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Uniqueness Results for the Full Frémond Model
of Shape Memory Alloys

N. Chemetov

Abstract. In the paper we show two uniqueness results for problems related to the thermo-
mechanical model proposed by Frémond, which describes the structural phase transitions in
the shape memory alloys.
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1. Introduction

We consider the system of partial differential equations given by

Bi(cod — 16, %1) + By ((a(a) — 60 (8)) x2div u) — hAG = F + o(8)x2(div u), (1.1)

Uy — div(Adiv u-J + 2uE(u) + a(B)xz - ] — vA(divu) - J) = G (1.2)
3 [xi (8 - 6.) 0
k at Xz] + [a(G)divu +0Ik(x1,x2) [0] (1.3)

in Q@ = 2 x(0,T), where Q is an open bounded subset of R®. The unknowns 6, u, x,, x2
have the following physical meaning : 8 is the temperature of the alloy, u = (u;, u, uz) €
R? is the displacement vector, and x;, x2 are the transformed phase proportions of dif-
ferent phases of the alloy, that have been obtained by the following: Let 3;,8; and S,
be the volumetric proportions of two martensitic variants and of the austenite, respec-
tively. The side condition for 31, 82,83 € [0, 1] with 8, + B2 + B3 = 1 can be equivalently
rewritten as

ox) €K ={(nm) eR: lsn<1), (14

where x; and x2 are defined by x; = 8; + 82 and x2 = 82 — 81. The functions F and
G represent the distributed heat sources and the body forces, respectively, E(u) is the
linearized strain tensor and J is the identity matrix in R3. For the physical meaning
of the positive constants co, h,v, A, u, k,l and 6. we refer-to [3, 7). The given function
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o represents the thermal expansion of the system and is non-negative, vanishing for
any temperature larger than a so-called Curie point 8. > 6,. Finally, 81k denotes the
subdifferential of the indicator function

{0 if (v1,72) €K
Iy =

+oo if (1,72) € K (1:8)

for the triangle K defined in (1.4).

System (1.1) - (1.3) has been proposed by M. Frémond (3, 7] in 1987 for describing
thermo-mechanical processes and structural phase transitions (martensite <> austenite)
in shape memory alloys. Later on this system has been studied under different simpli-
fications in many articles (see a review in (1, 2, 4, 5]). Here we would like to pay our
attention to three articles {1, 2, 4], where system (1.1) - (1.3) has been investigated in a
full formulation. In [4] for the one-dimensional case system (1.1) - (1.3) has been taken
in the quasi-stationary statement, that is, the inertial term u,; has been omitted. Due to
these assumptions an explicit form for u, has been obtained. This has allowed to write
the system just in the terms of the unknowns 6, x1, x2 and as a consequence to show
both existence and uniqueness results. In [2] P. Colli has established an existence result
for the quasi-stationary form of system (1.1) - (1.3) already in the multi-dimensional
case. But the uniqueness of solution has remained an open question. Also we would
like to mention article [1] where an existence result has been obtained for system (1.1) -
(1.3) without any simplification in one space dimension. The uniqueness result has not
been proved.

The main purpose of our article is to show the uniqueness results for these last two
problems.

2. Formulation of results
2.1 Formulation of the first result. First we recall some notations. Let (-,-) and
| - || be the scalar product and the norm in L*(Q2), respectively, and let us denote by n

the outer unit normal to the boundary 8Q and by {T'o,T'~} a partition of 9Q into two
subsets such that I'p has a positive surface measure. We set

K= {(nm) €(L®@): Il Sm S 1ae in Q)

v={veH @) :v=0onTyanddivve H'(®)}

'a(V,W)=-/Q(/\divvdivw (2.1.1)

