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Abstract. In the paper we show two uniqueness results for problems related to the thermo-
mechanical model proposed by Frémond, which describes the structural phase transitions in 
the shape memory alloys. 
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1. Introduction 

We consider the system of partial differential equations given by 

ôt (CO 9 - lOsXi) + O ((a(8) - Oa'(8))X2div u) - hL8 = F + a(9) 2 (div u) t (1.1) 

Ujj - div(Adiv u . J + 21tE(u) + a(0)x2 . J - v(div u) . .1) = G	(1.2) 

[0] k	[ XI ii 11(9 1 + OIK(Xi ,x2)	 (1.3) 
X] + [(9)divuJ 

in Q = x (0, T), where Q is an open bounded subset of R 3 . The unknowns 9, u, Xi ,X2 
have the following physical meaning: 9 is the temperature of the alloy, u = (u i , u 2 , u 3 ) E 
R3 is the displacement vector, and xi, X2 are the transformed phase proportions of dif-
ferent phases of the alloy, that have been obtained by the following: Let 31, /92 and /3 
be the volumetric proportions of two martensitic variants and of the austenite, respec-
tively. The side condition for 131, 02, 03 E [0, 11 with 01 + ,32 + 03 = 1 can be equivalently 
rewritten as

(x1,x2) E K = {(71,72) E R 2 1721 71 
!^ i},	 (1.4) 

where xi and X2 are defined by xi = 0 + 02 and X2 = /32 -,61. The functions F and 
G represent the distributed heat sources and the body forces, respectively, E(u) is the 
linearized strain tensor and J is the identity matrix in R3 . For the physical meaning 
of the positive constants co, h, ii, .\, z, k, 1 and 9 we refer to [3, 7]. The given function 
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represents the thermal expansion of the system and is non-negative, vanishing for 
any temperature larger than a so-called Curie point O, > 9.. Finally, 51K denotes the 
subdifferential of the indicator function 

10	if(71,72)EK 
IK =

	

	 ( 1.5)
I+ 

for the triangle K defined in (1.4). 
System (1.1) - (1.3) has been proposed by M. Frémond [3, 71 in 1987 for describing 

thermo- mechanical processes and structural phase transitions (martensite austenite) 
in shape memory alloys. Later on this system has been studied under different simpli-
fications in many articles (see a review in [1, 2, 4, 5]). Here we would like to pay our 
attention to three articles [1, 2, 4], where system (1.1) - (1.3) has been investigated in a 
full formulation. In [4] for the one-dimensional case system (1.1) - (1.3) has been taken 
in the quasi-stationary statement, that is, the inertial term Ugt has been omitted. Due to 
these assumptions an explicit form for Ur has been obtained. This has allowed to write 
the system just in the terms of the unknowns 9, Xi, X2 and as a consequence to show 
both existence and uniqueness results. In [2] P. Colli has established an existence result 
for the quasi-stationary form of system (1.1) - (1.3) already in the multi-dimensional 
case. But the uniqueness of solution has remained an open question. Also we would 
like to mention article [1] where an existence result has been obtained for system (1.1) - 
(1.3) without any simplification in one space dimension. The uniqueness result has not 
been proved. 

The main purpose of our article is to show the uniqueness results for these last two 
problems. 

2. Formulation of results 

2.1 Formulation of the first result. First we recall some notations. Let (,.) and 
be the scalar product and the norm in L2 (1), respectively, and let us denote by n 

the outer unit normal to the boundary Ô1 and by { 0 , rN} a partition of aQ into two 
subsets such that I'o has a positive surface measure. We set 

K = 1(11,72) e (L°°(Q))2 : 172I	1 a.e. in Q} 

V = {v E (H'(Q))3 : v = 0 on F0 and divv E H'(cl)} 

z(v,w) = j (Adivvdivw 

+2	Ei(v)Eii(w)+vV(divv)V(divw))dx (V,WE V) 

where	
1 (av	L'	(i,j E,(v) =	

+ axj

(2.1.1)
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Concerning the data of the problem we suppose 

