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Solutions and Periodic Solutions
for Nonlinear Evolution Equations with
Non-Monotone Perturbations
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Abstract. In this paper we solve periodic and Cauchy problems for nonlinear evolution equa-

tions driven by time-dependent, pseudomonotone operators and a non-monotone perturbation

term. Our proof produces as a by-product a useful property of the solution map for maximal

monotone problems. Two examples of nonlinear parabolic problems illustrate the applicability

of our work. )
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1. Introduction

In this paper we prove two existence theorems for evolution equations defined in the
framework of an evolution triple X C H C X*. The first theorem is about a periodic
problem, while the second concerns a Cauchy problem. Our work here extends that
of Hirano [8] who treats autonomous equations, with the operator 4 : X — X* being
monotone and the conditions on the perturbation term f being more restrictive. Re-
cently Ahmed and Xiang [2] extended the result of Hirano [8]. Although some of their
hypotheses are more general than ours (they do not assume that the embedding of X
into H is compact and f takes values in X*), nevertheless they still require A to be
monotone (analogous results can also be found in the works of Ahmed [1] and Ahmed
and Xiang [3]). Moreover, our method of proof is different from that of Hirano [8] and
Ahmed and Xiang {2] (which move along similar paths) and uses a general surjectivity
theorem for the sum of two operators of monotone type. The use of this surjectivity
result is made possible by an intermediate result of independent interest, which roughly
speaking says that the property of pseudomonotonicity of A(t,-) can be ’lifted’ in some
sense to the Nemitsky operator 2() corresponding to A(t,z).
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To complete our survey of the relevant literature, we should also mention the work of
Vrabie {17) who considers autonomous systems assuming that the operator A generates
a compact semigroup on H and the work of Gutman (7] in which A4 is an m-accretive
operator on a Banach space X and the perturbation term is completely continuous from
C(T, X) into LP(T, X). Related to the work of Gutman [7] is the recent one by Kartsatos
and Shin [9] who study functional evolution equations driven by a time-dependent m-
accretive operator on a Banach space which generates a compact evolution operator (the
evolution operator can be only equicontinuous, but then X and X* are uniformly convex
and the perturbation term is compact). In our hypotheses here, nothing implies that the
operator A(t, z) generates an evolution operator, let alone a compact one. Similarly, our
hypotheses on the perturbation term f(¢, z) do not imply that its Nemytski operator is
compact.

2. Preliminaries

By an evolution triple we mean three real spaces X C H C X* such that:
(a) X is a separable, reflexive Banach space.
(b) H is a separable Hilbert space identified with its dual (pivot spa.ce)
(c) The embedding of X into H is continuous and dense.

Hence H* = H is embedded into X* continuously and densely, too. By |-1,]| - || and
I|- I« we will denote the norm of H, X and X, respectively. Also, by (-,-) we will denote
the inner product of H and by (-,-) the duality brackets of the pair (X, X*). The two
are compatible in the sense that (-, )xxuz = (-, ).

Given a.n intercal T = [0, b], an evolution triple (X, H, X*) and numbers 1 <pg<
oo with % + =1, we define

qu(f) = {:z: € LP(f,X) 1é € LT, X")}.

The time derivative of z involved in the above definition of W,4(T) is understood in the
sense of vector-valued distributions. We furnish W,,(T') with the natural norm

1/2
lzllpg = (Il + 112017) "

Equipped with this norm Wp,(T) becomes a separable, reflexive Banach space. It
is embedded continuously into C(T, H), i.e. every element in W,o(T) has a unique
representative in C(T, H). If in addition we assume that X is embedded compactly into
H, then W,,(T) is embedded compactly into LP(T, H). For further details on these
issues, we refer to Zeidler {18]. ‘

An operator A : X — X°* is said to be pseudomonotone, if z, % zin X as
n — oo and lim(A(z,),z, — z) < 0 imply that (A(z),z — y) < lim(A(zn), T, — y) for
all y € X. If A is bounded (i.e it maps bounded sets in X into bounded sets in X*),
then pseudomonotonicity is equivalent to saying that if z, = z in X as n — oo and

lim(A(zn),zn — ) < 0, then A(z,) = A(z) in X* and (A(zn),zn) — (A(z),z) (this
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property is usually known as generalized pseudomonotonicity, see Browder and Hess [6]).
A monotone hemicontinuous operator or a completely continuous operator 4 : X — X*
is pseudomonotone, and pseudomonotonicity is preserved by addition.

