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Impulsive Controllability and Optimization Problems
Lagrange’s Method and Applications

Svetoslav I. Nenov

Abstract. In thé present paper, a class of optimization problems to impulsive control of
smooth dynamical processes is investigated. Necessary and sufficiently conditions for existence
of optimal impulsive controllability of the initial-value problem for a dynamical system are
obtained. The derived results are applied to the analysis of some classical problems from
population dynamics.
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1. Introduction

Impulsive differential systems are suitable mathematical models to simulate evolution
of large classes of real processes: human intervention in the evolution of one or some
populations, proceeding and controlling chemical reactions - catalyze reactions, etc.
The common feature of these processes is the existence of short temporary perturba-
tions during their evaluation. The continuation of these perturbations is insignificant
compared to the duration of the whole process. That is why the perturbations occur
"immediately” as impulses. Basic monographs on this subject are (3 - 5, 7].

In the present paper, we consider some problems for impulsive (discrete) control-
lability of the solutions of smooth dynamical systems. Rapid out-side actions over the
evolutionary system result in research of its impulsive control. We shall introduce some
examples from population dynamics.

Most of models of single species dynamics have been derived from a differential
equation in the form

=z f(t,z) + g(t,z), (1.1)

where the solution z = z(t) is treated as population size (or biomass) in time ¢ > 0, the
function f = f(t,z) is characterized as population change at the moment t, the function
g = g(t,z) describes the continuous influence of out-side factors. Various choices of the
functions f and g lead us to various differential equation models. For instance:
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(1) If f(t,z) = §(b— ), we obtain the Verhulst differential equation
. a
T = Ez(b—r)+g(t,z) (1.2)

where a € Ry = [0,00) is the reproductive potential of population and b € Ry is the
capacity of environment.

(2) If f(t,z) = a — clnz, we obtain the Gompertz differential equation
z=z(a—clnz)+g(t,z) (1.3)

where ¢ € Ry is the coefficient of interspecies competition.
(3) If f(t,z) = f(z), then (1.1) is an evolutionary model of stationary population.
(4) If g(t,z) = 0, then (1.1) is an evolutionary model of isolated population.

Let 7 = n(t;t0,z0) be a solution of the differential equation (1.1) with initial condi-
tion

(o3 to, T0) = zo ((to,z0) € R2). (1.4)

Let 7y < ... <7, (to £ 71,p € N) be moments of out-side perturbations on the evolution
of the considered population system. For example, subtracting or adding some quantity
of biomass and etc. Then '

z(7i + 0;10,20) = ®(7i, z(7i; to, To)) (t € _Np ={1,...,p}) (1.5)

where z(7i +0;t0, Zo) = lim_r, 40 2(t; to, 2o), ® = ®(t, z) is a map, which characterized
the out-side action in the moments 7y,...,7,. For example, if O(ri,z) =z —d; (d; >
0,2 € Np), then in each moment 7;, we subtract the quantity d; from the population
biomass.

The system (1.1), (1.5) is called an impulsive system.

In general, impulsive systems describe out-side actions on the investigated popu-
lation. Moreover, there is a possibility to control moments of perturbations and some
parameters of impulsive out-side influence. That is why optimal choosing of impulsive
moments 7; and impulsive map @ is very important. For instance, let us consider the
Verhulst’s model (1.2) and let ®(r;,z) = z—d;. There arise the following question: How
shall we choose the numbers 7; and d; so that the population output d; + ... + dp will
be maximum on a t-interval [0, T]? On Figure 1, we present the time-portrait of Ver-
hulst equation (1.2), where a = 0.03, b = 100, ¢ € [0, 100] and co-responding impulsive
time-portrait, p = 3.
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The present paper consists of the following three features:

(1) Mathematical definition of impulsive systems — Subsection 2.1.

