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Abstract. This paper is aimed at characterizing distinguished subclasses of jgq-inner functions

in terms of connected pairs of matrix-valued Hardy class functions. Moreover, an inverse

problem for a given pair of matrix-valued Carathéodory functions is discussed.
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0. Introduction

The study of the class of jpe-inner functions has been emphasized by several matricial
generalizations of classical interpolation problems of Schur-Nevanlinna-Pick type. This
is caused by the fact that the set of solutions of such interpolation problems can be
parametrized with the aid of linear fractional transformations the generating matrix-
valued functions of which are jp,-inner functions appropriately constructed from the
given data (see, e.g., [3, 10, 12] and the references cited). The converse question of
constructing interpolation problems such that their solution set can be parametrized
by a given jpg-inner function in the way described above was studied in [3, 7). Inverse
problems for jpq-inner functions with prescribed block information were treated in (2, 4
- 6).

In [15] we introduced the so-called ADD-parametrization of jgq-inner functions
which was initiated by former work of Arov [2] and Dewilde and Dym (8, 9]. The first
goal of this paper is to characterize distinguished subclasses of Jjqg-inner functions in
terms of the ADD-parameters. It will turn out that the membership of a given j,q-inner
function to the Smirnov class (respectively, inverse Smirnov class) depends only on the
connected pair for matrix-valued Hardy class functions, whereas the remaining part of
the ADD-parametrization, namely the associated singular matrix-valued Carathéodory
function, has no influence on this membership. Furthermore, we will study the follow-
ing question: Let ©; and {22 be pseudocontinuable ¢ x ¢ Carathéodory functions of
finite entropy. Does there exist a j,q-inner function W belonging to the Smirnov class

B. Fritzsche: Univ. Leipzig, Math. Institut, Augustusplatz 10, D - 04109 Leipzig

B. Kirstein: Univ. Leipzig, Math. Institut, Augustusplatz 10, D - 04109 Leipzig

K. Miiller: Techn. Univ. Chemnitz-Zwickau, Fak. fir Math., Reichenhainer Str. 39, D - 09126
Chemnitz

ISSN 0232-2064 / $ 2.50 (© Heldermann Verlag Berlin



460 B. Fritzsche, B. Kirstein and K. Miiller

(respectively, inverse Smirnov class) such that Q, and 0, are the left and right gxgq
Carathéodory functions generated by W?

1. Some preliminaries and notations

Let us start with some notations. Throughout this paper, let p and ¢ be positive integers.
We will use C to denote the set of complex numbers. Further, let

\D::{zéC:|z|<1}, T:={2€C:|z| =1},
Cp :=CU {0}, E:=Co \(DUT).

The linear Lebesgue-Borel measure on the unit circle T will be denoted by A. For
t € (0,00), let £*(T) be the sct of all Borel measurable functions f : T — C for which
[f|* is integrable with respect to A on T. If ¥ is a non-empty set, then XP*9 stands
for the set of p x ¢ matrices each entry of which belongs to ¥. The null matrix which
belongs to CP*? and the identity matrix that belongs to C?*? will be denoted by Opxq
and Iy, respectively. If the size of the identity matrix is clear, then we will omit the
index. We will use the Léwner semi-ordering in the set Hgx, of all Hermitian ¢ x ¢
. complex matrices, i.e., if A€ Hyxq and B € Hxq are such that A — B is non-negative
Hermitian, then we w1ll write A > B or B <A If A€ C?% then Re A stands for the
real part of A
We will work with several classes of holomorphic or meromorphic matrix-valued
functions. If G is a simply connected domain of the extended complex plane Cy, then
NM(G) stands for the Nevanlinna class of all complex-valued functions which are
meromorphic in G and which can be represented as quotient of two bounded holomorphic
functions in G. If g € N M(D) (respectively, g € N M(E)), then there exist a Borelian
subset By of T with A(By) = 0 and a Borel measurable function g:T— C such that

Jlim g(rs) = g(z)  (respectively, lim g(rz) = g(2))

for all z € T\ By. We will continue to use the notation g to designate a radial
boundary function of a function g which belongs to [N M(D)|P*¢ or [N M(E)|P*. If
g € [NM(D)}P*9, then one says that g admits a pseudocontinuation (snto E) if there
exists a function g# € [NM(E)]”"" such that the radial boundary values g of g and
g# of g#, respectively, coincide A-almost everywhere on T. If X is a non-empty subset

of Co, and if f : X — CP*? is given, then let the function f.: X — CI%P be de-
fined by X := {z € Gy : 1/Z € %} and f(2) := [£(1/Z)]*. Observe that if f belongs to
[N M(D)}P*9 (respectively, [N M(E)]P*9), then f belongs to [N M(E)]9%P (respectively,
[N M(D)]?*?), and f* is a radial boundary function of f. We will work with a particular
subclass of A’ M(D), namely with the so-called Smirnov class N4 (D). It consists of all
holomorphic functions g which belong to A M(D) and for which the equality

1 / 1
— [ logt |g(2)|A(dz sup — [ log™ |g(rz)|A(dz 1
o7 J. 18 lg(2)1A(dz) = r€mp)27r g" lg(rz)|A(dz) (1)
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holds true, where logt z := max(log z,0) for each z € [0,00). Note that the Hardy
classes H'(D), t € (0, 0}, are subsets of the Smirnov class N4 (D). On the other hand,
the class Spxq(D) of all p x ¢ Schur functions is a subclass of H*®(D). A function f :
D — CP*7 is called px ¢ Schur function if f is holomorphic in D and if I > f(z)(f(z)]*
for each z € D. If a ¢ x ¢ Schur function has unitary radial boundary values A-almost
everywhere on T, then it is said to be inner. A p x ¢ Schur function f is called strictly
contractive if I, — f(2)[f(2)]* is positive Hermitian for each z € D. If f and g are inner
g x g Schur functions, then f is called a left (respectively, right) inner divisor of g if
f~'g (respectively, gf~!) is an inner function.

Let f € [NM(D)]P*?. Then an inner function B that belongs to Spxp(D) (re-
spectively, Sqxq(D)) is said to be a left (respectively, right) denominator of f if Bf
(respectively, fB) belongs to [N4(D)]?*9. The concept of left and right denominators
was created by Arov [1] during his investigations on Darlington synthesis. In particular,
he developed a minimality concept. A left (respectively, right) denominator By of f
is said to be smallest if, for every left (respectively, right) denominator B of f, there
exists an inner function U which belongs to Spxp(DD) (respectively, Sgx¢(D)) such that
B = UBy (respectively, B = ByU). Arov {1: Lemma 5.1} proved that every function
which belongs to [N M(D)]?*7 has smallest left as well as smallest right denominators.

