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The Canonical Endomorphism for
Infinite Index Inclusions

F. Fidaleo and T. Isola

Abstract. We give purely algebraic characterisations of the canonical endomorphism in in-
teresting infinite index cases, continuing previous works of Longo and the authors. We apply
these results when compact and discrete (but not necessarily finite-dimensional) Woronowicz
algebras act alternately on the factors in the various levels of Jones’ tower. We characterise
when the acting algebra is a Kac algebra.
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1. Introduction

The purpose of this work is to extend some results of [19] beyond the finite index
case, namely to find necessary and sufficient algebraic conditions on an endomorphism
v of a von Neumann algebra M which guarantee the existence of a subalgebra N C
M for which v is the associated canonical endomorphism. We solve this problem in
the cases (dual to each other) when there is a normal faithful conditional expectation
either from M to N or from N' to M'. We use Pimsner-Popa basis (relative to an
inclusion possessing a faithful conditional expectation) made of elements of the bigger
algebra (and not merely affiliated to it), whose existence we show in case the algebras
involved are properly infinite. Finally, we apply our results to the context of Longo's
Q-systems [19] and give a different characterisation of (semicompact or semidiscrete)
depth 2 inclusions, which have been recently proved in [2, 3] to be generated as crossed
products by Woronowicz algebras [22]. In addition we characterise when the Woronowicz
algebra 1s indeed a Kac algebra, using the formalism of Q-systems.

Our main motivation for studying, here and in [5], the canonical endomorphism v
of an inclusion N C M of von Neumann algebras is that the latter can be interpreted
as being generated by means of a crossed product by the action on N of an implicitly
defined “quantum object”, and vy should be regarded in some sense as the “regular
representation” of the quantum object. This is to be interpreted by analogy with the
case of inclusions N C N x, G coming from outer actions of finite groups, where the
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irreducible decomposition of A is A & @yeq ag, while A\|§ = @rec drpr, where the p,
are (irreducible) endomorphisms of N in one-to-one correspondence with the irreducible
representations 7 of G (see [14], for example).

This paper is organised as follows.

After the preliminary Section 2, Section 3 is devoted to Pimsner-Popa bases. Namely,
given an inclusion N C M of properly infinite von Neumann algebras with a faithful
normal conditional expectation E : M — N, we construct a Pimsner-Popa basis for the
left N-module y M, completely made of elements of M (not just affiliated to M, as it
happens in the type II, case considered by Popa [27]). Using this basis, we characterise
in a purely algebraic way when an endomorphism A € End(M) is a canonical one.
This is done in Section 4 in two cases (dual to each other): first when there exists
a faithful conditional expectation E : N — A(M), which we call semidiscrete, and
secondly when there exists a faithful conditional expectation E : M — N, which we call
semicompact. Section 5 concerns the extension of the notion of Longo’s Q-system [19] to
the semicompact and semidiscrete cascs, and the proof of a duality theory between them.
If one implements a Q-system concretely as an inclusion of von Neumann algebras, the
dual Q-system appears, using the canonical endomorphism, in a natural way in the
Jones tunnel

- CyY(N)cy(M)C NcC M.

We conclude with Section 6 where we prove an extension of a Frobenius reciprocity
result of {19] and apply it to (semidiscrete and semicompact) Q-systems based on a
factor-subfactor inclusion of depth 2, which, as we prove, are characterised as those
for which the canonical endomorphism has the “absorbing” property A? = d), already
known in the case of compact groups [9), and of finite-dimensional Kac algebras [19].
Therefore, using recent results in [2, 3] we can show that an irreducible semicompact
Q-system based on a factor-subfactor inclusion of depth 2 will appear as the crossed
product of an irreducible semidiscrete (hence automatically discrete according to the
terminology in [11]) @Q-system by an outer action of a discrete Woronowicz algebra, so
that the Jones tunnel is obtained via (alternate) crossed product procedures. The dual
case, corresponding to prime actions of compact Woronowicz algebras, leads to a more
complicated situation, already well known in case of compact group actions (see [23,
28]). Finally we characterise the casc when a Kac algebra appears, improving on [3],
namely a discretc Kac algebra, together with its compact dual algebra, appears if and
only if the canonical endomorphism v € Sect(M) decomposes as

7 = ®id(pi)pi,

where {p;}ie1 C Sect(M) is a basis of finite index irreducible sectors for the *-semiring
generated by {p;} themselves. The above condition is well known for compact (or
discrete) groups and finite-dimensional Hopf *-algebras [19).

The cases of arbitrary Woronowicz algebras or more complicated quantum symme-
tries such as weak and quasi-weak Hopf algebras seem to be very difficult; we hope to
return to these open problems in the future.
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2. Notation and preliminaries

We consider in the following, for simplicity, only inclusions of von Neumann algebras
with separable predual. For the reader’s convenience we recall some notation, used
throughout the paper.

Let M C B(H) be a von Neumann algebra. Then sp(e) is the support in M of the
projection e € B(H), and Proj(M) is the set of projections in M. If N is a von Neumann
subalgebra of M, then C(M, N) and E(M, N) are the set of normal and normal faithful,
respectively, conditional expectations from M onto N, whereas P(M, N) is the set of
normal semifinite faithful N-valued weights on M. If T € P(M, N), then

Nr:={z €M :T(z*z) € N}

and
My :=span{z € My : T(z) € N} = NNy

is the domain of T. Further,
(NNAM)r:={ze N'AM:0](z)=z (t € R}

is the centralizer of T. End(M) is the set of normal faithful unital *-endomorphisms
of M, and [p] € Sect(M) is the sector determined by p in End(M) modulo inner auto-
morphisms. For p,o € End(M), (o, p) is the vector space of intertwiners between p and
o

(0,p) := {v e M:vo(z) =p(z)v (z € M)}.

