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On Evolution Equations for Moving Domains

G. Prokert

Abstract. We introduce a general framework for the description of the autonomous motion of
closed surfaces which are diffeomorphic images of spheres. The governing surface motion laws
are in general nonlocal and lead therefore to nonlocal evolution equations for a perturbation
function on a fixed reference domain. . Although this evolution equation is fully nonlinear,
the invariance of the problem with respect to a certain class of reparametrizations and the
corresponding chain rule allow a quasilinearization of the evolution equation. Hence, as far as
short-time existence and uniqueness of the solution and stability of equilibria are concerned,
the analysis of the problems is reduced to the study of their linearizations and the application
of known techniques for quasilinear Cauchy problems. Using a priori estimates and Galerkin
approximations in Sobolev spaces, both parabolic and first-order hyperbolic equations can be
treated. In the case of parabolic problems, the smoothing property of the evolution can be
proved.

This general approach can be applied to a broad class of moving boundary problems. We will
briefly discuss Hele-Shaw flow and Stokes flow driven by surface tension as well as classical
Hele-Shaw flow with advancing liquid boundary as examples for parabolic evolutions.
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1. Introduction

A well-known and successful approach in the analytic treatment of free and moving
boundary problems is the so-called direct mapping method (see, e.g., [1, 5, 7, 15, 17,
18, 26]). It is based on a correspondence between the unknown or moving domain and
a real-valued continuous function on the boundary of a fixed reference domain. The
original problem is reformulated as a problem of determining this unknown function.
This method is particularly suitable for moving boundary problems which have the
structure of a surface motion law, i.e. where the evolution of the moving boundary at
a given time is completely determined by the domain at this time. In this case, the
reformulated problem typically has the form of a nonlocal, nonlinear Cauchy problem
which can be treated in an appropriate fixed function space by a variety of techniques
depending on the particular situation. The properties of the solution to the Cauchy
problem such as existence intervals, uniqueness, and smoothness, can be immediately
translated into corresponding results for the original moving boundary problem.
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The main difficulty in this approach lies in the nonlinear and nonlocal character of
the occurring evolution equation. In many cases, these equations are “fully nonlinear”
in the sense that there is neither a semilinear nor an obvious quasilinear structure.
However, in an abstract sense one can speak about parabolic or hyperbolic problems,
depending on corresponding properties of the linearized problems, e.g. with respect to
coercivity or energy estimates. .

In the case of parabolic equations, the problems mentioned above can be overcome
using the method of maximal regularity [3, 23). However, the general results on fully
nonlinear equations provided by this theory are not completely satisfactory because
they do not yield a proof of the smoothing effect of the evolution, i.e. the fact that the
solution is a C*°-function in space for all positive times which is expected in a parabolic
evolution. Moreover, the application of the theory of maximal regularity imposes strong
restrictions on the choice of the function spaces which can lead to considerable technical
complications. )

Loosely speaking, the proof of the smoothing property for fully nonlinear parabolic
initial value problems can be given by two approaches: One of them is embedded in the
framework of the maximal regularity method and uses additional symmetry properties
of the evolution equation (sce (3, 4, 16}). The other one goes back to Eidel’man [13]
and is based on replacing the original evolution equation by a quasilinear parabolic
system which is obtained by differentiating the original equation with respect to the
space variable and using a chain rule which links spatial derivatives of the evolution
operator to spatial derivatives of its argument. In the case of nonlocal evolutions,
however, such a chain rule is itself an expression for certain invariances of the problem.
This approach has been applied to parabolic moving boundary problems in [18, 26] and
to a hyperbolic problem in {8]. Both methods for proving the smoothing effect share
two disadvantages: As they rely on symmetries, they are applicable only to problems
which have such properties (e.g. invariance with respect to rotations or translations),
and there are unnatural geometric restrictions that have to be imposed on the moving
domains (their boundaries have to be graphs over a suitable reference manifold).

It is the aim of this article to introduce a related general technique which avoids
both disadvantages for domains that are diffeomorphic to balls. The unit ball is chosen
as reference domain, and the evolution of the moving domain is represented, via a given
smooth diffeomorphism, by the evolution of a perturbation of this ball. The basic idea
is to consider the evolution of the perturbation as depending also on the diffeomorphism
[19]. This leads to a non-uniqueness in the sense that the same domain can be described
by a family of perturbations with corresponding diffeomorphisms. Clearly, the evolution
is independent of the choice of a representant in this family. This invariance property
implies a chain rule which can be applied for a quasilinearization in the way described
-above. It has to be pointed out that it is of a purely geometric nature and holds
independently of invariances in the original moving boundary problem.

By this technique, the existence and uniqueness proof for short-time solutions of a
broad class of moving boundary problems can essentially be reduced to the derivation of
a priori estimates for the linearized problem in Sobolev spaces of sufficiently high order.
Using these estimates, one can give the proof by standard arguments via Galerkin
approximations. In the case of parabolic problems, the smoothing effect can be shown
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by a bootstrapping argument which is also based on the chain rule.

Finally, applications of the described approach to three well-known surface motion
laws are discussed which lead to parabolic evolution equations, namely, the problems
of Stokes flow and Hele-Shaw flow driven by surface tension and to classical Hele-Shaw
flow with advancing liquid and a general interior driving mechanism. It is intended
to describe applications that lead to hyperbolic evolution equations in a forthcoming
paper.

2. The evolution equation

We consider domain evolution problems of a rather general type, which can informally
be described in the following way: Given an initial domain §(0) C R"™ and an operator
U which assigns to any (sufficiently smooth) domain Q a vector field on its boundary:

um): 90 — RY,

one looks for a parametrized family {(t)} of domains Q(t), t € (0,T], such that the
evolution is sufficiently smooth and the motion of the boundary hypersurface I'(t) =
0R(t) is given by

Va(t) = U(Q(E) -n(t)  on T(), (1)

where V,(t) denotes the normal velocity of the boundary I'(t) at time t, and n(t) is the
outer unit normal field on I'(t). Condition (1) arises naturally as kinematic boundary
condition in free boundary flows where U(2) is given as the restriction of the velocity
field of the flow to the boundary. In this context, it is simply a consequence of the
demand that the change from Eulerian to Lagrangian coordinates should be a diffeo-
morphism.

