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On Some Uniform Convexities and Smoothness 

in Certain Sequence Spaces 
Y. Cui, H. Hudzik and R. Pluciennik 

Abstract. It is proved that any Banach space X with property A has property A 2 and 
that a Banach space X is nearly uniformly smooth if and only if it is nearly uniformly.*- 
smooth and weakly sequentially complete. It is shown that if X is a Kóthe sequence space 
the dual of which contains no isomorphic copy of 1 1 and has property A, then X has the 
uniform Kadec-Klee property. Criteria for nearly uniformly convexity of Musielak-Orlicz spaces 
equipped with the Orlicz norm are presented. It is also proved that both properties nearly 
uniformly smoothness and nearly uniformly convexity for Musielak-Orlicz spaces equipped 
with the Luxemburg norm coincide with reflexivity. Finally, an interpretation of those results 
for Nakano spaces l'	(1 < p. < oo) is given. 
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1. Introduction 

Let (X, ) be a real Banach space and X be the dual space of X. By B(X) and 
S(X) we denote the closed unit ball and the unit sphere of X, respectively. For any 
subset A of X by conv(A) we denote the convex hull of A. In the sequel N, R, R+ and 
R stand for the set of natural numbers, the set of reals, the set of non-negative reals 
and the interval [0, +00], respectively. 

The following notions used in the paper can be found in [14: Chapter 11. 

A sequence (x c ) in a real Banach space X is called a Schauder basis of X (or basis 
for short) if for each x E X there exists a unique sequence (a n ) of reals such that 
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A sequence (x) which is a Schauder basis of its closed linear span is called a basic 
sequence. 

A basis (x e ) of X is said to be an unconditional basis if every convergent series 
ax,, with a n E R is unconditionally convergent, i.e. for any permutation (ir(n)) 

of N the series	a,r(n)x,r(n) converges. 
For a basis (x c ) of X, its basic constant is defined by K = sup, IIPnII, where 

F,, : X — X are projections defined by 

F,, (atx) = Ea,xj. 

If (x,,) is a basis of X such that the series	a,,x,, converges whenever (a,,) is a

sequence of reals such that

sup	aixi <, 
n 

^ ^ 1^_l 

then (x,,) is said to be a boundedly complete basis. It is known that (x,,) is a boundedly 
complete basis of a Banach space X if and only if (x,,) is an unconditional basis and X 
is weakly sequentially complete. 

Recall that X is said to be weakly sequentially complete if for any sequence (y,,) in 
X such that urn,, X*(yfl) exists for every x E X, there is y E X such that y,, —* y 
weakly. 

Clarkson [5] introduced the concept of uniform convexity. The norm II is called 
uniformly convex if for each e.> 0 there is 6> 0 such that for x, y E S(X) the inequality 
li x — y[ > c implies iI(x + y) < 1-6. 

A Banach space X is said to have the Kadec-Klee property if every sequence from 
5(X) weakly convergent to an element x E 5(X) is convergent to x in norm. Recall 
that for a given c > 0 a sequence (x,,) is said to be c-separated if 

sep(x,,) = inf {[[x,, - X mli} > e. 
m;-Efl 

A Banach space X is said to have the uniform Kadec-Klee property if for every c > 0 
there exists 6 > 0 such that if x is a weak limit of an c-separated sequence in 5(X), 
then ll x iI < 1 — 6. 

The notion of nearly uniformly convexity for Banach spaces was introduced in [11]. 
It is an infinite dimensional counterpart of the classical uniform convexity. A Banach 
space is said to be nearly uniformly convex if for every e > 0 there exists 5 E (0, 1) such 
that for every sequence (x,,) C B(X) with sep(xn) > e, there holds 

conv({x,,}) fl (1 - 5)B(X) 54 qf. 

It is easy to see that every nearly uniformly convex space has the uniform Kadec-Klee 
property, and every Banach space with the uniform Kadec-Klee property has the Kadec-
Klee property. Huff [11] proved that X is nearly uniformly convex if and only if X is 
reflexive and has the uniform Kadec-Klee property.
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A Banach space X is said to be nearly uniformly smooth if for any e > 0 there exists 
8 > 0 such that for each basic sequence (x) in B(X) there is k > 1 such that 

li x i +tXkII < 1+te 

for each t € [0,6) (see [17, 18)). Originally, this property was defined in [20) in a different 
way. Prus [ 17) showed that a Banach space X is nearly uniformly convex if and only if 
X is nearly uniformly smooth. 