Let N C M be an inclusion of properly infinite von Neumann algebras, take a cyclic and
separating vector () for both N and M and set T := J{J5, where J§ denotes Tomita’s
modular conjugation with respect to (M, ), then v := adl'|m € End(M) is a canonical
endomorphism for the inclusion N C M, and its sector is uniquely determined. Using
7, a conjugate endomorphism of p € End(M) is given by p = p~! o . For the general
theory of von Neumann algebras we refer the reader to [12, 28 - 30].

Let us now recall the definition of H. Kosaki’s index [13] based on A. Connes’
spatial theory and U. Haagerup’s operator-valued weights (see [28]). If N C M are von
Neumann algebras, associated to every E € E(M,N) there is an M'-valued operator
weight E~! on N' uniquely determined by the rclation

d(p o E)/dy = dp/d(sp 0 E™")

for all normal semifinite faithful weights ¢ on N and 1 on M’. Observe that the index of
E, Ind(E) := E™'(1) € Z(M),, the extended positive part of Z(M), does not depend
on the representation of M (as the same proof of [13: Theorem 2.2] works).

Let ¢ be a normal faithful state on N, and set ) := po E. Let ¥ € H = H,
be cyclic and separating for M and such that ¥ = (¥, ¥), and set e := [N¥] € N',
the Jones projection of the inclusion. The following propositions summarise standard
results on index theory for inclusions.
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Proposition 2.1 (see [13]).
(i) E-Ye)=1.
(ii) My := (M,e) = IN'J, where J = J;. This algebra is called the eztension of
M by N. .
(iii) If J 4s a modular conjugation for M, and j := adJ, then E, := joE loj €
P(M,,M). Ey is called the dual (operator-valued) weight of E.
Proposition 2.2 {5: Theorem 2.1}. Let N C M C L be von Neumann algebras,
E € E(M,N) and f € Proj(L) such that
(i) fof = E(x)f (z € M)
(ii) L= (M, f)
(iii) szL)(f) =1 and sn(f) = 1.
Then there is an 1somorphism ¢ : L — M, such that ¢|a = idps and ¢(f) = e.
Proposition 2.3. Let N C M be properly infinite von Neumann algebras. Then

for any E € E(M, N) there is an isometry v € N such that E(z) = v*y(z)v (z € M),
v € (id|n,7|n) and v~ (vv*) 1s Jones’ projection for the inclusion N C M.

Proof. See [16: Proposition 5.1} or also [5: Lemma 3.3) B

For the reader’s convenience we report some results in [5] the first of them being
based on an argument in [17: Theorem 4.1]. :

Proposition 2.4. Let N C M be properly infinite von Neumann algebras, A €

End(M), and assume one of the following
(i) there is an isometry v € M such that vz = Mz)v (z € N) and A(M)C N C
(N,vv*) = M is the eztension of N by A\(M)

(ii) there is an isometry v € N such that vz = Mz)v (z € M(M)) and A(N) C
MM) C (M M),vv*) = N is the extension of A(M) by A(N). .

Then X 13 a canonical endomorphism for N C M.

Proof. We just prove (i), as the proof of (i) is similar. Let Q be a cyclic and
separating vector for (M) and N, and set J := J and Jp := J)?(M)' Set vp := JoJ €
J(N,vv*)J = A(M)'. Let £ be cyclic and separating for N such that vv* = [A(M)E].
The canonical implementation of y € A(M) — yvv* € A(M)vv* with respect to Q and
¢ is given by wo = voz, where z € A(M)’ is unitary. Then by [16: Proposition 3.1]

[:=JoJ = wgJweJ = 2 vgJvgJ J2J

so that, to compute the sector of 7 := adl'|y, we can assume wg = vg. Then, for all
z €N,
Fzl* = vy JveJzJvgJvo

= Jv*Jvzv*JuJ

= Jv*JA(z)vv* JuJ
= Mz)Jv* Jvv* JuJ
= Mz)Jv vv'v]

= A(z)
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where we used Jvv*J = vv*, as vv* is Jones’ projection for A(M) C N. Therefore A|n

is a canonical endomorphism for A(M) C N, so that A is a canonical endomorphism for
NcMmMl

Proposition 2.5. Let N C M be properly infinite von Neumann algebras, p €
End(M) and v € (id, p) be such that

(i) p(M) C N C (N,vv*) =: L 1is the eztension of N by p(M)
(ii) sz(L)(vv‘) = 1.
Then M = (N, vv*).

Proof. Set f := vv*, and observe that

fN ) f = fo(M)f = {p(z)f : z € M} = {vzv" : 2 € M} = fMF,

that is (V,vv*); = M. Therefore Ly = (N,f)’f = M} and, as sz(1)(f) = 1, the map
L''— L% is an isomorphism which restricts to the isomorphism M’ — M} = L', so that
L'=M' thatisL=MI1

3. On the Pimsner-Popa basis

Let N C M be an inclusion of von Neumann algebras and T € P(M,N). A Pimsner-
Popa basis is a basis for the self-dual completion X1 of the left N-module y(9M7)
relative to the N-valued inner product (z,y)r := T(zy*) as in [25]. It is a well-known
result that, if E(M,N) # 0, there exists a Pimsner-Popa basis consisting of elements
affiliated to M, in the sense explained in [27]. In this section we strengthen this result
by showing that, if N C M are properly infinite von Neumann algebras, a Pimsner-Popa
basis consisting of elements in M can be chosen. The proof also shows how such a basis
can be constructed.

We need some preliminary lemmas.

Lemma 3.1. Let N C M be an inclusion of properly infinite von Neumann alge-
bras, with E(M,N)# 0. Then:

(i) Jomes’ projection e € M, is properly infinite.

(ii) If § € Proj(M,) is majorized by e, then there exists ¢ € Proj(N) such that
ge =4. ‘

Proof. (i): We have isometries v,w € N with orthogonal ranges satisfying vv* +
ww® = 1. We can define ¢ := ve and W := we and obtain two partial isometries with

ortogonal ranges that satisfy 9*0 = e = w*w and 99* + Www* = e. The assertion follows
by [29: Section 4.12].

