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Embedding Theorems
for Sobolev-Besicovitch Spaces of
Almost Periodic Functions

R. Iannacci, A. M. Bersani, G. Dell’Acqua and P. Santucci

Abstract. We show embedding theorems of Sobolev type for Sobolev-Besicovitch spaces Hgp?

of almost periodic functions for any ¢ > 1 and, consequently, for spaces W3¢, with ¢ € (1,2].

The fundamental tool for the proof of the main theorem is the Hausdorfl-Young theorem for
almost periodic functions.

Keywords: Almost periodic functions, embedding theorems, Sobolev-Besicovitch spaces
AMS subject classification: 42 A 75

1. Introduction

The theory of Sobolev-Besicovitch spaces W;p?(R®) and Hi;9(R’) of almost periodic
functions, already introduced by Pankov [11] for the case ¢ = 2 and by Avantaggiati [5, 6]
for any ¢ > 1, has been recently approached in the one-dimensional case by Avantaggiati,
Bruno and Jannacci [3], with the aim of solving partial differential equations with almost
periodic coefficients. In [3] the authors prove also some preliminary regularity results
for Bf,-functions, and for as much as we know this is the only result obtained regarding
this subject.

The main goal of this work is to find embedding theorems for Sobolev-Besicovitch
spaces of such type. The W 39 spaces, whose elements have countable spectrum, are
wide spaces (they are not separable); so we restrict ourselves to study suitable subspaces
where we fix the structure of the spectrum A, i.e. we suppose that it has only one limit
point, the point at infinity, and the frequencies satisfy the fundamental relation

Z;W<+oo forall vy >8>0
]=

where B is a suitable exponent that plays a fundamental role in the regularity of the
embeddings. These subspaces are separable. In such spaces, the embeddings are refined
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through Sobolev-type theorems, that coincide with the classical ones if we consider
periodic functions, being in this case # equal to the dimension of the space where they
are defined.

While for any ¢ € [1,2] the embedding theorems are proved (see also [9]), we have
not found, at the moment, a way to extend our results for g > 2. Therefore, using
the Hausdorff-Young theorem for B -functions, we first prove embedding properties
between W7:? and H;9 spaces. Let us note that such embeddings are natural for their
similarity to the a.na.logous ones between classical W™ and H™9? spaces. Then, we
prove the embedding theorems for the HZ9 spaces, for any ¢ > 1. In this way, the
corresponding theorems for the W 37 spaces (¢ € (1,2]) become a corollary, being in
this case

: Wep? — H29.

The Hausdorff-Young theorem again plays a central and fundamental rolein the proof
of the theorems. When ¢ > 2, we believe that there are good possibilities for finding
contiguity properties for these spaces, therefore extending our results to any ¢ > 1. _

In Section 2 we recall the definition of the spaces BY p and their main properties (in
particular, the Hausdorff-Young theorem). In Section 3 we introduce the W;3+9 spaces,
defining strong derivatives of Bj -functions, and we study the spaces H;';;" a.nd their
basic properties. In Section 4 we explore the relations between Wip? and H9 spaces,
showing the importance of the latter. In Section 5 we prove Sobolev embeddmg theorems
for the spaces H 9 for all ¢ > 1 (and, consequently, for Wep'9, when ¢ € (1,2]). Finally,
in Section 6 we underhne the crucial role played by the parameter 3, studying the case
in which A is an additive semigroup with a finite number n of generators. In this case

we find that § = n.

2. Notations and definitions

For any s € N, let P(R*) denote the complex vector space of all trigonometric poly-
nomials of s variables, that is P € P(R?) if and only if there exist c;,...,c, € C and
AL ..., A% € R? such that

P(z) = ZCjei’\j" (z eR*) : (2.1)
j=1 .
where A', ..., A“ are distinct and w is finite. If every ¢; (7 =1,...,w)is different from

zero, the set

o(P)={A',A%,... )}
is called the spectrum of P and the map

1 .
A —a(\P) = ,[!_r.no° T Q -P(z)e " *dz = ][P.(:z)e"f\"dz
T

¢; if A = M for some j
o ifag¢a(p) '
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is called the Bohkr transform of P, where Qr = [-T,T]° and |Qr| = (2T)°. For any
fixed ¢ € {1, c0) we shall denote by BY p(IR’) the completion of P(R*) with respect to the

norm defined by || P, = (flP(:z)|"dz) for all P € P(R®). An element f € BI,(R*) is
defined by a sequence of trigonometric polynomials (P, )neN such that

