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On the Stabilization of the Inversion
of Some
Kontorovich-Lebedev Like Integral Transforms
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Abstract. In this paper we construct a special type of regularization operators for the Kontoro-
vich-Lebedev type integral transforms to stabilize their inversion in weighted L, p-spaces. Some
estimates of norms in these spaces are obtained.
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1. Introduction

Following ideas of regularization for ill-posed problems, especially in the theory of inte-
gral equations, we will show that the inversion formulas of certain integral transforms
can be used to stabilize the original in the sense that small changes of the transforms
lead to small changes of the originals. More precisely: If the transform g with

9(z) = TIf)(z) = / H(z,y)f(y) dy e

is substituted by a perturbed function h, not necessarily in the range of T, and if one .
defines a regularization operator I by means of a slight modification of the inversion
operator T~! with ’

T7'[g)(z) = f(2) , @)

one can find stability estimates with respect to f = T~![g] and I[h]. In this sense the
notion ”stabilization” is used.

Our main goal is to consider a variety of the Kontorovich-Lebedev type integral
transformations being connected by composition structure and mapping properties with
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the Kontorovich-Lebedev transform [5, 13, 15 - 16]
Kirlfl(2) = cosh(r2) [ K@) dy = () (2 20) ®)
0

where K;; is the Macdonald function (see [1: Vol.2]) and the Mehler-Fock transform (2,
4, 10, 16]

Pulfl(e) = [ P yuialcoshi)f () dy = o(a) (4)
0

with the spherical Legendre function of the first kind P_%“z(cosh -) (see [1: Vol. 2]).

In Section 2 we deal with the Kontorovich-Lebedev transform (3) in the weighted
L,-space L, ,(R4) (1 < p < oo,v € R) normed by

oo 1/p
1£llop = ( / r“”“lf(x)l”dm) . (8)

0

Related problems were considered in (3, 8 - 12, 14] and in two monographs [15 - 16].
Generalizing our results from the mentioned items we give a special construction of the
inversion of the Kontorovich-Lebedev transform (3) that gives a solution of equation
(3) and allows to stabilize it in the space L, p(R4), when v =1+ ;—J, l<p<

Finally, in Section 3 we will give such a construction of the inversion formula concern-
ing the Lebedev-Skalskaya transformation [6] being related to the Kontorovich-Lebedev
transform (see {15 - 16]).

2. The Kontorovich-Lebedev transform

Let us consider the inversion of the Kontorovich-Lebedev transform (3) as the equation
where f € L, ;1 ,(R4) and suppose that instcad of the exact function g on the right-
5

hand side we have a perturbed one h € L, ;1 ,(R+), not necessarily in the range of the
5

operator K. Let‘ _ E

o 1= gl <e (©)

for some € > 0. From the uniform estimate (see [16: Formula (1.100) with § = 0])
|Kiz(y)] < Ko(y), (M

where Kj is the Macdonald function of zero index, and the asymptotic formulas (see [1:
Vol. 2/ Subsection 7.2.2, Formula (12), resp. Subsection 7.13.1, Formula (7)})

Kiz(y) =o(logy)  (y — 0+) (8)
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and

Ki(v) =0 (eVAl2) (v - oo) (9)

we observe that the integral (3) by the Holder inequality converges at infinity for all
values of £ > 0 and p > 1. To guarantee the convergence of the integral in (3) at zero for
all values of p > 1 according to (8) we restrict the class of solutions f by the additional
condition f € L,([0,1]), where f denotes the restriction of f to the interval [0,1]. In
the sequel we simply write f € L,([0,1]) for this.