+2u Z Eij(v)Eij(w) + vV(divv)V(div w)) dz (v,wevV)

i,j=1

where

NI 7.7 U
Ei(v) =3 (ax,« + 62:.-) (4,7 =1,...,3).
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Concerning the data of the problem we suppose
FeL*Q), fe€H'(0,T,L* Q)
Ge H'(0,T,(L()*), ge H'(0,T,(L*(Tn)))
o€ H'(Q), (x10,x20) €K
F>0ae. inQ, 6 >0ae inQ, f>0ae in(0,T) x9N (2.1.2)
and the function a is non-negative, vanishing from the Curie point 8. > 0,
a € C*(R) such that o'(£) = 0 for all £ € R\(0, §,),
ca = |la"|| e (0,6,) is sufficiently small.
Remark 1. By (2.1.3) (or by (2.2.3), sec below) we easily deduce that

1§a” (&), la'(€)] < Bcca and [’ (€)), a(€)] < G2eq
for all £ € R.

Problem (P1). Find
6 € H'(0,T,L*(Q)) N C°(0,T, H'()), 6 > 0 ae. in Q
u = (uy,uz,u3) € H'(0,T,V) with divu € C*(Q) (21.4)
x1,x2 € H'(0,T,L* (), (x1,x2) €K

(2.1.3)

such that
(6‘(609 —16.x1) + 8 ((a(8) — 8/ (8)) x2div u),¢) + h(V8,V4)
+ 0/60(9 - f)¢dz = (F + a(8)x2(div u)y, ¢)

a.e. in (0,T), for all ¢ € H'(Q)

0(z,0) = 6p(z) ae inf (2.1.5)

a(u,v) + (a(f)x2,divv) =/s;Gv da:+/ gvdz (2.1.6)

WY

ae. in (0,T),veV

2
> k(Bixs x5 — 1) + 18 = ba,x1 = m) + (a(8)divu,x2 — 72) <0

=
ae. in Q, for all (1;,712) € K

(x1,x2)(2,0) = (x1,0,x2,0)(z) a.e. in Q. (2.1.7)
Remark 2. Formally equation (2.1.6) is equivalent to equation (1.2) taken in the
quasi-stationary case, i.e. without the inertial term uy, where u satisfies the boundary
conditions
(( — v A(divu) + Adivu + a(8)x2)J + 2uE(u), n) =gon Ty x[0,T]
u=0on Ty x[0,7]

a ..
6—n(d1v u)=0o0n J0 x[0,T]
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where J is the unit matrix.

Lemma 1 (see P. Colli, M. Frémond and A. Visintin [3]). For any 6, x2 € C°(0, T,
LY(Q)) and |x2| < 1 a.e. in Q, there exists one and only one solution u of equation

(2.1.8) such that
ueC0,T,V) and  divue CUQ) (te(o,T)),

and there i3 a constant B depending on cq,0.,G,9,Q,v, A and p such that

”diVll(',t)”CO(ﬁ) S B (t € [O,T]) (218)

Lemma 2 (see P. Colli [2]). Under the above conditions (2.1.2) and for o satisfying
condition (2.1.3), if

0<co—6-ca-B=A (2.1.9)
and
2 2
(80 +1)ca)? < A~ (A4 5;1), (2.1.10)

then there exzists at least one solution of Problem (P1).

Theorem 1. Under the conditions of Lemma 2 Problem (P1) has one and only
one solution. ’

2.2 Formulation of the second result. Let us formulate the second result of this
article. Now we consider system (1.1) - (1.3) in the one-dimensional case, i.e. = (0,1),
and use the notations

H2(Q) = H*(Q) N Hy(Q)
HY Q) = {v € HY(Q): v(s) = vex(s) =0 (s =0,1)}
K ={(m,7)€(L™@): Inl<m <lae inQf

a(v,w) = B/ vewg dz + u/ Vs Wyy AT (v,w € H(Q)) (2.2.1)
Q Q

where f = A + 2u > 0 (see (2.1.1) and (1.2)). In the sequel we denote by (-,-) either
the dual pairing between (H2(2))' and H2(f) or the scalar product in L%(), by || - ||
and (-,-) the norm and the scalar product in L?(f), respectively.