Another closely related concept, suitable for the study of evolution equations, is that
of L-pseudomonotonicity. So, let Y be a reflexive Banach space, L : D CY — Y* a
closed, densely defined, linear operator and K : Y — Y* a bounded nonlinear operator.
We say that K is L-pseudomonotone if, for {yn}n>1 C D such that yy, SyeDinY,
L(yn) = L(y) in Y* as n — oo and Gm(K (ya ), yn — ¥)y+,y < 0, then K(yn) % K(y) in
Y* and (K(yn),yn)vey — (K(¥),¥)y-y as n — oo. It is well-known (see, for example,
Zeidler [18: p. 897]) that a linear operator L : D C Y — Y* is maximal monotone if
and only if it is densely defined, closed and both L and L* are monotone.

Our existence theorems will be based on the following surject1v1ty resu]t whlch can
be found in Lions [10] or B.-A. Ton [16]. - o

Theorem 1. If Y s a reflezive Banach space, L : D C Y — Y* is a linear,
mazimal monotone operator and K : Y — Y* is an L-pseudomonotone operator which

is coercive (i.e. lim oo KWWy , then R(L+ K)=Y"* (te. L+ K 1s
Hylly yily
surjective).

Let . .
L : D, CIX(T,X) = LY(T.X") (G +

be defined by L,(z) = z for all z € D),
Dy = {y € (T, X) :y € LT, X"*) and y(0) = y(b)}.

Here as before the time derivative of z is understood in the sense of vector-valued
distributions. Also, since Wy,(T) C C(T, H), we see that the pointwise evaluations at
t = 0 and t = b in the definition of D, make sense. Since the space C{(T,X) is dense
in LP(T, X), we see at once that D, is dense in LP(T, X). Also, '

L}:D; C LP(T,X) — LY(T, X*)

(recall that, for a reflexive Banach space Y and 1 < r < oo, L™(T,Y)* = L*(T,Y*) with
1 -l- = 1) is defined by L;(v) = —v for all v € D} = D,. Hence both L, and L} are

p
linear monotone and clearly L, is closed. Hence by what was said earlier, we have that

L, is a maximal monotone linear operator. In a similar way we can show that
Ly: D, C LP(T,X) — LT, X*)
defined by L2(z) = z for all z € D, |
D; = {y € L*(T, X) : y € L(T, X*) and y(0) = o}
is maximal monotone. Note that in this case

Ly : D} C LP(T, X) — LY(T, X*)
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is defined by Ly(v) = —¢ for all v € D3,
D} = {w € L”(T,X) t1 € LT, X*) and w(b) = o}. ‘

Finally, recall that on operator K : X — X* is said to be demtcontmuoua ifz, >z in
X implies K(z,) = K(z)in X* as n — oo.

For the rest of this paper (X, H, X*) is an evolution triple with X embedded com-
pactly into H (hence H is embedded compactly into X*). The next proposition will

make possible the use of Theorem 1. The hypothesis on the operator A(t,z) is the
following:

H(A) A:T x X — X* is an operator such that:
(i) t — A(t,z) is measurable.
(i) = — A(¢,z) is pseudomonotone.
(i) [JAG, z)]ls € a1(t) + allz||P~! ae. on T (a1 € LY(T),c; >0,p>2,1 sty L=1)

(iv) (A(t,z),z) > c|lz||P —I(t) fora.a. t€ Tandallze X (c<0,9¢€ Ll(T)).

Remark. The pseudomonotonicity of A(t,-) (hypothesis H(A)/(ii)) and the bound-
edness growth condition on A(¢, ) (hypothesis H(A)/(iii)) imply that A(t,-) is demicon-
tinuous. .

Let A : LP(T,X) — LT, X*) be defined by A(z)(-) = A(-,z(-)) (the Nemitsky
(superposition) operator corresponding to A(t,z)). Also, by ((:,-)) we will denote the
duality brackets of the pair (LI(T, X*), LP(T, X)), i.e. ((u,y)) = fob(u(t), y(t)) dt for all
y € LP(T,X) and all w € LY(T, X*).

Proposition 2. If A : T x X — X" is an operator satisfying hypothesis H(A)
and L : D = Wyo(T)C LP(T,X) — LYT,X*) is the closed, densely defined, linear

operator given by L(z) = i, then A : LY(T,X) = LY(T,X~) is ~demicontinuous and
L-pseudomonotone.

Proof. First we will prove the demicontinuity of A. Solet z, — T in LP(T,X) as
n — oco. By passing to a subsequence if necessary we may assume that z,(t) — z(t)
a.e. on T in X as n — oo. Because of hypothesis H(A)/(ii), for every y € LP(T, X)
we have (A(t,za()),y(t)) — (A(t,z(t)),y(t)) a.e. on T. Then using the extended
dominated convergence ! theorem (see, for example, Ash [4: Theorem 7.5.2, p.295]), we

have ((A(x,,) y)) — ((A(z),y)) as n — oco. Since y € LP(T, X) was arbitrary we have
that A(z,) 3 A(z) in LY(T,X*) as n — oo, hence A( ) is demicontinuous.