We restrict our attention to domains that can be obtained as diffeomorphic images
of a ball. This allows the following approach: Let

® ¢ C¥(Bs,RN) N Diff™(Bs, Us)

be a smooth diffeomorphism of the ball B; = {z € R"||z| < 1 + §} onto some domain
Qs = ®[Bs) C RN, 6§ > 0. It is proved in [8: Lemma 1.1} that there is a map ¥ such
that for all s > L\%Ll

¥ e L(H (SN, (B (Bo)V),

U(r+1) = ¢, is a (global) diffeomorphism of By onto B, = ¥.[Bq] if |||, is sufficiently
small, ¥o(z) = =, and

¥r(z) = (r(z) + 1)z for all z € SV, | (2)

By the definition
Q, = ®(B,] = ¢ 0 ¥, [Bo)

we introduce a one-to-one correspondence between the functions r € C(SN‘l ,(=6,8))
and certain domains whose boundaries are sufficiently close to 'y = 9.
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In order to reformulate our domain evolution problem as an evolution equation for
a function on a fixed domain of definition, we describe the moving domain by

Qt) = Qr(‘).
It is not hard to see that this description implies the evolution equation

& *U{®,r]) o ¢, - v(r)

e on SN-! (3)

F=F(®,r)=

for r, where
v(r) = i(r) o ¢(r), ¥(r) denotes the outer unit normal vector field on B,
n = v(0) = idg~-1 is the outer normal vector field on SV-!
®* denotes the pull-back of a vector field by & from 9%, to 9B,

and

U@, 7] =U((® oy, )[SV)).
The initial condition that complements (3) is given by £(0).
In order to obtain an cquivariance property for F', we choose a basis {Q,, ..., Q( N )}

of the linear space of all skew-symmetric (N, N)-matrices and define for any 8 € R(3)
the rotation around the origin

So=691Q1‘,,ea(g)Q(I:)‘ (4)
Lemma 1 (Equivariance of F'). For any 8 € R(Z) and any r € C(SN71,(-6,6)),
F(@,T) OSg =F(<p059,7‘059).

Proof. As a consequence of the definitions and of (2),

noSyg=Spon (5)
v(r) o Sg = Spov(r o Sp) (6)
Yr 0 S = S50 Pros, - (7)

Hence, because of

Do 0S5y =% 0S550res,

we have _
(®o z/"r)[SN_l] = (® 0 Sp0Yres, )[SN_I]
and thus
Ul®,r) = U[® o Sg,7 0 Sp).
Consequently,

& U[®,r] = Td ' o U[d,r] 0 &
=5¢05;'0T® ' oU[®,r]0o®0 S50,
=S0T(®0Ss) ' oU[® o0 Sg,70Ss)oPoSs0S5,"
= Soo(cboSg)’U[(boSg,roSo]050".
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Combining this with (5) - (7) one gets
& U|D,r) opr 0 Sg-v(r)o Sy
noSg-v(r)oSe

_ Sgo(®0Se)*U[® o Se,m0Ss)0S;" 0S5s0%ros, - Seov(ro Se)
- Sgon-Sgov(roSy)

F(Q,T)OS@ =

= F(® o0 S¢,7 0 Ss)

and the lemma is proved B

The core of our problem is the investigation of the operator
- f:V—H(SVTY

defined by
f(8,7) = F(® o Sq,r),

where V is a sufficiently small neighborhood of 0 in R(Z) x H*+4(SN-1). The positive
integer d denotes the order of the considered problem. '

3. An example: Stokes flow with surface tension

As a first step, one has to establish smoothness properties of f. This has to be done
separately for any considered domain evolution problem, i.e. for every /. In this section,
we will give a proof for the analyticity of f in the case of so-called Stokes flow driven by
surface tension [18]. The methods used there can also be applied to the other evolution
problems which will be discussed later. Therefore, the proof of Lemma 2 below will also
serve as a model for these other applications where our attention will be restricted to
the necessary changes and to new aspects.

As a preparation for the discussion of the Stokes flow problem, we introduce the
bilinear operator
® : R(’:) x RN — RV

by

i~ N

(a®b),~=ZaK(]-,,-)b,'- Z aK(i,,-)b,‘ (i=1,...,N),

i=1 j=i+1

where

K: {(laJ)|lsl<]SN} —){1,,(2’)}

is an arbitrary but fixed bijection. Moreover, we define the (’;") -vector-valued differen-
tial operator rot, acting on differentiable N-vector fields, by

(rotv)k(ij) = Biv; = Gjvi  (1<i<j<N)
Clearly, for N = 3 we essentially recover the usua.l‘cor.xcepts. of the vector p'roa—uct' and
the curl of a vector field.
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Let U(S2) be given as the restriction to 0 of the first component of the solution

(u,p) € (H'(Q)) N L*(f) to the following elliptic boundary value problem describing
Stokes flow driven by surface tension forces (see, e.g., [18]):

-Au+Vp=0 in
divu=0 in Q

T(u,p)n =xn on QN (8)
fQu dr =0
fnrotu dz = 0.

Here » denotes the ((N —1)-fold) mean curvature of 9 (with the sign chosen such that
K is negative if Q is convex) and T (u, p) is the stress tensor whose coordinates are

(T (u,p))ij = Biu; + Oju; — péi;.

It is shown in [18] that for sufficiently smooth © (8) is uniquely solvable, hence U is
well-defined. More precisely, we have the following result.

Lemma 2 (Analyticity of f for Stokes flow with surface tension). Let U be defined
by (8) and s > —t—. There 1s a nezghbo‘rhood V of 0 in R¢ ) x HFY(SN=1Y such that
feC“(V,H* (5N ).