1
N <
f=tmPy in BL®)  and Ifly= (flieie) = imip,
Recall that the space B3S(R®) := CZ,(R*) of all uniformly almost periodic functions is
the completion of 'P(IR’) w1th respect to the L®-norm

1Plloo = sup |1P(z)] (P € P(R%)). (22)

For these spaces wé have the following chain of continuous embeddjnés; for any ¢q;,q2 > 1
such that ¢; < g < +00:

Cap(R%) = BH(R®’) — B%(R®) — BIL(R®) — B} (R®) (2.3)

being ||flleo > [Ifllgs 2 [Iflls 2 lIflly where ||flleo := sup,ege |f(z)|. For any f €
Bi,(R*) we call the map

Ao a(h f) = ][f(z)e-"“dx = lima(); Py)

(where the sequence of trigonometric polynomials (Pn)aen converges to f in B, (R°))
the Bohr transform of f.

Definition 2.1. We will call spectrum of the function f € B{,(R*) the subset of

R* defined by
o(f) = (A € R’la(i f) #0}. (2.4)
Hence, in particular, when f is the polynomial P given by (2.1), we have o(P) =
{At, ., a%}
For the reader’s convenience, we report some properties of the spectrum (see [3}).

For any f € BJ,(R") one has:
afim_a(xi ) = (2.5)
o(f) is at most a countable set. | (2.6)
o(f)=0 <> a(\;f)=0 forall A€R® <= f=0€ BL,(R*). (27

We call the elements of o(f) Fourier ezponents of f. Therefore, with each function
f € B}, (R?) we associate formally the Bohr-Fourier series

f~ Y a(xfere (2.8)
A€a(f)

As well known, if the series (2.8) is absolutely Q-convergent with respect to a summation
method §2, then it is unconditionally convergent. -
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Remark 2.1. Let f € B, (R*). If its Bohr-Fourier series is absolutely convergent,
then it is unconditionally uniformly convergent to an uniformly almost periodic function
(2: p. 14]. Setting

F@)= ) afle*  (zeR?)
A€o(f)
it results that a(}A; f) = a(A; f*) for all A € R* and, from (2.7), ||f — f*|l = 0.

Let us recall the Hausdorff-Young theorem for B, spaces, which we will use in the
proof of the embedding theorems (for the proof, see (3, 4, 7]).

Theorem 2.1 (Hausdorff-Young). Let f € B,(R*). Then one has

1

( > Ia(/\;f)l"') <Wfle o ¢€(1,2) (2.9)
A€o(f)

Ifllg < ( > |a(/\;f)l"'>' if g€[2,+00) (2.10)

A€a(f)

where ¢' = EZT’ and the series occurring in (2.10) may be divergent.

3. Sobolev-Besicovitch spaces W 3'9(R*) and H 29 (R?)
For any multi-index a = (ay,...,a,) € N§ and z € R* we set

Ia‘:al-}-..."}'a;
(z)* =z ...z (setting :z:?j =1lifz; = a; =0)

0" =08 ...05  (where 9, f = 2L).
Let us besides define the sets
Jm ={a €N;: |a| <m} (m € Np).

The spaces C:},(IR’) are naturally defined as the spaces whose elements f are such
that 3°f € C;,(R®) for all a € Jx equipped with the usual norm, and C}(R*) =
Nizo C4,(R?). For any q € [1,+00] and m € Ny we set

IPllwmee = 3 110°Plloo
jaj<m
(PePR?)).  (3.1)

IPllwm.e = ( > Ila"PIIZ) ' (g € [1,+00))

la|<m

Let us observe that, fixed g, (3.1) defines a norm on P(R*) and we have || P|jwo.s = ||P]|,.
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Definition 3.1. For any fixed ¢ € (1, +00] we shall denote by W4 (R?) the com-
pletion of P(R?) with respect to the norm || - [jwm.« defined by (3.1). These spaces are
called Sobolev-Besicovitch spaces of order m and of type BY.