For x E S(X) and a positive number 6, denote 

S'(x,S) = {x € B(X') x(x) 2 1 — 6}. 

Let A be a bounded subset of X . Its Kuratowski measure of non-compactness a(A) 
is defined as the infimum of all numbers d> 0 such that A may be covered by finitely 
many sets of diameter smaller than d (see [1, 2J). 

A Banach space X is said to be nearly uniformly *smooth provided that for every 
e > 0 there exists 6 > 0 such that if x € 5(X), then 

c(S*(x,6))	e. 

A Banach space X is said to have property A2 if there exists ® E (0, 2) such that for 
each weakly null sequence (x c ) in 5(X), there are n 1 , n2 € N satisfying II x , +xn 2 II < 0. 
It is well known that if X has property A 2 , then it has the weak Banach-Saks property 
(see [7)). 

A Banach space X is said to have property A if for any e > 0 there exists 6 > 0 
such that for each weakly null sequence (x c ) in B(X), there is k € N \ {1} satisfying 
lxi + txkII < 1 + te whenever t € [0, 61. Prus [18) proved that X is nearly uniformly 
*smooth if and only if X has property A and contains no copy of l. Moreover, he 
also showed that if X is nearly uniformly *smooth, then it has the weak Banach-Saks 
property. 

The space of all real sequences x = (x(i)) is denoted by 1°. A Banach space X is 
called a Köthe sequence space if it is a subspace of 10 equipped with a norm 11 . such 
that for every x = (x(i)) € 1 0 and y = (y(i)) € X satisfying Ix(i)I	I y ( i )I for all i € N, 
there hold x € X and j jxjj	Iill. 

X is said to have the Fatou property, if 0 5 x, T x with x,, € X, x € 10, 
sup EN{ll x flhi} < 00 imply x E X and	llxll = lixil. 

We say an element x E X is order continuous if for any sequence (x c ) in X such 
that ix(i)l — 0 and lxn(i)l :^ ix(i)i (i € N) we have	ilxnlI = 0. It is easy to 
see that x is order continuous if and only if lim_.	x(i)e1 = 0. The space X

is called order continuous if every x € X is order continuous. 

A mapping : R - R is said to be an Orlicz function if 4 is vanishing only at 0, 
even, convex and left continuous on the whole R+ (see [13, 16, 19]). An Orlicz function 

is said to be an N-function if lim—o	= 0 and lIm_ —,-- = no. A sequence 
= (,) of Orlicz functions is called a Musielak-Orlicz function. By 'P = ('I' s ) we 

denote the complementary function of I in sense of-Young, i.e.	 - 

= sup {l v i u — (ti) u	o}	(i € N).
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For a given Musielak-Orlicz function i', we define a convex modular 

L:. W = 
CO 

for any x E 10• A linear space l t defined by 

4 = { x E l : I,(cx) < oo for some c> 0} 

is called the Musielak-Orlicz sequence space generated by i'. We consider lv equipped 
with the Luxemburg norm

l x ii = inf{ >0:	i} 

or with the Arnemiya-Orlicz norm 

li x ilo = inf { (l + I,(kx)): k > o}. 

To simplify notations, we assume 1, = (1, Ii ) and l	 ho). Both 14, and 1 
are Banach spaces (see [3, 16]). 

We say a Musielak-Orlicz function ' ti+ satisfies the 62 -condition ( ci' € 62 for short) if 
there exist constants k > 2 and a > 0 and a sequence (ce ) in IR+ such that 
and the inequality

Pi(2u) < k'i' 1 (u) + c1 

holds for every i € N and every u E R satisfying i' 1 (u) a. 
• In the sequel h, stands for the space {x E 1 0 : 14 (lx) < oo for any 1 > 0} equipped 

with the norm induced from 1. To indicate that it is considered with the Orlicz norm, 
we write h°4,1 

Let us recall three results which will be used in the following. 
Lemma 1 (see [9]). If 41i = ( ci') is a Mu.sielak-Orlicz function with all (D i be-

ing finitely valued, ci' satisfies the 52 -condition and (x c ) is a sequence in 14 such that 
I,(x)-4 0asn--+oo, then IIxhh—+0asn-400. 