Note that the set Co(D) of all ¢ x ¢ Carathéodory functions, i.e., the set of all
functions 2 : D — C?*9 which are holomorphic in D and which satisfy Re§(z) > 0gxq
for all z € D, is a subset of [M;(ID)]9*? (see [13: Corollary 2]). If g : D — C admits a
representation

1 z4w
o(w) = a-exp {5 [ T2 bog k(e | 2)
for all w € D where « is some number which belongs to T and where £ : T — [0, c0)
is some Borel measurable function which satisfies

1
27/1rlloskldé< 00,

then g necessary belongs to My(D). Such functions g are called outer. A function
® € [N;(D))?*9 is said to be outer (in [N;(D)]9%9) if det ® is an outer function. An
outer function ® in [N;(D)]?9*9 is called normalized if ®(0) is non-negative Hermitian.
If both & and ¥ are outer functions in [V} (D)]9%9, then it can be easily seen that the
product ® ¥ is also an outer function in [NV} (D)]9*9.

It seems to be useful to state some further properties of outer functions, which were
proved by Arov [1] and which we will use in the following.

Lemma 1. .
(a) If @ is an outer function in [Ny (D)}]7*9, then det ® does not vanish in D and
®! is an outer function in [N;(D)]9%9 as well.

(b) Let & € [N;i(D)]9%9 be such that det® does not vanish in D. If &' also
belongs to [N4(D)]9%9, then both functions ® and ®~' are necessarily outer functions
in [N+ (D)7, S



462 B. Fritzsche, B. Kirstein and K. Miiller

2. On some interrelations between outer functions
in the Smirnov class and functions of the Potapov class

Throughout this section, let m be a positive integer, and let J be an m x m signature
matrix, i.e., J belongs to C™*™ and satisfies as well J = J* as J2 = I. A matrix
A€ C™*™ is called J-contractive if J > A*JA. If A € C™*™ even satisfies A*JA = J,
then A is said to be J-unitary. We will work with the Potapov class P (D), i.e., the set
of all m x m matrix-valued functions W which satisfy the following three conditions:

(i) W is meromorphic in D.
(ii) The function det W does not vanish identically in D.

(iii) For each z which belongs to the set Hw of all points of analyticity of W, the
matrix W{(z) is J-contractive.

The Potapov class P (D) is a subclass of [N M(D)|™*™ (see, e.g., [12: Corollary 2]).
In particular, every function' W which belongs to B (D) has radial boundary values W.
A-ae onT. If W € P;(D) satisfies W*'JW =J A -ae onT, then W is said to

be a J-inner function.

In the following, let us mainly concentrate on the (p+ q) x (p+ ¢) signature matrix
Jpg = diag(Ip, — 1) . (3)

If we will consider a function W which belongs to the Potapov class B;,, (D), then let

4
Wa Wh, (4)

W= [Wn Wi }
be the block partition of W where W), is a p x p block. Observe that every J-inner
function W admits a pseudocontinuation W# (into E). For each z € E which fulfills
1/Z € Hw and det W(1/2) # 0, this pseudocontinuation W# admits the representation
W#(z) = J[W(1/z)]~*J. In particular, if W is a jp,-inner function, then all the matrix-
valued functions Wy, Wiz, W2, and W, admit pseudocontinuations (into E).

The following lemma, which can be traced back to [8, 9, 16], will be useful for our
further considerations.

Lemma 2. Let W € B,, (D). Then det W2, does not vanish identically, and
S11 = Wy — W W' Wy - Si2:= Wi W'
521 = —W2_21 ng . 522 = W2—21

are matriz-valued Schur functions, whereby S12 and Sz, are even strictly contractive. If
W is even a jpq-inner function, then det Wy, does not vanish identically and

Sip=(WHTWE,  Su=-WEWH)T,  Su=wi) (5)

Now we want to discuss certain matrix-valued functions built from a function which
belongs to the Potapov class B;, (D). First we state a characterization of the subclass
of all outer functions which belong to [V, (D)](P+9)x(p+a),
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Theorem 1. Let W € PB;,, (D). Then the following statements are equivalent:
(i) W is an outer function in [Ny (D)|(P+9)*(p+9),

(il) S11 1= Wy — Wia W' Wa is an outer function in Spxp(D), and ng belongs
to [N1(D))7*9.

A proof of Theorem 1 can be easily obtained comblmng [5: Theorem 2] and Lemma
1. We omit the details.

Theorem 2. Let W € B;,. (D). Then:

(a) For each f € Spxqo(D), g:= 3(I+ W' Wai f) is an outer function which belongs
to Sgxq(D).

(b) For each f € Spxq(D), the function det(Waz + Wy, f) does not vanish identically
and 2 := (Wa + Way f)~ 1 (Wi — W f) belongs to Cy(D).

(c) For each f € Spxqo(D), the function (Waa + Wa1 f)™' belongs to [H%(D))9%9.

Proof. Lemma 2 shows that det Wy, does not vanish identically and that as well
Sap = W{gl as Sz, = —W2_21W21 are matrix-valued Schur functions where S;; is
strictly contractive. Let f € Spxq(DD). Then h := S5, f is a strictly contractive ¢ X ¢
Schur function. Hence det(I; + h) and det(I, — k) nowhere vanish in D: Applying a
result due to Arov [1] (see also [13: Corollary 1]), we then obtain that 3(I + k) and

1(I — h) are outer functions which belong to Sgx4(D). In particular, part (a) is venﬁed
Slnce h is strictly contractive the identities

Was + W f = Wa(I—h) and Wiy — Waif = Wa(I +h) (6)
imply that det(W,2 + W2, f) does not vanish identically and that the representation
Q=T -h)"'(I+h) (M

holds, which shows that Q belongs to Cq(D) (see, e.g., [10: Proposition 2.1.2]). Moreover,
the first identity in (6) implies that G := (Wa, + Wy, f)~! satisfies G = (I — h)™!So,.
Hence we see that, as product of the outer function (I — h)~! and the ¢ x ¢ Schur
function Sp2, the function G belongs to [N;(D))9%9. Since W has jp,-contractive values
we get from a result due to Potapov [18] (see also [10: Theorem 1.3.3]) that W* has
Jpg-contractive values as well. Thus Wy, W3, — W, W3, > I and therefore

I-5uS; =1-Wg!'WaW;,We' > Wi' W'