Let the data of the problem satisfy the conditions

FelL¥Q), f,€HY(0,T) (s=0,1)

Ge Hl.(O,T, L3(Q))

bo € H'(Q), wo € Hy(Q), wo € H(Q), (x10:x20) €K

F>0ae. inQ, 6>0inQ, f,>0in(0,T) (s=0,1) (2.2.2)
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and let the function @ be non-negative, vanishing from 6. > 0,

a € C}R), o'(£)=0 for all £ € R\(0,8.),

N ) . (2.2.3)
€a = ||a"||L=(0,0.) 1is sufficiently small.

Problem (P2). Find
6 € L*(0,T, H3(Q)) N H'(0,T, L*(Q)) N C°(0, T, H*(R)), 8> 0 ae. in Q
u € WHe(0,T, Hy (R)) N L0, T, H3(Q)) n H*(0, T, (H*(2))) (2.2.4)
x1,x2 € H'(0,T,L*()), (x1,x2) €K
such that
Bu(co — 16.x1) + 3 ((a(8) - 6'(6)) Xauz) = 6oz = F + a(8)xause
ae. in Q
(—1)°h8.(s,t) + ns(6(s,t) — f+(t)) =0 ae. in (0,T), for s =0, 1
8(z,0) = 6p(z) ae. in Q (2.2.5)

(ute,v) + a(u,v) + ((8)x2,v:) = (G,v) ae. in (0,T), Yo € H3(Q)

u(z,0) = uo(z) and u.(z,0) = we(z) a.e. on Q (2.2.6)
2

D k@ixir x5 =) 1B = 0u,x1 = 1) + (a(B)uz, x2 — 72) < O

=1 .

a.e. in Q, for all (7;,72) € K
(x1,x2)(z,0) = (x1,0,Xx2,0)(2) a-e. in §. (2.2.7)

Remark 3. Formally equation (2.2.6) is equivalent to equation (1.2), where u
satisfies the boundary conditions

u((s,t) = uz.(s,t) =0

for s=0,1and t € (0,T).

Lemma 3 (see N. Chemetov [1]). Under conditions (2.2.2) — (2.2.3) Problem (P2)
has at least one solution and for some constant B’

lur(z,t)| < B’ for a.e. (z,t) € Q. (2.2.8)

Remark 4. The last assumption in (2.2.3) is a compatibility condition with data
of Problem (P2). Notice that if one knows that ¢, is bounded (say 0 < ¢, < 1), then
it is possible to determine a constant B’ depending only on data (2.2.2) (as in the
construction of the solution in [1]). And moreover, if ¢, is sufficiently small in the sense
that

0<co—6bccaB' = A, (2.2.9)
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then we can assure the existence of the solution of problem (P2).

Theorem 2. Under the conditions of Lemma 4 and (2.2.8) — (2.2.9) the solution
of Problem (P2) is unique.

Remark 5. Here and in what follows A, B, B’,C,, C5, ... > 0 will denote constants
that are independent of z,¢ and, possibly, depend on the data of Problems (P1) and
(P2), i.e. on 8p,wo,uo, x1,0,x2,0,7 f, F,G,8,¢c0,h,L,v,B,k,1,6.,co and b,.

3. Common estimates of the difference of solutions

In the section we deduce estimates that are true for both problems (P1) and (P2). First
let us make few remarks about some usefull notations which we use in what follows. In
this section, just for shortness of explanation, formulaes (2.1.1) - (2.1.9) and (2.2.1) -
(2.2.9) are denoted by (2.J.1) - (2.J.9). Let us suppose that system (2.J.5) - (2.J.7) has
two different solutions ', u', x}, x3 and 6%,u?,x%,x2, and denote by @ the difference
of two functions ¢! and ¢?, i.e.

¢ =p" -
Also, in the sequel we often use two trivial identities
p=7 ¢+ Y=F-¢' +o> Y
that allow us to have a necessary factor %! or ? for g. Therefore without loss of
generality we can write this identity omitting the superscripts, i.e.

