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The Riemann Problem
for a Two-Dimensional Hyperbolic System
of Nonlinear Conservation Laws:
Multiplication of Distribution Solutions

Jiaxin Hu

Abstract. In the papers {6 - 8], the author has constructed the Riemann solutions to a two-
dimensional hyperbolic system of nonlinear conservation laws for any piecewise constant initial
data having two discontinuity rays with origin as vertex. It has been found that, for some
initial data, the Riemann solutions no longer lie in L{,(R? x R,), and the non-classical waves
(labelled as Dirac-contact waves) have arisen. But it remains open in (6 - 8] to verify that
the non-classical solutions constructed satisfy the system considered. In the present paper,
we borrow the new mathematical theory of generalized functions, chiefly initiated by J. F.
Colombeau and Rosinger, to deal with the diffculty of the muiltiplication of distribution solu-
tions. The non-classical Riemann solutions we constructed in [6 - 8] satisfy the 'system in the
sense of association. The present paper provides a good example of applications for this new
mathematical theory in powerfully handling the product of generalized functions.
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tiplication of distributions
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1. Introduction

We are concerned with the two-dimensional hyperbolic system of nonlinear conservation
laws

ug+ (uv)y =0 ) .
vt (uv), = 0} ((z,y,t) e R* x Ry) .

with initial data
(ug,v2) forz,y >0

(u1,v1) otherwise

(u,0)leeo = {

where (ui,v;) (¢ =1,2) are constant states. We call (1.1), (12) a Riemann problem.

(1.2)

System (1.1) is the special form of the mathematical simplification of the two-
dimensiona.l linearized model of the cochlea. We recall that in the absence of fluid
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viscosity the linearized equations of motion in the fluid-filled inner ear (cochlea) read

Ou dp

=4 ZF 3
G +6y 0 (1.3)
v 9p
Pgt--i- 32 =0 (1.4)
Jou Ov

6_y+6_z =0 (1.5)

where (u,v) and p stand for the fluid velocity and pressure, respectively, while p is the
(constant) density (see [9] and the references therein). Neglecting (1.5) and assuming
p = puv, one finds that (1.3), (1.4) are reduced to the system (1.1).

In the papers [6 - 8] we constructed the Riemann solutions to (1.1) for any piecewise
constant initial data (1.2). In particular, some Riemann solutions contain the non-
classical waves (labelled as the Dirac-contact waves). In other words, these Riemann
solutions no longer lie in L{2 (R? x Ry), the space of locally bounded functions on
R? x Ry, although the initial data belong to L®(R?). This is distinctly different from
that people investigated before (sec [14]). In [6 - 8], the non-classical Riemann solutions
to (1.1), (1.2) were shown to possess high singularity on the Dirac-contact waves and
can be viewed as the bounded functions in L°(R? x R.) plus the Schwartz generalized
functions supported on the Dirac-contact waves. At this time, there arises a concurrent
problem of how to define the product of two Schwartz generalized functions. According
to L. Schwartz’s theory, it is impossible to define the product of two arbitrary Schwartz
generalized functions since the space of all Schwartz generalized functions is not an
algebraic one [13]. Because of this difficulty, we failed to verify in [6 - §] that the
non-classical Riemann solutions constructed satisfy the system (1.1). In the present
paper, we apply a new mathematical theory of generalized functions, chiefly introduced
by J. F. Colombeau and Rosinger (1, 2, 12], to dealing with the multiplication of the
distributions appearing in the non-classsical Riemann solutions to (1.1), (1.2), and have
fully solved the open problem left in [6 - 8]. This new theory of generalized functions
is the extension of Schwartz generalized function theory and allows us to define the
product of two arbitrary Schwartz generalized functions. It was later developed by
Oberguggenberger (10, 11] and other people (see, e.c., (2 - 4, 5, 15]). We remark in
passing here that in recent years, the non-classical waves have attracted great interest,
and many people have paid attention to investigating them (see [16 - 21]).

The program of this paper is as follows:

In Section 2, for the reader’s convenience, we shall give a glimpse of this new math-
ematical theory of generalized functions and then interpret in what sense the Riemann
solutions we constructed in [6 - 8] satisfy (1.1), (1.2) in the framework of this new
mathematical theory (cf. (2.3), (2.4)). In Section 3 we only pay our attention to a rep-
resentative case that u; > 0> uz and v; > 0> vy (u; # uz,v; # v2 and uyv; # U2v3)
(at this time, both u and v are singular on the Dirac-contact waves and there arises
the difficulty of the product of distributions). Then we verify that the non-classical
Riemann solutions satisfy (1.1) in the sense of association.
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2. The new generalized function space G(2)
In this section we briefly describe the definition of the new generalized function space
G(Q) introduced by Colombeau and Rosinger (1, 2, 12].