Since the p x ¢ Schur function f has contractive values, we obtain S, 53, > 52, ff*S53, =
hh*. Using (7) and the first identity in (6), then it follows

Ref = Re[(I — h)~ (I + h)]

= 5= W7+ BT —h) + (T = DI+ RN - )= -
=(I-h)""(I-hh*)I-h)""
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2(I=h)7' I - SnSH)I - k)~
> (Waz + Wy f) ™ (Wag + Way f)
=GG".
Hence the corresponding radial boundary values fulfill the inequality

ReQ > G G* (9)

A-a.e. on T. Since {2 belongs to C;(D) we know from [13: Lemma 4] that Re belongs
to [L'(T)]?*9. Thus the inequality (9) implies that G belongs to [C’(T)]""" The
application of the maximum modulus principle for the Smirnov class (see, e.g., [11:
Theorem 2.11]) then shows that G belongs to [H?(D)]9%¢ il

In view of Lemma 2, the following theorem can be verified analogously to the proof
of Theorem 2. We will omit the details.

Theorem 3. Let W € B,, (D). Then:

(a) For each g € Sgxp(D), h:= J(I+gW1aW,,') is an outer function which belongs
to Syxq(D).

(b) For each g € Syxp(D), the function det(Waz + gW),) does not vanish zdentzcally
and Q 1= (Wi — gWi3)(Waz + gWi2)™! belongs to Co(D).

(c) For each g € Syxp(D), the function (W + gWia)™! belongs to [H2(D)]9%9.

In the case that the given function W is even a j,q-inner function, the pseudo-
continuability of W yields the possibility to verify two further results comparable with
Theorems 2 and 3. The corresponding proofs can be obtained similarly to the proof of
Theorem 2.

Theorem 4. Let W be a jpq-inner function. Then:

(a) For each f € Spxyo(D), g := 3(I + fW] 2(Wﬁ)_‘) is an outer function which
belongs to Spxp(D).

(b) For each f € Spxq(D), the function det(W/’?; +f@) does not vanish identically,
and Q := (WF — fWEYWE 4+ fWE)=1 belongs to C /D)

(c) For each f € Spxy(D), the function (wﬁ + fW; 2)-l belongs to [H*(D))P*P.

Theorem 5. Let W be a jpq-inner function. Then:

(a) For each g € Syxp(D), h := 1(I + (WEY'W2g)is an outer function which
belongs to Spxp(D).

(b) For each g € qup(]D) the functton det(W +Wzlg) does not vanish identically,
and Q := (W;f +Whg) \(WH — Wi g) belongs to C,(D).

(c) For each g € S;xp(D), the function (W + W g)~! belongs to [H*(D)]P*?.
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3. Particular subclasses of jpq-inner functions

If J is an m x m signature matrix, then a function W which belongs to P (D) is called
to be of Smirnov type (respectively, inverse Smirnov type) if W (respectively, W~=1)
belongs to [N (D)]™*™. A J-inner function which is as well of Smirnov type as of
inverse Smirnov type is said to be Arov-singular. The aim of this section is to give
necessary and sufficient conditions for the situation that a given function which belongs
to the Potapov class B;, (D) is of Smirnov type (respectively, inverse Smirnov type),
where jpq is the (p + ¢) x (p + ¢) signature matrix defined by (3). In particular, we will
focus our attention to jpe-inner functions. First we are going to study characterizations
via the block structure. Hereby, we continue to use the block partition (4) of W where
Wi is a p x p block. A j,-inner function W is Arov-singular if and only if both
functions W and W~! belong to [N+(D)](’+")x(”+") By virtue of Theorem 1 and
Lemma 1, we thus get that a given j,,-inner function W is Arov-singulat if and only
if $; = Wy, - W12W22 W, is an outer function in Spxp(D) and W, belongs to
W D],

Now we will characterize the subclass of all functions which belong to ‘B,N(D) and
which are of Smirnov type.

Theorem 6. Let W € PB;, (D). Then the following statements are equivalent:

(i) W is of Smirnov type.

(ii) Way is outer in [N (D)]7%9.

(iii) W' is outer in Syx, (D).

(iv) For each f € Spxq(D), Waz + Way f is outer in [N (D)])9%9.

(v) For some fo € Spxo(DD), Waz + W2y fo is outer in [Ny (D)]9%9.
(vi) For each f € Spxo(D), (Waz + Wai f)™! is outer in [H2(D)]779.
(vii) For some fo € Spxg(D), (Waz2 + Way fo)™! is outer in [H2(D)]9%9.

(viii) For each g € Sgxp(D), Waz + gWi; s outer in [N (D)]9%9.

(ix) For some go € Sgxp(D), Waz + goWi2 is outer in [Ny (D)]9%9.

(x) For each g € Sgxp(D), (Waz + gWi2)™! is outer in [H2(D)]9%9.
(xi) For some go € Sgxp(D), (Waz + goWi2)™! is outer in [H(D)]9%9.

Proof. Our proof is organized as follows:

(z) <= (viii) = (z) <= (z1)

(i) <= () ] = (i)
(vii) = (v) <<= (iv) <= (1)

(i) < (ii) and (ii) « (iii): These equivalences are proved in [5: Theorem 2].
(iv) @ (vi) and (v) < (vii): Apply part (c) of Theorem 2 and part (a) of Lemma 1.

(i1) = (iv): Let f € Spxqg(D). From Theorem 2 we know that ¢ := I + Woo' War f
is an outer function which belongs to [H*°(D)]?*9. Since the product of two outer



466 B. Fritzsche, B. Kirstein and K. Miiller

functions which belong to [N+ (D)]?*? is outer as well we see from Way + Wy, f = Waaé
that (ii) implies (iv).

(iv) = (v) and (viii) = (ix) are trivial.

(v) = (ii): Suppose (v). According to part (a) of Theorem 2, ¢ := I + W,;' Wy, fo
is an outer function that belongs to [H*°(D)]?*¢. Thus Lemma 1 shows that ¥~! is an
outer function in [V, (D)]?*?. Then the identity Wy, = (Way + Way fo)y~! yields (ii).

(viii) & (x) and (ix) ¢ (xi): Apply part (c) of Theorem 3 and part (a) of Lemma
1.

(ii) = (viii): Let g € Sgxp(D). From Theorem 3 we know that § := I + gW; ;W'
is an outer function which belongs to [H°(D)}7%9. In view of Wy3 4+ gWig = §Wa, thus
we obtain that (viil) is necessary for (ii).