=7 Y+o- 9 (3.1)
The following estimate plays the crucial role in the proof of two uniqueness results.

Lemma 4. There ezists ¢ constant C, such that

t
3A ~ h = o
o [ 161ar + 19817 + Z1dlac
0
L ! (3.2)
<c | (Z ||x—,~||2(r>) dr + 6o |16 ldivaldr + 1] + o] + 15
0

0 \J=!

where é_(z,t) = f(: 8(z,s)ds and

L= 0/ n/ 6z, 7) [ / %2a(0) - (div u),ds] drdr (3.3)

0

I, = /é(x,t) l:/()('za(G)), ~divﬁdr} dr (3.49)

Q
L= [§ (x:a(8)), - divudzdr. (3.5)
/] |



Uniqueness Results for Shape Memory Alloys 883

Proof. Taking the difference of (2.J.5)! and (2.J.5)? and integrating it on the time
variable over (0,7) we have

(cof — 16, x1 + (a(8) — 8a’(8)) xzdiv u, 6)(7) + h(V8,$)(r) + 7 /6 ) 8¢ dz (1)

= (/ a(8)x2(div u),ds,d)) for a.e. 7 € (0,T), Vo € H'(Q).
0

Due to the mean value theorem there is some function &(z,7) with values between
6'(z,7) and 6%(z,7) such that a(f) — fa'(6) = —€a"(£) - 6 for a.e. (z,7) € Q. Hence
applying identity (3.1) we get

(Ica — o (Ehxaciv - ,6) + h(V8,8) 4 [ Bods

r (3.6)
= (10, X1 — (a(8) — 6’ (8)) Xzdivu + J + /a(@)xg(div u),ds, ¢)

0

where
J = —(a() — 8a'(8)) x2div + /a(O)xg(div u),ds
. ° (3.7)
= 8a'(8)x2divu — /(a(G)xg), - div uds.

Here we have combined, using integration by parts, the terms in a more convenient form
for the following considerations. Therefore, if we substitute in (3.6) ¢ = 6 and integrate
it on (0,t), taking into account (2.J.9) and o(8), a'(8), x2 € L>(Q), we deduce

t
. h, = n, x
A/||9||2dt + §||V9||2(t) + 5181150 (t)
0

t
— h s =
< [ [ len - ea"(@xaciv ] - dzdr + ZIVEI*(0) + 5 16lBa(t)
0 N

t t
<C ( [ [ixitaaer + [ L mldxdr) (3.8)
0N 0 Q '

t

+ 116e (B)ll =@y Ix2ll oo / / 18] & a] dzdr
0N

j/é(z,r) (](a(G)XQ),mds) dedr
0 a g

+
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+ 0/0/0_(:1:,7‘) [/W (divu), ds] dedr

0

=J + 2+|I|+|11|

By the inequality ab < e%- * + 2¢’

! 2
/]0||2dt+Cl/ (Z ||X—j||2) dr.
0 j=1

»¢>|>

Due to Remark 1,

t
<8 co / 161 l[div @l dr.

To conclude the proof of this lemma we need just to rewrite the integral I in (3.8) using
the fact that § = (0 ) and integration by parts in the time variable:

|1} = j / (b6(z, 7)), ( / (a(o)xz),mds) dzdr
! 0
= /é(x,t) (j(a(ﬂ)xg),mds) dz —/t/é_(a(a)xg),m&tdr
Q 0 0

= |l = L] < L] + |L].