Hence, we can define the norm on the space W;’l‘,"’ in the following way:

1 llwms =( 3 ||a**f||z)'i (3.2)

la|<m

Clearly, W;3?(R*) C Bi,(R®) for all m > 0 and all ¢ > 1. According to Definition 3.1,
an element f of W;’,‘,"’(IR’) is defined by means of a sequence (P, )nen of trigonometric
polynomials convergent to f € BJ,(R°) and such that, for any multiindex a with
la] < m, (8%Pn)nen is a Cauchy sequence in Bg,(R?).  Since the space BY Ip(R?) is
complete, we can set

fo =1im 6° P, (3.3)

and we will call f, the strong a-derivative of f, setting 3°f = f,. Observe that for any
Csp(R?®) we get, integrating by parts,

@ P eta)dz = (1)l fPu(@)0p(a) o

Let us assume f € W 3:9(R*) and a € J;n. The Bohr-Fourier coefficients of f and
fa are related by the formula

a(hifa) = #l0)aN ) (A€ o(f). | (3.4)

It follows that f, has the same Bohr-Fourier exponents of f, except for A = 0, if it
appears among the Bohr-Fourier exponents of f. Therefore, by (2.8) we have

fa(z) ~ Y iIN)%a(x; fre=. (3.5)

A€o(f)
Observe that, when f, represents the ordinary derivative of f, its Bohr-Fourier series

coincides with (3.5).

Definition 3.2. For any fixed ¢ > 1 and m > 0 we shall denote by HZZ9(R?) the

subspace of B; (R*) obtained as the completion of ’P(R‘) with respect to the norm
defined by

3 (1 + AR Ja(A; P

A€a(P)
where ¢' = ;{-1- We will call H7¢(R?) Sobolev- Besicovitch spaces of type H.
For any f € HJ7(R*) let us introduce the norm

it = ( Y+ " la(; f)I") - (3.6)

A€o(f)
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Clearly, for any m > 0 and ¢ > 2 we have H;Y(R°) — B{ P(R’) with continuous
embedding. For any a such that |a} < m it is p0351b1e to show, using the Hausdorff-
Young theorem, that if f € H;9, then the sequence of polynomials
Qu= Y a(Xfll*l(n)7er=
AE€T(Pa)

(where (Pn)nen is a sequence of polynomials converging to f in Bf)) converges in
Bi, (g 2> 2), and therefore we are able to define, for any f € H;',‘,", the strong
derivatives 9% f as
o°f = lima"Q,, in B,

It is easy to show the following properties for the H »7 spaces, which will be used in
what follows.

Proposition 3.1. Let g>2andlal =k <m. Iff € HI(R?), then 9°f €

—k,
HD~59(R?).

Proposition 3.2. Let ¢ > 2 and |a| = k. If f € HJY(R®) and 3°f € HJ9(R?),
then f € HRYH9(R?). ‘

4. Embeddings between H;7'? and W 79 spaces

Let us prove the following
Theorem 4.1. Let m € N be arbitrary. Then:
(i) For all g € (1,2], we have W 9(R*) — HI(R?).
.(ii) For all ¢ > 2, we have HJ'(R?*) — W 9(R?).
Proof. (i) Let f € W2%(R®). If m = 0, the thesis follows from the Hausdorff-

Young theorem. Now, let m > 1. Since 3¢’ > 1, we have

11570 < ( > (1+l«\|'""')|a(/\;f)l"') SkZ( 3 I/\I"”'Ia(/\;f)l"'>

A€o(f) A€o(f)
where k = 29 -1, On the other hand, since [|8°f||, < +0o0, by the Hausdorff-Young

theorem we have, forall v =1,...,m,

. ql |
( > ||a°f||q> 2D 107y 2 Y Ia(z\;f)l“'( > |(A)"|“’).
lal=v la|=v A€a(f) la)=v

Besides, we have, for a suitable C € R, V)

1

a7

||fnwm_-«zcz< > la(A,nv'lw‘") : (41)

v=0 \ A€o(f)