Next we will show the L-pseudomonotonicity of A for
L:D=Wpy(T)C LT, X)— LY(T, X")

defined by L(z) = . Solet {zn,Z}n>1 C Wpy(T) and suppose z, = z in LP(T, X) and
L(z,) = L(x) in LY(T, X*) as n — co. Hence z,, 5 z in Wp,(T) as n — co. Assume
that Tim((A(zn),zn — z)) < 0. Set £,(t) = (A(t, :c,,(t)) zo(t) — z(t)). Since Wpy(T) is
embedded continuously into C(T, H), we have z,, % z in C(T,H) as n — oo. So for
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every t € T, we have z,(t) = z(t) in H as n — oo. Also, let N C T be the exceptional
Lebesgue-null set outside of which hypothesis H(A)/(iiii) and (iv) holds. We have

€n(t) 2 cllza” = 9(t) = (ar () + axllza@OIP Iz (€ T\N). (1)

Set C = {t € T : lim¢{,(t) < 0}. This is a Lebesgue measurable subset of T. Suppose
that A(C) > 0, with A being the Lebesgue measure on T. From (1) it follows that for
every t € CN(T\N) #£ 0, the sequence {z,(t)}n>1 is bounded in X. Since X is reflexive
and z.(t) = z(t) in H as n — oo, we deduce that z,(t) = z(t) in X asn — co. We fix
t € CN(T\N) and consider a subsequence {£,,.}m>1 of {€n}n>1 such that lim¢&,  (t) =
limé,(t) < O (of course, the subsequence in general depends on t). Exploiting the
fact that A(t,-) is pseudomonotone, we have that (A(¢, zn,,(t)), Zn,. (1) — :z:(t)) — O.as
m — oo, which i1s a contradiction to the hypothesis that t € C.. o

~ So A(C) = 0, which means that 0 < limén(t) a.e. on T. Then from the extended
Fatou lemma (see Ash [4: Theorem 7.5.2, p. 295]) we obtain

b b b
0< 0/li_mcn(t)dz < li_mo/cn(t)dt < Fn‘xo/ £a(t)dt < 0.

Hence fob €a(t)dt — 0 as n — oo. Since 0 < limén(t) a.e. on T, we deduce that
£7(t) = 0 a.e. on T. Moreover, from (1) it is evident that J,(t) < £a(t) ae. on T
with {Jn}n>1 being a uniformly integrable sequence. Thus 0 < £;(t) < 9, (t) a.e. on T
and of course {J}, }n>1 is uniformly integrable. Thus a new application of the extended

dominated convergence implies that fob €, (t)dt = 0 as n — co. So finally we have

b b
/]{,,(t)|dt =/(§n(t) +267(t))dt -0  as n—o oo

and thus by passing to a subsequence if necessary, we may assume that £,(t) — 0 a.e.
on T as n — oo. Because A(t,) is pseudomonotone, we have

A, za(t)) = A(t, z(t)) ae on Tin X*

and

.(A(t,:c,,(t)),:cn(t)) — (A(t, z(t)), z(t)) | a; n — oo.

Then a final application of the extended dominated convergence theorem implies that
A(za) % Az) in LT, X")  and  ((A(zn)za)) = ((A(2),2))

as n'— oo. Therefore A(:) is L-pscudomonotone
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3. Existence theorems

In this section we prove existence theorems for the two problems

z(t) + A(t,z(t)) =0 ae. onT |
z(0) =‘a:(b) } 2
e (0 + A(
z(t) + A(t,z(t)) =0 ae. onT

The hypothesiﬂs on A(t, z) is that introduced in Section 2, namely H(A).

In Hirano [8] and Ahmed and Xiang [2], in both problems the nonlinear term has
the form A(t,z) + f(t,z) with f(t, z) satisfying hypothesis H(f) below.
H(f) f:TxX - Hisa function such that:

(i) t — f(t, z) is measurable.

(ii) = — f(t,z) is sequentially weakly continuous.

(i) |f(t,z)] < az(t) + c2f|z||P~! a.e. on T (a2 € LIY(T),c2 > 0).

(iv) (f(t,z),z) 2 —csforaa. t€Tandallz € X (c3 > 0).
In our case no extra generality is achieved by such a decomposition since the term
A(t z) + f(t,z) still satisfies hypothesis H(A).

We start with the periodic problem (2).

Theorem 3. If hypothesis H(A) holds, then problem (2) has a solution z € Wpo(T).

Proof. Let

Ly:D, CLP(T,X)— LYT,X")

be the linear maximal monotone operator defined by L(z) =z for z € D,
"D ={z e Wpy(T): 2(0) = =(8)}.