(2) Statement of impulsive control problem — Subsection 2.2. In Section 3, we
obtain some necessary conditions for the existence of solution of considered optimal
impulsive control problems. The present method is based on investigation of classical
Lagrange’s function for a proper optimal problem. Moreover, we shall present some
necessary and sufficiently conditions for existence and/or uniqueness of solution of im-
pulsive problem.

(3) Applications in population dynamics — Section 4. In this section we shall
apply obtained results to investigate some optimization problems related to Verhulst
and Gompertz differential equations.

2. Impulsive systems. Impulsive control

Let (-,-) be the Euclidean scalar product in R® and || - || the corresponding norm. Let
C'(A,R™) be the space of all C*-smooth maps form A C R™ into R™ with Ulam’s C°-
topology. Let h € C°(A,R™). Weset ||hllo = sup, ¢4 [|h(z)l|. Let a € R*, h € C'(R™,R)
and z(™ = (z!,...,z™), where m < n. We set

V.mh(@) = (B.i,...,him),  Vh(a)= V;h(a), z=z".

2.1 Impulsive systems. Let pe N; f € C}(R4 xR*,R"), 7= {n1,...,7p} be a finite
increasing sequence and & € C!(7 x R",R"). We say that the system

i=f(t,z) (t€R4L\T) . (2.1)
Z(t+0) = ®(t,z) (te7) ’ (2.2)

is an impulsive system of differential equations with fized moments (see (3 - 5]).
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Definition 1. We say that the map
z: [t,T) — R*, t— z(t; to,z0)
is a solution of the impulsive system (2.1), (2.2) with initial condition
z(to;t0,Z0) = zo ((to,z0) € Ry x R™) (2.3)

if the following assertions are valid:

1. If to < 71, then x(to;to,xo) =zo. If to =7, then l‘(io;to,zo) = q’(to,zo).

2. The map z|([to, T) \ 7) is C'-smooth.

3. Equality (2.1) is valid, for each ¢t € [to, T) \ 7.

4. The equalities z(t;t0,z0) = z(t — 0;t0, z0) and z(t + 0;t0,z0) = ®(t,z(¢;t0,20))
are valid, for each t € [to, T) N 7.

The numbers 7 = {ry,...,7,} are called impulsive moments. The map P is called
impulsive map.

We shall consider the following non-impulsive initial-value problem:
z = f(t, 1) ((t,z) € Ry x R™) (2.4)
z(to; to, Zo) = Zo ((to,z0) € Ry x R™). (2.5)
Let us introduce the following hypotheses (H1):
(H1), fe€ C'(R4+ x R™ R), and there exists a number M € R4 such that ||fllo < M.
(H1), For each couple (tg,z9) € Ry x R", the solution n = 1(t; to, 20 ) of non-impulsive
initial-value problem (2.4), (2.5) is defined in [to, o).

2.2 Impulsive control. Let h; € C'(R",R), Vhi(z) # 0 if hi(z) =0,D;={zxeR":
hi(z) < 0}, where i € N,, and let # D2 C D, C Dy. Let zg € D, and to,T € R4+
with to < T. Let p € N, and let I, denote the set of all ordered couples (7, ®) such that:

L 7={n,...,7p} C[to, T), with 7; < 73, (¢ € Np_1).

2. ® € C/(7 x R",R").

3. {z(t;to,z0) : t € [to,T)} C D;.

4. z(T;to,20) € D,.

Let (7,®) € I,. We set
ai = z(Ti;to, 20), bi = ®(7i,a;) (i € Np)
ap = by = zo, apy1 = z(T; to, Zo) (2.6)
a=(a1,...,ap), b= (by,...,b,).

