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On Morozov’s Method
for Tikhonov Regularization
as an Optimal Order Yielding Algorithm

M. T. Nair

Abstract. It is shown that Tikhonov regularization for an ill-posed operator equation Kz =y
using a possibly unbounded regularizing operator L yields an order-optimal algorithm with
respect to certain stability set when the regularization parameter is chosen according to Mo-
rozov’s discrepancy principle. A more realistic error estimate is derived when the operators
K and L are related to a Hilbert scale in a suitable manner. The result includes known error
estimates for ordininary Tikhonov regularization and also estimates available under the Hilbert
scales approach.
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1. Introduction

Many problems in science and engineering have their mathematical formulation as an
operator equation
Kz =y (1.1)

where K : X — Y is a bounded linear operator between Hilbert spaces X and Y with
its range R(K) not closed in Y (c.f. [1, 2]). It is well known that if R(K’) is not closed,
then equation (1.1) or the problem of solving (1.1) is ill-posed (cf. [3]). A prototype of
an ill-posed equation is the Fredholm integral equation of the first kind,

b

/k(s,t)z(t)dt = y(s) (a<s<b)

a

with a non-degenerate kernel k(-,-) € L?([a,b] x [a,b]) and X =Y = L?[a,}].-

Regularization procedures are employed for obtaining stable approximate solutions
of ill-posed equations of the type (1.1). These procedures are especially useful when the
data available is inexact. That is, we may have an approximation § of y with a known
error level § > 0, |ly — 9| £ 6.
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In this paper we consider the well known Tikhonov regularization method using a
possibly unbounded regularizing operator L. In fact, we assume that

L:DL)CX —2Z

is a closed densily defined linear operator between Hilbert spaces X and Z. Then the
Tikhonov regularization involves minimization of the map

e ||[Kz - g)> +allLz|?  (z € D(L)). (1.2)
It is known that if K and L satisfy the relation |
IKzl? + |IL2]® 2 2llz|* (= € D(L)) (1.3)

for some v > 0, then the map in (1.2) attains its minimum at a unique element z4(%)
in D(L) (see, e.g., [5, 9, 10]). It is also known (cf. [5, 9, 10]) that if y € R(A) + R(A)*,
A=K|D(L),then '

e theset 5y :={z € D(L):||Kz —y|| < ||[Ku—y|| Vue€ D(L)} is non-empty

o there exists a unique Z(y) € Sy such that ||Lz(y)|| < ||Lz]| for all z € S,

o 2a(y) — &(y) as & — 0.
What one would like to have is the convergence of z,(y) to some Z as o — 0, where Z
is close to £(y) whenever § is close to 0.

But examples can be casily constructed where this is no longer true. Therefore a
strategy has to be adopted for choosing the regularization parameter a = a4, §) so as to
have the above situation. For this purpose we consider the simple procedure suggested
by Morozov (8, 9], namely, to choose a = a(é, ) such that

Ko —glf =& (14)
where £o = 24(§). It is known that if
I =Pyl >0 and  (T- Pl > 6 (15)
where Pp, : Y — Y is the orthogonal projection onto the closure of the sct
{Kz:z € D(L) with Lz = 0},
then there exists a unique o depending on § and § satisfying (1.4) (c¢f. Morozov {9:

Section 10]). Note that if L is injective, then P, = 0, and in that case (1.5) can be
replaced by the assumption ||y| > 24.

We show that the Tikhonov regularization together with the parameter choice strat-
egy (1.4) yield an order-optimal algorithm with respect to the stabilizing set

M, = {z € D(L): ||Lz|| < p}.
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That is, we show that
12 - Zall = O(E(M,,6))

where £ = 2(y), Zo = Zo(§) and E(M,, §) is the best possible mazimal error defined by
E(M,,6) = irflzfsup{”x — Rv||:z € M,and v €Y with [[Kz —v|| < 6}.