Also, let A : L?(T,X) — LT, X*) be the Nemytski operator corresponding to A(t,z),
ie. A(:z:)()—A( 2(-)), and let K = A : LP(T, X) — LY(T, X*).

Clasm 1: K s L, -pseudomonotone. This is proved as Proposition 2.

Clatm 2 : K(-) is coercive. We have

(K(2),2)) = (A(2),2)) 2 cllzl3,p 7.y — 191

(see hypothesis H(A)/(iv)). From this it follows that K(-) is coercive. Rewrite problem
(2) as the equivalent abstract operator equation L,(z) + K(z) = 0. By Theorem 1 this
equation has a solution z € Dy. So z € W,,y(T) is the desired solution of problem (2) B

Now we turn to the Cauchy problem (3). We have the following existence result.
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Theorem 4. If hypothesis H(A) holds and zo € H, then problem (3) has a non-
empty solution set which is compact in C(T, H).

Proof. In the first part of the proof we assume that zo € X. Let A; : Tx X — X*
be defined by A;(¢t,z) = A(t,z + zo). Evidently, t — A;(¢,z) is measurable and
z — Ay(t, ) is demicontinuous.

We claim that z — A,(t,z) is also pseudomonotone. By what was said in Section
2 (see also Browder and Hess [6: Proposition 4]) it suffices to show that if z, = z in
X asn — oo and lim(A;(t,z,),zn — z) <0, then

Ai(t,za) 3 Ai(t,z) in X* and (A1(t,zn),za) — (A1t 2), Z) ‘
as n — oo. Note that
Bm(A(t, za + 20),Zn + To — (Tn + 20)) = lim(As(t,20),20 —2) <0
and since A(t,-) is pseudomonotone, we have
Al(t,z,) = A(t,zn + z0) 2 A(t, T + 20) = A1(t, T)

in X* and
(A(t,zn + o), Zn + z6) — (A(t, + T0), Tn + To)

as n — oco. Hence we have
Lm(A(t,zn + o), Za) + (A(t,z + To), To) > (A(t z +xp),z) + (A(t,z + zo),zo)

from which it follows that (A;(t,zn),z,) = (A1(t,z),z). So indeed z — Ay(t,z) is
pseudomonotone. Also, it is easy to check using hypothesis H(A)/(iii) and (iv) that

|41 (t, )]« < @i(t) +a||z]|P! ae.onT (a, € LY(T),c; >0)
and
(A:(t,z),z) 2 €||z||P - I(¢t) ae onT (€>0,9 € LY(T)).
Thus A4, (¢, z) satisfies the same kind of hypothes1s as A(t,x).

Soif A : LP(T, X) — LY(T,X*)is the Nemytski operator correspondmg to Ai(t,z)

(i.e. Ay (z)(") = Ai(+, z(-))), by Proposition 2, A,(-) is Ly-pseudomonotone, where recall
that L : D, € LP(T, X) — L9(T, X*) is the linear maximal monotone operator defined
by La(z) = z for all z € D,,

D, = {y € L’(T,X) :y € L(T,X") and y(0) = 0}.
Now let Ky : LP(T, X)) — L9(T, X)) be defined by Ki(z) = A (:z:)

Claim 1: K, s L, pseudomonotone ThlS 1s proved using the same arguments as
Proposition 2. .
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Claim 2 : K, s coercive. Note that

(K1(2),2)) = ((Ai(2),2)) 2 Eallallfp g0y — 7

where 4,5 > 0. Therefore K, is coercive. Then consider the equivalent operator
equation L(z) + Ky(z) = 0. Invoking Theorem 1, we infer that the operator equation
has a solution 7 € D,. Set z(-) = Z(-) + zo. Then z € Wyy(T) and z is a solution of
the Cauchy problem (3) when the initial condition z, belongs to X.

Now we remove the regularity condition on o and assume that in general 7o € H.
Let {z{}n>) C X and assume that 2§ — o in H as n — oco. Consider the Cauchy
problem ‘

z Alt,z =0 ae.onT
(1) + A(t, 2(1)) } @

z(0)=z5 (n2>1).

From the first part of the proof, we know that for every n > 1, the evolution equation
(4) has a solution z, € W,o(T). Multiply by z,.(t) and integrate over T to obtain '

((nr2n) + (A(za),22)) =0 (n21). (5)

From integration by parts for functions in Wp(T) (see Zeidler [18: Proposition 23.23,
p.422 - 423]) we have

b
(Genszn) = 5 [ Glon(OF i = Glaal® = Glail* 2 Slea® =8 (0)

for some § > 0. Also, from hypothesis H(A)/(iv) it follows that
| ((ACen),20)) 2 el ir, = 191 Q
Using (6) and (7) in (o) we obtain |
cliealller,xy < Mhllzecrxlzallecrx) + B with By = 8+ |9]);.
From this inequality it is clear that the sequence {zn}.>1 is bounded in LP(T,X).

