu spaces R(C,u,L) (0 < L < oo) are sufficiently “rich”, at least, dense in
the original space X. Thus, we need different density results for the Roumieu spaces
as well as for the Gevrey and Beurling spaces. In particular, in applying Theorem 3
Propositions 1 - 6 are useful.

The conditions of Theorem 3 are rather cumbersome and tedious to verify. However,
simple examples of linear partial differential equations show that they are sufficiently
natural. Moreover, one can see that the calculation of the values h(L), h(L', L") and
w(p, L', L", h) is standard; in particular, one can consider the special cases from [2, 22,
23).

The case considered in [5] is more difficult. Condition (25) in this case can be
written in the form

k+1 k! k+1 )
||C*A(t)en<2( ANl (teL e (YD(C) k20

=1

Simple calculations show that (L', L") = oo for L" < 1; in the case L" > L > 1 the
inequality
(L)
(L') 1 (L//)—l
holds. Applying Theorem 3 in this case allows us not only to get existence of solutions

to the Cauchy problem on the corresponding interval, but also to define the Roumieu
space in which the corresponding solutions lie. -

o(LI LII)
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