(ii): As eMe ~ Ne (see [26]), there exists ¢ € N such that ge = § = ede. Moreover,
§ € Mg, and q¢ = E(§) where E, € P(M,, M) is the dual weight of E € E(M,N).
Finally, ¢ € Proj(N) as ¢°¢ = E\(q°qe) = Er(eqqe) = Ei(§°q) = Ex(§) =q B

The proof of the following lemma is heavily based on [8: Lemma 2.2].
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Lemma 3.2. Let N C M be an inclusion of von Neumann algebras and T a normal
N -valued weight on M. The following statements are equivalent:

(i) T is semifinite.

(ii) There is z € (M7)4 such that spy(z) = 1.
(iii) There is a sequence {pa} of orthogonal projections in My such that 3 p, = 1.
Proof. (i) = (ii): As the unit ball of M is metrizable in the strong topology [30:

Proposition 2.7], there is a strongly dense sequence {z,} in the unit ball of (7).
Then

Z Hl + T(xn)ll

converges in norm to some £ € M. As T is normal, z € (Mr)4. In fact,

- = —-n T(‘T")
T@ =2 2" e €

Finally, if p € Proj(M) is such that zp = 0, then

oo

—n___PZnp
0=) 2" — 2
,,; 11+ T(zn)ll

which implies pz,p = 0 for all n, that is pz, = 0, which implies p = 0, due to the
density of {z,}.

(i1) = (iii): Set py := X[ 1)(:1:) Then p,, are mutually orthogonal projections in
M and 5 pn = sm(z) = 1. Fmally, T(pn) £ (n + 1)T(zpn) < T(z) € Ny.

(iii) = (i) is obvious il

The following lemma is essentially {11: Lemma 2.2] (which is only proved in the

case N C M are factors).

Lemma 3.3 (Push-down Lemma). Let N C M be an inclusion of von Neumann
algebras and E € E(M,N). Then, for all z € Ng,, we have eE;(ez) = ex.

Proof. The same proof of [11: Lemma 2.2) works. Just observe that A = MeM is
still weakly dense in M,. Indeed, as A is a weakly-closed two-sided ideal in M), there
is a central projection z € M; such that zM, = A. Then z =1 as (1 — z)e = 0, so that
22 szmyle)=11

We can now prove the main result of this section, namely that a basis {m;}ies for
~NM made of elements in M can be chosen.

Remark 3.4. Recall [27] that the following equivalent properties characterise a
Pimsner-Popa basis:

(1) E(mimj) = §ijq; € Proj(N)\ {0} and }_,., mjem; = 1.

(ii) m}em; are mutually ortogonal projections in M,, and (3;mieH)” =H.
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In general, the sequence {m;} is made of elements affiliated to M, as it is expla.med in

[27).

Theorem 3.5. Let N C M be an inclusion of properly infinite von Neumann
algebras, and E € E(M,N). Then there ezists a Pimsner-Popa basis for the left module
NM made of elements of M.

Proof. Let {p;}ier be a family of orthogonal projections of M, such that p; € Mg,
and )¢y pi = 1, as in Lemma 3.2. Thanks to sz(m,)(pi) < sz(m,)(e) =1 and e being
properly infinite, we can find a collection {v;}ie; C M, of partial isometries such that

vivi=p; and gi:=viv] <e, 1€
Hence v; = ev;p; € Mg, and we take m; := E;(v;) as a Pimsner-Popa basis. Indeed,
m; is the push-down of v;, as v; = ev; = eE;(ev;) = eE (vi) = em;. Furthermore,
pi =vvi = v]evi = mjem;

and summing up we obtain )_, m¥em; = 1. Moreover, we get
E(m;m}) = Ey(eE(mim]))
= El(emgm;e)
= E(evivje)
= 6i; Er(eq;)
= 6i;Er(eq;)
= 6ij9)
and the theorem is proved B

Proposition 3.6. Let N C M be an inclusion of von Neumann algebras. If
{mi}iesr C M is a Pimsner-Popa basis for N C M, then every x € M has the ez-
pansion

z =Y E(zm])m; (1)
€] .

where the last sum converges unconditionally relative to the topology generated by the
separating family of seminorms {s, : ¢ € (N.)+}, with s,(z) = p o E(zz*)'/2.

Proof. Observe that m; = ¢;m,. In fact,
E((mi — gimi)(mi — gimi)?)
= E(m;m}) — E(¢imim]) — E(m;m]q) + E(gim;m}q;)
and the claim follows by faithfulness of E.

We now prove the convergence of (1) in the topology generated by the above semi-
norms. As pa := ) ,c,™miem; /1 in the strong operator topology when the finite
"subset A C I tends to the whole index set I, for z € M we have

(1 —pa)Au(z e)||2 — 0, that is @(ez(l —pa)z'e) = 0
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for every normal semifinite faithful weight @ on M, given by ¢ := poEoE; (¢ € (N,)4).
Finally, we get

p(ez(l — pa)z’e) = po E(zz*) - Z‘P o E(E(zm})E(m;z"))
i€A
= o E(zz*) - Z @po E(E(z:m:)m,-m;E(mj:r'))
ijEA
= 9o E((z ~ z4)(z" —17}))

where z4 := 3, 4 E(zm])m; and we have applied m; = ¢;m; and E(m;m}) = é;;¢; 1

Remark 3.7. Note that

IndE = mem; € Z(M),
i€l

and the index is finite if and only if } ;. , m{m; € Z(M).
As a direct consequence of Theorem 3.5 we have the following

Corollary 3.8. The self-dual completion nX of the left N-module yM is isomor-
phic to the ultraweak direct sum '

NX = @Nq]‘.
jeJ

Proof. It follows by the above considerations and {25: Theorem 3.12] 1

4. The canonical endomorphism in the semidiscrete and
semicompact cases

In this section we provide the announced conditions which are equivalent to the fact
that an endomorphism is canonical. We treat only the semidiscrete and semicompact
cases, that is the cases when the canonical endomorphism A is associated to an inclusion
N C M such that E(N, A(M)) # 0 or E(M,N) # 0. These conditions allow us to extend

the definition of a Q-system given in [19] to non-trivial examples of infinite index.