Let © be an open set in R™ and we denote by Epr{€?] the set of all the maps R(e, z) :
(0,1] x © — C such that:

(i) For any € > 0, the map R(e,z) is a C*-function of the variable z € Q.

(i) If D = —L—% is any partial derivation operator and if K is any compact

subset of €, then there exists an integer N and two constants C > 0 and n > 0 with
0 < n < 1 such that sup,cx |DR(e, z)| < ;;v if0<e<n.

Next let A[f2] be the set of all elements R € Eum (2] with the property that, for all -
D and K as above, we have an integer N such that for all ¢ > N there exist Cy,74 > 0
with sup, ¢ x |DR(e,z)| < Cee?if 0 < € < 1. Obviously, N'[Q] is an ideal of the algebra
Em[Q). The new generalized function space G(Q2) is defined as the quotient algebra

G(Q) = Em(QU/N(Q).

The operations in G(§) such as differentiation, addition and multiplication are those
naturally defined on representatives; in particular, multiplication is possible in G(§2)

because M[Q] is an ideal of the algebra Ea([Q].

Two generalized functions G1,G2 € G(2) are said to be associated (in notation:
G) =~ G7) if there exist some representatives R; and Rz of G; and G2, respectively,
such that for all ¥ € D(Q2)

e—0

lim A (Ri(e,z) — Ra(e,2))¥(z)dz = 0.

An element G € G(f) is said to have a distribution T € D'(2) as macroscopic aspect, if
G=T,ie for all ¥ € D()

timy | R(e,ayb(a)dz = (T, 902 - )
Q

for some representative R of G.

Now we are in a position to give in what sense the Riemann solutions we constructed
in [6 - 8] satisfy (1.1), (1.2). First of all, we note that (1.1), (1.2) are invariant under
the self-similar transformation

z — az'
y — ay' (a > 0).

t— at'

We should seek self-similar solutions of the form

(u(:c, y,t),v(a:,y,t)) = (“(5,77)»”(5, 77)) (6 = :':’17’ = %)
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Thus (1.1) changes into

—ug —quy + (w)y =0

, R? .
~Eve ~ nv7 + (uv)e = 0} (&) € RY 2.1

and (1.2) into

(uz,v7) for £ = 00,7 — 00

(e, viem) — { (2.2)

(ur,v1) for £ = 00,7 = —00 or £ = —00, || — oo.
Definition 2.1. The Riemann solution (U, V) € G(R?) is said to satisfy (1.1), (1.2)
—&Ue — Uy + (UV), =0
Ve = ¥y + (UV)e 0.

The sense in which (U, V) € G(R) satisfies the initial data (1.2) should be investi-
gated carefully. In the present paper, we simply give the following justification:

Let (Ru(e,f,n),Rv(e,{,n)) be any representative of (U, V). If

if
(2.3)

(Ru(e, &,1), Ru(e, &, 1))

converges to some function pair
z Yy oo
(“(f,’l)av(f,ﬂ)) = (u(?))v(?)) G Lloc(R2 X R-f-)

in (D1(R?)) ase — 0, i.e.

lim //W Ry(e,€,m)p(€,n)dEdn = //R, w(€,n)p(€, 1) dédn

e—0

(2.4),
lim //]Rz Ry(e, & m)p(€,m) dédn = //[Rz v(€,n)p(€,n) dédn

for each ¢ € D;(R?), where
Di(R?) = {¢ € C&(R?) : o(£,0) = 0 for all £ € R and p(0,7) = 0 for all € R},
and if

u(%, 1‘;—1) — up(z,y) and v(%, %/) — vo(z,y) in L}, (R?) (2.4)2
as t — 0+, we say that (U, V) € G(R?) satisfies (1.2).