(ix) = (ii): Suppose (ix). Part (a) of Theorem 3 y1elds that 8 := I + goWi,W;;! is
an outer function which belongs to [H*°(D)}**?. Thus part (a) of Lemma 1 shows that
6! is an outer function in [V;(D)]?*9. Hence we get from Wy = 6~ (Wyy + goWi2)
that (ii) follows from (ix) 8

Now we turn our attention to the subclass of all functions which belong to B;,, (D)
and which are of inverse Smirnov type. We recall a first characterization of these
functions.

Theorem 7. Let W € B, (D). Then the following statements are equivalent:
(i) W is of inverse Smirnov type.

(i) Wi — Wi, W' W, is outer in Spxp(D). -

(i) (W, — Wi, W' Wa1 )~ is outer in [Ny (D)]P*?.

A proof of Theorem 7 is given in [5: Theorem 2]. If we study. Jpg-inner functions
W, then we obtain further equivalent conditions.

Theorem 8. Let W be ¢ jpg-inner function. Then the following statements are
equivalent:

(1) W is of inverse Smirnov type.

(iv) For each f € Spxy(D), Wff + fW # is outer in [Ny (D)]P*P.

(v) For some fo € Spxq(D), Wﬁ + foW#2 is outer in (N4(D)]P*>.
(vi) For each f € Spxy(D), (Wff + fW; 2) 1 is outer in [H2(D))P*>.
(vii) For some fo € Spxq(D), (Wlﬁ + foW, 2) ' is outer in [H*(D)]P*P.

(viii) For each g € S;xp(D), wll + W;fg is outer in [Ny (D)|P*P.

(ix) For some go € Syxp(D), V/V?f + @go is outer in (N, (D)]P*?,

(x) For each g € sqx,,(n)) (Wff + ’fg)-* is outer in [H2(D))P>>.
(xi) For some g € qu,,(ll)) (Wl"’lE + Wﬂgo) ! is outer in [HX(D)|P*P.
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Proof. Taking into account Theorem 7, our proof is organized as follows:
(i)
(i) = (v = § = (vir) <= (z)
(1)
(vi) &= () &= § <« (z) <= (=)
(iif)
(iv) &(vi) and (v) < (vii): Apply part (c) of Theorem 4 and part (a) of Lemma 1.
(ii) = (iv): Let f € Spxq(D). From Theorem 4 we know that ¢ := I+ fwE w1
is an outer function which belongs to [H°(D)]?*P. From Lemma 2 we see

Wh + Wl = WH = 6(Wiy = WaiWg,' W)
and hence, in view of (ii), that Wff + fW 12 is the product of two outer functlons which
belong to [N+(ID)]" XP. Thus (iv) holds true.
(iv) = (v) and (viii) = (ix): These implications are obvious.
(v) = (i1): Suppose that (v) is valid. By virtue of part (a) of Theorem 4, the function

= I + foWh(W#)~1 is an outer function that belongs to [Ny (D)]P*P. Using (v),
Lemma 1, the identity

, Wiy — Wi W' W, = (W)™ = (Wn + fWE) g
and Lemma 2, we obtain then (ii).
(viii) & (x) and (ix) < (xi): Apply part (c).of Theorem 5 and part (a) of Lemma

(3ii) = (viii): Let g € Sgxp(D). From Theorem 5 we know that 6 := I+(WHwi
is an outer function which belongs to [H2(D)]P*?. In view of Lemma 2, we have

w# 4+ wh Hg= Wﬁa = (Wi, — WiaWgy' Way )76 .
Thus (viii) is necessary for (iii). '
(ix) = (iii): Let (1x) be satisfied. Since we know from pa.rt (a) of Theorem 5 that

© = I+ (W¥)- 1ngo is an outer function which belongs to [H®(D)]?*P. Thus
Lemma 1 shows that ©~? is an outer function in N3 (D)JP*P. Hence (iii) follows from

(Wiy — Wi Wy Wy )™t = W*,‘ = (wll + w?;go)e n

In our further considerations we are going to study an other type of characteriza-
tion of the particular subclasses of jgo-inner functions which is closely related to the
so-called ADD-parametrization of jge-inner functions (see [15]). For our aims in this
paper, we need only parts of the ADD-parametrization. For this reason, we will not
recall a complete description of the ADD-parametrization, but we will restrict our at-
tention to the following notion which was introduced in [15]. An ordered pair [®, ¥] of
functions which belong to [H?(D)]9%9 is called left (respectively, right) connected pair
of [H%(D)]9%9-functions if there is an inner ¢ x ¢ Schur function V such that ¥ =V &*
(respectively, ¥ = ®*V') holds true A-a.e. on T. Every such function V is said to be an
inner function which realizes this left (respectively, right) connection of [®, ¥].

A useful property of left and right connected pairs of [H2(ID)]9*9-functions is their
pseudocontinuability:
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Proposition 1. If [®, V] is a left (respectively, right) connected pair of [H*(D)]9%9-
functions, and if V is an inner ¢ x ¢ Schur function which realizes this left (respectively,
right) connection, then ® and ¥ admit pseudocontinuations ®# and U# respectively,
which satisfy

U=V®* and &= TFV (respectively, ¥ = 3#V and & = V@)

A proof of Proposition 2 is given in [15: Proposition 2.3]. Note that the function V
is unique if the function det ® (or the function det ¥) does not vanish identically in D
(see [15: Lemma 2.5]). In order to prepare further characterizations of the subclasses

of jge-inner functions considered above we introduce convenient subclasses of connected
pairs of [H%(D)]?*9-functions.,

Definition 1. Let [®, ¥]be aleft connected or a right connected pair of [H?(ID))9%9-
functions. The pair [®,¥] is called to be of Smirnov type (respectively, of inverse
Smirnov type) if & (respectively, ¥) is an outer function (in [H?(D)]9%9).

Remark 1. From [15: Remark 2.2] it is clear that [®, ¥] is a left connected pair
of [H?(D))?*9-functions of Smirnov type (respectively, of inverse Smirnov type) if and
only if [¥, ®] is a right connected pair of [H2(ID)]9*9-functions of inverse Smirnov type
(respectively, of Smirnov type).

Remark 2. If [®,¥] is a left (or right) connected pair of [H2(D))?*?-functions of
Smirnov type or inverse Smirnov type, then one can easily see that the functions det ®
and det ¥ do not vanish identically.