FE L2 (Q), f  H'(0,T,L2 (311)) 
G E H' (O,T, (L2(11))3), g e H' (0, T,(L2(rN))3) 
0o € H(Q), (x,o,x2o) E K 
F —> 0 a.e. in Q, Go ^! 0 ac. in 11, 1 ^! 0 a.e. in (0,T) x 9Q	(2.1.2)€

and the function a is non-negative, vanishing from the Curie point O > 0, 

	

a E C2 (R) such that a'() = 0 for all € R\(0,	'	 (2.1-3) 
Ca = II a"II Loo(o,o) is sufficiently small. 

Remark 1. By (2.1.3) (or by (2.2.3), sec below) we easily deduce that 

Iea"(e)I, I a'(e)I	OcCa	and	ea'(e)I, Ia()I	Gca 

for all € R. 

Problem (P1). Find 
GE H 1 (0,T,L 2 (fZ))fl C 0 (0,T,H' (11)), 9? 0 ac. in Q) 
u= (u 1 , u 2 , u 3 ) € H'(O,T,V) with divu E C°(Q)	 (2.1.4) 

XI, X2 E H 1 (0,T,L2 (cl)), (XI, X2) E K	 J 
such that

(O1(c9 - 19.x') + ôj((a(9) - 9a'(9))2div u), ) + h(V9, Vqf) 

+f(9—f)dx = (F+a(9)2(divu)t,) 

a.e. in (0,T), for all 0 E H'(Il) 

9(x,0)=9o(x)	a.e. in 11
	

(2.1.5) 

a(u,v) + (a(9)X2,divv) 
= j Gvdx + Ir N gvdx	 (2.1.6) 

a.e. in (0,T),v E V 
2

k(ôjxj ,xj -7j )+l(G-9,x l —71)+(a(9)divu,X2--y2)0 
j=1

a.e. in Q, for all (71,72)€K 

(x,,x2)(x,O) = (X,,o,x2o)(x) a.e. in Q.	 (2.1.7) 
Remark 2. Formally equation (2.1.6) is equivalent to equation (1.2) taken in the 

quasi-stationary case, i.e. without the inertial term iigj, where u satisfies the boundary 
conditions 

(_v . A(divu)+.Xdivu+a(9)x 2 )J+21.tE(u),n) =gon rN x[0,T] 

u=Oon Fox[0,7'] 

an 
-(divu)=Oon 311x[0,T]
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where J is the unit matrix. 

Lemma 1 (see P. Colli, M. Frémond and A. Visintin [3]). For any 9, X2 E C°(O, T, 
L2 ()) and I X 2 1 1 ac. in Q, there exists one and only one solution u of equation 
(2.1.6) such that

E C°(O,T, V)	and	divu E C°() (t E [0, TI), 

and there is a constant B depending on c0 , 9, G, g, Q, v, A and it such that 

	

Il divu(, t )IIco ()	B	(t e [O,T]).	 (2.1.8) 

Lemma 2 (see P. Colli [2]). Under the above conditions (2.1.2) and for a satisfying 
condition (2.1.3), if

	

0<co-9c0B=A	 (2.1.9) 

and
(9(0 + 1)ca) 2	A (A+	 (2.1.10)

then there exists at least one solution of Problem (P1). 

Theorem 1. Under the conditions of Lemma 2 Problem (P1) has one and only 
one solution. 

2.2 Formulation of the second result. Let us formulate the second result of this 
article. Now we consider system (1.1) - (1.3) in the one-dimensional case, i.e. Q = (0, 1), 
and use the notations 

H) = H2 () n H) 

H(1) = { E H 3 (): v(s) = v11 (s) = 0 (s = 0, i)} 

K = { (71,2) E (L(Q)) 2 : I2l	71	1 a.e. in Q} 

a(v, w) = 3 I VXWX dx + v 
in

vw dx	(v,w E H())	(2.2.1) 

where 0 = A + 2 > 0 (see (2.1.1) and (1.2)). In the sequel we denote by (,) either 
the dual pairing between (H())' and H(1) or the scalar product in L2 (1), by . 
and (.,.) the norm and the scalar product in L2 (cl), respectively. 