The lemma is proved i

Lemma 5. There ezists a constant C3 such that

Zkllx;ll (t) < Cs (/ 1l dT+/|ldlv a| dT) : (3.9)

j=1

Proof. To show estimate (3.9), we choose (71,72) = (x2,x3) in equation (2.J.7)
and (11,72) = (x1, x3) in equation (2.J.7)2. Taking the sum of the deduced inequalities
and integrating it on the spatial variable z € Q and the time variable in (0, t) we easily
get i

2

S5O+ [ [ 110 x5+ a@va- )drdz <o. (3.10)
0N

j=t

Hence using that «(6),a’(8),divu € L®(Q) (see (2.J.8)) in the relation

a(f)divu = o(f) - divu + a(o)m; o'(€)-6:divu+ a(f)divu (3.11)
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for some § with values between 8',6% and applying the inequality ab < 's"2—2 + -’2’—2 in the
last integral of (3.10) we obtain

2 k t 2 t )
3. 51l < / (Z > nx—,-u’(r)) dr+Ca [ (161 + ldiv a|)ar.
= o \Js=! 0

Therefore, due to the Gronwall inequality we deduce the desirable inequality (3.9)

4. Uniqueness result for Problem (P1)

In order to get this uniqueness result, first we present an auxiliary lemma.

Lemma 6. There ezists a constant Cs such that

/||V(dxv a)||%dr + /\ + /||d1v al|%dr
(4.1)
< Cs/||xgl|2dr+0 ca/||0|| [div a]| dr.

Proof. By the momentum equation (2.J.6) for i we have
a(u, ) + (a(8)xz,diva) =0 ae. in (0,T).
Due to a(8),a’(8), x2 € L=(Q), Remark 1 and the inequality ab < e“z—7 + '2’—2,

v V(v B2 + (A + 3u)lldiv a?

IN

la(u, )|

IA

/a(e)xg -divadz
Q

< /a(ﬂ)-Yg‘divﬁda’ + /a'({)xg -9-diviadz
Q Q

< Cslixzll® + (A + 3)lldiv &|1* + 6ccal|8]| - [idiv all.

Hence integrating this inequality in the time variable over the interval [0,] we obtain
(41)n
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Proof of Theorem 1. Taking the sum of (3.2) and (4.1), and then applying
(2.1.10) in the inequality

- Lo A 1 2 .
(B + )ca 0] - v all < 51617 + 5 (A + S ) v a?

we show that-

_ h s 7,2
1611%dr + S1IVEI*(2) + S 1i6lI3a()
2 2

e
o .

+x//||V(d1vu)l| dr+ A+ /||d1vu|| dr (4.2)

t
< Cs/ (Z ||7(7||2(T)) dr + || + |I2| + | L],
0

=1

In order to estimate the integral I, first we show that divu, € L?(0,T,C°(Q)). In
fact, due to (2.1.4) the function

8(t) = (||V(div wl? + (v udll? + 3 19wl + Il(a(G)Xz):IV)(i)

=1
is such that
#(t) € L'(0,T) and, of course, #(t) < oo for a.e. t € (0,T). (4.3)
Hence from (2.1.6) it follows that the function u, satisfies for a.e. ¢ € (0,T)

8
Oz;

P= G udiu(V(w)) - 5 (@@x)) n D@ (=123

P = (XA 4+ p)divu, — vA(div u,)

and three boundary conditions in a suitable sense which are similar to the conditionsof
Remark 2. This identity and (4.3) imply that P(z,t), P;,(z,t) € H-Y(Q) for a.e.
t € (0,T). From [6: Theorem 3.2] (see also [3: Proof of Lemma 1)) it follows P € L¥}(Q)
and

PII(t) < Cr(I1Plls-1ca) + 1Pzl 1-1¢ay ) (2)- (4.4)

Hence by regularity results for elliptic boundary value problems
ldivueficoay(t) < CrllAdivuy|(t)
and by (4.3), (4.4) we deduce

0
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Therefore, by a(6),a’'(6), x2 € L*(Q) and ab < e‘;—z + % we have
t r
|hi < //II(G‘iv Wellcoqay(s) (/ 161(z, 7) - la(O)x2[(z, 5) dx) dsdr
00 Q

< [181e) ( [ @ willoun(s)- ||a(‘e‘)‘mu(s)ds) dr

t t r 2
- / I01dr + / ( / ll(diVU)tllco(m(S)'||0(9)_X2||(5)d8) ar
4 / |10||2dr+cs{ / 1(div w)elZogayd } /(IIX2||2+Il9II )dr.