In order to obtain more realistic error estimates, we relate the operators K and L with
a Hilbert scale in a suitable manner. Better estimates are derived under additional
assumptions on the smoothness of the solution £. Particular cases include known es-
timates for ordinary Tikhonov regularization, i.e., for L = I, and also the well known
estimates available under the Hilbert scales approach derived by Natterer [11].

In addition to all the above, our approach seems to be simpler and straight forward
for the Hilbert scales setting.

2. Main results

Let K : X — Y and L : D(L) C X — Z be as in the earlier section satisfying
the condition (1.3) and y € R(A) such that |[(I — P)y|l > 0, where A = Kjp(z)
and P, : Y — Y is the orthogonal projection onto the closure of the set {Kz : z €
D(L) with Lz = 0}. Let § € Y satisfy

ly —glt < 6 < I — Po)gll, (2.1)

where 0 < § < 1, and let a = «(§,§) be the unique positive real satisfying (1.4). We
recall from [5] or [10] that the condition y € R(A) implies that K7 =y.

For M C D(L), let
e(M,8) = sup {||z|| : = € M with ||Kz|| < é}.
If M is a convex and balanced subset, then it is proved in (7} that
e(M,8) < E(M,8) < 2¢(M, )
where

E(M,8) = inf sup {H:c ~Ru|:z€M and v € M with [|[Kz — || < 5}.

2.1 Order-optimal result. For p > 0 let
M, = {z € D(L): ||Lz|| < p}-

We note that M, is a convex and balanced subset of X. In the :following, we use the
notation z and #, for #(y) and z,(3), respectively.
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Theorem 2.1. If i € M, for some p > 0, then
S —5a) e M,
and
12 — Zall < 2e(M,,é).
Proof. Since Z, minimizes the map (1.2), it follows from (1.4) and (2.1) that
& + a||Lia|* = |[KZa — §]I* + of| Lol
<Kz - §l* + ol L]
<8+ a||L:E||2.
Hence ||LZo|| < ||LZ||. Using this, we obtain
IL(2 = Za)|I? = (L(% — £a), L(Z — £a))
= (L%,Lz) — 2Re(L%, Lio) + (LZa,Li,)
< 2((L#,Lz) — Re(L#, Li,)).

Thus
ILGE - 2a)II* < 2(L3, L(z - 2)). (2.2)
From this it follows that
I1L(2 — Za)lf < 2p.
Also, since Kz =y, ||y — gl| < 6 and (1.4), we have
1K (2 - 22)ll < 26. (2.3)

Thus,

<p and

e

so that £52a € M, and || — Z,|| < 2¢(M,,6) B

2.2 Realistic estimates using Hilbert scales. To obtain a more realistic estimate
for the error || — Z,|, we relate the operators K and L to a Hilbert scale (Xs)ser (cf.
[4]) with Xo = X in the following way :

(i) There exist a > 0 and ¢ > 0 such that

Kz > cllzli-a  (z € X). (24)
(ii) There exist b > 0 and d > 0 such that D(L) C X, and
Lzl 2 dflzlls (= € D(L)). (2.5)

To obtain our results we shall make use of the interpolation inequality (cf. [4])
lzlls < HzlPlzlli™® (= € Xo)

wherer < s<tandf = ::: Taking r = —a, t = band s = 0 in the above interpolation

inequality it follows from (2.4) and (2.5) that

jot < (M) ()™ gy (2.6)

c
for every z € D(L).
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Theorem 2.2. If Z € M, for some p > 0, then

-z (O

Proof. From (2.6) it follows that, for every z € M, with |Kz| < 6,

Iz < (9)°(8) (0=3%)

b a

w002 (2 ()

Now the result follows from Theorem 2.1 B

so that

Next we obtain an improved estimate under stronger assumptions on . For this we
shall make use of the following lemma which is a particular case of a well-known moment
inequality (cf. [13: Formula (2.49)]). For the sake of completion of the exposition, we
include its proof as well.