Let 7 : I, — R(Q”'“)"; 7(7, ®) =A(E,E,a,,+1) and F : R?P0" —, [0,1) be a C1-

smooth bounded function. We set F : I, —s [0,1], F(7,9) = F(n(7,®)). Now, we
shall formulate the problem of optimal impulsive control:

Does there exist a couple (7°,®°) € I, such that

F(7°,8% = inf {F(7,9) : (7,8) € I,}? 2.7)
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3. Main results

In the present section, we shall derive some necessary conditions for existence of the so-

lutions of optimal impulsive problem (2.7). For this purpose, we introduce the following
hypothesis (H2):

(H2) One of the following two implications is valid:

inf {(f(t,z),Vhl(z)) : (t,2) € (to,T) x 8D } > 0 (3.1)

sup {(f(t,:c),Vh](x)) . (t,2) € (to,T) x aD,} <o, (3.2)

i.e. the scalar product {f(t,z), Vkhi(z)) has one and the same sign on (to,T) x
oD,.

3.1 Lagrange’s form of the optimal impulsive problem. Let g; € C!'(R", Ry) be
the characteristic function of the domain D;, i.e.

We set
T=(z1,..-,2p) (zi €R™), ¥T=(y1,-..,9p) (i €R") (e N,) (33)

P
G: RPN Ry, G(T,zp1) = g2(zpt1) + ) or(zi)-

i=1

Let {¥:(¢,z),...,¥n(t,z)} be the independent first integrals of system (2.4) in the
domain containing the closed set [tg,T] x D;. We consider the following extremum
problem:

F(Z,9,2p41) — min (3.4)

under conditions
G(f, IP'H) = 0 (35)
U;(6i,z:) = ¥;(6i-1,yi-1) (3.6)

where j € N, i € Np41, 00 = to, 8 = {6,...,6,} € R?, 6,4, =T and yo = zo.

In the following theorem, we shall prove the equivalence of impulsive control problem
(see the end of Subsection 2.2) and Lagrange’s extremum problem (3.4) - (3.6).

Theorem 1. Let hypotheses (H1) and (H2) are satisfied and let p € N. Then:
1. The nezt two statements are equivalent:
(a) There exists a couple (7°, 3°) € I, for which equality (2.7) is valid.

(b) The eztremum problem (3.4) - (3.6) possesses a solution (50,E°,§°,12+1).
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2. If67 < 82, (i € Np_y), then 8 =7,20=3g 3° =5, 941 =app (see (2.6)).

Proof. Let us suppose that condition (3.1) is valid (the proof is similar if condition
(3.2) holds). Let (0 z°,5°,29,) be a solution of extremum problem (3.4) - (3.6) and
89 < 6%, (i € Npoy). Weset 7 = 8, 80 ¢ C=(7 x R",R"), 8°(7?,z%) =

where i € Np, 7° = (29,... ,a:g) and ¥° = (¢9,... ,yg). We shall prove that the solution
z = z(t;to, zo) of the impulsive initial problem

z = f(t,z) (t € [to, T] \ ?0)
Z(t+0) = &(t,z) (te7)

z(to;to, o) = To

satisfies the inclusions {z(t;t9,z¢): t € '[to,T]} C D; and z(T;tp, 2o) € D,.

Let us assume that there exists t* € (tg,T) such that z(t*;to,z9) € R*\ D,. We
set t, = inf{t € (0,¢*]: z(t;t0,z0) € R™\ D,}. Then, ¢, ¢ ort.ed.

Let t. ¢ 8°. We choose an integer i € Npy, such that 82, < t. < 6%, From
condition (3.5), it follows that z{_, = z(6)_,;t0,z0) € D, and z(t*;t9,z0) € R™ \ D;.
Therefore z(t.;t0,20) € 0D, and t, € (6)_,,t*). From condition (2) and the obtained
inclusion, it follows that

{z(t;to,:z:o) te (82, .]} c D,
{z(t;to,z0) : t € (t.,67]} C R™\ D;.

Hence z¥ = z(6?; to,zb) € R" \1_51. The inclusion x? € R" \51 contradicts to condition
(3.5).