We note that (2.4), is feasible for the Riemann solution to the system (1.1) since
the non-classical wave appearing in the Riemann solution develops only from the dis-
continuity line £ = 0,y > 0 or y = 0,z > 0 of the initial data as time evolves.
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3. Verification of (2.3), (2.4) for non-classical Riemann
solutions constructed in

In this section we shall verify that the non-classical Riemann solutions we constructed
in [6 - 8] satisfy (2.3), (2.4). We only pay our attention to the case that u; > 0 > up and
v1 202 vy (u; # uz,v; # v2 and u3v; # uzvz). Other cases can be treated similarly.

At this time, the Riemann solution to (1.1), (1.2) is constructed as follows (6 - 8):
(i) By the initial condition (2.2), there exists a sufficiently large circle in the (£, 7)-
plane, outside which the solution to (1.1), (1.2) looks like that of the Riemann problem

for corresponding one-dimensional system of conservation laws, and what we should do
is to determine the interaction in the circle of waves coming from infinity.

(ii) There exists a Dirac-contact wave (denoted by 6, ), which comes from ihﬁr)_ity
and is given by £ = 0,7 > 0, since u; > 0 > uy (u; > uy) (see [6 - 8]). Also, there is
another Dirac-contact wave (denoted by §2), which comes from infinity and is given by
n=0,§£>0,sincev; 202v; (v; >v7).

(iii) 6, and &, hit at the point (0,0) (see the following figure).

n

\—f
v & @= (2, v2)
@= (ul)vl) 62

<
<

(

(0,0)

Next we give the expressions of the elements R, and R, of the Riemann solution
(U,V) € G(R?) and verify that for ¥ € C$°(R?)

llm // [Ru(E, Ea 77)((61/))5 + (nd))'l) - Ru(e) E: n)Ru(ea éa U)l/)n]dfdfl = 0 (31)
R?

e—0

lim // [Rule € m((E0)e + (19)a) = Rule, &) Rule, &) dedn = 0. (3.2)
[ Sand R?

0

We first consider u,v, = 0 and then discuss the case that u v, # 0.

3.1 The case u v, = 0. Without loss of generality, we assume that u; = 0 and let
w(§,n) = u2H(,n)
9(€,n) = v1 + (v2 —w1)H(,n)

where H(£,7n) = 1 for £,7 > 0 and H(£,n) = 0 otherwise. From the construction above,
we know that the Riemann solution to (1.1), (1.2) equals

_ _ | (u2,v2) for £ >0,n>0
(u(s‘n)’v(é’n))_{(ul,v1)=(0,vl) for  <0,—c0<np< o0 or £€>0,7<0.

(3.3)
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But (4(€,7),9(&,n)) is not a solution to (1.1), (1.2) in the sense of distributions (or asso-
ciation). In fact, (2.1) never holds true for (%(¢,7),7(¢,n)) in the sense of distributions
(or association) since

JL (€ + erryae,m - wote,mote,n)] dedn = uavs 7¢(£,0)d£
g (3.4)
. //R’ [((f“/’)f + (n)g)(€,m) - 1/)55(5,77)5({,77)] dédn = ugvg /w(p,n) dn

and uzv2 # uyv; = 0. Thus the Riemann solution to (1.1), (1.2) is much more than
(w(&,n),9(€,m)). The right sides of (3.4) carry enough information for us to give the
expressions of the elements R, and R, of the Riemann solution (U, V) € G(R?) to (1.1),

(1.2).
Let 11, T be two bounded linear functionals given by

oo

(Th, ) = / r(€) (£, 0) dt (3.5)
0

(Ty,9) = / s(n) (0, ) d (3.6)
0

for ¥ € C§°(R?), where r and s are some continuous functions on [0,0) yet to be
determined below. It is easily seen that T is supported on the open half n-axis ¢ =
0,7 > 0 and T} is supported on the open half {-axis n = 0,£ > 0. Now we define
Ru(e,€,n) = (@*wie)(&n) + u2v2(Th * wie)(€,7)
Ry(e,€,m) = (0% wac)(€,0) + wove(To + w2 )(€, )

where w;(€,7) = ;15-0,'(5')¢x(-:1) and 6;,4; € D(R) with [p8:;(€)dE = [; ¢i(€)dE =
1 (i =1,2). We rewrite (3.7) as

(3.7)

