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Orlicz-Pettis Theorems
for Multiplier Convergent Series

C. Swartz and C. Stuart

Abstract. Orlicz-Pettis theorems have been established for multiplier convergent series where
the multipliers come from ¢o or I (0 < p < 00). We show that these results as well as the
classical Orlicz-Pettis theorem are corollaries of a general result based on the fact that all of
these multiplier spaces have the canonical unit vectors as a Schauder basis.
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1. Introduction

Let A be a scalar sequence space which contains the subspace of all sequences which
are eventually 0, and let X be a locally convex Hausdorff topological vector space. A
series Y z; is said to be A multiplier ‘convergent in X if the series ) t;z; converges in
X for every t = {t;} € A; the elements of the space A are referred to as multipliers.
For example, when X is the space mg of all sequences with finite range, A multiplier
convergence is just subseries convergence. The classical Orlicz-Pettis theorem for locally
convex spaces asserts that a series which is subseries convergent in the weak topology
o(X,X') of X is actually subseries convergent in the original (or Mackey) topology of
X [7). More generally, we refer to a theorem as an Orlicz-Pettis theorem if the result
asserts that a series which is A multiplier convergent with respect to the weak topology
o(X,X'") is actually A multiplier convergent in some stronger locally convex topology
on X.

Several Orlicz-Pettis type theorems have recently been established for multiplier
convergent series where the multipliers come from some of the classical sequence spaces
co or IP (0 < p < 00) (see [6: Theorem 6] and [13: Theorem 3]). The proofs in these
papers are quite different for the cases 1 < p < o0 and 0 < p < 1. In this note we point
out that these multiplier convergent results as well as the classical Orlicz-Pettis theorem
and some of its generalizations are corollaries of a general result which is based on the
fact that all of these multiplier sequence spaces have the canonical unit vectors as a
Schauder basis for an appropriate locally convex topology (i.e. they are AK-spaces).

C. Swartz: New Mexico State Univ., Dept. Math. Sci., Las Cruces, NM 88003, USA
C. Stuart: Eastern New Mexico Univ., Dept. Math. Sci., Portales, NM 88130, USA

ISSN 0232-2064 / $ 2.50 (© Heldermann Verlag Berlin



806 C. Swartz and C. Stuart
2. Main results

We begin by fixing some notation which will be used throughout the sequel. Let A
be a vector space of real-valued sequences which contains all of the sequences which
are eventually 0. The f-dual A? of ) is the space of all sequences s = = {s;} such that
o2, siti converges for every t = {t;} € \;if s € AP and t € ), we write s-t = Yoo, siti
and note that A and A? are in duality with respect to the bilinear map s-¢t. If £ and FE'
are two vector spaces in duality with respect to a bilinear mapping, we denote the weak
and strong topologies on E from this pairing by ¢(E, E’) and B(E, E'), respectively.
Other notation and terminology should be standard.

Let (X, 7) be a Hausdorff locally convex topological vector space and let Y zibea
series with z; € X. The series ) z; is said to be A multiplier convergent with respect to
7 (or 7A multiplier convergent) if the series Y 0, t;z; is T-convergent for every t € A.

Now let E and E' be in duality with respect to the bilinear map (-,-) and let 3" z;
be a A multiplier convergent series in E with respect to o(E,E'). If t € A, let

f: tix; = U(E, E’) - li'I‘ni tix;
1=1 i=1

and define a linear map S : A = E by St = 372, t;z;. We have the following continuity
property for S.

Theorem 2.1.. The map S is o(A, A\P) — o(E, E') continuous.

Proof. Let {t°} be a net in A which is a(A AP) convergent to 0 and ' € E'. Since
Yo, ti(z', zi) converges for every t € A, {(z',z;)} € Af and

S8 z) = (', 5t) = 0
=1

That is, St® — 0 with respect too(E,E') 1

Following Wila.nsky [11: Definition 11.1.5) we say that any polar topology w(E, E)
on E is a Hellinger- Toeplitz topology if whenever F and F' arc adual pairandu : E —» F
iso(E, E')—o(F, F') continuous, then u is w(E, E')—w(F, F') continuous. For example,
the Mackey and the strong topologies are Hellinger-Téplitz topologies.

From Theorem 2.1 we have the following

Corollary 2.2. The map S: A — E 13 continuous for any Hellmger Toplitz topol-
ogy on the dual pairs (A, \?) and (E,E').

If 7 is any locally convex topology on A, we say that A is an AK-space or has the
AK — property with rgspect to 7 if the coordinate functions ¢ — ¢; are continuous and
t =1 —lim, Z, , tie* for every t € A, where €' is the canonical unit vector with 1 in

the i** coordinate and 0 in the other coordinates (1 e., the {e'} are a Schauder basis for
A with respect to 7).

From Corollary 2.2 we obtain the following



Orlicz-Pettis Theorems 807

Corollary 2.3 (Orlicz-Pettis). Suppose w(),A?) is a Hellinger- Téplitz topology on
A, and A is an AK-space with respect to w(A, AP). If 3 z; is A multiplier convergent
with respect to o(E, E'), then Y, z; is A multiplier convergent with respect to w(E, E').