Lemma 2 (see [6]). If a Musielak-Orlicz function 'F = ('Ps) satisfies the S2-
condition, then for each A,E € (0,1) there is 0 € (0,1) and a sequence (h.) in R 
with >	i'1(h) < e such that

i' 1 (Au) < 

holds for every i € N and u € R satisfying 4 1 (h 1 ) C(u) < 1. 
Lemma 3 (see [3, 8, 21]). If ii+ = (i') is a Musielak-Orlicz function with all ci's 

being finitely-valued N-functions, then for each x 54 0 in l°, there is k > 0 such that 

hi x hho = k
1 (

1 + I4,(kx)). 

For more details on Musielak-Orlicz spaces we refer to [3] or [16].
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2. Results 

We start with some general results which improve the result of Prus [18] that nearly 
uniformly *-smooth Banach spaces have the weak Banach-Saks property. 

Theorem 1. If a Banach space X has property A, then X has property A2. 

Proof. For e	there is S E (0, 1) such that for each weakly null sequence (xe) 
in S(X) there is k > 1 such that 

lxi + txkll <1 + t 	E [0,6]). 2 

Hence

lxi + X klI = lI x i +SXk +(1 —S)xkll <1+ +(1 —S)= 2— = ® <2 

and the statement is proved I 

Now we will present the following useful remark. 

Remark 1. A Banach space X is reflexive if and only if X contains no isomorphic 
copy of 1 1 and X is weakly sequentially complete. 

Indeed, since 1 1 is not reflexive, a reflexive Banach space cannot contain an iso-
morphic copy of 11. Moreover, any reflexive Banach space X is weakly sequentially 
complete. If X contains no isomorphic copy of l, by the well known Rosenthal theo-
rem, for every sequence (x) in B(X) there exists a subsequence (zn ) of (x) which is a 
weakly Cauchy sequence. So, if X is additionally weakly sequentially complete, we get 
that (x) is relatively weakly sequentially compact. Hence X is reflexive U 

Corollary 1. A Banach space X is nearly uniformly smooth if and only if X is 
nearly uniformly *smooth and weakly sequentially complete. 

Proof. It is obvious that X is nearly uniformly *smooth and weakly sequentially 
complete if it is nearly uniformly smooth. Assume now that X is nearly uniformly 
*smooth and weakly sequentially complete. Since nearly uniformly *smoothness of 
X implies that X contains no copy of l, by Remark 1, X is reflexive, whence nearly 
uniformly *smoothness coincides with nearly uniformly smoothness I 

So, we can now easily understand why co is not nearly uniformly smooth although 
it is nearly uniformly *-smooth. 

Theorem 2. Let X be a K5the sequence space. If X* contains no isomorphic copy 
of I' and has property A, then X has the uniform Kadec-Klee property. 

Proof. Since X contains no isomorphic copy of 11, for every sequence (x) in 
B(X) there is a weak Cauchy subsequence (x). It is obvious that the sequence 
(x,, - x,) is weakly null. By the assumption that X* has property A, there are 
n > k > 1 such that

11 x 1 + t(x ' - x ,)ll <1 +	(I E [0,6])
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(see [18]). Let (xc ) be a sequence in 5(X) with sep(xn) > e and x, —, x E X weakly. 
Then SCP(Xn — x) > c. We need to show that j jxjj < 1 — i(e), where i(e) depends 
only on E. Put K	 By the Bessaga-Pelczyñski selection principle, there exists 
a subsequence (zn) of {x — x,x : n E N} with z1	x being a basic sequence with 
basic constant less or equal to K. Put Xo = ii{z : ii E N). Let us consider 
the sequence (4) of the norm preserving extensions from Xo to the whole X of the 
coefficient functionals for the basic sequence (zn). Then (z, 4) — 0 as n —* cc for any 
z E Xo. Indeed, z =	z!(z)zi for any z E X0 , whence 

ll z ( z ) z ll =	z(z)z —

i=n+I 

^ i:=Ln 

z(z)z + 

—* 0 as n —*oo. 