) Estimate (4.1) follows from the fact that there exist xo,x1 € Ry such that, for all A €
R® and v € Ny, xo|A?* < Piai=y [(A)°17 € x11M?. Then, in this case, we have C =

xé2(§_*)“—p"'), where p,, = p(s,m) is the number of vectors a such that |a} =
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Therefore, there exists K € Ry such that ||f[|gm.« < K||f[lwm.s.
(ii) From the Hausdorff-Young theorem it follows that

IIfIIqS( )y Ia(/\;f)l"'>v

A€a(f)

hence, since, by Proposition 3.1, 8°f ¢ Bj, for all @ € Jpm,

Ifllwme < > ( > I(/\)"I"'Ia(z\;f)l"')q-

a€Jm \ A€a(f)

Since [(A)*|¢ < |A™" < (14 |A]2)%7, we have

¥
Ifllwme < S ( > <1+|A|2)%“‘|a<x;f)|°'> = bl fll e

a€Jm \ A€o(f)

where p= 37 p(s,v) B

From Theorem 4.1 we obtain the relation H,? = W22 (m € N) which is also a
trivial consequence of the Parseval equality.

5. Embedding theorems for H7? spaces

We are going to establish sufficient conditions in order to guarantee some embedding
results. Let us fix a set A C R*\ {0} satisfying the following properties:

a) cardA = cardN.

b) A is ordered with respect to the absolute value: A = {A" : n ¢ N} with
|AT| < [M[ for i < ;.

c) A has a unique limit point and this is the point at infinity.

d) There exists 8 > 0 such that

> # <+  (y>B) (5.1)

AEA

We shall consider almost periodic functions such that o(f) € A. Let us note that
A C R*\ {0} means that, for the sake of simplicity and without loss of generality, we
consider almost periodic functions with asymptotic mean equal to zero. Observe that
these classes of almost periodic functions include the periodic functions and the quasi-
periodic ones that are obtained as finite sums of periodic functions, whose generators
are rationally independent. In fact, in this case we have 8 = s, since the series (5.1)
has the same behaviour of the multiple generalized harmonic series kezs ]T]F where
Z; =2°\{(0,...,0)}.
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Let us denote by Cf,’,',“(IR’) the space of those uniformly almost periodic functions
that are Holderian too, i.e.

CoH(R*) = {f € CL(R%) : [flu:= st:ép ————If(lz)__yjl“(‘y)l < +oo}

equipped with the usual norm. Finally, let us set
Bl (A) = {f € BL(R*):o(f) C A}

and, analogously, W39(A), H739(A) and Cg*(A). Observe that these spaces are sep-
arable. :

We have the following embedding results.

Theorem 5.1. Suppose that A C R*\ {0}, with cardA = card N, satisfies (5.1).
Then:

(i) If mg < B and cithera) g2 2 0rb) 1 <g<2and f < Z—'fg, we have
H:;,’q(A) — B;p(A) forall v € [q, -ﬂ—_é?n—q)
(i) If mg = B, we have H39(A) — B[ (A) for all r € [g,+00).
(iii) If mq > B, we have H;9(A) — C2,(A).
(iv) If mg > B > (m — 1)q, we have H(A) — CA(A) for all p € (0,m — é)

Proof. (i) Let us consider, first of all, the case ¢ > 2. By the Holder inequality, we
get

n+p

3 laVi I

j=n+1
ntp "'I' ntp 1 =D
< Z (la(N; f)IIA’l"‘)q) ( 3 % m_) (5.2)

j=n+1 j=n+1 e

r

n+p o n+p 1 qrr--l
'. ’ 2 ﬂl .
s( 2 las O L+ V) )ﬂ) ( > M—u)

j=n+1 j=n+1

for all p € N. From convergence of (3.6) and of (5.1), we can say that the first term in
(5.2) is a Cauchy series and, consequently, is convergent, provided rﬂ_% > (3, that is

B
B-mq

r< (53)

In this case, being r > 2, from the Ha.usdorff Young theorem it follows that | f||, <
Clfllam.« where C = [Zj‘;l ||~ ] KK , l.e. the thesis.
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Let now ¢ < 2. We may consider r > 2. Hence, we must have Fégﬂ—q > 2, that is

2

2mgq

ﬂ<2_q. (5.4)