By the Holder inequality and the embedding theorem H!(Q) C L‘(Q), we get

(4.5)

AN

l/\

1 < 16l ecan (1) - / ldiv @ gacay lI(@(8)x2)e ]| dr
0

< Csl|9llul(n)(f)‘/Ildivﬁllm(n)ll(a(f’)m)zll dr
(4.6)

&

< 21V + -|I0I|an(t)+Cm/l|(a(9)X2) I1*dr

t
x / <u||V(div B+ (2 + %;&) ||div'a||2) dr.
0

Let us apply the same idea to estimate the integral I5:

f-S

|| < /II(;IIu(m'IIdiv Ul ey - 1(@(8)xz2):ll dr
0

t
<Cn /Héllm(n) |ldiv afl gray - 1(a(8)xz2)ell dT
0 (4.7)

t
h s N =
< Cua [ a(@xa) I (31981 + 2013)dr
0

t
- 7 g o 1 2 N, g
+/(-8-V|IV(d1v a)|? + Z(A+ 3;z)||dw ) )dr

0
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Substituting estimates (4.5) - (4.7) into (4.2) we deduce

t
A - h - 7,3
< / 1611dr + < IV8II*(t) + £ 118]13a(t)
8 2 1
0
/ 2
1 o 2 N
+ g/ (u”V(dwu)" +(r+ 3;t)||d1vn|| )dr
0

. t t
< Cs (t / I(div u)(||2co(mdr) : / 16|2dr
0 0
t

| (48)
h S s
+ iz [ Ie(@pa) - (GIV0 + 216130 ) ar
0

t

+Cio / a(6)x2)llPdr / (19w + (3 + 24) v ) dr

t

t 2
+ max {CG,Cst/"(di" u)t”éom)d"')} / (Z "X_J||2(T)) dr.
0 =1

0
Let us choose ¢ such that

t ]

_ . A 1

Cat / I(divu)igoqydr < 75 and  Cio / I(e(®)x2)ell*dr < £
0 0

and denote

t
_A 3112 h a2 M wan2
v) = 35 [161Pdr + Z19817) + Dala(o
0
1 ' 2
2 . =\2 e =2
+ 16 (vllV(dxv DI + (A+ 51 Idiv a )dr.
[

Then applying estimate (3.9) from (4.8) we easily get that y(t) satisfies the Gronwall
inequality

u(t) < ] Giry(rydr  (0<t<i)
where ’
G(t) = max (Cus, Cuzll(a@)x2)el(1)) € L*(0, 7).

Hence y(t) =0or§ =0,0 =0,%, =0,52 =0 forany 0 < t < .
We can repeat the same estimates for the interval [t,2t] and so on. Therefore the
solution of Problem (P1) is unique il
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5. Uniqueness result for Problem (P2)

In this section 8',u', x}, x} and 6%,u?, x?, x3 are two different solutions of Problem (P2)
and 8,4, X1, X2 is their difference.

Lemma 7. There ezxists a constant C,4 such that

1 - vV, .
3 (2z1? + Bllt=<11?](t) + _"ﬁz:zllz(t)

(5.1)
< C“/Hu,u” d7‘+( +C“t /”9|I2dT+C“/”x2"2dT
Proof. From (2.2.6) for # we have
(@ee,v) + a(@,v) + (a(0)x2,vz) =0 a.e. in (0,T), for all v € H*(Q).
So integrating it in the time variable over the interval (0,7) we get
(@e(T),v) + a(t(r),v) + (/ a(f)x2 ds,v,) =0 ae. in (0,T)

0

where 4(1) = for u(s)ds. Hence taking v = —u., (a rigorous proof that we can use

v = —iz; as a test function was shown in [1: Page 169/Formulaes (49) and (50))),
integrating on (0,t) we easily deduce .