Since Jz > 1 for all ii, this yields 4(z) —* 0 as n —* cc. 
Let us write (x,z) for z(x) and taken > k > 1 large enough such that i(x,z)i < 

and l(+4)i < . Notice that ll zfli K and I z flI < 2K for k > 1. Hence, taking 
into account that J JX + zkii = 1 for k > 1 and applying property A for X, we get 

& 
z +(z—z <K(i+) 

and consequently 

ii x ii = (x,zr) 

= (x + Z k, Z1) +	+ z,z -4	
S	

-.4 )- (z + Zk, Zk	) 

= X + zk, z + (z — 4)) — (x + Zk, Z	Z. 

JJ
Z^ + (z — z	— li zkii + i(x , z )i +	 Znk  

Se & <K 
(1+ ) — + 

= K "1 +
	— 

32)	16 

be < (+) 3& 
—	 16 

zz1-
8 

which finishes the proof I
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Lemma 4. Let '1 = () be a finitely-valued Musielak-Orlicz function such that 
4 satisfies the 62 -condition. Then for every e > 0, A E (0, 1) and K > 1 there are 
(h 1 ) 1 C lR. and 8 E (0, 1) such that >j	cI R (h l ) <e and the inequality 

4 j (7u) <784(u) 

holds for all i E N and u	0 satisfying the inequalities c1(h 1 ) < 4(u) < K and all €
yE (0,A]. 

Proof. It is known from [6] that our lemma is true for K = 1 under the additional 
assumption that 4(1) = 1 for all i E N. Let a > 0 be such that 4(a) = K for 
all i E N and define (u) = ] cI(a 1 u) for all u E R and Z* E N. Then = (q5,) is a 
Musielak-Orlicz function such that q(1) = 1 for all i E N. Since, denoting by and 
cI the complementary functions of q5, and 4, respectively, there holds 

cb(u) =?	(ai ) 

for all i E N and u E R, we know that 4 satisfies the 82 -condition. By the above 
mentioned result from [6] there are (h) 1 C R. and 8 E (0, 1) such that 

cc
O i (h) <	and	j(7u) < 

for all E (0, A], i E N and u E R satisfying (h)	O(u)	1. Setting h 1 = a,h for

each i E N, we easily see that it is just the desired result I 

Theorem 3. If 4 (4,) is a Musielak-Orlicz function with all (D i being finitely-
valued N-functions, then l, is nearly uniformly convex if and only if 4 and 'F satisfy 
the 62-condition. 

Proof. We need only to prove the sufficiency. Since is reflexive, it suffices to 
prove that l0 has the uniform Kadec-Klee property. Let e > 0 be given and take any 
sequence { x8 } C S(l°) with sep(xn) > 2 and x,,-Zx. It is clear that for any rn E N 
there is nn E N such that

/ _ 
sep (( E. x(i)e)) > 2e. 

This follows by the fact that x-x implies that x,, —i x coordinatewise. Hence for any 
m E N there is rim E N such that

x(i)ei	(n > n n ).	 (1) 
i=m-4-1	0 

By Lemma 3 there are k >_ 1 and k > 1 such that 

II x Ilo = ---- ( 1 + I,(kx))	(n E N) 
k
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and
1 

IkIlo	(1 + I,(kx)). 

Then K = sup, k0 < oo. Indeed, since li x ilo > 1-5, there is i0 E N such that xo(i 0) 0. 
If K = oo, we can assume without loss of generality that lim 0 _.00 k0 = 00. Hence 

1 

	

1 =	+ I,(k0x0)) 

1 
= urn —4(k0x0) 

t—+00 

^ liminf 
1 

—c110(k0x0(z0)) 
n—.00 IC0 

which is a contradiction. 
By the 52 -condition of '1 and inequality (1) there is 5 > 0 such that 

CO

	

(x,,(i)) ^! 5	(ii > flm) .	 (2)

i=m+1 

Put .A = k• Then, by Lemma 4, there is h = (h) 1 with	1(h1) ^	and a

number 9 E (0, 1) such that

I(7u) <-y(1 - 

for all y E [0, )] and u E IR satisfying 4(h 1 ) :5 (u) :5 K. Take rn large enough such 
that