Condition (5.4) is then sufficient to guarantee the proof when g € (1,2). Indeed, we
have

| HM9 < B, < B, (5.5)
withl<g<2<r. ’
(ii) When ¢ > 2, we have

"+P : ' ﬂ+P . ’ :ot % n+}’ : 1 ("lr)'
M AT < A O IN|T™) e e )T
S la(3; ) _( > la(s ) V] ) ( > Mm,,(g,),)

)=n+l j=n+1 j=n+1
The thesis follows whenever ?% > B, that is r > ¢. Let us, again, consider 1 < ¢ < 2
and r > 2. The thesis follows immediately from (5.5).
(iii) We have

n+p ) n+p ) ., f’ n+p 1 %
Y laVifl< ( D la(V; H)IF [M|me ) ( > W) .
j=n+1 j=n+1 Jj=n+1l

From (3.6) and the hypothesis mg > £, it follows that

1

q

(e =] . oo 1
i. = —
Z|a(,\ s INS L fllamee where L = (; |/\j|"'")

=1

Note that f € Bi,(R*) and hence f € B:,,(IR"). Being the Bohr-Fourier series of f
absolutely convergent, then it converges unconditionally uniformly to a function f* €
C2,(R?), such that ||f*]le < E;’:,l la(N; f)] and ||f* — f|ly = 0. Therefore, we claim
that f € C2,(R?).

(iv) We have (see, for example, [3])
houd . . ad . .
[flu < la(Ms P2 = 21723 7 [a(M5 ]IV~
i=1 i=1
By the Holder inequality, we have

1

ntp b NV ombe NG
J. 1|8 7. q J|mq E—
S la N s( S la(V; )l V] ) ( > |A,-|<m-m) :

j=n+l j=n+1 j=n+1

By (3.6) and (5.1), the thesis will follow whenever u < m — g ]
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Remark 5.1. Observe that, proving statement (i1i) of Theorem 5.1, we have proved
something more, i.e. that, if mq > 3, then Z;’il |a(M; f)] < 4+o00. This is a generaliza-
tion of a result given by Stein and Weiss [13: p. 249] in the context of periodic functions
of the class C™ in the case ¢ = 2.

Remark 5.2. The proof of Theorem 5.1 shows the fundamental importance of
hypothesis (5.1) to obtain better embeddings than those ones that we would have inde-
pendently from the structure of the spectrum.

From Proposition 3.1 and Theorem 5.1 we easily get
Corollary 5.1. If mq > f and ¢ > 2, then H}*™9(A) — C7,(A) for alln € N.

Remark 5.3. In condition (5.1) the unboundedness of A, as well as the existence of
a unique accumulation point at infinity, plays a decisive role for the embeddings stated
in Theorem 5.1. In fact, it is easy to prove that, for all r > 0 and ¢ > 1, H{JJ(A) =
HZ(A) := s Hiy(A) whenever A is a bounded subset of R*. Nevertheless in
this case H°°"7(A_) is not embedded even in Cy,. Indeed, there arc elements of HZ3'9(A)
that are not contmuous Consider, for exa.mple, the function having the Bohr- Founer

senes
& 1 'X‘m
f~Y e

k=1

with 7 € (3,1], A* Z-linearly independent and such that [A¥] < M for all k € N. We
have

= 1
1o = kzm<+oo
=1

Hence f € H},’;f(A) and, therefore, f € HJp 2(A). Now if we suppose f € C? P(A)
we should have Y ¢~ ja(A*; f)] < 400 (cp. [10. p. 19)), while the series Y 5o, 2 is
divergent, being 7 € (3, 1]. .

From Theorems 4.1 and 5.1 we have immediately

Corollary 5.2. Suppose that A C R*\ {0}, with card A = card N, satisfies property
(5.1), and let g € (1,2]). Then:

(i) If mg< B < g—'fg-, we have W3 9(A) — By, (A) for allr € [g, F@;’ﬂ—q)

(ii) If mq = B, we have W3 9(A) — B (A) forallr 2 q.

(iii) If mq > B, we have W39(A) — CGP(A).