5 [Ilﬁzll2 + Blldzell® + vllizze ] (8)

= // (/ta(ﬂ)xg ds) - Ugog dzdT
oo \o
=j/ (]a(b)xz ds) (fizes)rdzdr
o \o
=/ (j a(8)x2 ds) HUgre(t)dz —j/a(ﬁ)xg ligr dzdT
0.9

a \o
= J3 + J4.
Due to the inequality ab < e% + %;,

¢ 2
i< [ ( [ ds) dz + % e 20

Q 1]

t ¢
< Cuat [ 18I (r)dr + Cuat [ IRalP(r) dr + S leeal0)
0 0
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where we have applied (3.11) and «(8), a'(6), x2 € L*°(Q). By the same way

t t
. _ 1 -
s <e [ [@@wardsdr+ g [ [lineslande
[ NN Y] 0 Q

t t t
A = -
<5 [10kar 4 0 [ixatiar + Cor [Nouualer
1] 0 0

Combining all these estimates we obtain inequality (5.1) &
Proof of Theorem 2. Let us take the sum of (3.2) and (5.1):

(2 -cue) [1éear + TR
0
+ 30 R + el + 'guﬁuuz(t) + 1 Maal?(2) (5-2)
s=0

t t 2
< CH / ”a:lelzdf + C] / (Z ||X_1||2(T)) dr + llll + |I2| + |I3|
0 0 =1 .

To estimate the integral I;, let us rewrite it using integration by parts:

L) = / / ( / xga(G)‘u,,ds) . (8),dzdr
= r[(o/xga(ﬁ) unds) G(t)dz—//xga(e) Uge - g dzdr|.

Therefore by (2.2.4), the embedding theorem H'(0,1) C C(0,1) and_the inequality

ab £ e— + 25,
i
1L < 18l () ( / / ftae] Ia(9)X2|dsz)
0N

+/||§||C(Q)(T) (/ [tze] - |01(9)X2|d1) dr

Q

(5.3)
< 21617 + 2 Z1s)P (e

A ~
+ (cm [waar + ;) ~ / (IRell? + 161%)dr
0 0
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+Cie / lluzell® (—no 12 + Z 1o |e(s)|*) dr

s=0

and

|2l < 1Bl oy (2) - / 2z ll(r) - I(e(8)x2).ell(r) dr

1 ‘ t (5.4)
h - Ne %, « _
< GIBIPO + 3 IO + oo [ a@xadiar - [ faslar.
s=0 0 0
~ Applying the same idea to I3 we get
t
113] < /lléllcm) Nzl - ((8)x2).ll d7

(5.5)

< Cao / @)l (2117 + Z”’le( )dr + 3 / . |dr.

Let us substitute (5.3) - (5.5) into (5.2). Then

t t
A ' ~ h, s
(5 ~ Cut = Cig / ||uz.||2dr) - [ iRar + 20807

+ Z 77’|9(8)I 1)+ -II e ?(t) + —Iluull (t) + —IIumII (t)

< [ {Call(a@)xa)I? + Crsllucd?) (gnézn? +y %Ié(sn?) dr

0

t t t
+ Cio / I(a(®)x2)el%dr - / lalPdr + Cy, / lieeel?dr
+ max {ClaCIS/”u:l” dr + ‘—} / (Z”X1”2>dr
Hence if we define f such that

A
Cha- z+c.8/||uun ar<?
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and take

|

vy = 5 [1817ar + L0000 + 32 LR + GladlPo) + Seeal),

then from (5.6) and (3.9) we easily deduce that y(t) satisfy to the Gronwall inequality
t
y(t) < /G('r)y(r)dr forany 0 <t <t¢
0

and for some function G € L'(0,%). Therefore y(t) =0or 8 =0,2=0,%; =0,52 = 0
for any 0 < t < t. Repeating the same estimates for the interval [¢,2f] and so on we
conclude that the solution for Problem (P2) is unique il
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