If W is a jgg-inner function, then the pair [®;, ¥;] given by

®p:= (Wor + Wo1)™' and = (Wﬁ + I/Vl;z)_l

turns out to be a (well-defined) left connected pair of {H?(D)]?*?-functions (see [15:
Section 5]). It is said to be the left connected pair of [H?(D)]9%9-functions generated by
W. Similarly, the pair [®,, ¥,] constructed from an arbitrary Jgg-inner function W via

@, = (War + Wi2)™'  and ¥, := (WH + wH)™!
is a (well-defined) right connected pair of [H?(DD)]*9-functions (see [15: Section 5])
which is called the right connected pair of [H?(D)]9%*9-functions generated by W.

The following theorem shows how one can use these two pairs of [H?(D)]?%9-
functions in order to describe the situation that a given j,,-inner function is of Smirnov
type and of inverse Smirnov type, respectively.

Theorem 9. Let W be a jo -inner function. Further, let [&;, 9] and’ (@, T,] be
the left connected pair and the right connected pair, respectively, of [H*(D)]9%9-functions
generated by W. Then the following statements are equivalent:

(i) W is of Smirnov type (respectively, of inverse Smirnov type).
(ii) [®1, 1] is of Smirnov type (respectively, of inverse Smirnov type).
(iii) {®,,T,] is of Smirnov type (respectively, of inverse Smirnov type).
Proof. The constant function f : D — C9%9 with value I, belongs to Syxq(D).

Thus the application of Theorem 6 yields the asserted characterizations of Jgg-inner
functions of Smirnov type. Analogously, Theorem 7 provides the other equivalence i
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Observe that Theorem 9 shows that the singular ¢ x ¢ Carathéodory function which
occurs in the ADD-parametrization of a given jg.-inner function W has no influence
whether it is of Smirnov type or of inverse Smirnov type. Furthermore, it is obvious
from Theorem 9, how any jg,-inner function W can be characterized to be Arov-singular
by the left (respectively, right) connected pair of [H?(D)]9*9-functions generated by W.

4. A modification of an inner-outer factorization theorem

The goal of this section is to work out a Smirnov class version of the inner-outer factor-
ization theorem for the class [H?(D))]7%9 (see, e.g., Masani [17}). For this purpose we
need the following result which goes back to Arov [3].

Proposition 2. For'each = € [N (D)]7*9, there are a function V € [H®(D)}9%9
and an outer function 3 € H°(D) such that = = %V, where = 1s an outer function (in

(N4 (D)]7%?) if and only if V is an outer function in [H(D)]9%9,
To treat the uniqueness aspect of the desired factorization we will use the following

. Lemma 3. Let V; and V;, be inner ¢ x ¢ Schur functions, and let &, and &, be
outer functions in [N (D)]9%9.

(a) If V1®, = V,®,, then there is a unitary ¢ x ¢ complex matrix A such that
Vi = V,A® and &, = Ad,.

(b) If &, V; = ®,V,, then there is a unitary ¢ x ¢ complex matrix B such that
Vl = B'Vz and @] = ‘I)QB

Proof. Using Proposition 2 we can choose outer functions A, and A, in [H%(D)]9%*9
and outer functions ¢; and ¢, in H*°(D) such that $; = ?;TAI and &, = #Ag. The
function © := Vj(p24,) obviously belongs to [H%(D)]9*9. Assume V;®, = V,&,.
Then © admits the representation © := V,(p1Az), and we have (ﬁﬁ)‘(ﬂﬁ) =
(p182)*(p1D2) A-ae. on T. Using part (b) of Theorem 10, we see that there is a
unitary ¢ x ¢ complex matrix A such that @A, = Ap;A; and V; = V,4*. Thus
®, = A®,. Part (a) is proved. Part (b) can be verified analogously i

Now we are able to prove the announced inner-outer factorization in the Smirnov
class.

Theorem 10. Let © € [N (D)]7%9 be such that the function det © does not vanish
wdentically in D. Then:

(a) There is a unigque inner ¢ x ¢ Schur function V and a unique normalized outer

function ® € [N4(D)}9*? such that © = V.

(b) There is a unique inner g x g Schur function U and a unique normalized outer

function ¥ € [N4(D)]?%9 such that © = VU.
"Proof. According to Proposition 2 there exist a normalized outer function ¢ in
H>°(D) and a function £ € [H*°(D)]?*? such that © = éZ. From the inner-outer

" factorization theorem for the Hardy class [H*(D)]?*9 (see, e.g., [17]) we see then that
there are a unique inner ¢ x ¢ Schur function V and a unique normalized outer function
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A € [H*(D)]9%7 such that £ = VA. Consequently, ® = V1 o Q. Using again Proposition
2 we get that & : ;A 1s a normalized outer function in [N(D)]9%9 which satisfies

O = V&. The uniqueness of this _representa.tlon follows immediately from Lemma 3.
Thus part (a) is verified. Part (b) can be proved analogously B

Corollary 1. Let © € [NM(D)]9*9 be such that det © does not vanish identically.

(a) Let L be a smallest left denominator of ©. Then there are o unique inner ¢ X q
Schur function V and e unique normalized outer function & in [N+(ID)]""" such that
© = L~'V®. In particular, L and V have no common non-constant inner left divisor.

(b) Let L and V be inner g X q Schur functions, and let ® be an outer function in
NV+(D)]?*? such that © = LV&®. Then L is a left denominator of ©. The functions

L and V have no common non-constant inner left divisor if and only th 1s a smallest
left denominator of O.

Proof. Since L is a left denominator of ©, the function G := LO belongs to
[M4+(D)]*9. Then we know from Theorem 10 that there are a unique inner func-
tion V € Sgx¢(D) -and a unique normalized outer function ® € [N+(1D)]""" such that
LO = V®. Hence the assertion stated in (a) follows. From © = L™!'V® we get
LO = V& € [N4(D)]99, ie., L is a left denominator of ©. Consequently, we have
L = XL with some inner g x q Schur function X. Thus we obtain

LT'Wé=0=L""Vd=L1X"'V}

and therefore XV® = V&. Then the application of Lemma 3 shows that there'is a
unitary ¢ x ¢ complex matrix A such that XV = VA le., X is a left inner divisor of V.
If L and V' have no common non-constant left inner d1v150r then we get from L=XL
and XV = V A that X is a constant function (with unitary value), i.e., L is a smallest
left denominator of ©®. Conversely, if L is a smallest left denommator of O, then the
application of part (a) completes the proof il

Analogously to Corollary 1 the following result can be checked.
Corollary 2. Let © € [N M(D))?*? be such that det © does not vanish identically.

(a) Let R be a smallest right denominator of ©. Then there are a unique inner
g %X q Schur function U and a unigue normalized outer function ¥ in [N+(]D)]qx" such
that © = YUR™!. In particular, R and U have no common non-constant inner right
divisor.