Theorem 4.1 (Semidiscrete case). Let M be a properly infinite von Neumann
algebra and A\ € End(M). Then the following statements are equivalent:

(i) There is a von Neumann subalgebra N of M, with E(N,A\(M)) # 0, such that
A 13 a canonical endomorphism for N C M.

(ii) There are an isometry v € (id, ) and {m;} C M such that 3", mivo*m; = 1
and, setting N := (A( M), {m;}), one has that zv =0 for z € N implies z = 0.

Moreover, if v*m;m}v = §;;q; with ¢; € Proj(A(M))\ {0}, then {m,} is a Pimsner-
Popa basis for the inclusion \(M) C N.

Proof. (i) = (ii): Let E € E(N,AM)). Then from Proposition 2.3 it follows
that there is an isometry v € M such that A(z)v = vz (z € M), A(v* -v) = E and,
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finally, vv* is Jones’ projection for the inclusion A(M) C N. By Theorem 3.5 there are
{m.—},'el C N such that

Zm,’vv‘m; =1 and N = (MM), {mi})
i€l

which can be shown as in the proof of [6: Proposition 6]. Finally, if z € N is such that
zv = 0, then 0 = A(v*z*zv) = E(z"z), which implies z = 0, as E is faithful. '

(ii) = (i): Let us set E := A(v* -v) € C(N,A(M)). Then E is faithful as E(p)=0
for some p € Proj(N) implies pv = 0, and therefore p = 0. We want to prove that
A(M) C N C (N,vv*) is the extension of N by A(M). Indeed, setting f = vv*, we
observe that E(z)f = fzf (z € N) so that sya)(f) = 1, from [5: Lemma 3.2/(ii)].
Finally,

sz(Nworn(f) 2 snam(f) =1
because, if p € Proj(N' A M) is such that pvv* = 0, then

p= pZm:vv’m,- = Zm;pvv'mg =0.
i i

From Proposition 2.2 we conclude. o
Therefore, by Proposition 2.5, (N,vv*) = M and, by Proposition 2.4, A is a canon-
ical endomorphism for N C M 1

Theorem 4.2 (Semicompact case). Let M be a properly infinite von Neumann
algebra and A € End(M). Then the following statements are equivalent:

(i) There is a von Neumann subalgebra N of M with E(M,N) # 0 such that A is
a canonical endomorphism for N C M.

(ii) There are an isometry v € (A, A?) and {m;} C M(M) such that Y, mivvtm; =
1, AM(v)v = v? and M(v)*v = vv*, and such that A(z)v =0 for z € M implies z = 0.

Moreover, if v*m;mjv = &g for ¢; € Proj(N)\ {0}, then {m,} is a Pimsner-Popa
basis for the inclusion N C M. :

Proof. (i) = (ii): Let E € E(M,N). Then from Proposition 2.3 it follows that
there.is an isometry v € N such that A(z)v = vz (z € N), v*A(-)v = E and, finally, vv*
is Jones’ projection for the inclusion A(N) C A(M). Therefore A(A(z))v = vA(z) (z €
M), that is v € (A, A?). Further, A(v)v = v? and A(v)*v = vv* are immediate. Besides, if
z € M and Mz)v = 0, then A(z)vv* = 0 so that A(z) = 0 and z = 0 as vv" is separating
for A(M). Finally, by Theorem 3.5 there are {m;} C A(M) such that 3, mivv*m; = 1.

(ii) = (i): Let us set E := v*A(-)v. Then, as in [19: Proposition 5.2, E € C(M,N)
where N := E(M) is a von Neumann subalgebra of M. We want to show that E is
faithful. So let z € M be such that E(z*z) = 0. Then v*A(z*z)v = 0, that is A(z)v =0
and z = 0, from the hypothesis.

Let us observe that f:=vv* € N, as

E(vv*) = v* M)A (v)'v = vv"vv" = vv’.
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We want to prove that

| AN) € M) € (\(M), f)
is the extension of A(M) by A(N), by using Proposition 2.2. At first, sx(an(f) = 1
because, if A(p) € Proj(A(M)) is such that A(p)vv* = 0, then p = 0. Besides

szeamy, () 2 samyan(f) =1
because if p € Proj(A(M)' A N) is such that pvv* = 0, then

p= pmevv'm,— = Z mipvv'm; = 0.
; i

Finally, observing that
F:=XoEo)™! € E(AM),\N))

is such that F(z)f = fzf (z € A(M)), we get the claim. Therefore, by Proposition 2.5,
(MM), f) = N and, by Proposition 2.4, ) is a canonical endomorphism for N ¢ M B

Remark 4.3. The above properties are also equivalent to the following one:
(iii) There exists an isometry v € (A, A?) such that A(v)v = v2, A(v)*v = vv* and

samyam(ve”) = sximyamy(vv™) =1
as follows from [5: Proposition 6.1].

In the following sections we extend the notion of Q-system to semidiscrete and
semicompact inclusions and analyse the Takesaki duality which naturally appears con-
sidering the Jones tunnel, and the canonical mirroring on it. As an application we have
conditions on the canonical endomorphism which are equivalent to the fact that an inclu-
sion arises as a crossed product by a compact or discrete Woronowicz (or Kac) algebra.
In the discrete case these conditions can be stated directly in terms of Q-systems.