Proof. Let t € A. Since 31, tie' — tin w(A, A#),

S(Ztgei)' = Zt;z; — Z tix;
=1 i=1 =1
in w(E, E') by Corollary 2.2 11 '
The following special case of Corollary 2.3 covers many examples.

Corollary 2.4 (Orlicz-Pettis). Suppose that A has a locally convez topology under
which A is barrelled and an AK-space. If 3 z; is A\ multiplier convergent with respect
to o(E,E'), then y z; i3 A multiplier convergent with respect to B(E, E').

Proof. A" = )\# by [4: Proposition 3.9] so the original topology of A is B(A, A?) and
the result follows from Corollary 2.3 %

We give a number of examples covered by Corollary 2.4.

Example 2.5. If A is a Banach [Frechet] AK-space, Corollary 2.4 applies; e.g.
A=cp I (1 <p< o0)cs, bug [A =w [11: Section 1.2], a Kdthe echelon space
[5: Section 30.8]}. In particular, A = ¢g or A = IP (1 < p < o0) gives the multiplier
convergent result of [6: Theorem 6]. There are many examples of Frechet AK-spaces.
If A is an infinite matrix, denote by w4 the linear space of all sequences that A maps
into w, the space of all sequences. It is shown in {12: Theorems 4.3.8 and 4.3.12) that
w4 is a Frechet AK-space. Further, (I?,] - |1) (0 < p < 1) is a barrelled AK-space
(1) soif A =17 (0 < p < 1), Corollary 2.4 gives the multiplier convergent result of [13:
Theorem 3]. Similarly, Corollary 2.4 applies to any barrelled subspace of (I,]| - |1 );
examples of such barrelled subspaces are given in [8: Section 4]. Further examples of
barrelled AK-spaces are given in the corollary to [2: Theorem 4].

We next show that the classical Orlicz-Pettis theorem for subseries convergent series
follows from Corollary 2.3. A series ) z; in a topological vector space X is subseries
convergent if the subseries ) z,, converges in X for every subsequence {z,,} of {z;}.
If mg is the space of all sequences with finite range, then a series 3" z; is subseries
convergent in X if and only if 3_ z; is m¢ multiplier convergent.

The space my is not an AK-space under its natural topology given by the sup-norm,
but it is an AK-space under a locally convex topology introduced by P. Dierolf to treat
Orlicz-Pettis theorems. We describe Dierolf’s topology (3]. Let M be the family of all
subsets M C E' such that M is ¢(E', E)-bounded and for every linear, continuous map

T:(E' o(E',E)) — (I,o(I',my))
T(M) is relatively compact in (I*, || - |l;). The Dierolf topology on é,(E, E') on E is the
polar topology on E of uniform convergence on the elements of M (see [11: Section 8.5)
and [5: Section 21.1]). The topology 6,(E, E') is stronger than the Mackey topology and
Dierolf shows that it is the strongest polar topology on E such that a series in o(E, E')
subseries convergent if and only if it is §;(E, E') subseries convergent ([3: Theorem 2.2];
see also [3: Corollary 2.4] foi a comparison with other polar topologies). :

The following property is easily checked (see [11: Theorem 11.2.2]).
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Proposition 2.6. 6,(E,E’) is a Hellinger- Téplitz topology.

We show that mg is an AK-space under the topology 6;(mo,!'). Actually, we
establish an even stronger result.

Proposition 2.7. Forte mg,
b1(m Il -1 E =
]( 0, ) lim ltke t

uniformly for ||tllc < 1. In particular, (mg, 6;(mo, 1)) is an AK-space.

Proof. If M € M (relative to the duality between mg and {'), then M is relatively
compact in ({1, - [l1) so limn 352 . |sk| = O uniformly for s € M [9: Theorem 10.1.15].
Thus, for s € M and t € mg with [|t]lc <1 we have | Y37 siti| < 3 pe, |sk] and the
result follows i

From Corollary 2.2 and Proposition 2.6, we obtain a sharpened form of the Orlicz-
Pettis theorem for subseries convergent series.

Corollary 2.8 (Orlicz-Pettis). If 3~z is (X, X') subseries convergent, then

§u(X,X') = lim Y tyzk = Y tezs
k=1 k=1

uniformly for t € mo with ||t||coc < 1. In particular, 3 zx is 6;(X, X') subseries conver-
gent.

The last statement in Corollary 2.8 is Dierolf’s version of the classical Orlicz-Pettis
theorem for subseries convergent series. Dierolf shows that §, is the strongest polar
topology for the pair (X, X') such that the conclusion of the Orlicz-Pettis theorem
holds.

The uniform 6, convergence in Corollary 2.8 seems to be a new observation. By re-
stricting the t’s in mg to be sequences of 0's and 1’s, the uniform convergence conclusion
implies, in particular, that 3" z4 is 6, unordered convergent [10: Proposition 10.1.1].