	

x(i)e,	<	 (3) 
i=tn+1	o 

and
III

>	hel	< --. (4) 
 110 

Since k < k < —h-- for any n E N, we have - k+1 - K+i

	

( kk0	 _____ 

'k	
x0(i)) < 

1-9
k4R(kflxfl(i)) 

+k0 - k0 + k 

whenever Ixn(i)I ^! h. Therefore, 

00	
kk0	.\	 ____ 

+ k0 
Xn(Z)) <	(h) +	k	1(k0x0(i)).	(5)
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It is obvious that

II xn + r ho =	x(i)e + >2 x(i)e1 + xn 

	

i=m+1	 0 

x(i)e +	+	x(i)e1 
D0	

(6)
 ^^ 0 

M	
60 

x(i)e, + x	+ -j 

for in large enough. Moreover, by (3) - (5), we get for ii > Tim 

hiM	 II 

11>2 x(i)e + xJ 
IIi=i	lb 

kn+k(	 ( 1	
kk0

x(i) + x(i)) 
k0k	i=1	 + 

k) 

00	/ kk 
+ >2 

i=m+1 

___	 k m	 k 
kk 

(1 + 
k + k	

'(kx(i)) + k + k 

1-9 00	/ kk	 00 

+ 
k + k k >2	+	

+ >2 1(h)) 
i=m+1 

M	 m 1	1	1 
- + - + EPj(kx(i)) + 

k,	k
1=1	 i=l 

00	 co	 0	00 

+ - >2 4(kxn(i)) + >2 4I(h) - >2 
i=m-4-I 

(1+ >2 (kx(i))) + (1+ J(kr)) 

co	0	00 

+ >2 1 1 (h 1 ) - -- >2 cI'(k0x(i))€
k0 

i=m+1	 ,=m-4-1 

60 
< 2+ -- - 69. 

Therefore, combining (6) and (7), we obtain 

60 60	3
(71>flm).
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Hence, by x,,-x and the lower semicontinuity of the norm with respect to the weak 
topology, we deduce that 

li x ilo	 < (2_ o) = 1— e. 

This contradiction finishes the proof U 
Theorem 4. For any Musielak-Orlzcz function 4) = (4)) with all (D i being finitely-

valued N-functions the following statements are equivalent: 
(a) l is nearly uniformly smooth. 
(b) 14, is nearly uniformly *-smooth. 
(c) 4) and 'I' satisfy the 52-condition. 

Proof. (c) = (a): By Theorem 3 l°4, is nearly uniformly convex, so its dual 14, is 
nearly uniformly smooth. Therefore, we need only to prove that (b) = (c). We will 
show that (b) implies the 2 -condition for 4). If 4) does not satisfy the 2 -condition, we 
can construct x E S(l.) such that 4(x) < 1 and 4((1 + )x) = 00 for every n E N 
(see [12]). Take a sequence (ik) of natural numbers such that k I and 

1 k +1

(D i ((i + ) X(i)) ^ 1	(k E N). 
1! k + I 

Put

	

Xk = (o,o,. . . ,0,x(ik + 1),x(ik + 2),... ,x(ik+I),0,0,...)	(k EN). 

Then it is obvious that
k 
-- < IkkII 1	(kEN). k+1 - 

Moreover,
X  -* 0	weakly.	 (8) 

Indeed, for every y E (14,)* we have = y + y uniquely, where y is the regular 
part of y and y is the singular part of y, i.e. y(x) = 0 for any x E h, (see [10]). 
The functional y is generated by some Yo E 1w by the formula 

	

Y (x) = ( X , YO) =	X( Yo 	(x E 4). 

Let A > 0 be such that >	W(Ayo(i)) <00. Since xk E h, for any k E N, we have 
(xk,y*) = (xk,y) 

'k+l 

=	x(i)y0(i) 
1= k + 1 

/ 'k+I
	

tk + I 

i, + 1	 11k+I 

—40 as k—*00,
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i.e. (8) holds. 
Since the space l t, is nearly uniformly *smooth, it has property A, i.e. for any 

E > 0 there exists 6 E (0,1) such that for each weakly null sequence ( zn ) in B(l,) there 
is in > 1 such that

Iki + tZmII < 1 + te 

whenever t E [0,6] (see 118]). Take k0 e N such that 2 < (1 - e)6 if k > k0 .We have 
for k>ko	 7 

	

1+6e >_ II x + 5x kII	II( 1 + 8)xkII ^! (l+8)--- 

	

(1+6)(	

1 \	2 
=	1-----1>1+8— 

k+1) 

whence 2 > (1 - e)6. This is a contradiction which finishes the proof of the fact that 
(b) implies the 62 -condition for P. 