5. Duality for Q-systems

(-systems in the finite index case were introduced in [19] to consider the canonical en-
domorphism as a relevant mean to handle the problem of the actions of “quantum sym-
metrics” on von Neumann algebras. This situation typically appears in low-dimensional
Quantum Field Theory. Indeed, in the physical Minkowski space, an ordinary compact
group acts on the algebra of fields, but, for low-dimensional theories, a braid group
statistics appears, so a quantum symmetry is expected to act on the field algebra {20,
21).

We analyse -systems in the (semidiscrete and semicompact) infinite index case
and apply the results to depth 2 factor-subfactor inclusions, that is when compact or
discrete Woronowicz algebras naturally appear [2]. This section extends [19: Section 6].

Although some of the properties required in the following definition are unnecessary
to characterise a canonical endomorphism A we prefer to define a Q-system such that
the sequence {m;} directly provides a Pimsner-Popa basis for the relevant inclusions.
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Definition 5.1.

(i) A Q-system of semidiscrete type (semidiscrete Q-system for short) is a couple
(M, A) where M is a properly infinite von Neumann algebra and A := (A, v, {mi}ier)
satisfies the properties given in Theorem 4.1. Namely, v € (id, ) is an isometry and
{mi} C M are such that

mevv'm.- =1 and v'mgm;v = 6;jqi
with ¢ € Proj(A(M)) \ {0}, and, setting N := (A(M), {m;}), one has that zv = 0 for
z € N implies z = 0.

(ii) A Q-system of semicompact type (semicompact Q-system for short) is a couple
(M, A) where M is a properly infinite von Neumann algebra and A := (), v, {m;}ier)
satisfies the properties. given in Theorem 4.2. Namely, v € (), A?) is an isometry such
that A(v)v = v?, A(v)*v = vv*, and {m;} C A(M) are such that

E mivv*m; =1 and v‘m,-m;v = 6jqi

with ¢; € Proj(N) \ {0}, and A(z)v = 0 for € M implies z = 0.

As we have proved, A is the canonical endomorphism for an inclusion of von Neu-
mann algebras N C M. Contrary to what we did in [5], but in accordance with [11] we
say that a properly infinite subalgebra N of a von Neumann algebra M is

semicompact if E(M,N)#0

semidiscrete if E(N',M') # 0
the last being equivalent to E(M,, M) # 0 and to E(N,v(M)) # 0, with v a canonical
endomorphism for N C M. Therefore, if we say that an inclusion N C M is a concrete
QQ-system, the two previous definitions coincide.

We now deal with the irreducibility property of an inclusion N C M, which seems to
be related to the structure of (idy,v|n), where 7 is the canonical endomorphism of the
inclusion (see [5, 16}). The following result partially confirms the above considerations.

Theorem 5.2. Let A C B be a semicompact inclusion of properly infinite von

Neumann algebras. The following statements are equivalent:
(i) A C B is irreducible, that is A' A B = Z(A).

(ii) E(B, A) is a singleton.

(iit) The Z(A)-module (ida,v|a) 1 cyclic.

Proof. (i) < (ii) is a well-known result by Combes and Delaroche [1].

(iii) = (ii): Let vo be a generator of the Z(A)-module (id4,v|4), which must be a
(multiple of an) isometry as follows from Proposition 2.3. Therefore, again by the same
Proposition 2.3, E(B, A) must be a singleton.

(i) = (iii): Let s € (ida,v|a). Then s*s € (ida,ida) = Z(A) and we can restrict
ourselves to the case when s = v = vp, where v € (ida,7|4) is a partial isometry with
p € Z(A) as domain projection and a subprojection of p as range projection. As by
Proposition 2.3 there is an isometry vo € (ida,v|a), we can construct w := vp + vop*
which is an isometry. By the following Lemma 5.3 thereisa z € Z(A) such that w = zvg,
so that s = v = vp = zpvyg, that is v is a generator il
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Lemma 5.3. Let A C B be properly infinite von Neumann algebras and assume
that E(B, A) is a singleton. If v,w € (ida,vl4) are isometries, then there is a unitary
z € Z(A) such that v = zw.

Proof. As v*vy(-)v,w*y(-)w € C(B,A) = E(B, A), because of the hypothesis, we
get E := v*y(-)v = w*y(-)w. Let us prove that e := vv* and f := ww* are Jones’
projections for the inclusion y(A) C y(B). Indeed, setting

F:=vy0Eov~!' € E(y(B),7(A))
we have F(z)e = exze (z € y(B)) so that s,(4)(e) =1, and

5zZ((+(B),en(€) 2 Sy(Bynale) = sz(ay(e) =1

because, if p € Proj(Z(A)) is such that pe = 0, then p = 0, therefore from Proposition
2.2 we conclude. Then (y(B),e) = A as follows from Proposition 2.5. Analogously, f is
Jones’ projections for the inclusion ¥(A) C v(B) and (y(B), f) = A. Therefore, by [14:
Appendix A)], f = e. Let us now consider .

vw® = evw'e € ede = y(4)e,
that is, there exists z € A4 such that
vw* = y(z)e = y(z)ww”*
which implies v = y(2)w = wz and w*v = z. But we have also w*v € Z(A4), so that
1 =v*wz = 2"z, and 2 is a unitary operator in Z(A) §
The above theorem suggests the following

Definition 5.4.

(i) A Q-system of semidiscrete type (M, A) is called irreducible if there is a unique
v € (id, A), up to multiplication by a unitary operator in Z(M).

(ii) A @Q-system of semicompact type (M, A) is called irreducible if there is a unique
v € (idn, M|~ ), up to multiplication by a unitary operator in Z(N).

Hence in both cases the irreducibility condition on the Q-system means that a
suitable inclusion in the Jones tower

e CyM)CNCMcCcMCMC---

1s irreducible.

There is a natural notion of isomorphism between Q-systems, namely (M;,A;) and
(M2, A;) are isomorphic if there is an isomorphism ¢ : M; — M, such that A\, =
poAjop™t, va = p(v)) and my; = p(my;). It is easy to see that a Q-system isomorphic
to a semidiscrete one, is itself semidiscrete. Analogously for the semicompact case.
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Definition 5.5.