Let us introduce a regularization operator

7 sinh((7 —

(Ish)(z) = —/ é)r )K,‘,-(I)h(T)dT ) (710)

cosh(nT)

where z > 0 and § € (0, 5). Assuming that h € L,;1 ,(R;) let us estimate the norm
i
of the operator Iy in this space. By means of the generalized Minkowski inequality,

namely
b1l d P 1/p d b 1/p
(/ /f(z',y)dy dz) S/(/If(x,y)l"da:) dy

(see [16: Formula (1.10)}), we obtain

oo . oo 1/p
ey p < 55 [ Z2E =00 oo (/ |Kfr(x)|"dx) ar. ()

cosh(wT)

Hence by the Holder inequality and estimate (7) we continue (g = —P——

1/p 1/q
sl 11,5 < (/ |Ko(z>|"dz) nhum,,(/ %) @)

Estimating the integrals in (12) as

oo 1/p oo [ oo P 1/p
(e 1)

< 1l (13)
Pl/” coshl/”

o (L)
= pl/p P(;T)
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/9 oo /g
sinh?((7 — 6)1') —qbr _ 1
[eize) = ([ - oo

we have finally

and

2'/p (rQ/2p))?
v, < 1.
”(I6h)||l+;,p = 2mp/r(g) e T(1/p) ||k||1+;,1p (15)

For the composition (I5K;;[f]) the following assertion is valid.

Lemma 1. Let f € Lp([0,1]) N L1+,§,p(R+) (1 < p<o0). Then

sin z? + y? — 2zy cos 6)!/2
LKenf]) = 6/ 1((( +y? — 22y cos6)'/?)
0

2% + y2 — 22y cos 6)1/2 yfy)dy  (z>0) (16)

where K, 13 the Macdonald function of order one.

Proof. Substituting the value of Kir[f] by formula (3) into (10), interchanging
the order of integration, and then calculating the integral with respect to 7 invoking
formula (2.16.51.8) in [7: Vol. 2], we arrive at the representation (16). The absclute
convergence of the iterated integral for arbitrary § € (0, 7) can casily be shown using
the Holder inequality in the inner integral and the uniform estimate (see {16: Formula

(1.100)])
|Kir()l < e™#"Ko(ycosp)  (r€[0,3)). (17)

The representation (16) is proved il

Denoting by f, the left-hand side of (10), where € depends upon § (we will give such
a dependence below), we write

fe—f=UUs(h—g)) + (Isg) - f (18)
where g = K[f] is the exact right-hand side of equation (3). So, by (15) and (6),

21/p I(1/2p))?
flivso < i T +Iss) = fliay, (19

lIfe ~

Our purpose now is to cstimate the norm ||(I5g) ~ f"1+ ,p- Note that our approach

is valid for all 1 < p < 2. Substituting y = z(cosé + ts1n6) in (16) we obtain the
equality

1 T R(zt,6)

(Isg)(z) = - 11 f(z(cos § + tsiné))(cos § + tsin §) dt (20)

—coté

where
R(z,t,6) = zsin§(t* + 1)K, (zsin § (¢* + 1)!/2), (21)
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Hence owing to the generalized Minkowski inequality and accounting the identity

oo
1 dt
hl =1-==
™ 241 T
—coté
we have the estimate
1(Ts9) = Flis 5.5
< l 7 ; f(:c(cos&+tsin5))(cos6+tsin6)R(;z: t,8)
- t2 +1 )&y
~coté .
6 -1
- (1 - ;) f(z) dt
l+%,p
1 7o , . (22)
< =
< / T [f(z(cos6+ tsmé))(cosé-}- tsin §)
—coté
§\7! '
- (1 - ;) f(x)] R(z,t,6) dt
l+%,p
e ]
. L R ) d
+7I'—6 211 ”f(z)[ (z,t, )_1]“”'%,;; t.
—coté

We estimate now each norm under the integrals in (22). For this let us assume that

f has a derivative f' € L}, (R4) such that
s\ !
f(z(cos§ + tsin6))(cosé + tsin ) — (l - ;) flz)

cos 6+tsin é

= [ Slrea -

- dyy e T—46 z) (23)

1

cosS+tsiné

F(zy) + uf (=)} dy — —— (=),

1

Further, observe that owing to the uniform inequality 2K,(z) < 1 for the Macdonald
function from (21) we obtain immediately that R(z,t,6) < 1. Consequently, if f' €
Lyy1 ,(Ry), then using the generalized Minkowski inequality we have

L,

-1

f(z(cos & + tsin6))(cos§ +.t;in 6) - (1 - g) f(z)] R(z,t,6)

1+L1p
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. n 5
< ”f(:c(cos6+tsm6))(cos&+tsm6) - f(a:)”H%’p + -3 "f"1+§,p

cosé+tsiné

< (1 o+ WSl ) y by < sy (24)