Let t, = 9‘, where 1 € N Then hypothesis (H2), inclusions y? € 4D, and
z(t*;to,z0) € R® \ D, yield z? € R® \ D,. The derived inclusion contradicts equality
(3.5) and the definition of the funcnon G = G(T,zp41)

Therefore {z(t;to,z0) : t € [to,T]} C D,. From the definitions of the functions
g2 = g2(zp41) and G = G(E zp+1) and from equality (3.5) it follows that :z(’;+1 =

z(T to,l‘o) € D,. Hence (0 ®°) € I,. Equality (2.7) follows from the fact that
(0 70 70, p+,) is a solution of extremum problem (3.4).

Let equality (2.7) be valid for a couple (7%, ®%) € I,. Then from the definitions of
the set I, function G = G(T,zp4) and equahty (2.7) it follows that (0 0,y ,:cpH)
is a solution of problem (3. 4) (3 6) where § 7,2 =a,3° = b and :z:p_H = Gpp
(see (2.6)) 0

From Theorem'1 and closeness of the set of all points (8,%,7,zp+1), for which
equalities (3.5) and (3.6) are valid, solvability of the impulsive control problem follows.

Corollary 1. Let the following conditions are valid:

1. The hypotheses (H1) and (H2) are fulfilled, p € N.
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2. The domain D, is bounded.
Then there ezists a couple (7°,®°) € I, satisfying equality (2.7).

3.2 Necessary conditions for existence of solutions of the optimal impulsive
problem. In the present subsection we shall prove the following theorem.

Theorem 2. Let the following conditions hold:

1. Hypotheses (H1) and (H2) are valid, p € N.

2. Equality (2.7) is valid for the couple (7°,8°) € I,,, 7° = (77,... ' Tp)-

Then there ezist numbers £ and r]{ (i € Np41,J € Np) such that:

p+l n )
€1+ > "> i1 #0 (3.7)
i=1 j=1 )
VnF(EOJ_’Oaag“) = anvz‘llj(r?,a?) + {vr.‘G(anag-H) (3.8)
=1
VyaF(ﬁ",Eo,agH) == Zn,j“v,‘llj(r?,a?) (3.9)
j=1
PIEHCHACGRDED I G HACH:) » (3.10)
1=1 1=1
where a? = z(v0;to,z0) and b = ®(70,a?) for i € Ny, @ = (a},...,ad), ? =
83,... ,bg) and ag“ = z(T;to,z0).

Proof. From Theorem 1 it follows that the assertion of Theorem 2 is equivalent
with the next statement. Equations (3.8) - (3.10) are necessary conditions for the
existence of solution of optimal impulsive problem (3.4) - (3.6).

We construct the Lagrangian function of problem (3.4) - (3.6):

L(§151y7 IP+11E: 77.)) = F(E’g’ zp+l) + fG(E, x?+l)
p+1l n

+3 ) nl[w, 2:’).- @i (8i-1,yi-1)]

i=1 j=1 )
The derivatives of the Lagrangian function are:

o= D [nd ()65, 2:) = mly (2,164, v3)] (3.11)
j=1
Lix = FLu(,9,2p01) + EGLa(Fozpe1) + ) 1l (¥5),6 (6, 2:) (3.12)
j=1
Ly = Fu(Z,9,Tp41) — > 77{+1(‘1’j)',g(9:',$s) (3.13)
J=1

where k € N,. Equalities (3.8) - (3.10). follow from Lagrange Theorem and (3.11) -
(3.13), respectively 1
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Corollary 2. Let the following conditions are satisfied:
1. The hypotheses (H1) and (H2) are valid, p€ N.
2. The equalities D, = Dy = R" are fulfilled.
3. Equality (2.7) is valid for a couple (7°,9°) € I,,.
Then
(V,.F(a 5’ ,ap+l) f(r?, l)) = —<Vy.F(a 5 ,ap_{_l) f(=? ,b?)) (3.14)
where i € Npy,.