Let the data of the problem satisfy the conditions 

Fe L2 (Q), f3 € H 1 (0, T) (s = 0,1) 

GE H'(0,T,L2(l)) 

Oo E H'(), w0 E H(fl, u0 e H(Q), (xl,o,x2,o) E K 

F? 0 a.e. in Q, Oo? 0 in c, f? 0in (0,T) (s = 0,1)	(2.2.2)
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and let the function a be non-negative, vanishing from 9, > 0, 

a E C2 (R), a ' () = 0 for all C € R\(O,9), (2.2.3) 
C =	 is sufficiently small. 

Problem (P2). Find 

9€ L2 (0,T,H 2 (cl)) fl H'(0,T,L2()) fl C°(0,T,H'(l)), 9 ? 0 a.e. in Q 

U E W"— (O, T, H (cl)) n L(O, T, H(l)) n H 2 (O, T, (H(cl))')	 (2.2.4) 

X1,X2 E H'(O,T,L2(cl)), (XI, X2) E K 

such that

- 19. Xi) + a ((a(9) - 9a'(0)) X2uz) - h9 = F + a(0)X2uxt 

a.e. in Q 
(-1)'h9(s,t) + 773 (9(s,t) - f(t)) = 0 a.e. in (0,T), for s = 0,1 

9(x,0) = 90 (x) a.e. in Q	 (2.2.5) 

(UtL,V) + a(u,v) + (a(9)X 2 ,vX ) = (G, v) a.e. in (0, T), Vv € H(l) 

u(x, 0) = u 0 (x) and u 1 (x, 0) = wo(x) a.e. on	 (2.2.6) 

k(aiXj,xj—j)+l(9—o,xl-7I)+(a(9)u,x2-72)<o 

a.e. in Q, for all (71,72) € K 

(xl,x2)(x,0) = (xI,o,X2,o)(x) a.e. in Q.	 (2.2.7) 

Remark 3. Formally equation (2.2.6) is equivalent to equation (1.2), where u 
satisfies the boundary conditions

u(s,t) = u1(s,t) = 0 

for s = 0,1 and  € (0,T). 

Lemma 3 (see N. Chemetov [11). Under conditions (2.2.2) - (2.2.3) Problem (P2) 
has at least one solution and for some constant B' 

Iu(x,t)I < B'	for ac. (x,t) E Q .	 ( 2.2.8) 
Remark 4. The last as in (2.2.3) is a compatibility condition with data 

of Problem (P2). Notice that if one knows that Ca is bounded (say 0 < Ca < 1), then 
it is possible to determine a constant B' depending only on data (2.2.2) (as in the 
construction of the solution in [1]). And moreover, if C0 15 sufficiently small in the sense 
that

0 <CO - OcCa B' = A,	 (2.2.9)
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then we can assure the existence of the solution of problem (P2) 
Theorem 2. Under the conditions of Lemma 4 and (2.2.8) - (2.2.9) the solution 

of Problem (P2) is unique. 

Remark 5. Here and in what follows A, B, B', C1, C2 , ... > 0 will denote constants 
that are independent of x,t and, possibly, depend on the data of Problems (P1) and 
(P2), i.e. onOo,wo,uo,x i,o,x2,o,q,f,F,G,g, co l h,L,v,fl,k,l,9,c0 and 0,. 

3. Common estimates of the difference of solutions 
In the section we deduce estimates that are true for both problems (P1) and (P2). First 
let us make few remarks about some usefull notations which we use in what follows. In 
this section, just for shortness of explanation, formulaes (2.1.1) - (2.1.9) and (2.2.1) - 
(2.2.9) are denoted by (2.J.1) - (2.J.9). Let us suppose that system (2.J.5) - (2.J.7) has 
two different solutions and and denote by the difference 
of two functions W  and 90 2, i.e.