(i) Q-systems of discrete type (M, A,) and (M, A;) are inner conjugate if there is
a unitary operator u € M such that Ay = uA;(-)u*, v2 = uv; and my; = umy;.

(ii) Q-systems of compact type (M,A;) and (M, A;) are inner conjugate if there
is a unitary operator u € M such that A, = uli()u*, v2 = vl (u)v u* and my; =
uly(u)myu®.

Finally, Q-systems are cocycle equivalent if the first is isomorphic to an inner con-
jugate copy of the second.

Theorem 5.6 (cfr. [19: Theorem 6.1].) Let M be a properly infinite von Neumann
algebra. Then there is a bijective correspondence between (irreducible) semidiscrete sub-
algebras N of M and (irreducible) semidiscrete Q@ systems based on M. Conjugate
inclusions correspond to cocycle equivalent Q-systems. The same statement holds if we
replace semidiscrete with semicompact everywhere.

Proof. Bijective correspondence follows from Theorems 4.1 and 4.2. Irreducibility
assumption for a Q-system corresponds to irreducibility of the subalgebra by Theo-
rem 5.2. Finally, cocycle equivalence follows from the Radon-Nikodym property of the
canonical endomorphism [15] B

Even though it is not nceded in the sequel, we now describe, for the sake of com-
pleteness, Takesaki duality in the context of Q-systems.

Let (M, A,v,{mi}) be a semidiscrete Q-system and N C M the corresponding
subalgebra. Then ) is a canonical endomorphism for N C M, that is A = adl', with
'=JnJMm.

Definition 5.7. (M, %, {m.}) is called the dual Q-system, where M :=T*NTis
the crossed product of M by A, A := adl'| g, ¥ := v and m; := m,.

Let (M,\,v,{m;}) be a semicompact Q-system and N C M the corresponding
subalgebra. Then ‘) is a canonical endomorphism for N C M, that is A = adl', with
= JnJIm.

Definition 5.8. (M, X3, {mi}) is called the dual Q-system, where M :=T*NTis
the crossed product of M by A, A := adl'|g, ¥ := I'*vl’ and m; := I*m,T.

It is easy to see that the dual of a semidiscrete Q-system is semicompact and vicev-
ersa.

In this context Takesaki duality holds, too. The bidual @-system, that is the double
crossed product, is obtained by shifting all the structure two steps upwards in Jones’
tower.
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6. Actions of Woronowicz and Kac algebras

The problem of understanding the structure of depth 2 irreducible inclusions of infinite
factors has been recently considered by some authors [2,3,19]. In [19] only finite index
inclusions are dealt with, whereas in [2,3] the general case is studied, and depth 2
inclusions are characterised as being generated by a crossed product by means of a
Woronowicz algebra. Some concrete computations in the semicompact case are also
contained in [24] in view of possible applications in Physics. In this section we give a
different characterisation of depth 2 irreducible (semicompact or semidiscrete) inclusions
of infinite factors, and determine when the acting Woronowicz algebra is a Kac algebra.

The following proposition, while being the crucial step in proving Theorem 6.2,
could be considered as a version of Frobenius reciprocity in its own right.

Proposition 6.1. Let p(M) C M be an irreducible endomorphic inclusion of infi-
nite factors and o € End(M).

(i) Suppose that op = id. Then o > p.

(ii) Suppose that po > id. Then o > .

Proof. (i): Let v € (i¢d,0p), and let u € M be an isometry such that
uu® = pi=somyam(ve”) <1

(as p is an infinite projection), so that uu*v = v, and set 7 := u*o(-)u. Then 7 €
End(M), as it is easily shown. Set z := u*v, which is an isometry and satisfies

7p(z)z = u'op(z)uutv = uop(z)v = u'vz = 2z

so that z € (id, 7p), that is 7p > id. Besides s, p)ar(m)(22°) = 1, as p(M)'AM = C.
If we could prove that s,(ayam(22*) = 1, by Proposition 7.1 we would have o >
7 = p. So all that is left to prove is s,(pyam(z2*) = 1.
First let us prove that (r,7) = u*(s,0)u. Indeed, a € (r,7) is equivalent to
au*o(z)u = u*o(z)ua (z € M), which implies

uau’o(r)ur® = vu'o(z)uan”, that is uau®o(z) = o(z)uau®
as uu® € (0,0). Setting b := uau®, we get a = ubu, with b € (o,0). Conversely, if
b€ (0,0), we get

u*bur(z) = ubuu’o(z)u = u'o(z)bu = u”o(z)uubu = r(z)ubu.

Besides, if ¢ € (7, 7) is a projection such that gzz* = 0, then ¢ = u* fu, with f €(o,0).
As ¢ = ¢°¢ implies u* fu = u*f*uu* fu, we can, substituting f*uu*f for f, consider
f positive. Then ¢zz* = 0 if and only if gz = 0, that is u® fuu*v = 0. This implies
viuu® fuu'v = v* fv = 0, which is equivalent to fuv* = 0, that is s(f)vv* = 0. Recalling
Uu® = $(g,0)(vv*), this implies s(f)uu* = 0, that is fuu* = 0, and finally g=0.

(i1): The proof is the same as above if one looks at v € (id, po) and takes p :=
P (sp(a(M)y anry(vv*)) which is an infinite projection. Hence there exists an isometry
u such that uu® = p. In this case 7 := u*o(-)u gives rise to a conjugate of p with the
isometry p(u*)v which intertwines id and pr i
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We are now ready to extend Frobenius reciprocity (in Longo’s setting [19]) to the
semidiscrete and semicompact cases.

Theorem 6.2. Let M be an infinite factor and p,n € Sect(M) be irreducible sec-
tors.

(i) (Semidiscrete case): Suppose that pp > id, 7 > id and a € Sect(M) is a sum
of finite indez sectors. Then for every B € Sect(M) we have

apf>n <= anfp
with equal multiplicities.