1

Lo 6
=P (1 2wz + Wl 1,5 |1 = (cos5 + t5in6) ‘/"\ + =1

Now for the first integral in (22) we obtain

1 7 1
T / 2 +1
—coté
6 -1
- (1—;) | f(r)] R(z,1,6)

p 7
< 2 Ny + WSl )

]0 |1 = (cosé + tsin8)~1/P|
t2+1

[f(z(cos 6+ tsin))(cos b + tsin b)

dt
H»-%,p (25)

é
X d#’*’;”f”]-f—%,p‘

—coté

The integral on the right-hand side of the incquality (25) after the substitution e =
cos 6 + tsin § takes the form (p > 1)

! |1 — (cosé + tsiné)~ ‘/"l _ siné 7 sinh(v/p)
16_71' / 241 T o /coshv~cos¢5dv' (26)
—coté 0
Hence we continue to estimate
I = siné (/ /) smh(v/p) do
4 coshv — cos é
iné
< Sin (Iog(coshv _ cos5)|:) + / M ) (27
™ coshv —
1

)
< sinélog <2_l sin:2 5) +sind 4,

where

_ 7 sinh(v/p) '
A, =1+ / P — dv (p>1). (28)
1
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Thus we can rewrite estimate (25) as

! ]° 1
w 241
—coté
-1
- (1 - é) f(=z) dt
" (29)

< psiné [log <2_1 sin™? g) + A,,] ||f1“2+-;:,p

f(z(cos 6 + tsiné))(cos b + tsin b)

R(z,t,6)

. 1. 296 . )
+ [psm&log (2 !sin™? 5) + psindA, + ;] ||f||1+%,p.

To estimate the norm in the second integral in (22) we represent the kernel (21) by
means of the identity (see [1: Vol. 2/Subsection 7.11, Formula (21)])

%[z[\’l(z)] = —IK()(.’E). (30)

Therefore, owing to the limit property K,(z) — 1 as z — 0 we obtain the representa-
tion
zsin §(t24+1)1/2
R(z,t,6) - 1=— / yKo(y) dy. (31)
0

Substituting it in the norm in (22) we apply the generalized Minkowski inequality and
with a simple change of variables we derive

”f(:l:)[R(I,t,(S) - 1]“1_{,_,1?,,,

oo = sin §(t2+1)1/? P e
- / 2 / yKo(y)dy | 1f(z)Pdz
0 0 (32)
i/p
o0 o0
< / yKo(y) / 2f@)P | dy.

Making use of formula (32) we return to the respective integral in (22) and estimate it
as follows:

(e}
1 1
= [ F @R -, b

—coté
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1/p
1 oo 1 oo o0
< — / PP /yKo(y) / z?|f(z)|Pdz dydt
—coté 0 ——1—,—‘”‘6(‘2‘*“)1 7 (33)
=— / -/uKo(u\/t2 1)du / zP|f(z)|Pdz dt.
—cot6 0 Prys
Let 0 < a < 2 — p. Dividing the integral with respect to v in (33) as
&% o0
(/+/) uKo(uvt? + 1)du
0 ée
we continue to estimate the norm (33) and we have
oo 1/p
=3 / (/ /) uKo(uvt? +1)du / z?|f(z)|Pd= dt
~coté 0 ey (34)
oo o0 - 1/p
”f”l+l,p L *°
< —’/u /Ao(u|t|)dtdu+/ul(o(u)du / zP|f(z)|Pdz .
m— 6 s
0 —coté 0 sind

Now clearly that according to the absolute continuity of the Lebesgue integral for an
arbitrary ¢ > 0 there exists a number 6§ € (0, 7) such that

' °° 2P| f(z)Pdz < €P. (35)

308

Hence invoking the values of the integrals 2.16.2.1-2 from [7: Vol.2] we obtain finally

nial/ tz+1||f(x)[R(r,t,5)—1]||1+. dt < 26°(|fllys1, + e (36)

—coté

Now combining estimates (36) and (29), from (22) we get
I(Lsg) — f”l+%,p
. 1. —26
< psiné [log (2 'sin~? 5) + Ap] ||f,||2+ﬁ,p +€ (37)

, §
+ [psin&log (2" sin~? g) + psindA, + = + 26¢ ||f||1+%lp.