Then using hypothesis H(A)/(iii) we show easily that the sequence {Zn}n>1 is bounded
in LI(T, X*). Therefore we conclude that {z,,},,>1 is bounded in Wpy(T) and so, by

passing to a subsequence if necessary, we may assume that z, -3 z in W,,q(T) as n — oo.
Then we have

Em((A(zn) + f(zn),2n — 2)) <Fm((Zn,2 — 2a)). (8)

Employing once again integration by parts for functions in Wpy(T), we have

((Gns = 20)) = = 3120) ~ 2aO)F + 3120 = T3 + (2,2 =20 (9)
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Since Wp,(T) is embedded continuéusly into C(T, H), we have z, = z in C(T, H) and
50 2,(0) = 2§ 5 z(0) in H as n — co. Hence z(0) = zy. Also, from (9) we have
lim((£n,z — z,)) < 0. (10)

Moreover, since Wpe(T') is embedded compactly into LP(T, H) we have z, — T in
LP(T,H) as n — oo. So using (10) in (8), we have hm((A(x,,) z, —z)) £ 0. But
by Proposition 2, A() is L-pseudomonotone with L : D = Wy(T) € L?(T,X) —

LY(T,X*) defined by L(z) = . So we have A(z,) > A(z) in LY(T,X*) as n — oo.

Hence in the limit as n — oo, we have
i+ A(z) =0
z(0) = z¢

which shows that z € Wp,(T) is a solution of problem (3) when z, € H.

Finally we will show that the solution set § C W,o(T) C C(T, H) of problem (3) is
compact in C(T, H). To this end let {zn}n>1 € S. Then we have

in+ Alzn) =h
In(O) = To.
From the previous estimation we know that the sequence {z,}n>1 is bounded in Wpo(T).

Thus by passing to a subsequence if necessary, we may assume that z, S zin Wpo(T),
zn — z in LP(T,H) and z,(t) — z(t) in H as n — oco. As above we can show that

i+ A(z)=0 }
z(0) = zo,

i.e. £ € S. Now we will show that z,, — z in C(T, H).

In what follows, for any t € T by ((-,-)): we will denote the duality brackets of
the pair (L9([0,t], X*), LP([0,t], X)). Also, by (,-)rs,1»,c we will denote the duality
brackets of the pair (L?([0, ], H), L?({0,t], H)). From integration by parts for functions
in Wpe(T') we have that

Slza(®) = 2P + ((A(zn) - Alz),20 = 7)), = 0

implies
b ' R
%11,,(0 — 2@ 5'/ (At za(t)), 20(t) — 2())] dt + (A(2), 20 — 7)) .

From the proof of Proposition 2 we know that

b

) b - - Ce -
/ [(A(t, za(t)), za(t) = z(t))|dt = /lfn(t)|dt -0 as n — oo.

0



868 E. P. Avgerinos and N. S. Papageorgiou

Next we examine the limit behaviour of the sequence

{sup((f?(z)v,zn _ z))‘}w |

teT

We have .
sup (A=), 20 = 2)), = sup [ (A(5,2(6)), 2 (s) = 2(6))es.
Let

on(t) = /(A(s,:c(s)), zn(s) — :z:(s))ds (n>1).

Then ¢, € AC'(T). Let t, € T be such that pn(tn) = supyer ¢n(t). We may assume
that t, = ¢t € T. Then '

onta) = [ (A4(5,2(9), 20(s) - 2())ds

b . )
- / (X(0.601 (5)A(5, 2(5)), 2a(s) — 2(s))ds

= ((Xo,1n) A=), 20 — 7).

Note that
b .
. q tvt,
[ Ito.cai()405,2(5)) = xp )¢, ()| s = | 1A s(pltas — o
. - Aty
0

as n — oo. Hence X[o,t,,]-"{(-f) — X[o,t]f:{(-'ﬂ) in LY(T, X) as n — co. Therefore
(A(e),2n = 2)),, = sup ((A(2),20 = 7)), = 0

as n — oo. Thus finally we have that sup,cr |za(t) — z(t)) = 0 as n — oo, i.e. 2, = z
in C(T,H) asn — oo and z € S. This proves that the solution set S of problem (3) is
compact

The last part of the previous proof has an interesting consequence. More specifically,
consider the evolution equation

#(t) + A(t,z(t)) = g(t) ae. on T} 1)

3:(0) =zx9 € H.
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Under a monotonicity condition on A(t,-), for every g € LI(T, H) problem (11) has a
unique solution z € W,(T) C C(T, H) So we can define the map w : LY(T,H) —
C(T, H), which to each g € LY(T, H) assigns the unique solution z € Wp(T) C C(T, H)
of problem (11). The next proposition establishes a useful property of that map w. But
first we formulate the precise hypothesis H(A), on A(t, z).