If 5 z; is subseries convergent, it is known that the set of “partial sums” {2ieoTi:
o C N} is compact [10: Theorem 10.1.3]. We can use Corollary 2.8 to show that a set
of partial sums using the larger set of multipliers {t € mg : ||t]|co < 1} is precompact.

Proposition 2.9. If 3z, is 0(X,X') subseries convergent, then

oo
S= {Ztm; t € mo with ||t]le < 1}

k=1

is 6;(X, X') precompact.

Proof. Let U be a §,(X, X') neighborhood of 0.and pick a 6;(X, X') neighborhood
V of O such that V4V C U: By Corollary 2.8, there exists N € N such that E:":n trzk €
V for n > N and t € mg with |[t]lcc £ 1. The set

\ .
F= {szc* Ntlloo €1 and I < N}
k=1
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is precompact in 6,(my, ') since F is contained in a finite-dimensional subspace of my,
is || - |lo bounded, and 8;(mo,!') is weaker than || - ||oo. Therefore, S(F)is §;(X,X")
precompact by Corollary 2.2. Hence, there exist zj, ..., zm € F such that

S(F) C O(sz,- +V).

=1

Let t € mo with ||t|loc < 1. Then there exists j such that Zi, tiz; € Szj +V so

o0 n o0
5t=zt"“=zt*z"+ Z tkaESZj+V+VCSZj+U.

k=1 k=1 k=n+1

Hence, § C Ui~,(Sz; + U) and S is 6,(X, X') precompact B

A series which is I°° multiplier convergent is often referred to as a bounded multiplier
convergent series. We next show that Corollary 2.3 can be used to establish an Orlicz-
Pettis theorem for bounded multiplier convergent series. Again, I* is not an AK space
under the sup-norm, but it is an AK-space under another locally convex topology also
introduced by Dierolf. We describe the topology by Dierolf. Let A be the family of
all subsets N of E' such that N is ¢(E’, E) bounded and for every linear continuous
mapping

T:(E' o(E' E)) - (I',a(1,1™)).
T(N) is relatively compact in (I*,|| - ||;) [3]. The Dierolf topology 6,(E,E') on E is.
defined to be the polar topology on E of uniform convergence on the elements of A (see
[3: Corollary 2.4] for properties of the topology).

The analogues of Propositions 2.6 and 2.7 and Corollary 2.8 hold for §,.
Proposition 2.10. §;(E, E’) is a Hellinger- Téplitz topology.
Proposition 2.11. Fort € I,

8(1°,1') = lim ) " tye* =1t
k=1

uniformly for ||t||co < 1. In particular, (I°°,6,(1%°,1")) is an AK-space.

Corollary 2.12 (Orlicz-Pettis). If 3 4 is o(X, X') I™ multiplier convergent, then

62(X, X') — lim Z ez = Z tiTx
k=

k=1

uniformly for t € [ with ||t|lec < 1. In particular, Y zx is §,(X, X') I multiplier
convergent.

The uniform convergence conclusion in the case of bounded multiplier convergent
series has been previously observed (see, for example, {10: Corollary 8.2.7]).

In contrast to Corollary 2.4 the conclusions to Corollaries 2.8 and 2.11 cannot be
improved to convergence in the strong topology.
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Example 2.13. The series }_ ¥ in I (mo) is o(I°,1') (0(mo, 1)) 1% (mg) mul-
tiplier convergent but not (1%, 1') = || - |l (B(mo,1') = || - |lec) convergent.

Although we cannot, in general, show that weakly multiplier convergent series are
strongly multiplier convergent series, the “partial sums” of such series are often strongly
bounded.

Recall that a sequence space A is an AB-space if the coordinate functions ¢t — t; are
continuous and if {3, tse* : n € N} is bounded in A for each t € A [12: Definition
10.2.1].

Proposition 2.14. Let A be a barrelled AB-space with \? C X. If Sz is o(X, X')
A multiplier convergent and B C A is bounded, then the set of “partial sums”

S(B):{Ztk:tk:neNandteB}

k=1
i3 B(X,X') bounded.

Proof. Let P, : A — A be the section map Pat = 3 ;_, tie*. Then {P, : n € N}
is pointwise bounded on A by the AB-assumption and is, hence, equicontinuous by the
barrelledness assumption. Since A has the (A, ') topology, {P.B : n € N} is (), X')
bounded and, hence, B(), A?) bounded since A# C A'. By Corollary 2.2 S(B) = {SP.B :
n € N} is (X, X') bounded B

Example 2.15. Since I*° and mg are a barrelled AB-space under the sup-norm
and (I1°)# = I' ¢ (I°°) = ba and m? = I! C (mo)' = ba [4: p. 69], Propositon 2.14 is
applicable to both weak subseries and bounded multiplier convergent series. Likewise,
Proposition 2.14 is applicable to all of the spaces listed iin Example 2.5. Proposition
2.14 is also applicable to the spaces bs, bv, and ¢ whereas Corollary 2.4 is not (see {4:
pp- 68 - 69] for the topological and -duals of these spaces).
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