(b) Let R and U be inner g x q Schur functwns and let U be an outer function in
[N+(D)]""" such that © = YUR~'. ThenRisa right denominator of ©. The functions

R and U have no common non- constant tnner right divisor if and only tfR 13 a smallest
right denominator of O.

Now we turn our attention to such denominators of [V M(D)]?*?-functions which
produce outer matrix-valued functions.
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Lemma 4. Let © € [N M(D)]?*9.

(a) Let V be a left (respectively, right) denominator of © such that ¥ := VO
(respectively, ® := OV) is an outer function in [N4(D)]9*9. Then V is a smallest left
(respectively, smallest right) denominator of ©.

(b) Let V be a smallest left (respectively, smallest right) denominator of ©. Then
U := VO (respectively, ® := OV) is an outer function in [N;(D)]9*9 if and only if
det © does not vanish identically and ©~! belongs to [N4(D)]9%9.

Proof. (a): The function ¥ belongs to [M;(D)}?*9. Assume that Vg is a smallest
left denominator of ©@. Then ¥y := Vg O belongs to [N4(D)]7%7 as well. Since V and
Vv are inner ¢ x ¢ Schur functions we obtain

Yo'y =90 Aae onT. (10)

Since ¥ is an outer function in [M;(D)]?*9, we see from Theorem 10 the existence of
an inner ¢ X ¢ Schur function U such that ¥y = U¥. Thus it follows

UV=U"10y . (11)
On the other hand, we have
V=VO=VV5'Tly . ‘ (12)

Since ¥ is an outer function the identity (10) shows that det ¥v does not vanish iden-
tically in D. Hence comparing (11) and (12) we infer that

V=UV. (13)

Because Vy is a smallest left denominator of © it follows that U~! is an inner ¢ X ¢
Schur function. Since U is also an inner ¢ X ¢ Schur function we can conclude that U
is a constant function with unitary value. The minimality of Vu and (13) then imply
that V is a smallest left denominator of ©®. The case that V is a right denominator of
© such that ® is an outer function in {AV4(ID)]9%9 can be treated analogously.

(b): First assume that ¥ is an outer function in [N;(D)]9*9. Then the functions
det ¥ and det © do not vanish identically in D, and ¥~! belongs to [N;(D)}7%9. Since
N, (D) is an algebra over C we obtain from the representation ©~! = ¥~V that 0!
belongs to [N4+(D)]?*9.

Conversely, now assume that det © does not vanish identically in D and that ©~!
belongs to [N4(D)]9*?. Using Theorem 10 we see that there are an outer function = in
[M4+(D))?*9 and an inner ¢ x ¢ Schur function V4 such that @' = ZVa. Since det=
does not vanish in D, it follows

=T =V,0. , (14)

Because = (and therefore =) is an outer function in [V4(D)]9*7, we thus see that
there is a left denominator of ©, namely Vj, such that Vo© is an outer function in
[V4(D)]9%9. According to part (a) this left denominator Vj is necessarily a smallest
one. Since V is a smallest left denominator of ©, the function W := V'V ! is a constant
function with unitary value. Moreover, we get from (14) that ¥ = V® = W=~ Since
=~1'is an outer function thus it is clear that ¥ is an outer function. Hence the asserted
equivalence is verified. The other case can be proved analogously i
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5. Aspects of left and right connected pairs of [H?*(D)}9%9-
functions

Our first goal of our further considerations is a characterization of the situation that
a left or right connected pair of Smirnov type (respectively, of inverse Smirnov type)
(@, ¥] exists if the [H%(D))?*9-function ® is given. Recall that we already know that in
this case the matrix-valued functions ¢ and ¥ necessarily admit pseudocontinuations
(see Proposition 2).

Proposition 3. Let ® € (H*(D)]?9*9 be such that det ® does not vanish identically
in D. Suppose that ® admits o pseudocontinuation ®¥*. Then the following statements
are equivalent:

(i) There is a function ¥ € [H*(D)}9*9 such that [®, V] is a left connected pair of
inverse Smirnov type.

(ii) There is a function ¥ € [H*(D)]?*9 such that [®, V] is a right connected pair
of inverse Smirnov type.

(iii) There is a function ¥ € [H*(D)]7%9 such that (¥, D] is a left connected pair of
Smirnov type.

(iv) There is a function ¥ € [H*(D)]9%9 such that ¥, ®] is a right connected pair
of Smirnov type.

(v) (3%)7" € (N4 (D)]0.

Proof. (i) = (v) (respectively, (ii) = (v)): From ( ) (respectively, (ii)) and Remark
2 we see that ¥ is an outer function in [Ny (D)}9*9. Hence ¥~! belongs to [V, (D)]?*9
as well. Lemma 2.5 in [15] shows that V := \I/(<I:;¢)_l (respectively, V = (‘I/);) 1) is
an inner ¢ x ¢ Schur function. Since N4 (D) is an algebra over C, the identity (Q#)_

U1V (respectively, (Q#) ! = V&) provides (v).

(v) = (i) (respectively, (v) = (n)) According to Theorem 10 we get from (v) that
there i is an outer function ¥ € [N+(]D)]"x" and an inner ¢ x ¢ Schur function V such
that (Q#)_ = IV (respectively, (Q#)‘ = VE). Then ¥ := £~ ! is also an outer
function in [NM;(D)]?*9 which satisfies ¥ = Va# (respectively, ¥ = <I>#V) Thus we
can conclude that V is a left (respectively, right) denominator of &%, Consequently,
Proposition 2 in [15] yields (i) (respectively, (ii)).

(i) « (iv) and (ii) < (iii): Use Remark 1 1

In view of Lemma 2.5 in [15] and Proposition 1 we introduce the folldwing notions.

Definition 2. Let [®, ¥] be a left (respectively, right) connected pair of [H2(D)]9%9-

functions. Suppose that the function det ® does not vanish identically inID. Let V be the
(unique) inner ¢ x ¢ Schur function which realizes the left (respectively, right) connection

of (&, ¥).

(a) The pair [<I> U] is called mmzmal if V is a smallest right (respectively, left)
denominator of U#.

(b) The pair [®, ¥] is said to be cominimal if V is a smallest left (respectively, right)
denominator of ®#.
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From Remark 2 in [15] we see immediately the following

Remark 3. The pair [®, ¥} is a minimal left (respectively, minimal right) connected
pair of [H*(D))?*%-functions if and only if [¥,®] is a cominimal right (respectively,
cominimal left) connected pair of [H?(D)]?*9-functions.