H(A); A:T x X — X* is an operator such that:
(i) t — A(t,z) is measurable.
(ii) £ — A(t, z) is demicontinuous and monotone.
(iii) |A(t, 2)lle < ar(t)+cillz]|P~* ae.on T (ay € LI(T),c1 20,p 22,5+ ¢ = 1).
(iv) (A(t,z),z) > c||z]|P — 9(t) fora.a. t e T and all z € X (c > 0,9 € L}(T)).
Proposition 5. If hypothesis H(A) holds and zo € H, then the map

w: LY(T, H) — C(T, H)

is completely continuous, i.e. continuous and maps bounded sets into relatsvely compact
sets.

Remark. In the light of the recent counterexample to the embedding theorem of
Nagy [12], due to Migorski [11], it is this proposition that should be used in [13 - 15]
instead of Nagy’s embedding theorem. In fact, the restriction that X is a Hilbert space
too is no longer necessary. So we can improve the results of [13 - 15]. -

4. Examples ' ‘ -

In this last section, we present two examples from parabolic partial differential equations,
which illustrate the applicability of our results.

Example 1. Let T = [0 bjand Z C RN (N < 3) a bounded domain with Lipschitz
boundary I'. Let D¢ = 32 (k=1,...,N) and D = (D¢){_,. We consider the nonlinear
parabolic problem ‘

Zx

;R

i

k=1

(Drak(t,z,z, Dz) + ao(t, 2,7)Dez) + f(t, 2,2(t,z)) = h(t,z) in T x Z
z(0,2) = z¢(z) a.e. on Z (12)
z=0onT xT.

The presence of the first-order derivatives makes it more difficult to establish the
pseudomonotonicity of the operator A(t,-), which uses critically the compact embed-
dmg of W,'P(2) into L?(Z). A typical exa.mple of the first order term is the term
’yz,‘ ,(sinz)Diz with v € R.

The hypotheses on the-data of problem (12) are the followings.
H(a)ay: TxZ xR xRY - R (k=1,..., N) are functions such that:
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(i) (t,2) — ax(t,z,z,7) is measurable.
(i1) (z,n) — ax(t,z,z,n) is continuous.
(i) lax(t, 2,2,0)| < Bu(t,2)+er (2P~ +[0IP~") ae. onTXZ (B € LA(TxZ),er >
0,2<p<oo,z+1=1)
(iv) 2?:1 (ak(tvz’xan)_ak(t’z)x’n,))("’k'—-’ﬁ) > 0 for a.a. (t,z) €ETxZ,allz e R
and all n,7" € RN with n # 7.

(v) T, ax(t, 7,2,m)x 2 callnllP = 9(t) for a.a. (t,2) € T x Z, all 2 € R and all
n€RN (9 € LY(T)).

H(ag) ao : T x Z x R — R is a function such that:
(i) (t,2) — ao(t, 2, z) is measurable.

(ii) lao(t,2,2) — ao(t, 2,y)| < k(t,2)|lz —y| a.e. on T x Z (k € L(T x Z)).
(iii) |lao(t,z,z)] < P2 ae. on T x Z (B2 > 0).

H(f); f:T x Z xR - R is a function such that:
(i) (t,2) — f(t,z,z) is measurable.
(ii) z — f(t,2,z) is continuous.
(iii) 1f(t,z,z)| < Bs(t,2) + cs|z|P/? ae. on T x Z (B3 € LY(T,L%(Z)),c5 > 0).
(iv) f(t,z,:x:):c >—ciae.onTxZ '(04 > 0).

Proposition 6. If hypotheses H(a), H(ag) and H(f), hold, h € LY(T x Z) and
zo € LY(Z), then problem (12) has at least one solution

z € L(T,W}?(2)) x (T, L¥(Z))  such that ‘;t—” € LY(T,W~19(2))

and the set of such solutions is compact in LP(T,L?(Z)).

Proof. For this problem the evolution triple consists of X = W}'?(Z),H = LY 2)
and X* = W~19(Z). Since 2 < p < o0, by the Sobolev embedding theorem, X is
embedded compactly into H.