(iv) If mg > B > (m — 1)g, we have W9(A) — CE#(A) for all p € (0,m — &),

Remark 5.4. Theorem 5.1 and Corollary 5.2/(iv) give embedding also in the case
A # Z3; for example, if A = (n(1 + FIT’))nez” then 8 is equal to s and Theorem
5.1/(iv) holds true, claiming moreover that the Bohr-Fourier series is unconditionally

uniformly convergent. Observe that in the periodic case the embedding holds also with
p=m-— g. For almost periodic functions this is an open problem.
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Remark 5.5. In the periodic case, when A = Z3, property (5.1) holds with g =
s and Corollary 5.2 becomes one of the famous Sobolev embedding theorems in the
particular case g € [1,2] (see [1: Theorem 5.4]). When ¢ > 2, we have, at the moment,
the embeddings that follow from Wi — Wa";,'z. We expect, anyway, to find better
embeddings, being for ¢ > 2 the spaces W39 more regular than W:}‘,'z. It is our opinion

that these embeddings can be improved via “contiguity” properties between the spaces
of type W and H.

Remark 5.6. Given Bj, and fixed m, let us consider two spectra A; and A,. We
can say that if A; is thicker than-A;, it is necessary an exponent §; greater than 3, to
obtain the convergence of the series (5.1). But, since E&'?n_q < F;ﬂ_—’;’; if By > B2, the
thicker is A, the less regular is the embedding of the space H%?(A).

Let us recall now that a trigonometric series is said to be lacunary if it has the form

oo
§ Ckelnk'z
k=1

where the natural numbers n; satisfy the inequality "—:kﬂ >p>1lforall ke N We
want to extend this notion to Bohr-Fourier series, when s = 1.

Definition 5.1. Given a series ) 2, cxie T with M A} < [A2| < ..., and z € R,
we will say that it is lacunary if there exists p > 1 such that l'\l;;-"—l > pforallj €N
Let us prove the following

Proposition 5.1. If f € H79(A) with A C R\ {0} for somem >0, ¢ > 1 and its
Bohr-Fourier series is lacunary, then fe Ca},(A). Moreover, 1f ¢ > 2, then f € C;,(A)
for any r < m.

Proof. For every lacunary series, property (5.1) holds for any v > 0; hence § = 0
and we get f € C2,(A). By Proposition 3.1, if f € H™9(A) with ¢ > 2, then 8°f €
Hm™-lel9(A) for any o such that |a| < m. Besides, we have (8° f) C o(f) and so the
Bohr-Fourier series of 8° f is lacunary, too. It follows that for any « such that |a| < m

we have 8° f € CJ,(A), i.e. the thesis

6. B as the ”dimension ” of an additive semigroup

In the previous section we remarked that, in the periodic case and for a particular class
of quasi-periodic functions, f is equal to the dimension s of the space where they are
defined. This is not true for general almost periodic functions, even for the simplest
quasi-periodic case. Here we shall consider the class of quasi-periodic functions whose
spectrum A* is an additive semigroup, generated by a finite number of Z-linearly inde-
pendent frequencies belonging to a convex semicone of R®. For this class, we shall prove
that 8 is equal to the number of generators of the semigroup; moreover that, whenever
2m > B, the spaces W% '2(A*) become Banach algebras, generalizing a classical result
on Sobolev spaces (see [l p. 115]).
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Lemma 6.1. Let
. A' —_ {{n11\1+..-+nﬂ/\f}n,.eNo n ++n3 >0}

where AL, ... ,z\f € R* are Z-linearly independent and such that

conv {A},...,A%1n {0} = 0. (6.1)
Then one has

z 1 {<+oo ify>pB

e M =40 ify<s.

Proof. Let us consider the set
r*= {{Tv\l +.o 4 reM )R, o1l +...-.+-r§ = 1}.

Then I'* C conv {A},..., /\f} If we set K. = inf{|y|: y € I'*}, condition (6.1) implies
that K, > 0. Setting |n| = /nf + ...+ n% we have, for any A € A*,

Tiyly 48N

Al = Al 4+ .+ npd8| = |n|
| | In| In|

> K.|n|.

On the other hand,

1

B ir s 3
Al S m Al + ... +nplA8| < [ (n;’)z] [Z lf\’.lz] = Cin|.
—

J J=1
v S o
1V L1 (1N 1
C./ InI = AP T\K,/ |n|

Remark 6.1. Let us observe that, being A* an additive sem'igrou.p, it is easy to
see that, if P,Q € P(A*), then PQ € P(A*).