Proposition 4. Let [®, ¥] be a left or right connected pair of [H%(D)]9*9-functions.
Suppose that det & does not vanish identically in D. Let V be the inner g x ¢ Schur
function which realizes this left or right connection, respectively. Further, let &, and ¥,
be outer functions that belong to [H*(D))9%9, and let ®; and ¥; be inner ¢ x ¢ Schur
functions such that & = ®,8; and ¥ = U, ¥, (respectively, ® = &;®, and ¥ = ¥,¥;).
Then the following statements hold true:

(a) [®,¥] is @ minimal left or minimal right connected pair of [H*(D))9%9-functions
if and only if V and ®; have no common non-constant inner right or left divisor, re-
spectively. - )

(b) [®,%] is a cominimal left or cominimal right connected pair of [H?(D)]9%9-
functions if and only if V and ¥; have no common non-constant inner left or right
divisor, respectively.

Proof. (a): We will consider that case that [®, ¥] is a minimal left connected pair
of [H?(D)]9%9-functions. Using Proposition 1 we have ¥# = @V ~! = ¢,6,V~!. From
part (b) of Corollary 2 we get immediately the asserted equivalence. The case that {®, ¥]
is a minimal right connected pair of [H?(D)]9*9-functions can be proved similarly.
~ (b): Use part (a) and Remark 3 8

Lemma 5.

(a) Every left or right connected pair of [H2(D)]9%9-functions of Smirnov type is
necessarily minimal.

(b) Every left or right connected pair of [H?(D))9%9-functions of inverse Smirnov
type s necessarily cominimal.

Proof. (a): Let [®, ¥] be a left connected pair of [H?(D)]?*9-functions, and let V be
the inner g x ¢ Schur function which realizes this connection. According to Proposition

1, we have ¢ = T#V. Assume that [®, ¥] is a pair of Smirnov type, i. e., that & is an
outer function in [H2(D)]?%9. Then Remark 2 and Lemma 4 show that V is a minimal

right denominator of ¥#,i. e, the pair [®, ¥] is minimal. The case that [®, ¥] is a right
connected pair of [H?(D))9*9-functions can be treated analogously.

(b): Use part (a) and Remarks 1 and 3 1

Proposition 5. Let [®, U] be a left or right connected pair of [H?(D)]9%9-functions
such that det & does not vanish identically.

(a) Let the pair [®,¥] be minimal. Then [®,¥] is of Smirnov type if and only if
(@)-‘ belongs to [Ny (D)]7>9.

(b) Let the pair [$, V] be cominimal. Then [®, V] 1s of inverse Smirnov type if and
only if (4’);*)" belongs to [N4(D)]9%9.

Proof. (a): Assume that [®, ¥] is a left connected pair of [H?(D)}9*9-functions
which is minimal. Let V be the (unique) inner ¢ x ¢ Schur function which realizes this
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left connection. Then V is a minimal right denominator of T#. In view of Proposition
1, we have ¢ = ‘II#V Thus we obtain from Lemma 4 that [®,¥] is of Smirnov type

if and only if (\Il#) ! belongs to [N4(D)}?*9. The case that [®,¥]is a rlght connected
pair of [H?(D)]?*?-functions can be treated similarly.

(b): Use part (a) and Remarks 1 and 3 &

We have not characterized all left (respectively, right) connected pairs which are
minimal as well as cominimal. What can be said about the existence of cominimal pairs
which are not minimal? The following example gives an affirmative answer to the last
question.

Example 1. Let ®, be an outer function of H*(D) \ {0} which admits a pseudo-
continuation ®# such that there exists a non-constant smallest (left) denominator L of
Q# Then & := $,L isa pseudocontmuable function which belongs to H 2(D)\{0}. Let
V be a smallest (left) denominator of (I># and let ¥ := V3#. Then [P, 9] is a left
connected pair of H?(D)-functions which is cominimal and not minimal.

Indeed, the definition of ® and ¥ implies that [®, ¥} is a left connected pair of
H?*(D)-functions and V is the unique inner function which realizes this left connection.
The commxmallty follows directly from the fact that V is a smallest left denomlnator
of #. From the definition of &, we get q># — L-13¥. Then it follows L&% = &% —
L7YAA,, ie., L? is a left denominator of &# . In view of the fact that V is a smallest

left denominator of ®#, there is an inner function X € S;x (D) such that L = XV.
This lmphes that L und V have common non-constant inner divisors. From Proposition

1, we get T#V = & and finally vF = ®,LV-!. By virtue of part (b) of Corollary 2,

we get that V is not a smallest right denominator of ¥#, i. e., the pair [®, ¥] is not
minimal. :

6. Carathéodory functions generated by a jgo-inner function

If W is a jge-inner function, then both functions
Q= (Way + Wa ) (Way = Wyy) and Q= (Way — Wip)(Wap + Wip) ™!

are (well-defined) ¢ x ¢ Carathéodory functions (see [15: Propositions 5.1 and 5.2)).
These functions Q; and Q,, which are called the left ¢ x ¢ Carathéodory function and
the right ¢ x ¢ Carathéodory function, respectively, generated by W, play an essential
role in the context of ADD-parametrization of jie-inner functions (see [15]). From
Propositions 5.4 and 5.5 in [15] we know that these ¢ x ¢ Carathéodory functions €,
and §2, necessarily admit pseudocontinuations and that the identities

U+ QF =267 =20F¥, and Q, +0F =20%0, = 20, 0¥

are satisfied where [®;,¥;] and {®,,¥,] are the left and right connected pairs of
[H?(DD))?*9-functions, respectively, generated by the given jg-inner function W. Since
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the functions det ®; and det ®, do not vanish identically in D, the functions det(£2; +Qf€)

and det(2, + Qf) do not vanish identically in D as well. Thus, in view of Theorems 2.1
and 2.2 in [11], it is readily checked that §; and Q, are ¢ x ¢ Carathéodory functions
of finite entropy. A ¢ x ¢ Carathéodory function 2 is said to be of finite entropy if

L/log[det(Re Q))dA > —o0.
27 T

If Q, and Q; are arbitrary pseudocontinuable ¢ x ¢ Carathéodory functions of finite
entropy, then Theorem 6.8 in {15] gives necessary and sufficient conditions for the case
that the set Iq, q, of all j ,-inner functions W such that Q; and §; are the left and
right ¢ x ¢ Carathéodory functions, respectively, generated by W is non-empty. The goal
of our following considerations is to study the problem of the existence of a function W
which belongs to particular subclasses of j4,-inner functions and which satisfies Q; = §,
and Q, = ;. Hereby, note that a ¢ x ¢ Schur function f is said to be of finite entropy
if

i‘/log[det(l—f fdA > —oo.