Invoking inequality (35) one can let § = cqp eP1-27" where cq .p 1s a constant. Assume
also that ||f||1+_ » < Eyand ||ff ”2+ 2 S Ep (E],Ez > 0). Then, taking into account
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our previous estimates, from (19) we obtain the desired estimate of the difference (18)
as

91/p-1 [C(1/2p))? 2-p-a
”fc - f”l+-;-.p < 7r2p1/P(Ca,p q)l/q P(l/P) £

-1 p(1—o)~!
+ PCa,p (El + EQ)EP“_G) log <2_l sin_2 (5__2_co,g>> (38)

+e+2E cg,pspa(l_o)_l + (PAp(E1 + E2) + 1)cap eri=e)”,

We summarize our results in this section by the following

Theorem 1. Let f € Ly([0,1]) N Li41 ,(Ry) (1 < p < 2) and let f possess
P’ B
a derivative f' € L}, (Ry) N Lyys ,(Ry). Then, assuming that |[f|l 41, < Er and
p’ P!

loc

||)"'||2_,,%JJ < E, (Ey,E; >0), the function (10), i.e.

2 c’07'sinh((7r—6)r) .
f:(.’t) = E _C—;W I\,,(:z:)h(r) dr (39)
with )
6= capeP!™)" (0<a<2-p) (40)

is a regularized solution of equation (3) such that ||fe — f|l, 41 , satisfies estimate (38)
L
foralll <p< 2.

3. The Lebedev-Skalskaya transform

In this section we will consider a regularized solution of the Lebedev-Skalskaya integral
equation (see [6, 11, 13])

Re[f](z) = cosh(nz) / ReK1,i:(v)f(y)dy = g(z) (z20) (41)
0

where ReK 1;.(y) is the real part of the Macdonald function with the index 3 +iz,
namely

K§+ix(y) + K%-i:(y)
2

The integral representation of the Macdonald function (see [1: Vol. 2, Subsection 7.12,
Formula (21)])

ReKy 4. (y) = : (42)

oo
K,(z) = /e_”“h"cosh(uu) du (43)
0
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immediately yields to the following formula for the kernel (42):

ReKy .. (y) = /e—”“h * cosh (%) cos(uz) du (44)
0

and the uniform estimate

e
\/_

A more precise estimate (similar to (17)) is given, for example, in [16: Formula (6.10,11)],

namely

[ReKy 4., (3)] < K3 (3) = (45)

T eTycosp—pz
Vycos

Assume that f € Li_y ,([0,1]) N Ly(R4) (1 < p < 2). Then owing to (45) and the
P 2!

Holder inequality it is not difficult to observe that the integral (41) converges. Indeed,
we have

e
IReKy ;. ()] < e Ky (ycos u) = (He0.3).  (46)

[ 1Rey4i00) S0l dy
0

< [varyay+ [ kywirwiay
0 1 ~(47)
/1 1/q

<| [ [vory )] dy) 1flley_, o + ( &, (y)]qdy) 1£1s

< oo.

Let us introduce a regularization operator

(Ish)(z) = %/%Reh’x“,(z)h(ﬂdr (48)

where z > 0 and é € (0, 7). Now we estimate the norm of the operator (48) under the
condition h € Lp(R4) (1 < p <2). In the same manner as in (11) we obtain

o 1/p
I(Fsh)ll, < —/M |h(7)| (/|Re1&'%+,~,(z)|"d1) dr.  (49)
0

cosh(nr)
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Hence by the Holder inequality and estimate (45) we have

oo 1/p 0 1/q
sy < ( / Kg(z)dz) Al ( / %d) EH)
0

0

Estimating the integrals in (50) as

(ZIKg(z)Ide) " = \/g (7(?‘1-"/2(&) "