= - 

Also, in the sequel we often use two trivial identities 

that allow us to have a necessary factor 0 1 or 02 for i7. Therefore without loss of 
generality we can write this identity omitting the superscripts, i.e. 

VO (3.1) 

The following estimate plays the crucial role in the proof of two uniqueness results. 
Lemma 4. There exists a constant C1 such that 

J IIII2dr + IIvII 2 (t) + 

C, 	
(	

IIII 2 (r) dT + 02 ca
 /	

. Hdiv U dr + l I + 112 1 + 1131

	(3.2) 

where 6(x, t) = f(x,$)ds and 

1, = // (x, T) 

or 
X2(0) . (div u) s ds] dxdT	 (3.3) 

12	Je(x,t) j (X2 Q!(0)) r . divUdr] dx	 (3.4) 

13 
= 0 /. 

(X2 Q ( 0))r . divdxdr.	 ( 3.5)
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Proof. Taking the difference of (2.J.5)' and (2.J.5) 2 and integrating it on the time 
variable over (0,7-) we have 

(coo - 10. X, + (a(9) - 9&(9)) 2 div u, )(r) + h(VO, q)(r) + 77 f qSdx (r)€

= (192v3d)	
for a.e. r E (0,T), VE H'(). 

Due tothe mean value theorem there is some function (x, r ) with values between 
9 '(x,r ) and 92 (x,r ) such that a(9) - 9&(9) = —a'1 (e) 9 for a.e. (x, T) E Q . Hence 
applying identity (3.1) we get 

([CO - c "(e)x2 div u] , ) + h(V, ) + 
77fan 0

qdx 

r 	 (3.6) 
=10..	- (a(9) - 9'(9))div u + J + J a(9) 2 (div u),ds, 

where

J = —((9) - 9a'(9)) 2 divü+ Ja(o)x2(divu)sds 

1	
°	 (3.7) 

= 9c'(9)x2divU— 
f 

(Ce(0)X2), •ãTds. 

Here we have combined, using integration by parts, the terms in a more convenient form 
for the following considerations. Therefore, if we substitute in (3.6) 9 and integrate 
it on (0,t), taking into account (2.19) and a(0),&(0),x2 E L°°(Q), we deduce 

A J IIII2dt + IlVII 2 (t) + 

II [CO - ea"()x2divu] . II2dxdr + V V II 2 ( t ) + IIIIo(t) 

<c2 (i J ITI dxdr +/ 
J 

lI	dxdr)	 (3.8) 

± I9a'(9)II ( 11X2 IL°°(Q) 
/ J 6 11 TiI dxdr 

+]J (xr ) (I a(e)x 2 ) s wiids) dxdr
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+ fJ (x, r)	a(G)x2 (div u), ds] dxdr 

.11 + J2 + III + III I. 

By the inequality abS e a2	62
-- + , 2	2c 

/iii2t + cif (
	

IIII 2) dT. 

Due to Remark 1,

J2	.co/IIIIdivuIPdr. 

To conclude the proof of this lemma we need just to rewrite the integral I in (3.8) using 
the fact that = (0 ) t and integration by parts in the time variable: 

=	
((x,T)) (I(u(e )x2 )3iids) dxdr II  
= f O- (X, t) (J((e)x2) -iids) d,- II9)x2iT 
= 112 —13 1	1121+1131. 