Next, we will show that (b) implies the 8 2 -condition for 'I'. By the above part 
of the proof, we can assume that l t is nearly uniformly *smooth and c1 satisfies the 
62 -condition. So, l t is order continuous. Moreover, any Musielak-Orlicz space 1, has 
the Fatou property and consequently, it is weakly sequentially complete. So, in view of 
Corollary 1, 1p is nearly uniformly smooth and consequently reflexive. This yields the 
62 -condition for .P1	- 

Theorem 5. Let = (4',) be a Musielak-Orlicz function with all 4', being finitely-
valued N-functions. Then 4' and 'F satisfy the 8 2 -condition whenever l, is nearly uni-
formly *-smooth. 

Proof. Since l, is nearly uniformly *smooth, it has property A, i.e. for any e> 0 
there exists S E (0, 1) such that for each weakly null sequence (zn ) in B(l,) there is 
m E N \ {1} such that  

li z 1 + tZm lb < 1 + te 

for all t E [0, b). Let 0 E (0, 1) be such that 1 + Sc < (1 + 8)0. If 4' does not satisfy the 
82 -condition, then there exists x e S(l°) and a sequence {n R } of natural numbers n 
such that n 1 = 1 and

n+1
(kEN) 

(see [4]). Define

Xk =	x(i)	(k E N). 

Then we can prove in the same way as for the Luxemburg norm (see the proof of 
Theorem 4) that (xk) is a weakly null sequence. Therefore, there is k0 E N such that 
for all k 2 k0

1 + 6e 2 li x + t5x k 110 2 11( 1 + 6)xk 110 2 (1 + 6)0. 

This is a contradiction which shows the necessity of the 6 2 -condition of 4' for Ahe nearly 
uniformly *.smoothness of l,.
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The necessity of the 52 -condition of 'I' can be proved in the same way as for the 
Luxemburg norm in Theorem 4, since the Amemiya-Orlicz norm has the Fatou prop-
ertyU 

Recall that the Nakano space j) is the Musielak-Orlicz space 14, with it = (4),), 
where

CW = I u I'	(1 <p <+oo,i E N). 

Corollary 2. For both the Luxemburg and the Amemiya-Orlicz norms the following 
statements are equivalent: 

(a) is nearly uniformly convex. 
(b) l() is nearly uniformly smooth. 

(c) is nearly uniformly *-smooth. 
(d) 1 <liminf 1_p1 limsup1 p1 <+00. 

Proof. If 4)(u) = u I' for all u E R and i E N, then the complementary functions 
%P i of 4), are defined by the formula

'P.(u) = c1IuI"€

where -+ -	1 and c, = (p)h1P,(q1)11q, for all i E N. It is easy to see that (D = (4),) 

	

Pi	qj 
satisfies the 2 -condition if and only if 1imsup 1. _p < +00. Moreover, 'P = (Ti) 
satisfies the 62 -condition if and only if liminf 1 ...,,,p > 1. 

Now, we prove the equivalence of the conditions. 
(d) =. (a): Assume first that j(.) is equipped with the Amemiya-Orlicz norm. Then, 

by Theorem 4, l, is nearly uniformly smooth. So is nearly uniformly convex as 
well. It follows in the same way that condition (d) implies that 1w is nearly uniformly 
convex. Therefore, by the fact that a Banach space X is nearly uniformly convex if 
and only if X* is nearly uniformly smooth and that if both Musielak-Orlicz functions 4) 
and 'P satisfy the 82 -condition, then (l,) l°, and ( 1 0 ) 1 4, (see [3, 15, 16, 19]), we 
deduce that (a) and (b) are equivalent for both norms. By Theorem 4, conditions (b), 
(c) and (d) are pairwise equivalent. The implication (b) = (c) holds in general and, 
by Theorem 5, (c)	(d) in the case of the Amemiya-Orlicz norm. This completes the

proof I 
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