Let uy : T x Wy"P(Z) x Wy P(Z) — R be the time-dependent semilinear form defined
by

N
u(t,a:,y)=/;Zak(t,z,z,Dz)Dky(z)dz.
k=1

Because of hypothesis H(a)/(iii), u(t,z,-) is bounded and linear, and so we can define
a nonlinear operator A: T x X — X* by setting

u(ta z,y) = (A(t’ z)’ y)'

Note that by Fubini’s theorem, t — (A(t,z),y) is measurable, and since y € X is arbi-
trary, we have that t — A(t,z) is weakly measurable, and because X* is separable, by
the Pettis measurability theorem ¢ — A(t, z) is measurable. ‘Also, because of hypothesis
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H(A)/(ii) and (iii), it is straightforward to check that z — A(t,z) is demicontinuous.
Moreover, from Browder 5] we know that z — A(t, z) is pseudomonotone.

Next, let v: T x X — H C X* be defined by

N
v(t,2)(") = ao(t,,2()) ) Dex(’).
k=1 :
Again we can check that t — v(¢,z) is measuréble.' We claim that z — v(t,z) is
completely continuous from W, "?(Z) into W~19(Z). Because of the reflexivity of the
spaces, we need to show that if z, = z in W, "(Z), then v(t,z,) — v(t,z) in W™19(2)
as n — 0o. Suppose not. Then we can find € > 0, a subsequence {Zm }m>1 of {Zn}n>1

and a sequence {ym}m>1 C X = Wol’p(Z) with |lym|| = 1 such that for all m > 1 we
have

(v(t,zm) — v(t,2),ym) > €. (13)

Since N < 3, from the Sobolev embedding theorem we have that Wol 'P(Z) is embedded
compactly into L??(Z) C L?9(Z), and so we may assume that zm, — z and y,, — y in
L*(Z) as m — oo. For every k = 1,..., N we have

eS/;ao(t,z,zm(z))Dkxm(z)y,,;(z)dz—‘/Zao(t,z,z(z))Dkz(z)ym(z)dz
=/Z(ao(t,z,zm(z))—ao(t,z,:t(z)))Dk:z:m(z)ym(z)dz
+ [ an(t, 2,22 Dezn(2)um(z) ~ 3(2)) ds
+ /Zao(t,z,z(z))(Dk:cm(z) — Diz(2))y(2) dz
+/;ag(t,z,:z:(z))Dkx(z)(y(z)—ym(z))dz.

From Holder’s inequality with three factors we have

/Z (ao(ﬁ, z,zm(2)) — ao(t, 2,2(2))) Dkzm(2)ym(z) dz

< /Zk(t,Z)IIm(Z) = 2(2)| | Dz m(2)] lym(2)| d2
S Nklleolizm — 2ll2gll Dzl llymll2g

-0 as m — oo.

Also, we have

|| a0t 2,2 Dezn () (z) = Uee| < B2 U Dszlply = vl =0

UZ ao(t, z,2(2))(Dezm(z) — Diz(z))y(z) dz| — 0

/za"(t’ 2,2(2))Dez(2)(y(2) — ym(2))dz| < B2|Z|'**|| Dizllplly — ymllzg — O
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as m — oo, where |Z| is the Lebesgue measure of the domain Z. So finally we have
(v(t,xm)—v(t,a:),ym>—>0 as m — oo

which contradicts (13). Therefore z — v(¢, z) is completely continuous as claimed.
Now, if we define Ay(t,z) = Ai(t,z) + v(t, ), we have that t — Az(t,z) is measur-

able and z — A(t,z) is demicontinuous and pseudomonotone (see Zeidler [18: Propo-
sition 27.6/(f), p. 586)). In additiop, we have
43 e < A2 + It S a(®) +eillsl?™ ae. onT
with a; € LY(T) and ¢; > 0. Note that because of hypothesis H(A)/(iv)
(Ai(t,z),z) > ¢|z||P - I(¢) ae.onT

for some £> 0 and 9 € LY(T). Also, for all y € W)*P(Z), we have

N
l(u(t,2), )| = I [ aott.z,(2)) (Z Dkz(z)) y(z)dz
k=1

N
<P [ ) IDkz(2)lly(2)| dz
< Bal| Dz, llyllg
< Ball=ll Iyl

for some B} > 0. Since y € W,'P(Z) was arbitrary, it follows that flu(t, 2)lls < Biliz]}-
Applying Young’s inequality with € > 0, we obtain v(t,z)||l. < B4(€) + &e)||z|[P~! with
Ba(€),c(€) > 0. So we have

((t,2),2) 2 ~llo(t, o)l llzll = —&e)lzll” — By(elliz |-
Finally we have .
(A(t, z),z) = (A1(t, ) + v(t, z),2)
> 2lzli? ~ 9(2) - Aelell? — Bae)ll=|
= @-a)llzll” - Ba(e)llzll - 9(t)  ((ae. on T)
= (C-qe)lizl® - 9.(t)  (by Young’s inequality).