The lemma is proved I 

Lemma 5. There exists a constant C3 such that 

k IIII 2 ( t ) <C3 
(/ 1

16112 d 
+
/ 

Ildiv u11 2dr).	(3.9) 

Proof. To show estimate (3.9), we choose (71,72) = (x,x) in equation (2.J.7)' 
and (71,72) = (x 1 , x) in equation (2.J.7) 2 . Taking the sum of the deduced inequalities 
and integrating it on the spatial variable x E Q and the time variable in (0, t) we easily 
get

IIjII2(t) 
+

6 .	+ a(9)div u jJdrdx < 0.	(3.10) 

Hence using that a(9),a'(0),divu E L(Q) (see (2.J.8)) in the relation 

o9)divi =	5 . div u + (0)iTii = &()	div u + c(0)Ti	(3.11)
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for some with values between 01,92 and applying the inequality ab e +	in the 
2	2e 

last integral of (3.10) we obtain 

2

	

IIJII(t) 	J (j=1	
IIJII(T)) dr + C4 

I
(IIII 2 + Ildivu112dr. 

j=1  

Therefore, due to the Gronwall inequality we deduce the desirable inequality (3.9)1 

4. Uniqueness result for Problem (P1) 

In order to get this uniqueness result, first we present an auxiliary lemma. 

Lemma 6. There exists a constant C5 such that 

t	 i 

L/J II V (div u )II 2dr + ( +) f Ildiv C,112 d, 
0	

t	
0 (4.1) 

i 

<C5 J IIII 2 T + OCCa J IIII Ildiv u ll dr. 

0	 0 

Proof. By the momentum equation (2.J.6) for ü we have 

a(ü, ii) + (c(9) 2 ,divFa) = 0	a.e. in (0,T). 

Due to a(0),CL'(0),x2 E L°°(Q), Remark 1 and the inequality ab c c + 

&i II V(div u)11 2 + (A + iz)IIdiv ü2 

:5 a(ü,ü) 

	

^	cL(0)x2 .divüdx 

j
a(0)-y2-divFadx + I a'(^)X2	div fi dx 

c51I 2 + (A + )Il divu II 2 + 9c IIII Ildiv 

^ 

Hence integrating this inequality in the time variable over the interval tO, t] we obtain - 
(4.1)1
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Proof of Theorem 1. Taking the sum of (3.2) and (4.1), and then applying 
(2.1.10) in the inequality 

9 (8 + 1)c Illl Il div ü	11112 + 
1 ( +	ll div 11112 

we show that

I llll2di +	llvèlI 2 @ +	lIll11(t) 4J 
0

+ v) ll v (div ü )IJ 2dr + (A +	) / lljv ül12dr
	

(4.2) 

C6 
/ (	

llII 2 (r)) dr +I II I + 112 1 + 1131. 

In order to estimate the integral I, first we show that divu t E L2(0,T,C°()). In 
fact, due to (2.1.4) the function 

= (Ilvdiv u t )11 2 + I(div u i ) 11 2 + E IIV(U,),112 + 1()x2)1 112) 

is such that

(t) E L' (0, T)	and, of course,	(t) < oo for a.e. t E (0, T).	(4.3) 

Hence from (2.1.6) it follows that the function uj satisfies for a.e. t E (0,T) 

jT1	 Xi = G - ,zdiv(V(u1)t) - 7(((9)x2)1) in D'(1)	(i = 1,2,3) 

P = (A + ji)div uj - zi(div Ut) 

and three boundary conditions in a suitable sense which are similar to the conditionsof 
Remark 2. This identity and (4.3) imply that P(x,t), P1 (x,t) E H 1 (l) for a.e. 
t E (0, T). From [6: Theorem 3.2] (see also [3: Proof of Lemma 1]) it follows P E L2(12) 
and

IPII(t) < C7(II P IPH_ I (0) + II'-, IIH-(cl))(t)	 (4.4) 
Hence by regularity results for elliptic boundary value problems 

Il div Uj 1C0((I) (t) < C7	div Ut 11(i) 

and by (4.3), (4.4) we deduce

JlIdivutIIo() dt <.
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Therefore, by a(0),ck'(0),X2 E L°°(Q) and ab <eq -  +	we have 

lId	
// II(divu )tIIc o () (s ) (JII(xT ) . I a (0)x2I(xs ) dx) dsdr 

]iiii r (J ) dr 

0	 0	
2	(4.5) 

J I1I1 2d + /
	

s (I I(divu)co(s) . Il & ( 8 )x2I1( s ) d ) dT 

/ 

11 6112+ C8 { t/ lI(div u)iIIQ()dr } .	 + 114112)dr. 