Proof. The embedding H’+z(Bo)  C%(By) yields that for small r ¢ H*+1(SN-1)

we have ¢, € lefz(Bo,B ) and consequently &4, = ® 0 Syo1p, € Diff? (Bo,S,r) where
Qg,r = ®p ,[Byg]. Defining

u(8,7) = U[® o Sg,7] 0 &g,

we have

Sy ' TO((Se1pr(€)))u(8,7)(£) - V(T)(f)
n - v(r)(£)

and transforming (8) to By by means of the diffeomorphism &, yiclds that u(9 r) is
the first component in the solution (u,p, A) of the operator equation

f8,7)(&) =

0
ul| - 0
LG,r) {p| = | x(8,r)n(8,7) |, (9)
A 0 .
0
with
L:V — [(X,,Y,)
where

Xs = (H"‘%(Bo))N x H*"3(B,) x (]RN x R(’b)

’ 3 : N 1
Y, = (H’-%(Bo)) x H"%(Bo) x (H*~'(SV-") x RN x R(Y)
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and L is given by

=Dy u+Vo,rp+ A

u diVo,ru
L@,r) | p| = | Tor(u,p)n(8,7) + X2 ® n(6,7)
A fBo udetAdz

fBo rotg rudetAdz
with A = [}'], A, € RV, A; € R(3), and

(D ru)i = ' 0(a* Biuy)
(Vorp)i = a’'0;p
dng,,u = ajiajui
(To,-(u,p))i; = a*7Oku; + a*'Oku; — pébi;
(rote,ru) k(i j) = a**0u; — ¥ Bpu;
" [Alij = [A(8,7)]i; = [D®o,r)i; = 8k ®" 0 S 0 v - [Seli - O;4;
' ijo_ i _ [ g-1
a’? =a"’(f,r)=[A ]',j.
Moreover,
n(f,r) = 7[0Qs,r) 0 P, r
k(0,r) = K[0,] 0 Bg,r
where 72 and & denote the operators that assign to a closed (sufficiently smooth) surface
its outer normal vector and curvature, as functions valued in R" and R, respectively.

For any function g € C*(Bj), the Cauchy estimates
la
1% 1,143 5, < Consal CI7,

holding for all multiindices «, together with the Banach algebra property of the space
H’+%(Bo), imply analyticity of the superposition operator u +— g¢(u) from a small
neighborhood of the identity in (H”%(Bo))N into H*t%(B,). Using this and the
Banach algebra property of H’+%(Bo) as well as the analyticity of the mapping § — Sy
we find . :

A€ C¥(V,(H** 3 (By))N*M).

By assumption, .A(0,0) = D® is invertible in the Banach algebra (H*+%(B,))¥*N. In
any Banach algebra, the set of invertible elements is open and the inversion is a locally
analytic operation, hence it follows that

a'l € C*(V, H**1(B,)). (10)

Introducing arbitrary local coordinates {z;} on a subset W C SV~! having smooth
-boundary. one finds that n = n(8,r) satisfies the system of equations

H((6,7),n) =0, (11)
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where

H:Vx(HW)N — (H W)V
is given by

Hi((0,7),m) = 50-((#7 0 Sp 0 b)lw)n,

T
Il w
a.’l:,'

= 0x® 0 Spo . |w - [Selus - ‘mj (i=1,...,N—-1)

Hn((8,7),n) = |In||® - 1.

Due to the well-known restriction theorems for Sobolev spaces and the Banach algebra

property of H*(W) we find H € C¥(V, (H*(W))N). Moreover, we clearly have
H((0,0),7(8%] 0 &) =0, (12)

ie. (11) is solvable at (0,0), and the fact that & is a diffeomorphism implies that
the Fréchet derivative of H with respect to the second argument at ((0,0),7n(0,0)) is
bijective. Hence it follows from the analytic version of the Implicit Function theorem
(cf. [27: Chapter 8]) that there is a unique n* € C¥(V,(H*(W))V) satistying (11) and
(12). As (11) characterizes n(6,r) up to the sign, we find in W

n(f,r) =n*(6,r) ((6,r) e V).
Using partitions of unity, we conclude by standard arguments
nGC“’(V,(H’(SN_’))N). (13)

Together with (10) and the Banach algebra property of the spaces H"%(Bo), H"%(Bo)
and H*~'(SN-1) this implies

L e C¥(V,L(X,,Y,)). (14)

Furthermore, on any sufficiently smooth hypersurface I' ¢ RV , the mean curvature
 can be characterized by the equation

Kn = A]‘X,

where n denotes again the outer normal vector field on I' and Ar denotes the Laplace-
Beltrami operator on I', which has to be applied componentwise to the embedding
function

X: T —R"Y

that assigns to each point of I its coordinates in RY. For a proof of this see, e.g., [11:
Section 2.5/Theorem 1]. Consequently, in local coordinates {zi} we have on W

0 0
k(8,r) = :/1—576_2:, (g"a—x;((@k 0Sgo0 1/)r)|W)) nk(6,r),
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where

g=4g(8,r)= det G(6,7)
[G(8,r)):i; = ((«b* 0So 0 9r)lw)5— ((d>* 0 Sg0¢r)lw)
gij = gij(ovr) = [G(G,r) l],‘j .

In the same way as above, using the regularity of @, the Banach algebra property
of the spaces H*(SV~') and H*~!(SV~!), and the fact that the mapping g — g i is
analytic near any go on H*~!(SN~1) if g¢ is positive and smooth one obtains

KECW( V.H*™ I(SN l))

and therefore

kn € C¥(V,H*7'(SVY). (15)

Finally, it follows from results on the regularity of (8) (see [18]) that L(0,0) is a
homeomorphism from X, onto Y;. From this, (14), and (15) it follows by the analytic
version of the Implicit Function Theorem applied to (9) that

u € C¥(V,(H**3(Bo))).

The statement of the lemma follows from this by the Banach algebra property of
H*(SN-1) and the fact that

vec (V' (H (SN )HY) (16)

where V' is a sufficiently small neighbourhood of 0 in H**!(SV=!). Note that (16)
follows from (13) by choosing ® to be the identity and setting 6 =01l

4. Quasilinearization by equivariance

The equivariance property of F' which was shown in Lemma 1 will enable us to prove
a chain rule for the (in general nonlocal) operator f, i.e. an equation that links spatial
derivatives of f(¢,r) on one hand to Fréchet derivatives of f applied to spatial deriva-
tives of r on the other. This chain rule will be used to identify a quasilinear structure
of the operators that assign to r spatial derivatives of f(y,r), even if the operator
r — f(p,7) is fully nonlinear.