Ru(eton) = ua [ 6u(2)ds [ 4i(w)dy (3.8)
—€/e —nje
+ ugvgédn (-—g) /r(f +ez)0,(z)dz
—&/e ,
Ry(e,&,n) =vi + (v2 — 1) / 02(z)dz / ¢2(y)dy (3.9)
~&/e —nje :

rumaz6r (-8) [ st +ena)ay

-n/e
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From (3.1), (3.2) we can determine r and s. To do this, we compute that for 3 €
C&(R?), (3.8) and (3.9) give

tim [ Rute.emte,mdedn (3.10)
=y [ [ w(€ ) dedn +urvy [ r(E)0(E,0)de
/, /
lim //R  Rul(e, &,m)(€,m) dédn (3.11)

= v [ #(em)dedn + (o2 = w1 77¢(6,n)d€d71
+uavz 75(77)1/;(0,7,) dn

and

e—0

lim //R Rule,Em)Rale, & np(E,m) dedn

oo

Ji 1
0

0

x / 6,(z)dz / $1(y)dy - / o(n + ev)d(y) dydédn
n/e n/e .

—E/e - -
+ u2vp lim //w 1/)(6,77)%% (—;—7) / r(€ +ex)bi(z)dzx
-&/e
o0 o0 (3.12)
X (vl + (v2 — 1) / 82(z)dz - / d)g(y)dy) dédn
—&/e —nle
ugdiim [ wemio (-2) 16 (-4) [ e+t

—§/e

x / s(n + ey)¢2(y) dyd€dn

—n/e

= uvz / / (€, n)dédn + ulvy - A / s(m)(0,7) dn
0 0 0
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+ugua(vy + (v2 — v )B)/r(ﬁ)zl)({,O) dé + ujv}AB T(O)S(O)I/’(O,Oj
0

where A = [, 02(6)(f5°° 61(z)dz)d and B = [, ¢1(7I)(f:° ¢2(y)dy)dn. Appropriately
choosing §; and ¢; (i = 1,2) such that A =0 and B = o125, one gets at once from
(3.12) that

e—0

lim //R Ru(,& MR (e, €, )B(E, 1) dédy = uzoy / / Wem)dedn (3.13)

Using (3.10) and (3.13), it follows from (3.1) that [ (r(¢) — é7'(€) + 1)¥(€,0)dE =0
which implies that () — £'(£) +1=0 (£ >0), i.e., r(¢) = af - 1 (¢ 2.0). Here a is

any constant.

Similarly, from (3.11) and (3.13) we deduce from (3.2) that s(n) = by — 1 (5 > 0),
with b arbitrary constant, for the 6; and ¢; (¢ = 1,2) chosen above. Therefore, (U, V) €
G(R?) satisfies (2.3). And (2.4) is trivial. Thus we have proved that (U,V) € G(R?),
with (€, n) + u2v2 Ty and (€, 1) + uav2 T, as their macroscopic aspects, respectively,
satisfies (1.1) and (1.2) in the sense of association when u; = 0 > uy and v 20> vg.

Remarks 1. We have infinitely many different Schwartz generalized functions T}
and T, defined above since r(§) = af — 1 and s(n) = by ~ 1, and so the macroscopic
aspects of U and V are infinitely numerous. In this sense the Riemann solution to (1.1),
(1.2) is not unique.

2. The elements of the Riemann solution (U,V) € G(R?) strongly depend on the
choices of regularization process, which eventually depend on the system and the initial -

datum. Thus the ambiguity is removed in defining the multiplication of two distributions
U,V € G(R?) (see (3.13)).

3.2 The case u;v, # 0. We set

u(§,n) = wr + (uz —w1) H(E,n)

_ (3.14)
(&, n) = vy + (v2 —v1) H(&, )

and
T9) = | " (a€ - 1)0(¢,0) dt
%o (3.15)
(Ty, %) = / (b = 1)9(0, ) d

where H is the same as (3.3) and q, b are arbitrary constants. As above, we can define
U,V € G(R?) with @(¢,n) + pT) and ©(€,n) + pTs as their macroscopic aspects, p =
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uzv2 — u vy # 0. Let R, and R, be representatives of U and V, respectively, where

Eu(f,f, 77) = (H * u_’le)(ﬁa 77) + p(Tl * wlc)(&: '})

=u; + (uz —uy) 7 6,(z)dz 7 él(y)dy '

—£/e -n/e
1 Ui T
+ p;¢1 (—-6-) / (a€ + aez — 1)0,(z)dz
~§/e

_ (3.16)
Ru(f,ﬁyfl) = (i * w2¢)(§) 7’) + p(Tg * wh)({a 7’)

= + (v2 — vy) 7 62(z)dz 7 $2(y) dy

—&/e —n/e

+ pé% (—g) / (bn + eby — 1)¢2(y) dy.