(ii) (Semicompact case): Suppose that pp > id, 7n > id and B € Sect(M) is a sum
of finite index sectors. Then for every a € Scct(M) we have

apf=n = anB>p
with equal multiplicities.

Proof. It -is the same as in [19], making repeated use of Proposition 6.1 il

Now we can apply the previous results to the duality for semidiscrete (or equally well
semicompact) factor-subfactor inclusions of depth 2, that is when discrete and compact
dual Woronowicz algebras (see [22]) alternately act on Jones’ tower [2,3]. Moreover,
we provide a condition on the canonical endomorphism for the above inclusion to be
generated by the crossed product by a (discrete or compact) Kac algebra.

Theorem 6.3. Let N C M be an irreducible inclusion of infinite factors.

(a) Suppose that v contains the identity sector. Then the following statements are
equivalent:

(i) N C M is depth 2.
(ii) ¥2 2 d- v for some d € NU {c0}.

(ili) M is the crossed product of N by an outer action of a compact Woronowicz
algebra.

(b) Suppose that y|n contains the identity sector. Then the following statements
are equivalent:

(i) N C M 1is depth 2.
(ii) y2 @ d - v for some d € NU {oo}.
(ili) M 13 the crossed product of N by an outer action of a discrete Woronowicz
algebra.’
Proof. (i) <= (ii): It is a consequence of the following Proposition 6.4.
(i) <= (iii): It is contained in {2, 3] B
Proposition 6.4. Let N C M be an inclusion of infinite factors and v : M — N

the canonical endomorphism. Suppose that v contam.s the tdenttty sector and consider
the followmg statements: -

(i) N C M is depth 2.
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(ii) y> @ d- v for some d € NU {o0}.

(iii) There ezists a sequence of finite indez irreducible sectors {pi}ies C Sect(M)
which is a basis for the *-semiring generated by the {p;} themselves, such that v =
®id(pi)pi-

Then (i) < (i1) « (in).

Proof. Up to tensoring with an absorbing factor [18], we may assume that N =
p(M) for some irreducible endomorphism p € End(M). We have v € (id, pp) C (p, pPP)
and p(v) € (p, ppp), hence the inclusion is regular according to [2: Section 5].

By [2: Proposition 6.3], condition (i) means that pjp = d - p, whereas condition (11)
translates into pppp = d - pp.

(i) = (ii): This follows by multiplying the relation ppp = d - p on the right by D

(i) = (i): Note that if d € N, the proof is contained in {19: Lemma 6.3]. In the
general case we may proceed as follows.

Let us set o0 := ppp. Then op = dpp > d-id » id. Therefore, by a repeated
application of Proposition 6.1, we obtain o = kp @ 7, where k € NU {co} and 7 ¥ p.
We want to prove that k =d and 7 = 0.

Suppose that 7 # 0. Then, as ppp = kp @ 7, we have dpjp = pppp = kpp @ 7p.
Therefore 75 > pp. Then 75 > id and, by Proposition 6.1 applied to 5, 7 > p which is
absurd. Then 7 = 0, so that k = d.

(iii) = (ii): Due to completeness we have

pip; = @kNl-k'jpk with Z Nl-k,jdk = d,'dj
k

with finite sum, because of finite index condition. It follows from Frobenius reciprocity
that

Nf,,-pk < pip; = N.—'fjp.' = pkpj-
Again by completeness we get
Prp; = BN y(j)pi
where j — I(j) is the permutation relative to the conjugation, hence we have N,’fj =
Ni 106Gy Finally we have

7" = €D did; N, o

ik
= D did; Ny 500
ijk
=D D didiNi 50
PO
=D djdidie
x5

- @4 B
k j

=d vy
where d = 3. d(p;)* I
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We apply this result to Q-systems of semidiscrete type.

Corollary 6.5. Let (M, A) be an irreducible semidiscrete Q-system such that M is
an infinite factor and A2 2 d- . Then the dual Q-system (M, A) is the crossed product
of (M, A) by an outer action of a discrete Woronowicz algebra.

Proof. Theirreducibility condition means that N'AM = Z(M) = C. The assertion
now follows by the above considerations il

We cannot give the result involving semicompact Q-systems. Even for actions of
compact groups on factors we need additional conditions to assure that a crossed product
of a factor by a prime action of a compact group is itself a factor (see [28: Section 21]
and [23: Section IV.3]). This problem seems to be directly related to the fact that the
irreducibility condition for both semidiscrete and semicompact Q-systems is equivalent
to the irreducibility of the same kind of inclusion in Jones tower, namely the one with
the conditional expectation (see (5.2)), hence we cannot apply the result by Combes
and Delaroche [1] to prove the dual statement in Theorem 5.6.

As we said previously, we now show that property (ii1) in Proposition 6.4 charac-
terises when a depth 2 factor-subfactor inclusion arises as the crossed product by a Kac
algebra.

Theorem 6.6. Let N C M be an irreducible inclusion of infinite factors.
(a) The following statements are equivalent:
(i) M is the crossed product of N by an outer action of a compact Kac algebra.

(ii) There ezists a sequence of finite indez irreducible sectors {p;}ier C Sect(M)
which 13 a basis for the *-semiring generated by the {p;} themselves, such that v =
®id(pi)pi-

{(b) The following statements are equivalent:

(i) M is the crossed product of N by an outer action of a discrete Kac algebra.

" (ii) There exists a scquence of finite indez irreducible sectors {p;}ie; C Sect{N)
which i3 o basis for the *-semiring generated by the {p;} themselves, such that v|y =

id(pi)pi- _ :
Proof. We only prove part (a), part (b) being analogous.