Proof. From equation (3.8) and formulae
()i (t,2) =Y fu(t,a)(¥,)u(tz) (5 € Na)
k=1 .
where f(t,z) = (fi(t,z),..., fa(t,z)) with z = (z',...,z") there follows that

(8,07, af) = Zﬂffk(f?,a?)(‘l’j);e(ff,a?
! (3.15)
= (Vz.F(a 5,aby1), £(70,a)).
Similarly we can obtain the next formulae
v,.F(@,b vap) = —(Vy, F(@, 5°,a%41), F(72,80)). (3.16)
Formulas (3.15), (3.16) and (3.1) imply (3.14) B

The following result improves previous results in terms of sufficiency and necessity
to optimal controllability of the considered problem. For simplification, we shall suppose
that the domain of the problem under consideration is R™.

Theorem 3. Let the following conditions hold:

1. The hypotheses (H1) and (H2) are valid, p € N

2. D, =D, =R".

3. Allﬁrst integrals W;(t,z) (7 € N,) are convez functwns
Then equality (2.7) 1s vahd for the couple (7°,9°) € I, ("0 (2,. ..,'rg)) if and only
if there ezist numbers n] (i € Npy1,j € Ny,) such that ] > 0 and

V.. F@,5 a,,H)_Zn,v \p,(r,, a! (3.17)
=1

Vo F@,5,al, Zn,+,v W,(r2,a?) (3.18)

Zn. (¥,)i(r?,af) = an(@ (2, 60) (3.19)

‘Il,-(G.-,:ci) S ‘I’](G,_l,yg_l) (320)

] (¥5(6,7:) = ¥5(8im1,yi-1)) = 0 : (3.21)
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where a? = :C(T?;to,Io) and b? = Q(Txi l) f01‘ 1 € Np; = (a?,...,ag); -50 =
(b?""’bg) and 03+1 = z(T; to, z0).

Proof. The proof of Theorem 3 is similar to that of Theorem 2, using H. W. Kuhn’s
and A. W. Tacker’s theorem. So, we omit any details il

4. Application in population dynamics

We say that hypotheses (H3) are valid if:

(H3): Hypotheses (H1) and (H2) hold, where f € C(R?,R).
(H3), D, =D, =R.

(H3); ¥ = P(t,z) is a first integral of differential equation (2.4).

We consider the optimal impulsive problem of the solution n = 7(t; t, 7o) of initial-value
problem (2.4), (2.5) with optimizing function

P
F(@,b,ap41) = aps1 + »_(ai — bi). (4.1)

i=1

Theorem 4. Let the following conditions hold:

1. Hypotheses (H3) are valid.

2. Equality (2.7) is fulfilled for a couple (7°,8°) € I,.

3. The optimization function F 1s defined by formula (4.1).

Then
(T: :b?) = ‘I’(T-o na ? 1) (1 € Npya) (4.2)
r(" bo) = z("': > ? (1 € Np) : (4.3)
( i @ ?) - (T: 1b?) (t € NP)' (4'4)

Proof. From Theorem 2, formulae (3.8) and (3.9) it follows that
-1= 77"‘1":(7?’“?)’ 1= - ¥, (‘r. ) :) (1 € Np)

where {n; : 1 € Np31} C R. Hence ni = niy; and formula (4.3) is true. Note that
condition (3) of Theorem 4 and formulae (3.8) and (3.9) imply that n; # 0 (i € Np41).
Equation (4.4) follows from condition (3) of Theorem 4 and Corollary 2 i

Remark 1. From formula (4.4) it follows that "impulsive jumps” under optimal
controllability are realized on the level surface of the function f = f(7;,-). We shall go
into details on geometrical interpretation of Theorem 4 under the following additional
" assumptions:

1. f(t,r1) = f(t,r2) = 0, where ry < rp.
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2. For each t € [0, T, the function f = f(¢,-) hasa unique maximum.
3. p=1landm €(0,7).

Note that Verhulst equation (1.2) for an isolated population satisfies assumptions (1)
and (2).