Lemma 2.3. If B is a bounded self-adjoint operator on X and 0 < 7 £ 1, then
B =z|| < ||Bz||"llz[I'”"" (= € X).

Proof. The result is obvious if either 1 = 0 or 7 = 1. Therefore assume that
0 < 7 < 1. As a consequence of the spectral theorem we have '

1B z|? = /J,\2'd(E,\x,z) (z € X)

where J is an open interval containing the spectrum of B and {Ex} ey is the spectral
family for B. Now by Hélder's inequality we have

T =71
1Bzl < ( / Azd(Eu,z)) ( / d<Eu,z>) = | Bz]?" =20

foreveryz € X and0<7<11

Theorem 2.4. Suppose D(L*L) C Xy, 2 € D(L*L) and L*L: = (K*K)"u for
someu€ X and0<v < % Then

|2 — Zoll < &8P
where

2(av + b) 1\ wranss [ Vul\ i
= d =2(- Y .
2(av +b)+a o * (c) ( d )

Proof. Since £ — i, € D(L*L) C X, from (2.6) we have

I = Zol| < (”K(-‘E - i'a)ll)"(”L(i - 5a||)1—o -

c d
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where 6 = GL_H,. Now using the fact that L*L& = (K*K)*u (0 < v < 1) the relation
(2.2) implies
I1L(2 — Za)lI* < 2(K"K)"u, £ - £4)|

= 2[(u, (K" K)"(& - 2a))]

< 2llufllI(K"K)* (2 ~ a)Il.
Taking B = (K*K)* and 7 = 2v in Lemma 2.3, and using (2.3), we obtain

(K K)* (2 - Za)ll < [1K(2 = 2a)lI*[I2 - Zall' ™2 < (26)*||2 — Zall' >

where we used the relation ||(K*K)#z| = ||Kz||. Thus,

1-2v

I12(2 = Za)ll < V2I[ull(26)* 12 — 24|
Therefore, (2.7) gives

6 1-0 -
I — 5ol < (%) (\/ZJIUH) (26)‘9*"("'0)”5:—iall(“a)"r—?

so that

I = 2092 (1)"(\/2_II)'-"(25)@+”<1_9>,

[lu
¢ d
From this the result follows by observing that

av+b 1-6)(1-2v) 2av+b)+a
and 1—- =
a+b 2 2(a+b)
Thus the statement is proved B
Remark. We note that
2(av + b) b (2av + b)a
2av+b)+a a+b  [2(av+b) +a)(a+b)
so that if either v # 0 or b # 0, then the estimate in Theorem 2.4 is better than the
estimate in Theorem 2.2.

0+v(1-6)=

2.3 Particular cases. The particular cases of Theorem 2.4 are worth noticing.

Theorem 2.5.
(G)IfL=1TIand i =(K*K)"u for someu€ X and 0 < v < 1, then

12 = 2al < 2Jlul| P 675
(ii). Suppose & € D(L*L) and @ = L*Li. Then

2a

i - 22 (/) P

(iii) Suppose £ € D(L*L) and L*Li = K*u for some u € X. Then

-2 22 (L) e

Proof. The estimates in (i) - (iii) are obtained from Theorem 2.4 by taking b = 0,
v=0and v = %, respectively i
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2.4 Concluding remarks. (a) Recently Mair [6] obtained results similar to the ones
in Theorems 2.1 and 2.2 with v/2 in place of 2, but under an a priori choice of the
parameter a, namely, o = %;.