(i) = (ii): Assume M is the crossed product of N by an outer action of a compact
Kac algebra, which is isomorphic to y(N) A N [3]. Then v(M)' A M is a discrete Kac
algebra isomorphic to @;B(H;), and d; := dim(H;) < oo [4]. Finally, if E € E(N,v(M))
is given by E := y(v* - v), and E; := jyo E~'ojy € P(M,N) with jn := adJy is the
dual weight, it follows from {4] that E,|,(pmyam = 3; di Tri, where Tr; is the canonical
(unnormalized) trace on B(H,). Set T := E o E; € P(M,~y(M)), let p; be the minimal
central projections in y(M)' AM, and v; € M be isometries such that p; = v;v?, so that,
with o; := v{v(:)vi € End(M), we have v = @o; and 0;(M)' A M = B(H;). Then, by
[7: Theorem 6.6 and Corollary 6.10], p; € (v(M) AM)rNMT, so that, by the following
Lemma 6.7, we have

Ind(T,.) = (T5.) ' (pi) = T~ (T(pi)pi)pi-
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AsT(p))=d*and jyyoT 'ojm =y ' oT o, so that T-Y(pi) = d?, we get Ind(o;) =
Ind(Ty,) = d}. Decomposing each o; in irreducible equivalent sectors o; = d;p;, we get
d? = d(0;) = did(p;), so that d(p;) = d;, and therefore v @:d(pi)pi-

Finally, as Proposition 6.4/(ii) is true, we obtain ®;did;pip; = v* = dy = @dd, p;,
that is the irreducibles contained in p;p; are a subset of {px}. Moreover, ®d;p; = y =
Y = @dipi, so that p; = pj(;) for some j(z). All this shows that {px} is a basis for the
*-semiring generated by {px}.

(i) = (i): By Theorem 6.3, M = N x o2 where 2 is a compact Woronowicz algebra,
which appears as 2 = v(N)' A N. The dual algebra 9, which is a discrete Woronowicz
algebra, is given by y(M)' A M and is isomorphic to @;B(H;), dimH; = d(p;). Let
E € E(N,¥(M)) be the unique expectation and E, € P(M, N) the dual weight, and
consider T := E o E; € P(M,N). It is enough to prove that o] = id (see (3]). Let
{pi} be the minimal central projections of y(M)' A M. Then, using [11: Proposition
2.8, we obtain that E\[,myam € P(¥(M) A M) and p; € Mg,. Therefore, using
the following lemma 6.7 we can define T,, € E(M,0;(M)) where o; = d(p;)p;, and
obtain Ind(T};) = d(p;)*, which means that T}, is the minimal expectation. Therefore
Tyilacmyam is a trace. As Tlymyam = 2; T(Pi)Tp oMy am, it is a trace. The claim
follows from [7: Corollary 6.10] B

Lemma 6.7. Let A C B be an inclusion of von Neumann algebras, G € P(B, A),
p € (A" A B)g N Mg a non-zero projection in B, and set G, := G(z)G(p)~'p (z €
(Bp)+). Then G, € E(By, Ap) and (Gp)~'(z) = G™Y(G(p)z)p (z € (A3)+)-

Proof. The proof is the same as {10: Proposition 1.4}, with obvious modifications il

We remark that Corollary 6.5 can be stated also in the case of Kac algebras, with
obvious minor modification.

7. Appendix

Although we have already given a characterisation of the conjugate endomorphism (in
the semidiscretc and semicompact cases) in [5], we give here a different one based on
the methods of this paper.

Proposition 7.1. Let M be a properly infinite von Neumann algebra and p,0 €
End(M). Then the following statements are equivalent:

(i) E(M,p(M)) # 0 and 0 = p.

(ii) op > id and there is an isometry v € (id,0p) such that zv = 0 for z € M
implies z = 0. ‘

(iii) op > id, with v € (id,0p) an isometry such that Se(myam(vv*) = 1 and
Sep(My aa(m)(v*) = 1.

Proof. (i) <= (iii) is [5: Theorem 3.4].

(i) = (ii): Let E € E(M,p(M)), consider the inclusion gp(M) C (M) and set
F:=poFEop™' € E(p(M),pp(M)). From Proposition 2.3 it follows that there are
an isometry V € pp(M) and a choice of a canonical endomorphism ' for the inclusion

pp(M) C p(M) such that v'(z)V = Vz (2 € pp(M)) and V*4'(-)V = F.
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Set V := pp(v) (v € M). Then pp(z)v = vz (z € M). Indeed, as v' = adl'|5(m) =
ppls(m) [16: Proposition 2.4] we get, for all z € M,

po(pp(z)v) = pp(pp(2))V = Vpp(z) = pp(vz)

and the claim follows from the injectivity of pp.
Besides E(z) = p(v*p(z)v) (z € M). Indeed,

po(v* p(z)v) = Vp(p(x))V = F(p(z)) = 5(E(z))

and the claim follows from the injectivity of 3.

Therefore, from Proposition 2.3 it follows that I*VV*T = I'pp(vv*)[' = vv* is
Jones’ projection for the inclusion pp(M) C s(M). Hence, if z € M is such that zv = 0,
then zvv* = 0 so that z = 0, as vv* is separating for M.

(i) = (i): Let us set F(z) := op(v*zv) (z € o(M)). Then F € E(o(M),0p(M))
as, if z € o(M) is such that F(z*z) = 0, then op(v*z*zv) = 0, that is zv = 0 so that
z=0.

Setting now f := vv* and L := (o(M), f), we want to show that op(M) C o(M) C L
is Jones’ basic construction for the inclusion op(M) C o(M), by using Proposition 2.2.
So we must prove sq,(am)(f) = 1, which follows from [5: Lemma 3.2] and sz()(f) = 1.
But we have sz(1)(f) 2 so(m)yam(f) = 1 as follows from [5: Lemma 3.1]. Therefore,
by Proposition 2.5, (¢(M), f) = M.

Finally, to show that o is conjugate to p, set A := gp and observe that Proposition
2.4 applied to A gives that A is a canonical endomorphism for N € M, hence p and o
are conjugate B
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