Let zo € (r1,72), a1 = 7(71;0,20) and ¢ = f(71,q;). From assumption (1), it follows
that [0,T]} x [r1,r2] is an invariant set of equation (2.4). Hence a; € (r,r;). From
assumption (2), it follows that there exist two C'-smooth functions 7,72 : [0,T) —
(r1,r2) such that 7(t) < %(t) (t € [0,T)) and f~(c) = {&m@): tel0,T)}uU
{(t,72(t)) : t € {0,T]}. Moreover, assumption (2) yield the inequality f(t,z) > 0
for (t,z) € (0,T] x (r1,72). Therefore a; = 75(7). Writing b, = 71(m1), we choose an
impulsive map ¢ € C'(7 x R, R) such that ®(a;) = ;. From formula (4.4), we conclude
that ({1}, ®) is the optimal impulsive control for initial problem (2.4), (2.5).

=1y
\ \
\ \
C-=—f==-- r -
(v, N \
A )
_ﬁ‘l ---=>
N ~la, Y:
— st B ZA.
0 ’ o —> 1
b = J X=X(14.N,) l
 Zal Y,
N -
Figure 2

Example 1. Let the evolution of an isolated population be described by the Ver-
hulst equation

= %z(b —z) (4.4)
where a = 0.03 is the reproductive potential of population and b = 100 is the capacity
of environment. We take from the biomass three times in the time interval {0, 100].
We shall determinate the moments 71,7, and 73 of subtracting in such a way that th
general subtract quantity will be maximum: ’

Without loss of generality, we shall assume that at the moment t, = 0 there is

Zo = 15 biomass units. Denote 5 = 5(t;0, 15) the solution of equation (4.4) with initial
condition z(0;0,15) = 15. So, the impulsive analogue to the considered models is:

i = %x(b-— ) (t€{n,m,T)
z(r; +0) = @(r;,:c-(‘r.'; 0,15)) (i € N3)
z(0;0,15) = 15.
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The optimization function is

3
F(11112)13)y1’y21y3) = Z(zi - yi)'

=1

From Theorem 4 it follows that if (70, 79,7J,a3,a3,a3, 8, 43, 43,4a3) is a solution of the
examined optimization impulsive problem, then

\I/(T.',a,') = \I’(T(_l,bi_l) ('i € Nq)
‘I/l((T,',a,') = \I’:(T.'_l,b,'..l) (i € N3)
f(ri,ai) = f(7:,6) | (i € Ns)

:e-o.oa:

where ¥(t,z) = Z5—— is the first integral of differential equation (4.4). We use
Newton’s method to solve this system. The initial data is

) =55 ad =60 b = 40
T3 =85 a3 = 60 b3 =40
Ty =100 a3 = 60 b3 =0
The solution is
) = 66.2851 al =56.3004 - b} =43.6996
79 = 83.176 ad = 56.3004 b3 = 43.6996
5 = 100 a3 = 56.2436 b =0

Thus the subtracting quantity is F(a°,5°) = 81.4455.

Example 2. In this example we shall study Gompertz’s equation (1.3) for an iso-
lated population, i.e. g(t,z) =0, where a =0.03,c¢ =1, 20 = 0.2 and T = 5. We take
from the biomass two times, so p = 2. We shall determine the impulsive moments 7,
and 72 such that the general subtract quantity will be maximum.

0.6
0.4
0.2

Figure 3
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Certainly the optimization function is

2
F(z1,22,91,%2) = ) _(zi — i)
=1

and the first integral of Gompertz’s equation (1.3) is
U(t,z) =t + In(0.03 — In(z)).

From equalities

o (Wi(tz) W(hz))
Vu(t z) = det (@z,u,x) v (tz) ) =0

it follows that the first integral ¥(¢,z) is a convex function. Therefore, we may use
Theorem 3. The solution of the corresponding system is :

) =2.20117 a) = 0.859467 5] = 0.0523254
9 =5 ad = 0.859467 b =0

The subtracting quantity is F(EO,EO) = 1.6666086. From Theorem 3 it follows that
there exist only oné global solution of the considered problem. On Figure 3, the time
portrait of Gompertz’s equation and the impulsive analogue are present.
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