We do not attempt to give the most general formulation possible but one which is
oriented at our applications. In this section we will assume

feck(v,H(s" ) (17)

with s > s, d > 0 K € N (or “K = w” denoting analytic dependence), V a neigh-

borhood of 0 in R(3) x H*t4(SN-1) (Clearly, the example of Stokes flow given in the
previous section fits into this frame with K = w, s = &L and d = 1.)
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Consider the natural representation U of the Lie group S O(N) of rotations around
the origin in RY on the spaces H?(S¥~!), ¢ > 0, given by
U(glp =poyg

for all ¢ € SO(N) and all ¢ € H°(SN-1). By standard arguments, one can show
that U is strongly continuous. Moreover, let us denote by D; the generators of the
one-parameter subgroups t — U(e™ % ). With the usual multiindex notation, we define

Ha,n(sN—l) - n D(Da)‘
laj<n
which is a Banach space under the norm given by
lullo,n = 2 1D,
lal<n
It follows from [14: Theorem 3.17] that
Ha'n(SN_l)E'Ha+"(SN_1) A (18)

with equivalence of the respective norms.

In the following, let 7, denote the canonical projection of R(?) x H**+4(SN-1) onto
its first component.

Lemma 3 (A chain rule for f). Let jo| = n < K and suppose that (o,7) € V and
r € Heta+n(GN=1) Then flo,r) € H(SN1) and
D% f(p,7) = f'(#,7)[xalp), D7)

+ 2 CarfPer) (xm(w),D”‘r),..-,(xm(w),D‘g‘r)]
(BRVET,

+ Y Caraf*N(p,r)
(BhDET,

X [(XB](LP)I Dﬁ] T), ceey (Xﬂk (89)7 Dﬂk 7‘), (ié,k,l.l((ro)uo)’ BRI (fg,k.l.l((?)ﬂ)]

where

Il = {(ﬁ,k)l2$k$ |a|,é=(ﬂl7"'yﬂk)7ﬁl ++,Bk =(1},

I = {([_?’kvl)

0<k<la|-3,1<i<]a|l-k-2
é=(ﬂ17"'vﬁk))lﬁl ++ﬂk|§la|_2

and Xxp,Xp,k,1,j € C°°((7r1[V],lR(':))'

Proof. By the Inverse Function Theorem, there is a neighborhood W of 0 in R(% )
such that the restriction of the mapping 6 — Sg to W acts as a smooth diffeomorphism
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of W onto its image W’'. The inverse of this diffeomorphism will be denoted by S~!.

By taking V sufficiently small one can arrange that S, 0 Sy € W' for all ¢,8 € m[V].
The mapping

T: (m[V]): —W
defined by
T(p,6) = S7'(S, 0 Sp)

is smooth, and for any ¢ € m[V] we have that T(y,8) € m,[V] for sufficiently small 6.
Hence, by Lemma 1 and the definition of f,

flp,7) 0 Sg = f(T(cp,O),r 0 Ss)

for @ sufficiently small. leferentlatmg this equation_with respect to 6; at § = 0 yields,
for r € He¥d+1(GN-1)

oT , .
Difteir) = £oum) [ S0, 00Dy (19)
j
This equation is valid for all j and the right side is in H*(S¥~1), hence f € H*}(SVN~1)

= H**!(SN-1). Thus, the lemma is proved for |a| = 1. Taking the k-th order Fréchet
derivative (k < K — 1) on both sides of (19) and writing BT(gp, ) = €;(), one finds

D;f®(o,r) (93, 11), .., Pk, b))

= f(k-H)('*pvr) [(011’11)7 s )(19k»hk)1(ej(‘r9)7 D,’T)
k
+3 1 W (p,1)
=1

X [(191)}‘1)1’ .. ’(01—1!hl—l):(e;(‘p)[ﬂll’Djhl)y(gl—l:h'—bl)" . )(19’(’;”‘)]
+ Y 9%

(J,n) €5

X [(19”1 ’h"l )w .- )(00,'-1 s h"j—l)’ (eg‘k-j+l)(‘/’)[19m yere ’19Mk-j+l]’0)]

(20)

with

I =.{(j’g?f_‘)

IN
—_~
—

_11£= {Vlv"'an—l}!E='{/“lv"'auk—jﬁ-l}
.,k},U] <. o< Wjeg, iy <0< Hk—j4

(and obvious modifications if j = 1, i.e. v is empty). (20) is proved straightforwardly
by induction over k. The proof of the lemma can be given now by induction over |a|.
Suppose the assertion holds for all multundxces o with |a'| =n-1 < K —1 and choose
an o with |a| = n. Then D® = Dj D®' for an a' with la'| = n'— 1. Applying the ~
induction assumption and (20) yields the assertion for o il
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Clearly, our interest is in the evolution (3) for fixed @, i.e. in the nonlinear Cauchy
problem

7= p(r) = f(0,r) } (21)

r(0) = ro.
Assumption (17) and Lemma 3 yield the following key results on the operator p.

Lemma 4 (Propertics of p). There is a neighborhood W of 0 in H*(SN=1) such
that:

(i) (Regularity).
pE Ck’—n(w ﬂH’+d+"(sn_l),H’+n(SN_l))

and p is bounded from WNH*+4¥n(SN=1) to H3+n(SN=1) for oll non-negative integers
n< K. :

(ii) (Analyticity). If K = w, then
pE Cu(Wn Hs+d+n(SN—l),Hs+n(sN—l))

for alln e N.

(iii) (Weak sequential continuity). For all non-negative integers n < K, p is weakly
sequentially continuous from W N H*+4¥n(SN-1) jnyp Hetn(SN-1),

(iv) (Quasilinearity of D 0 p). For any multiindez a with 0 < |a| < n < K there
is an operator Go € CH="(W N Hetntd=1(GN-1) F3(SN-1)) such that

Dep(r) = p'(r)[D°r] + Ga(r) (22)
satisfying for allr € W N H*H4n(SN -1 and arbitrary € > 0 the estimates

IGa(r)lls < Copn (34 nsa—r + 1) (23)
”Ga(r)"s Sellrllsen + ga,n.e(”r”s+d+%) (24)

where gy ne : Ry — Ry is a monotone tncreasing function.