By the Holder inequality and the embedding theorem H'(l) C L4 (l), we get 

1121	1811 L4(0)(t) 
/ Il

div uH L(fl) II((0)x2)t II d 

<Cg lll H1(fl)(t) J II div u ll H1(fl) Il(a(0)x2 ) dr 
0	

(4.6) 
<h 

lI V Il( t ) +	+ C10 J I1((8)x2)1I12dr —4
0 

x I (,IIV(divd)II 2 + (A +	) Idivu11 2) dr. 

Let us apply the same idea to estimate the integral 13: 

113 1 :5 Jll O II L() . Idly u ll L(1) Il(a(0)x2 )j 11 d-

o

C11 f 
1I0I1H'(tl) Ildiv UJj1(fl) II(Q(0)X2)tlI dr 

0
(4.7) 

2 ih vIl 2 +h1II2 Ci2JIl((8)x2)tIl	lI	 )dr 

0 

	

+ 1 ( 7 II v@iv u )11 2 + (A 
+3	

ldiv uII 2 ) d. 

0
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Substituting estimates (4.5) - (4.7) into (4.2) we deduce 

f IIII2dr +	IIvII 2 (t) +	IIII9ci() 
0

+ J (,IIV(di, u)112 +( +	Il div u11 2) dr 
0 

8 (tJ(divU) o()dT) .JIII2dT

(4.8) 

+ C12 
J II( c (8)x)iII 2. 

( 4 IIvII 2 + ii eii) dr 
0 

• C10 

/ 
II((9)x2)iII2dr . / (uV	u)112 + ( +

	Il div u11 2) dr 

• m	I 6, C8  I II(div u)iIIo()dr) } . 
/)

7 11 2

 
2 Ir)) dr. 

Let us choose I such that 

	

I	 I 

c8If II(div u)tIIo()	- 16	 - 16 

	

dr<—	and	C10	 dr<— 

	

A	 f II(a(9))tII2	1 

	

0	 0 

and denote

	

Y(t)	/ IIII2dr + IIveII 2 t) + 

+	/ (,11V(div u)112 + (,\ +	Ildiv u11 2) dr. 16

Then applying estimate (3.9) from (4.8) we easily get that y(i) satisfies the Gronwall 
inequality

y(t) JQ(Tr)dr	(0 t < I) 

where
G(t) = max (c13 , C12 11(a(8)X2 )g11 2 (i)) E L1(0,i). 

Hence y(t) = 0 or 9 = 0, u = 0, i = 0,X2  = 0 for any 0 < t I. 
We can repeat the same estimates for the interval [1, 21] and so on. Therefore the 

solution of Problem (P1) is unique I
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5. Uniqueness result for Problem (P2) 

In this section 0 1 , ul, 	x and 92, u 2 ,	x are two different solutions of Problem (P2) 
and	 is their difference. 

Lemma 7. There exists a constant C14 such that 

1
[IIuII

2 
+ 13IluII 2 ](i) +	II . .. II2(t) 

C14 
I II1II2dr + (	

(5.1) 
+ cHt) / III2dr + C14	IIII2dr. 



Proof. From (2.2.6) for i we have 

(iij,V) + a(i,v) + (a(0)X2,vx) = 0	a.e. in (0,T), for all v€ H(l). 

So integrating it in the time variable over the interval (0, r) we get 

(Üt(T), v) + a((r), v) + 
(

j ^;(—O—)x2 ds,VX = 0	a.e. in (0, T) 

where (r) 
= 

for u(s) ds. Hence taking v = -i (a rigorous proof that we can use 
v = — ü2 as a test function was shown in [1: Page 169/Formulaes (49) and (50)]), 
integrating on (0, t) we easily deduce 

[IIuII2 + IIII 2 + uII ... II2](t) 

=II(1 3 9 x2 d) •u1dxdr 

(/W(9-) x ds) . 