0

_ \/§p1/2—1/ﬁ [p (1 — g)]l/p
oo ne s 1/q 00 /g 5
(0/ %dr) <2 (0/ e_qé’dr) = W (52)

we have finally

(51)

and

- 4 1/p
<% 1/2-1Yp _P
Ishllp < iy 2277 [0 (1= )] il (53)
As a consequence of the calculations above the following lemma concerning the
composition (IsRe[f]) is valid.
Lemma 2. Let f € L%_%’p([o,l]) NL,(R;:) (1 <p<o0) Then

[>o]

(fsRe(f]) = 2012 [ [ o (VT + v = Bayeoss) sy

V]

(z>0). (54)

F(z +y)K, (\/:z2 + y? — 2zy cos 5)

+ [ d

J vz +y? — 2zycosé fly)dy

Proof. Substituting the value of Re[f] by formula (41) into (48), changing the

order of integration in the absolute convergent iterated integral for any é € (0, §) as it

can be shown by using the Holder inequality in the inner integral and the estimate (46),

we obtain after the calculation of the integral with respect to 7 by means of formula
(2.16.55.2) in [7: Vol. 2] immediately representation (54) il

As above denote by f, the left-hand side of (54) and write the equality
fe=f=Us(h =) + (Is9) - f (55)
where g = Re|f] is the exact right-hand side of equation (41). Assuming that ||h—g]|, <

€ (e > 0)and invoking estimate (53) we have

o
e = flp <~ [P (1= )]+ Me) - Sl (56)
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To estimate the norm ||(I5g) — fllp by the same substitution as in (20) we obtain the
representation

(Is9)(z) = % Rt(—:’—_:’lé) f(z(cos 6 + tsin6))dt (57)

—coté

where

A 5
R(z,t,6) = zsin » [sina(z2 +1)Ko(asin§ (£2 + 1)1/2)
2 (58)

+ (1 +cos6 +tsind)(t? + 1)'°K, (zsin 6 (12 + 1)1/2)].

Hence similar as in the case of the Kontorovich-Lebedev transform we have the estimate

(Zs9) = fll»
1 [ 1 5\
< = _Z
< - / 711 f(z(cos6+tsxn5))R(x,t,6) (l ﬂ_) f(:z:)
—coté
6
Sm /‘ f(z(cos§ + tsiné)) K, (151n6(t2+1)1/2)
—coté P
+l 7 L f(x(cosé-*—tsiné))a:siné(t?+1)]/2
n t2+1 2
—coté (59)
x Ky(zsiné(t? +1 2(1r7r—6) z)
P
1 [ 1 §
Z _— . ; : 0002 1/2
+ - / e f(x(cos5+t51n6))(c055+51n6):c51n2(t +1)
—coté
. 2 1/2y _ s
x Ky (zsiné(t* +1)'/?) 2(1r—6)f(m) dt
p

= I,(8) + I(6) + I3(9).

Let us estimate now each of the integrals I;(6) (1 < i < 3). Since for all £ > 0 the
inequality zKo(z) < 1 holds, then for the integral I; (§) we obtain

sin 7 $siné

L(6) = —2—— / ||f :l:(cos6+t31n6)):r:Ko(zsm6(t2+1)1/2)H dt

—coté

sin § simallJiie ||f||P dt (60)
Vt? + 1(cos § + tsin §)1/P

—coté
\/§sm : cosh((3 — 3)v)
”f”p \/ coshv — cos é Jooho—cosd
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Note that the last integral is obtained by the substitution e’ = cos § + ¢ sin 6 Hence we
write (1 < p < 2)

cosh( L— 1)
(./ ./) coshv Vcoshv — cos é dv
cos l _ l dv L oocos}l((]; - %)v) A (61)
S 2Vzcosh (P 2)0/ V2 + 165in?(6/2) ¥ \/51/ Smn(o2) |

Yy (6
= B,log <4sin (g) +4/1+ 16sin’ (5)) +Cp

where the constants B, and C, are defined as

1 1 cosh((; — 7)v)
B, = 22 cosh (;— 5) and G, = f/ h(72) dv.  (62)

Thus we obtain finally

V2 sm
g

L(6) < I £1lp- (63)

B, log <4sin (g) +4/1 4 16sin’ (g)) +C

Concerning the sum of integrals I5(8) + I3(6) similar to (22) and (24) we derive

I(6) + I3(6)

oo
<1 1
- 27 t2+1

f(z(cos 6 + tsinb)) — ﬂL—é f(z)