Proof. The smoothness results in (i) and (ii) are immediate consequences of the
chain rule in Lemma 3 with ¢ = 0 and the norm equivalence (18). The same is true for
the boundedness result if K is finite. For K = w, the boundedness of p follows from
the fact that (17) implies the boundedness of all Fréchet derivatives F®(0,7) on m [V]
with values in L((H**¢(SN-1))k He(SN-Y)).

(iii) follows by standard arguments from the boundedness of p and the compactness
of the embeddings H(SV=') — H*(SN-!) for 0 > s (cf,, e.g., [18: Proof of Lemma
7/(ii)])-

To show (iv), we use that

£1(0,7)[(xa(0), D*r)] = p'(n)[D*r] + £'(0,7)[(xa(0), 0)).
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Thus, we find (22) with

Ga(r) = f,(O,T)[(Xo(O),O)]
£ Coaf®0,1)(x,(0), D1, (xas (0), DPr)]
(B.K)ET,

+ > Cauaf*O(0,1)

(B.kDET, ’
x [(Xﬂ. (0), DPrr), ..., (x5 (0), D?*r),(%.k,11(0),0),- -, (Xpk.0,1(0), 0)] ,

and the definition of 7, and I, as given in Lemma 3. Note that G,(r) can be expanded
in a sum of terms whose H*(S"~!)-norm can be estimated either by a constant C, or
by Cul|I7||s+d+n-1 or by a product of the form

Callrlls+d+by - ITlls+d+8e
with £ > 2,1 < b <n-1and Z;;] bj < n. Estimate (23) follows from this by
applying the interpolation inequalities
b

N
. LT T 1T 1-3 +...-)4-B —
”7'||s+d+l>j < C,IIT",_‘M_{_":] ' ”7'”s+dl -

for j = 1,...,k — 1. To show (24) we note that there is a { > 0 depending only on n
such that

s+d+bj§(s+d+h—()%+(s+d+%)( —l:l—’)

hence
b /3

e R 1—
“"||S+d+b,~ < C3||r||s+d+n—(||r"_,+d+_lz_'

The estimate follows from this by application of the interpolation inequality

Irlls+asn=c < €'lIrllstdsn + Cerlirlisra

with €' > 0 sufficiently small il

5. Linearization

It is clear from the results of the previous section that the study of the linear operator
p'(r) is essential for the analysis of equation (3). At first, we will discuss a "change of
coordinates” for our problem.

For the description of the linearized evolution problem, it is more appropriate to
choose Ty = (SN ~!) as fixed reference manifold and to consider small perturbations
of T’y in normal direction. This approach leads to the following additional definitions:
There is a neighborhood U of Ty in RY such that there are 2 § > 0 and a smooth
diffeomorphism

©: Ty x (=58 — U
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given by B _ _
O(£,n) = & +n7(8),

where 1 denotes the outer normal vector field on I'y. We denote the inverse of ©
by ©7! = (Z,d). It is straightforward to check that for smooth r with Irllcr(sm-1y
sufficiently small, there is precisely one function R € C*(T'y) defined by

R(r)(224.(€)) = d(24,(€)) (€ S7) (25)
and that R(r) depends smoothly on r. Note that R(r) describes the perturbed domain
Q, with respect to the coordinates in U given by O, i.e.

09, = {O(&, R(r)(€))| £ € To }.
The evolution (3) can therefore be described equivalently by
' R=p(R)
and it is our aim to express p'(r) with the help of 5'(R(r)) which can be calculated more
straightforwardly.

The relation between p and 7 is given by carrying out the differentiation of R(r)
with respect to ¢ which yields

P(R(r)) = R'(r)[F] = R'(r)[p(r)].
Calculation of the Fréchet derivatives on both sides gives
R(r)[e'(r)(]] + R"(r)[k, p(r)] = §'(R(r))[R'(r)[A]], (26)
and it remains to calculate the Fréchet derivatives R'(r) and R"(r). This can be done
by differentiating both sides of (25) with the result (in arbitrary local coordinates)

R)RES,(6))
- af(s,r(f»%ew(a»h(e) #RER ) DAGOMOND
— ai(e, r(e))?(s%(o)h(o (T (E)RE),

where a’, v € C"°(SN_l x (=6, 6)) As @ is a diffeomorphism, we have
7(€,0) = A(2(£)) - DE(E)n(€) > v >0 (£ SV
Further differentiation of (27) yields

R (r)h, E[(E%.(£)) = ai (€, r(é))%(R'(r)[h])(EMr(E))k({)

4 df(s,r(s))%(R’h){k])(awr(e))h(sj

+ (6, r() 220 2o nhierk(e)

8
. 2 r
— &I (E,r(€))at (€, r(€) ) (2 0y, (€))A(E)K(E)
98 oF
+ SL(E, r(EMOKE)



On Evolution Equations for Moving Domains 81

Combining this with (26) and (27) we find for r =0
! 1 *—l .=
P (O)[h] = 477 (0)( "yh] + I[h) + xh, (28)

where ¢ = ®|gn-1 € Diff®(SN~! Ty), | is a first-order differential operator on S¥~!
corresponding to a smooth vector field and x € C=(SN~!). Based on (28) we show
that under suitable assumptions the coercivity of p'(0) implies coercivity of p'(0). For
this purpose, we specify the scalar products which are used on H*(SN-1) as

(u,v)o = / uv dw and (u,v)e = (A%u, A%v)0,
SN -1
where

A? =(I —Agn-1)7 (0 €R),

and Agn-1 is the Laplace-Beltrami operator on SN~!. It is well-known that A% is a
well-defined, L2-self-adjoint pseudodifferential operator of order o on S¥~! which maps .
real-valued functions to real-valued functions and that the scalar products defined above
generate the usual topology on H?(S™V~!). Consequently,

A% € Liy(H'(SV "), H'°(SN™1))  (teR).

In an analogous way, scalar products (-,-)' are defined on the spaces H?(Iq), using
the operators Af = (I - Ar,)? that have analogous properties.