Choose ¢ > 0 so that ?:‘(6) < C. Thus we have checked that A,(t,z) satisfies hypothesis
H(A).

Next let f: T x X — H be defined by

f(tv :L‘)() = f(ty ‘y :L‘())
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Using the compact embedding of W,'?(Z) into LZ(Z) a.nd hypothesis H(f), we can
easily see that f(t -) is continuous. Set

At z(t) = Ag(t, 2(t)) + f(t,2).

Clearly, A(t,z(t)) satisfies hypothesis H(A). Rewrite (12) as equivalent abstract evolu-
tion equation

i(t) + A(t,z(t)) = h(t) ae onT }
» I(O) =2Xy-

Invoking Theorem 4, we conclude that problem (12) has a solution

z € LT, W}?(2))NC(T,L*(Z)).  with %ti € LY(T,W~"9(2))

and the solution set is compact in C(T, L?(Z)).

Example 2. Againlet T = [0,b] and Z C R" a bounded domain with Lipschitz
bounda.ry [. In what follows a = (ay,...,an) € NV will be an N-multiindex and |a| =

Zk L ak. Also, for z € W™P(Z) we set 7;(:1:) = (D2)|a|<m—-1, ¥(z) = (D°:z:)|,,|_m and
&(z) = (D* z)0<|0|<m_ As before we assume that 2 < p < oo.

The problem under consideration is the following:

- Z (-1 D* A (t, z,7(z), 9(z)) + f(t,z,2,6(z)) = h(t,z) in T. x Z

lal<m

z(0,z) = z(b,z) a.e. on Z (14)
Forall || <m—1, D’z =0on T x .

The hypotheses on the data of that problem are the followings:

H(A); Ao : T x Z x RV»t x R¥7 s R with Npp_y = WAm=D . (NEm) g
ﬁm = N,n — Njn—1 are functions such that:

(i) (t,z) — Aq(t, z,n,9) is measurable.

(1) (n,9) — Aa(t,z,n,9) is continuous. -

(i1i) |Aa(t,z,m,9)| < ar(t,2) + ar(|InlP~* + |19||P~!) a.e. on T x Z (ay € LYT x
Z),C] Z 0)

(V) Xiaj=m (Aa(t,z,n,9) - a(t z,17,9'))(9a — 9,) > 0 ae.. on T x Z, for all
7 € R¥N=-1 and all 9, 9 € RNn with 9 # 9'.

(V) Ljajgm Aot z,n,9) 2 c2llF|IP — (2, 2) for a.a. (t,z) € T x Z, all n € RVN»
and 9 € RV~ (c; > 0, € L(T x 2)).

H(f), f: T x Z x R¥=-1 — R is a function such that:
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(i) (t,2) = f(t,z,2,£) is measurable.

(ii) (z,€) — f(t,2,z,£) is continuous.
(iii) |f(t,2,2,8)| < az(t, 2) +co(|z|P/2 + ||€||P/?) ae. on T x Z (az € LY (T x Z),c2 >
0). : -

(iv) f(t,z,z,6)r > —c3 > 0for a.a. (,z) €T x Z,all z € Rand all £ € R¥n-1.
Proposition 7. If hypotheses H(A), and H(f); hold and h € LY(T x Z), then
problem (14) has a solution
z € LP(T,WyP(2))NC(T, L*(Z)) with gt—x € LY(T,w~19(2Z)).

Proof. For this problem the evolution triple is X = Wy™?(Z),H = L*(Z) and
X* =W~™4(Z). Note that X is embedded compactly into X.

Let A; : T x X — X* be defined by

(Ai(t,2),y) 2 /A t,2,m :z) 19(1:))D°‘ (z)dz

la|<m

Again t — A,(t,z) is measurable and z — A, (¢, z) is demicontinuous and pseudomono-
tone (see Browder [5]). Moreover, by virtue of hypothe31s H(A),/(iit) and (iv) we can

check that A, (t, z) satisfies hypothesis H(A) Also, let f T x X — H be the Nemitsky
operator corresponding to f(¢, z,z,£), i.e.

flt,2)(2) = f(t,2,2(2), €(2(2))) (= € Wo’"’(Z))~

Exploiting the compact embedding of W™?(Z) into Wy"~ 1'?(Z), we can easily see that
f(t,-) is complete. Then

A(t,2(1) = Ai(t,2(1)) + ft,2)
satisfies hypotheses H(A). We rewrite problem (14) as equivalent abstract evolution
equation
z(0) = z(b).

By Theorem 3, this problem has a solution z € LP(T,Wy™?(Z)) N C(T, L2(Z)) with
& € LY(T,W~19(2)).

z(t) +.A(t,:c(t)) = h(t) ae. on T}
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