= /	ds) .	dx -	a;(0)X2 L dxdr 

= J3 + J4. 

Due to the inequality ab eç + ,
2 

1 J31 C15/ (I 9)X2ds) dx+ II1II2(t 
11  

C,6t / IIII 2 ( r ) dr + C16t / IIII 2 ( r ) dr + Il zxz II 2 (i)4 u 

0	 0
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where we have applied (3.11) and (9), a'(0), X2 E L°°(Q). By the same way 

1 J41 ef f(c (0)X 2 ) 2 dxdT +	if IxI2dxdr 4e
oc  

t	 t <: J IIII 2dr + Cl, f IIII2 4	 dr + C17 f II1II 2dr. —
0	 0	 0 

Combining all these estimates we obtain inequality (5.1)1 

Proof of Theorem 2. Let us take the sum of (3.2) and (5.1): 

(- c14t) f IIII 2dr + 11 0̂ .11 2 (t)

0 

+	I(s)I(t) +	IIuII 2 (i) +	II xz II 2 (t) +	II zxz II 2 (i)	(5.2) 
s=0 

<C14 J lII2dr + ci] (	IIII 2 T ) dr + I + 112 1 + 1131. 
0	 0 

To estimate the integral I, let us rewrite it using integration by parts: 

" = Ii (orx2. ds ()dxdr 

=(/ X2(
9) uds).	-	T2 1(0). dxdr. 

Therefore, by (2.2.4), the embedding theorem H 1 (0,1) C C(0,1) and the inequality 
abeç+,

Iii	IIOIIc(n)(t) (if/t. I(9)x2Idxdr) 

+ / IIiic(n ) (r) 
	
luril . Ia(0)x2 1dx) dr	

(5.3) 
0.11(t) + E I(s)I2(t) 

3=0 

+ (c18 

I 
IIutI12dr +
	

. j(llk2 112 + IIII2)dr
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+C18	uiIl2	xll + f ll	 6i 

0
1 	dr 
0 3=0 

nd

1121	llllC(fl)(t) . f II i II( r ) I1(u(9)x2)1II(r)d7- 
0

	

 1	 1	 (54) 

llzlI(t) +1
: T/3 

--I- 9(s )I 2 ( i ) + C19 J II((9)x2)tII2dr f INII2dr. 
30	 0	 0 

Applying the same idea to 13 we get 

1131	J II 0 IIC( Q ) II U rII II()x2)dl dT 

0	
I	 I	 (5.5) 

	

^ C20 f II((G)x) ii 2 (ii 11 2 +	I(s)I2)dr + f II i lI 2dr. I	4X 

	

0	 s-0	 0 

Let us substitute (5.3) - (5.5) into (5.2). Then 

	

(- c14t - C18	IIuIII2dr) / iii 2T + IIzlI2(t) 

+ >1	I(s)I(t ) +	lIu z II 2 (t) +	IIttxrII (i) +	llxxzII2(t) 

<f {C20 11(a(9)x 2 ) 1 11 2 + C1811 u 1111 2 } (iiz (s)12) d7-
L__l 4 

0	 i0 

	

I	 I	 I 

• C19 f Il(a(9)x2)1112dr f II u II 2dr + C14 J IIII2d7- 

	

0	 0	 0 

• max I ci, c18 / IIutII2dr +	
} .] (	

iiii) dr. 

0 

Hence if we define I such that 

-	
C14 . 1+ C18 / II u z1Il 2dr <
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and take 

Y(t) =	. f IIII2dT + : II6II 2 (t) +	I(s)I(t) +	II u II (t) + 
0 

then from (5.6) and (3.9) we easily deduce that y(t) satisfy to the Gronwall inequality 

(t)JG(r)(r)dr	for any 0t 

and for some function G E L'(0, t). Therefore y(t) = 0 or 9 = 0,u = 0,. = 0, = 0 
for any 0 I L Repeating the same estimates for the interval ft, 2fl and so on we 
conclude that the solution for Problem (P2) is unique I 
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