Lemma 5 (Coercivity of p'(0)). Let s € R be fized. Suppose that 5'(0) = A+ K
where A is a pseudodifferential operator of order d > 0 and

K € L(H*™ T (Ty), H>~ 7" (T)).
If A satisfies
2 2
(aw,w)ie < —clullfy, +Cluli®  (ue H*T0) (29)

with constants ¢ > 0 and C > 0, then there are (different) constants ¢ > 0 and C > 0
such that

(p'(O)[R), h)s < —cllhl3, o + C AN (h€ H™(SYTY). (30)

Remark. It is clear that assumption (29) is equivalent to an analogous inequality
for '(0).

Proof of Lemma 5. We have
1 - 1 LR 2 C
(p'(0)[h), h)s = (;¢'A¢‘ ‘yh,h) + (;¢ K6"™ vk, k) -+ (U{h], k). + (xh. h),

and estimate the terms on the right separately.
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As h — xh € L(H*(SN~1)) we have (xh, k), < C||h||2. Note that (I + I*)h = 6h,
where [* denote the L?-adjoint of [ and § € C(SN=1), hence I + I* € L(L}(SN-1))
and A*l — IA® is a pseudodifferential operator of order s on SV~! hence A*l — IA® €
L(H*(SN-1),L¥(SN-1)). Thus -

(I[R], h)s = (A°I[R], A"h)o

(IA°R,A*h)o + ((A°1 = IA")h, A®R),
L+, A%R) + ((A°1 = IA*)R, A%R),
< ClIn

As v is smooth and positive and ¢ is a smooth diffeomorphism, we have h — yh €
Lis(H*5(SV7Y)) and ¢* € Ly (H*H 55 (To), H*+*7(S¥-1)). This implies, by an

interpolation inequality,

3

SCIA, e (31)
2
< ellbl?, ¢ + Cellhl?

with arbitrary € > 0.

By a transformation of the integration variable, we have

L - | S r
(u,v)oz(,u;qb’ lu:;‘;¢ 1U 00,

where p is a smooth positive function on T representing the “change of the surface
element”. Using this, one calculates

(zema0 " yhh),
_ ((%(}S'A(}S"HI— ¢'A¢'_l)h,h)s
+ ((A’¢‘A¢‘_’ _ ¢‘A¢‘_1A’)h,1\’h)0

r
+((uha—-auh)e Ak b " A%) °

0
To

+ (A4~ AATud ¢ 7 A%, At 67 Ah)

3

+ (AATIuE 6T AR AT 67T )

= (A-"—?l (}7¢‘A¢"‘71 - d;’Ad)"‘)h,Adz;'lh)s
+ (AT (argrags - ¢ 48" AT )
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. —d;_l L Ly s—1,s % 1 e—1,s Fo
+ (AR T (b A - 48 T AR AT TR

_,+5‘T‘ To

_d=1 s —ey L a=1,s L ie—1,s
+ (A, T (AR A - AAT Y8 T AR ALY g T A
+ (AATIu 6 T AR AT IuE 67T AR)
< —cllAr ui” T ARIG, o + CIAR L ¢ T ACRIE 4+ CIIAI, aca
< —cllhllipg + C RIS,
2

where we have used that, due to the commutator properties of pseudodifferential oper-
ators,

%¢‘A¢'_171— $° A" € L(H* T (SN=1), H =5 (SN 1)
As¢.A¢.—1 _ ¢‘A¢‘_1A’ € c(Hs-f-"Tl(SN—l),H—“T'(SN—l))
p¥A - Apd € L(HT (Do), H™ T (Ty))
AFSA - ANSS € L(H T (Do), H*™ T (Iy)),

furthermore . ) .
AF:#7¢.—1A.' c Cia(H.ﬂ-F?(SN—l)’ Hs-f--z-(ro)),

and the interpolation inequality
Ihll,sss < ENIZ, ¢ + CellAl2
with sufficiently small €. The assertion follows by combining the above inequalities and

choosing € in (31) sufficiently small

The following abstract lemma provides a general result concerning generator prop-
erties of a linear operator satisfying a coercivity estimate in a scale of (real) Hilbert
spaces.

Lemma 6 (Generator property). For s € R and d > 0 let

Ae c(H.H-%d(SN—l)’Ha+-‘5(sN—l))
NL(H (SN, ()
nL(Ha-f-%(sN—l)’Ha—%(SN—l))

satisfy estimates

3 -
(Au,u),pq > cllull®ye - C ||u||3+% (u € H*HE4(SN-1))
(Au,u), 2 C”u”3+% -C ||u||3 (u € H'H_'d(SN_I))

with constants ¢ > 0 and C > 0. Then A € H(H**4(SN-!),H*(SNY)), ie. —A,
considered as an unbounded operator on H*(SN=') with D(~A) = H*+4(SN-1) is the '
generator of a holomorphic semigroup on H*(SN-1).
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Proof. We fix an arbitrary real w > C, define A=A+ wl, and show below that

(i) A€ Li,(HH(SN-1), H(SV-Y))
(ii) Re[Az,2], > 0 for all 2 € H*+4(SN=")¢ and {Im[Az, z],| < CRe[Az, z], for all

z € H’+d(5N_l)c

where [,-]; denotes the usual scalar product in the complexified space H*(SV-1)¢
to which A is extended in the natural way. As (i) holds for all real w > C, we
have that {A € R|A < 0} C p(A) for any such w. The estimates (ii) mean that
the numerical range of A is contained in a sector of the right half complex plane
whose opening angle is smaller than 7. By [24: Proposition VIL.3.2] this implies
Ac H(H+4(SN-1), H°(SN-1)) and therefore by a well-known perturbation result
also A = A —wl € H(H*+4(SN-1), H2(SN-1)).

To show assertion (i), consider the operator
J: H’(SN_I) —_ (Ha+d(5N—l))t
given by

(Ju,v) = (A‘%u,ATv)H,

which is easily shown to be an isometric isomorphism. Our assumptions imply JA €

L(H+4(SN-Y), (H*+4(SN-1))) and
(J Au,u) = (/iu,u)ﬁg_ >cllull?yy  (uwe HFISNY),
Hence, by a density argument,
(JAuw,u) 2 cllulllyy  (ue H*(SNY),

and thus JA € L, (H"”d(SN_I),(H’+d(SN_'))') by the Lax-Milgram lemma. This
implies assertion (i).