-n/e

However, (U, V) € G(R?) does not satisfy (1.1) in the sense of association. As a matter
of fact, from (3.16) we compute that for ¢ € C$°(R?)

b //R Ru(e,€,m)¥(€,n) dedn
- //m, (w1 + (uz — w1)H(&, 7)) (€, n) dédn

+3s3})§//w W&, )b (—g)_f// (af +aez — )0 (z)dz  (3.17)
= uy // $(E,n) dédn
2
(u2 ~w1) Y(&,n) déd (a€ —1)¥(£,0)dE
+ (u2 —uy 0/0/ Ui n-i-po/a
and

£—0

lim //R Ru(e. &) Role, & m)(E, ) dedy

= uyoy //R (& m) dedn + (uzvz — i) / / (€, ) dedn

+ p(ur + (u2 — u1)A) /(bn'—l)w(o,n)dn C(3.18)
0
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4001 + (02 = 0)B) [ (0t = 1)9(¢,0)de + 4By(0,0)
0

where A = fR 02(5)( f:o 61 (z) dx)d{ and B = fR qS](r])( f°° o2(y) dy)dr]. After choosing
6; and ¢; (i =1,2) such that A = T2 and B = Prr’ from (3.17) and (3.18) one
gets at once that for ¢ € C§°(R?)

lim ./‘[R? [ﬁu(s,&ﬂ)((&/’)e + (m/’)ﬂ - ﬁu(faﬁan)ﬁv(e)ga ﬂ)i/)n(ﬁ’ﬂ)] dfdﬂ

lim (3.19)
= —p? AB1,(0,0).
Similarly,
lim // & EIN(ED)e + (1)) — Rule EmBule, EibelEm)den

= —p? AB¢(0,0).

Thus, (U,V) € G(R?), with R, and R, as their respective elements, is not a solution
to (1.1),(1.2).

Indeed, at this time, not only is the solution to (1.1),(1.2) singular on the half lines
€=0,7>0and n=0,{ >0, but also singular at the point (0,0). The right-handed
sides of (3.19) and (3.20) contain information enough to make us give the expressions
of the solution to (1.1), (1.2) at the point (0,0). In fact, we define two distributions g,
and g, supported on the origin

(}11,1/)) =< 1/),,(0, 0) a.nd (;lg,'(/)) = C2 1,[)5(0,0) (321)

for ¥ € C$°(R?), where c; and c; are constants to be determined below. We set
U,V € G(R?) with R, and R, as their representatives, respectively. Here R, and R,
are determined by ‘

Ru(eagan) = }_zu(57€7 7]) + (l‘l * w3z)(£ 74’)
_ 1 ¢
= Ru(e,&,n) +¢1 - 5—393 <——) ¢35 ( )
Ru(€,€,m) = Ru(e,€,0) + (2 * wae)(€,n)

= uletm) +er- 58 (-5) 0 (-2)

wh(ere w,-,()f,n) %0 ( )$i(2) and 6;,4; € Cs°(R) with [ 6:(€)d¢ = [, ¢i(€)dE =
1 (i = 3,4).

(3.22)

It remains to verify that R, and R, given by (3.22) satisfy (3.1) and (3.2) for
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P € C§°(R?). Actually, from (3.22) we have that for ¥ € Cg°(R?)

//Rz Ru(e,&,m) % (€, n)dEdn

= //IR’ Ru(e,&,n)¥(&,n) dédn + ¢ - 6l:,//Rz P(€,7)65 (-g) &, (_Z) dédn

3 X (3.23)
- / Rou(e, &) (€, ) dédn + c1 - - / (et —en)Bs(€)}(n) dédn
R? £ R?

= //m Ru(e,6,m)%(€,n) dédn + c1%,4(0,0) + O(e)
since Y(—e, —en) = ¥(0,0) — €€ P(0,0) — en ¥, (0,0) + O(e?), while

//R, Ru(e,&,m)Ru(e,&,m)¥ (&, 1) dédn
= /IR7 —Ru(fvf,U)R.v(&f,fl)l/}(f,ﬂ)d{dn

o & [ wemss (=2) 6 (-1) Rutecomdean
rer g5 [ wtenss (=£) o0 (=) Rutestindeen
+c,c2—// s (=£) 0 (=) 65 (-2) 6 (-2) den

~ [ Rule e Bute, omuem) den + It + 15 + 5.