—coté 4
i ——1 : . s
+2_7r / 711 ‘f(x(cos&+tsnn6))(cos6+tsm6)—mf(z) pdt
—coté
T (64)
S .
m—46 t2 41

—coté

dt
P

f(z) [21 sin g (t* +1)"2K, (zsin 6(2% + 1)*/?) — cos™! g]

2sin?(6/4)
Tcos(8/2) [ £llp-

Hence, appealing to (36) for the third integral of the right-hand side of inequality (64)
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we immediately obtain the estimate

oo
1 1
L) t2+1

—coté

6 65
[23: sin 3 (2 +1)'/?K, (zsiné(t® + 1)1/2) —cos™! g] dt (65)
P
o -1 6
< 26% cos 5 Ifllp +¢
where for an arbitrary € > 0 there exists such a § € (0, §) that
/ |f(z)|Pdz < €P 0<a<2-p). (66)

sa
sind

The second integral in the right-hand side of (64) is estimated by means of repre-
sentation (23) under the condition that f has a derivative f' € L, ;1 ,(R4). At first we
L,
have

1 oo

o / o) ”f x(cosé-{-tsmé))(cosé+tsm6)~ —f(z) dt
—coté (67)
q — (cos 6 + tsin §)1/9)
< (14 3+ 111 / LRI T

—coté

The integral on the right-hand side of inequality (67) can be treated in the same manner
as in (26) - (28). Thus we obtain an analogy of incquality (29), precisely

P
. 1. 26 68
< %smé [log (2 lsin™? §> +Aq] ”fllll-{'-;—,p (68)
q . N -1 =2 6
+ Esmtflog 27" sin 3 —sm&A + ||f||,,

where the constant A, is defined by equality (28) and g as usualy equals ;7{_1' Let us

estimate the first integral in the right-hand side of inequality (64). By using the equality

cosb6+tsin é

f(z(cosé + tsiné)) — )=z / f'(zy)dy — ;i_g f(z)  (69) ‘
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we have

f(z(cos & + tsiné)) — WL—6 f(z)

(70)
. 6
<2 (1 s+ 1Fll] |1 = (cos6 + t5in 62| + i1,
and consequently the final estimate will take the form
Lo f(2(cos & + tsin 6))
o m Z(COos sin
—coté
P 1. g6 ) (71)
< Zsind [tog (271 sin? £) .4, 111, |

+[gsin610g(2_18i0_2g) P ginsA, + ]ufup

Now meaning § = ¢q eP1-2)7" where éq ,p 15 a constant, and assuming that || f||, < E,
and || f’ “1+ » S Ep (E],E2 > 0) from (56), (59) takmg into account estimates (63) -

(65), (68) and (71) we obtain
”fe - f”P

2—p-a l1—a
< 45( p-a)/( )p1/2—l/p [I‘ (1_2)]1/13
T/ (gag 7 2

+ l(El + E2)(p + 9)éa,p e~ log (2" sin ™2 (Can e”("")-l))

+£E13 sin (C;’P p(1—0)” l)

x log (4sin (C‘;—P e"(""’"’) + \/1 +165sin? (%"— eP(l—a)“))

1 “ .
+ (E1(Cp +1) + 5(PAp + gA,)(Ey + Ey))éape? 7 4e

so20n 1-a)™! ;
+ B (251“ et +2¢5 72017 cos ™! (Sﬂf”“_a)-l» :

7 cos(Eq,p ePO~0)71 /2) 2

(72)
Therefore we have proved the following :
Theorem 2. Let f € L1_, ,([0,1])N L1+%,p(R+) (1 <p<2)andlet f possess a

P
derivative f' € L}OC(IR+)OL1+:_,’F(R+). Then assuming that || fll, < Ey and || f' <

”l+l,p
E; (E\,E; > 0) the function (48), i.e. ’

cosh(wr)

felz) = 5 / oM = 97) ek, ., (2)h(r) dr (1)
0
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with »
6 = &q,peP1™0) 0O<a<2-p) (74)

1s ¢ regularized solution of equation (41) such that ||f. — f||, satisfies estimate (72) for
adll<p<2.
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