To show assertion (ii), we estimate for arbitrary z = u + v € H**4(S¥-1)¢ with
u,v € HeHI(SN-1)

Re[Az, 2], = (Au,u), + (Av,v), > ¢ (||u||3+% + ||v||f+%) >0
and . . -
IIm[Az, z],| < |(Au,v),| + |(Av,u),|
< N Aull,_glolly g+ 1Avll,_ gllull e g
< C”u||,+g2_||v“s+%
S C(lullsyg + 11005, 4)
< CRelAz, 2],

and the lemma is proved B
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6. Solvability of the nonlinear problem

We will show short-time solvability of the evolution problem (21) using a rather classical
method of a priori energy estimates for adapted scalar products (-,-)s,n given by

(uuv)s,n = z (Dau,D"v),.

la|<n

Note that the norm || - ||,,» given by

llulls,n = (4, 1)sn

is a norm on H’.*"(SN") that generates the usual topology (cf. (18)). Throughout
this section, we assume d > 1 and K = w. (If K is finite, then the results obtained
below hold only for n < K.)

Lemma 7 (Local a priori estimate).

(i) (Parabolic equations): Suppose (17) with s replaced by s — % and (30) hold.
Then for alln > d : :

(p(r),m)sin < Con (I7ll5 . +1) (rewn Hn(STTY).
(ii) (First-order hyperbolic equations): Suppose d =1, (17), and
(P'(M)[h],h)s S Callkll} (r € W,he HHI(SYTY). (32)

Then for alln > 1
(p(r)i)oim S Com (I7l3 0 +1)  (reWNH(SYTY).
Proof. Using (22), we decompose

(p(r)sm)sm = Y (D%p(r), D°r)s

lal<n

= ()Yt 3 ((POIDT], D), + (Go(r), DOr). )

1<]al<n

and estimate the terms on the right sepafat.ely.
To show (i), note that due to (30) for all r € W and all h € H**+¢(SN-)

(p'(){R), h)s

(¢'(O)[A], h); + ((¢'(r) = #'(O))[h), h),
~cllhlZ, ¢ + ClIRIE + | (o'(r) = PO Rl gl1All 44
—c'lIRI1%, ¢ + CIIRIL,

A IA
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if W is chosen sufficiently small. Consequently, using (24) with s replaced by s — ¢

4,
<
(o) Pon € 3 (=ellD 2y g + ClirlEa oy + IGa(lo gl g 410
1<]al<n
S el 2y g + Comlirlian + €l g + Clirl g

< Con(llrllign +1)

if € is chosen sufficiently small.

To show assertion (ii), we use (32) and estimate (23). This yields

(P )en < 3 (Collrliiag + IGa (sl latior) < Con(lrliZyn +1)-

1<lal<n

Thus the lemma is proved B

Based on these a priori estimates, we are able to show an existence result for the so-
lution of problem (21). For T > 0 and X a Banach space, we will denote by C\,([0, T}, X)
and C}([0,T}, X) the spaces of weakly continuous and weakly differentiable functions
u: [0,T] — X, i.e. the functions for which (p,u) € C([0,T]) and (p,u) € C'([0,T))
for all p € X', respectively.

Theorem 1 (Short-time existence of solutions). Let the assumptions of Lemma 7
(1) or (ii) be fulfilled. There are constants € > 0 and T > 0 such that for alln > d and
all )

ro € Bo(E,H’+d(5N_l) N Hs+n(5N—l))

there is a solution
r € Cy((0,T), H* (SN ncCL([0,T), H**"=4(SN-1y)

of problem (21) satisfying r(t) — ro in H*+¥*(SN-1) as t — 0.
There is at most one solution of problem (21) in

O (0,11, H(SN-1) 0 L((07), A+

The existence result can be proved by a Galerkin approximation as in [21: Proof of
Theorem A]. For the details of this as well as for the uniqueness result we refer to [18:
Proofs of Propositions 1 and 2] or [26: Proof of Theorem 1] where the same abstract
result is proved in the context of special applications. We emphasize that the choice
of € and T is independent of n, i.e. the smoothness of the initial datum is preserved
during the evolution, even if the initial datum is small only in a weaker norm.

For parabolic equations, however, one expects a smoothing effect of the evolution.
More precisely, the following result will be shown by a bootstrapping argument.
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Theorem 2 (Smoothing property for parabolic equations). Suppose
~0'(0) € H(H’H“(SN_‘), HH SV n H(Hs-{»d(sN-l)’Hs(SN—l))‘
Then there are numbers € > 0 and T > 0 such that for any solution
re C'((0,T), H*He+ ' (SN-)
of problem (21) that satisfies r(0) € By(e, H*+4+(SN 1)) we have

r e C*((0,T},C(SN™)).

Proof. It is sufficient to show that
re C'((0,T],C=(SN 7). (33)

Indeed, this implies r € C'((0,T), H*+**4(SN~1)) for any k € N, and using the fact
that p maps W N H*+74(§V¥ 1) smoothly into H**+U=14(SN=1) for j > 1 we get from
#(t) = p(r(t)) that r € C¥+1((0,T), H*+*4(SN~1)). As k is arbitrary, this implies the
assertion.

If € and T are chosen small enough, then p'(r(t)) — p'(0) is small in
£(Ha+d+l(sN—l), Hs+l(sN—l)) N C(Hs+d(sN—l)’ Ha(SN—l.))’
hence, by a.wcll-known perturbation result,

—A(t) = —p'(r(1))
€ 'H(H’+d+l(5N-l), Hs+l(SN—l)).n H(H’+d(SN_1),H’(SN_1))

for all t € [0,T]. We choose § € (0,T), v € (0,1) and a strictly increasing sequence
{6x} C (0, §) arbitrarily. To show (33) we prove

DPr € CY ([, T}, H*FH (SN 1) N C([6k, T}, HH4FH(SNY)) (1Bl < k) (34)

by induction over k € N. For k = 0, (34) holds by assumption. Suppose now (34) holds
for k = n. This implies

r € C'([6a, T), H*" (SN 1)) N CY((65, T}, Ho* 4+ (SN TY).
We pick an arbitrary a with |a] = n 4+ 1 and set « = D®r. By Lemma 3 we get that

u€C! ([‘SmT];HS(SN—l)) satisfies

w = Aty + f(t) } (35)

u(b,) = Dr(6n)
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where, by our assumptions,

A(t) = p’(r(t)) € C-Y([én;T],L(H’+d(SN‘I)’H’(SN—])))
nC"’([én,T],[:(H=+d+l(S-N—l)’Hs+l(SN—1)))
f(t) = GQ(T(t)) € C“’([é‘n’T]’Hs-{'-l(SN—])).