It should be observed that the &rror bound given in Theorem 2.2 need not be order
optimal for the set M,, unless the inequalities (2.4) and (2.5) are replaced by

allzll-a 2 1Kzl 2 cllzll-a  (z € X)

and

dillzlls > | Lzl| Z dllzlls (= € D(L)),

respectively. In order to see this we note that
e(M,,8) < e(Myg,6),

where —_
M, ={zeXy:|z|ls <r},

and recall (cf. [11]) that the error bound in Theorem 2.2 is order optimal for the set Mﬁ‘
But e(M,,6) can be of better order. For example, consider L such that D(L) C X and
|ILz|| = ||z]| for all z € D(L) with 8 > b. Then we have

e(M,,8) =0 (5:5—) .
Note that

B b
B+a > b+a

(b) The error bound in Theorem 2.4 may be compared with the results obtained by
Neubauer [14: Theorem 2.6] (also refer [13: Theorem 8.5]) and Schroter and Tautenhahn
[12: Theorem 2] in the setting of Hilbert scales. In Hilbert scales setting the Tikhonov
functional (1.2) is replaced by

g [Kz—gl° +allzlf (2 € Xe).

The above map is a special case of (1.2) with (L‘L)% = T®, where T is the operator
which generates the Hilbert scale.

We recall that the bound obtained in [12: Theorem 2] is for the error in the Hilbert
scale norm || - ||+ Such error bound is also possible under the assumptions in Theorem
2.4. In fact, using the error bound in Theorem 2.4 and the interpolation inequality, it
can be proved that

|2 = Zallr € &16*
with - : :
P 2av+b)—r
" 2(av+b)+a
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and

Ky =

2(1) S (M) T
c d ’
Note that r = 0 corresponds to the result in Theorem 2.4.

(c) We observe that Theorem 2.4 holds if  belongs to the set

M,, = {z € D(L'L): L"Lz = (K*K)"u and [Ju|| < p} (0<v<

B[
~—

and the error bound obtained is order optimal for.
M, = {Iexq5||$”q5/)} (q=2(au+b)).

One may ask whether this rate is order optimal for M, .. The answer, in general, is not
affirmative. In fact, under the assumptions (2.4) and (2.5), it can be proved that

e(M,,,6) < k&P

where £ and p are as in Theorem 2.4. The rate for M, , can be better than 0(éP). To

see this consider the case where K*K is injective and T = (K*K)~3 is the operator
which generates the Hilbert scale (X,),er. Let L be such that L*L = (K*K)™* for
some t > b. Then it can be seen that a = 1 and

My = {z € D(L°L) : [[llacsas < p}.

Hence 0(6 wHT T ) is the order optimal rate for e(M,,,,6) whereas the rate in Theorem
2.4 is O(67+547). Note that

2t + 2v S 2b + 2
204+2v+17 2b4+2v+1°

(d) We note that in Theorem 2.5, the result (i) is the well known optimal order result
for ordinary Tikhonov regularization, and (iii) is the best rate obtained by Natterer [11]
under an a priori choice of the parameter in the frame work of Hilbert scales, and later
by Neubauer [14] under an a posteriori choice. In fact, the rates in (i1) and (iii) in
Theorem 2.5 are the order optimal rates for the sets Xizb and ﬁgwa, respectively. Also,
as expected since additional smoothness conditions are imposed, the estimates in (ii)
and (iii) are of better order than the classical result in Theorem 2.2.

We observe that the error bound in Theorem 2.5/(ii) holds if # belongs to
{z€D(L'L): |IL"La]| < p)
- and the error bound in Theorems 2.1 and 2.2 are for the set M, which can also be

written as

{z € D(L): (L*L)?<|| < p}.
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It is yet-to investigate the question whether an order optimal result of the type Theorem
2.1 or a result of the form Theorem 2.2 can be proved for the set

M, = {z: |(L*L)*z|| < p}

for an arbitrary p > 0. Such a result is desirable since, in applications, one may not
know precisely the smoothness properties of z.

Of course, in the special case L*L = (K*K)™' (t > b > 0) Theorem 2.4 does
provide an error bound corresponding to the set ﬁp,“ with 1 < p < 2241 for in this
case

L*Lz =(K*K)"u if and only if (L*L)!z =u
where )
7;;:1-{-% withOSuSiandtzb>0.
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