Proposition 6.1. If 2m > B, then there exists a constant K* depending on m and
B such that, for any P,Q € P(A*), the product PQ satisfies

IPQllwm2 < K* || Pllwm.2(|Qllwm.2 .

Proof. It is sufficient to show that, for any multi-index a with |a| < m, we have

Therefore

i.e. the thesis

- flo(Pl2)Q@)) e < KellPllwmsl1 Qe 6.2)

By the Leibniz rule we obtain

(P2)Qa) = 3 (:)6”P(z)3°‘"Q(z)-

n<a



Embedding Theorems for Sobolev-Besicovitch Spaces 455

Therefore it is sufficient to show that for any multi-index 7 < a with |a| < m we have

][la"P(z)a""’Q(z)Fﬁ < KnallPlwm2lQllwm. .

To this end, we shall divide the proof in two steps.

Step (¢): By the embedding theorems, for any 7 such that || < m there exists a
constant K(n) = K(n,m, B) such that for any R € P(A*) we get

florR@) dz < K@IRlm. - 63)
provided 2(m — |n|) < B, where r € 2, p-_z(zniL-ﬁU) When 2(m — |n]) = 8, inequality
(6.3) holds with r € [2,+00). If it happens that 2(m — |n|) > B, we have

107 R(z)| < K(n)||R|lwm.2 (6.4)

a.e. in R*.

Step (it): Let ! be the largest integer such that 2(m — 1) > 8. Since 2m > 8, we
have I > 0. Now, we have three cases.

A) If [n] < I, then 2(m — |n]) > B and therefore, by (6.4), we have
fla"P(z)a""'Q(z)sz < [KPIPllwm.2110°"Qll2
< [KPIIPllwma[|Qllwm.s.
B) If Ja — 5| <, still by (6.4) we get
F10"P(@)9°~"Q(z)*ds < (K (@ = )P Plwma [ Qllw

C)If|n| >l and |a —n| > I, then |y > 1+1 and |a —n| > I+1; hence 8 > 2(m —|5|)
and 8 > 2(m — | — n|). Moreover,

B-2Am—lnl)  B-Am—la=n) _, 22m-la)) _, 2m

— < 1.
B B B B
Hence there exist r,r' > 1 with £ + % =1 such that
B B
1<r< ———— and 1<r' < .
B —2(m - Inl) B—2(m—|a-n|)

Thus by the Holder inequality and (6.3) we get
florp@erawre < (firr@ia) (fiorra@i )’

< [KIF (K (e = T I PIym.s |1 QUym.s-
The thesis follows immediately B
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Theorem 6.1. If 2m > (3, then there ezists a constant K* depending on m and p
such that for any u,v € W;3*(A*) we have that uv € W2(A*) and

luvllm,z < K |lullwm2llv]lwm.2.

In particular, W;;','Q(A‘) 13 @ commutative Banach algebra with respect to posntwise
multiplication and the equivalent norm || - ||}ym.2 = K*|| - [[wm.2.

Proof. Beingu,v € W32(A*), there exist sequences (un)neN and (vn)nen in P(A®)

converging to u and v in W;’,‘,’z, respectively. By Proposition 6.1 and Remark 6.1 we

have that (u,vn)nen is a Cauchy sequence in Wa";'z(A‘) and therefore it converges to
an element of the space. Being 2m > f, by the embedding theorems u and v may be
assumed continuous and we have
Nunvn — uvllz < |lun(va = v)ll2 + fu(un — u)ll2
< lluallollvn — vll2 + [follollun — ulf2
-0

when n — o0, and therefore u,v, — uv in BZP. Defining, for any multi-index a with
le| < m,

9% (uv) = lim 0%(unv,)

n Bﬁp, we have that this limit exists, being (unv,) convergent in W:;'z. Finally, we
have

luvl|wmz = lim Junva|lwm.s
n—oo
. L lim K*un|lwm.2|lve]lwm.z
n—od
= K*|lullwm|lv]lwm.2. -
In particular,
llwvlliym.2 = K*|luv|lwm.2
S K (K [lullwmallvllwm.2)
= llullwm.zollwm.2,
i.e. the thesis i
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