27 Jp ==

The formulation of Theorem 6.8 in [15], already mentioned above, contains the descrip-
tion of the case Ig, o, # 0 in terms of the existence of inner g x ¢ Schur functions which
satisfy some identities. However, its proof additionally yields an explicit interrelation
between functions which belong to I, n, and these inner ¢ x ¢ Schur functions, which
is the following

Theorem 11. Let Q; and Q,; be g x g Carathéodory functions of finite entropy.
Suppose that both functions Q; and Q; admit pseudocontinuations. Then the functions
H =T =-)T+ )" and f := (I — Q)T + N2)~? are pseudocontinuable ¢ x ¢
Schur functions of finite entropy. In particular,

pri=I-fff, po=I-fff, oi=1-fFH, o2:=1-f}F

are functions whose determinants do not vanish sdentically. Let ¢, and ¢, be the unique
normalized outer left spectral factors of p1 and py, respectively, and let 1, and v be
the unique normalized outer right spectral factors of ) and g3, respectively.

(a) If In, 0, is non-empty and W belongs to Iqg, a,, then c; := Wy'y;! and
by 1= g5 (Wi — W12 Wy, Wy ) are inner gxg Schur functions whick satisfy the identities

h= Czt/)zf?l’{l(ﬁzbz (15)
and
‘ 1 f : ~1 —1y g -1
W= #o - diag(p; " ¢2,¢; ) - diag(ba,c; ') . (16)
2

(b) If Ig, q, is non-empty and W belongs to Iq, q,, then b = d)l'lW.‘,;l and
¢ = (Wn — WIQW{.‘,I Wa1 )7 ! are inner ¢ x ¢ Schur functions which fulfill

fa= 011/11]:1;/71_1@51 17)
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and

W = diag(cy, b;") - diag(yroy ', 67") - ; f}#] . (18)
1

(c) If c2 and by are inner g x q¢ Schur functions which satisfy (15), then W defined
by (16) belongs to I, a,, and the representations c; = W'y, ! and b, = ¢5 ' (Wh, —
W12W2_21W21) of ca and by hold true.

(d) If c1 and b, are inner g X ¢ Schur functions which satisfy (17), then W defined
by (18) belongs to Iq, a,, and the representations ¢; = (W), — W12W2_21W2,)¢1“ and
by = ¢7'W5' of ¢ and by hold true.

Proof. The representation (16) of W follows from the equations

(621/)2)_1f1. = }P;lfﬁzh and $2b2 + fa(ca2) "' fi = py P habe

which are an immediate consequences of identity (15). The rest of the assertion stated
in parts (a) and (c) was already verified in the proof of Theorem 6.8 in [15]. Applying
Proposition 8 in [14], parts (b) and (d) can be proved analogously §

Using Theorem 11 we will be able to characterize the situation that the set Zg, o,
contains jgg-inner functions which are of Smirnov type and of inverse Smirnov type,
respectively.

Corollary 3. Let the assumptions of Theorem 11 be satisfied. Suppose that In, a,
is non-empty, and let W belong to Ig, q,. Then:

(a) The following statements are equivalent:
(1) W is a joq-inner function of Smirnov type.
(i1) ¢g := W2-211/)2'l s a constant ¢ X ¢ Schur function with unitary value.
@111) & = d)l_lW{zl is a constant g X ¢ Schur function with unitary value.
(b) The following statements are equivalent:
(iv) W is a jgq-inner function of inverse Smirnov type.
v) by = ¢ (Wt — Wi W' Wa,) is a constant ¢ X ¢ Schur function with unitar
2 22 gxq Y
value. :
(vi) ¢ := (Wyy — Wi Wy, Wa1)¥;, ! is a constant g x ¢ Schur function with unitary

value.

Proof. If ¢ (respectively, %) is an outer function in [H*°(D)]?*? and if b (respec-
tively, c) is an inner ¢ x ¢ Schur function, then F := ¢b (respectively, G := c3) is also
an outer function in [H°°(D)]?*? if and only if b (respectively, c) is a constant ¢ x g
Schur function (with unitary value) (see, e.g., [17]). Thus the combination of Theorem
2 in [5] and Theorem 11 yields the asserted equivalences il

Obviously, Corollary 3 can be used to characterize Arov-singular jgg-inner functions
W which belong to In, g,. Moreover, in view of Theorem 11 and Corollary 3, we
get immediately necessary and sufficient conditions for the existence of functions which
belong to the considered subclasses of jiq-inner functions and which have prescribed
associated left and right ¢ x ¢ Carathéodory functions:
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Theorem 12. Let the assumptions of Theorem 11 be satisfied. Then:

(a) The following statements are equivalent:

(i) There is a jgg-inner function W of Smirnov type such that ; and Q; are the
left ¢ x ¢ Carathéodory function and the right ¢ x ¢ Carathéodory function,
respectively, generated by W.

(ii) There are an inner ¢ x ¢ Schur function b, and a unitary ¢ x ¢ complex matrix

uy such that fi = ustp2 ff p7 dabn.
(i11) There are an inner ¢ x g Schur function ¢, and a unitary ¢ x ¢ complex matrix

uy such that f; = c;t/)lfl#pl_lfﬁlul-

(b) The following statements are equivalent:

(iv) There is a jgq-inner function W of inverse Smirnov type such that £, and Q2 are
the left ¢ x ¢ Carathéodory function and the right ¢ x ¢ Carathéodory function,
respectively, generated by W.

(v) There are an inner ¢ X ¢ Schur function ¢; and a unitary ¢ x ¢ complex matrix
v such that f; = c21/)2f2#p2—1¢2v2.
(vi) There are an inner ¢ x ¢ Schur function b, and a unitary ¢ x ¢ complex matrix

vy such that f, = v;tl)lf,#pl_ld’lbh

(c) The following statements are equivalent:
(vil) There is an Arov-singular j,-inner function W such that ©; and Q, are the

left ¢ x g Carathéodory function and the right ¢ x ¢ Carathéodory function,
respectively, generated by W.

(viil) f; = U21/)2f2#p2_1¢2112, for some unitary ¢ x ¢ complex matrices u; and vs.
(xi) f2 = vlz/)lf]#pl_ld)]ul, for some unitary ¢ X ¢ complex matrices u; and v;.
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