(3.24)

Now we choose §; and ¢; (: = 2,3) such that

/ 62(6)05(€) de = / £6(€)63(€) d€ = 0
R R
/R $2(6)95(€) de = 0 (3.25)

Lo ([ oatwrae) de- [ndstn ([~ aatwras) an = 2

This can be done, e.g., by taking 62,8; € C$(R?) with suppf, C [0,1] and suppfs C
(-1,0}, and pi € C§°(R?) with [ppi(n)dn =1 (¢ = 1,2), supppy C [-2,-1] and
supp pz C [1,2]. Set ¢3 = 62 and ¢2 = (1 — B)py + Bpz, with B = -%-. From (3.16)
and (3.25) it follows that

—a // s (=£) 6 (-1) Rulesm) de
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=2 //R Y(—e€, —en)8s(€)¢5(n)Ru(e, —€€, —en) dédn

- CE_‘ //]R7 PY(—e€, —en)83(€)¢3(n)

v+ (v2 - 01)732(35)41c 7¢2(y) dy
£ n

-+ Pb@z(f)/(y —n)¢2(y) dy — 592(5)/%(3/) dyJ dédn
n n
= Ce—l -//IR? (I/’(()’ 0) — e€3¢(0,0) — eny(0,0) + 0(52))03(5)%(7})

x {vl + (v2 —vx)/ez(z)dlfﬁbz(y)dy'
13 n
+ bpba(€) /(y - n)¢z(y)dy}d§dﬂ

-2 [ eom@s / Ba(y) dy - {(0,0) - €(0,0)

—577¢'7(0 0)+ 3¢ 2€%4pge(0,0) + £ Emhey (0,0)

+ 5620 n(0,0) + O(c*) }dedn
- o).

Similarly, we have that

f=a g [ wene (—f) 84 (- 1) Rute,,m)dedn = 0(e)

if we set
/R¢1(7I)¢4(77)d7; = /R”‘i’l('l)m(n)dn —0
JRGAGESY
[ 4tn (/ﬂwosl(y)dy) a- [ e (/E”al(z)dz) =t
and .

f=aag [ wene (-£)6(-4) & (-1) a0 (-2) dear

= 0(e)

7

(3.26)

(3.27)

(3.28)
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if we set
/R £405(6)84(6)dE =0 or /m ey (mea(m)dn =0 (k=0,1,2,3,4).

Combining (3.26) - (3.28), we deduce from (3.24) that

// Ru(e, €, m)Ru(e, & n)(€,n) dédn
) (3.29)
= ,//R’ }_Zu(f, £, U)ﬁu(ey 61 Tl)ll’(fy Tl) d{dﬂ + 0(5)

Therefore, (3.23), (3.29) and (3.19) yield that .
tim [ [Rule€m) (@) + (1)) = Rules€omRu(es €, den
= tim [ [Rute&n((ewe + )

e—0

— Rule, & mRu(e, €,1)6n(€,m)] dedn + 3144 (0,0)
= (3c1 ~ P AB),(0,0)

=0
for 1 € C§°(R?) if ¢; = 3p*AB. In the same way, we have that ¢ € C$°(R?)

timy [ [Rote.m)((€)e + (1)) = Rule,&omRule, € me] den =0
for the same 6; and ¢; (i = 2,3,4) as above if ¢; = %pzAB. This verifies that
U,V € G(R?), with R, and R, as their representatives, respectively, satisfy (1.1) in
the sense of association. The initial condition (2.4) is easily seen. We omit the details.

Remarks. 3. The approximation process above guarantees that Tipu; =0 (i,7 =
1,2), but Ty T # 0 (when u,v; # 0). One can choose other approximations to define
the product of U and V so that not only Tip; =0 (:,7 = 1,2) but also ' Tz = 0.
However, it is more reasonable to define T T; # 0 when u,v; # 0 since the intersection
of the supports of T} and T is non-void. The behavior of the solution to (1.1),(1.2) at
the origin should be considered.

4. It is easily seen that U,V € G(R?) have (¢, n)+pT) +ci1p1 and B(E, n)+pTa+capz
as their respective macroscopic aspects.

We conclude this paper with the following

Theorem. The non-classical Riemann solutions constructed in (6 — 8] satisfy (1.1)
in the sense of associaton.
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