A standard result on non-autonomous linear parabolic equations (see, e.g., [23: Theorem
6.1.4] for a stronger result) yields

u e O[Sttt T), HO(SV1)) N O ([2atets T), Ho+e (SN 1Y),

In particular, as d > 1 we have u(é%ﬂ) € H°*1(SN-1). Applying the same argu-
ments to the initial value problem

o= A(t)u + f(t) }

u( 6n+26nil ) = Dar( 6n+26n;tl)
yields
Dor € CH([Buss, T}, H**(S¥1)) (1. C7 ([6nss, T), HT4¥1 (V1))

which completes the induction proof B

7. Applications

The abstract framework given in the previous sections reduces the analysis of problem
(21) (as far as short-time existence is concerned) to the verification of (17) and the
study of the lincarization p'(R). In the case of parabolic problems, the aim is to show
the validity of the assumptions of Lemma 5 for s > sq. Then Lemmas 6 and 7/(i) are
applicable, and thus Theorems 1 and 2 hold.

Our first applications are extensions of the results obtained in [18, 26].

7.1 Stokes flow driven by surface tension. We return to the example considered
in Section 3. Lemma 2 shows that in the situation described there, (17) is satisfied
with K = w and d = 1. It remains to consider the linearization p(0). Straightforward
calculations that have been carried out in 18] give

7' (0)[h) = n" BnAr,h + Lih + Lok,

where Ly € L(H*(Ty)) for s > sp = —'L L, is a first-order dxﬁ'crentlal operator
corresponding to a smooth vector field, and

B e L((H:(To))N,(H?(Io)V)
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is given as By = u|r, where (u, p, A) is the (uniquely determined) solution of the Stokes-
Neumann problem
-Au+Vp+ A, =0 inQp )

divu=0 in Qg

Tu,p)n+ X2 Q@n=¢ on [y } (36)
fnou dz =0
fnorotudz =0.

It follows from the general theory of elliptic systems that
A = nTBnAro + L]

is a pseudodifferential operator of order 1 for which the coercivity estimate (29) can be
shown either on the basis of the weak formulation of (36), using Korns second inequality
(see {18: Section 5]) or by explicit calculation of the principal symbol and application
of Gardings inequality.

Summarizing our main results and using a compactness argument again, we obtain
the following theorem.

Theorem 3 (Well-posedness and smoothness of the boundary for Stokes flow
driven by surface tension). Let U(2) = ulan where u solves problem (8), § > s >
So = % + 2. There are constants € > 0 and T > 0 depending only on ®, 3, and s such
that for any

o € BO(E’H3+2(SN—1)) nH§+3(SN—1)

there is a unique solution
re C([0,T), HH3(SN-1)) nC*([0,T), H* (SN YY)
of the initial value problem (21). Moreover,
r € C*((0,T),C=(SN1)

and if ro € H¥*"(SN=1) for ann € N, then r € C([0,T), H**"(SN71)).

Remark. Here as well as in the following applications, the smoothness of the initial
perturbation rg is chosen high enough to obtain existence, uniqueness, and smoothness
of the solution at once. This is not an optimal choice if one is interested in existence of
solutions only.

7.2 Hele-Shaw flow driven by surface tension. The following moving boundary
problem can be discussed in a completely analogous manner: Let U(Q) = Vu|sq where
u is the solution of the standard elliptic boundary value problem

37

u=K on 0N

Au=0 inQ }
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where « is defined as in Section 3. This is a formulation for the so-called (one-phase)
Hele-Shaw flow problem with surface tension. In the case N = 2, it occurs as a model for
the motion of a blob of liquid confined in the thin gap between two plane parallel plates.
For N = 2 and N = 3 it also describes the motion of phase boundaries by capillarity
‘and volume diffusion in metallurgy [25]. For N = 2, global solvability in time has been
shown in [10] for initial data near the equilibria which are given by the balls. Moreover,
exponential stability of these equilibria is proved. Short-time solvability results for the
moving boundary problem in the case where Q(t) is a perturbed halfspace in R? are
established in [12] and, in a more general situation including also the influence of sources
and sinks, in [22]. A corresponding two-phase problem is discussed in [9]. Furthermore,
the linearization of the one-phase problem is briefly discussed in (2].

Our analysis is in many aspects similar to the one given in (15], where the theory
of maximal regularity in little Holder spaces is used to show existence, uniqueness, and
C>°-smoothness of solutions for a related problem where O9)(t) consists of a fixed and a
moving component. Due to the analytic setting, some parts of the proofs are consider-
ably more involved than the ones given here. As pointed out above, we generalize the
results of [26].

Using the well-known regularity results for (37) and the same perturbation argu-
ments as in the proof of Lemma 2, one shows that (17) holds with d = 3, K = w, and
§>sp = %ﬂ The linearization has been carried out in [26], it yields

p'(0) = ApnAr, + Lo,

where Ly € L(H**%(To), H*(Ty)) and Apy is the so-called Dirichlet-Neumnann operator
on 2 which maps ¢ to the outer normal derivative Apny = g—: where u solves

Au=0 in Qg
u=y¢ on 9.

Again, the general theory of elliptic equations yiclds that 4 = ApnAr, is a pseudod-
ifferential operator of order d = 3, and the coercivity estimate (29) is shown in [26:
Lemma 8]. (Alternatively, it can be obtained by calculation of the principal symbol and
Gardings inequality also in this situation.) :

Summarizing, we find the following result.

Theorem 4 (Well-posedness and smoothness of the boundary for Hele-Shaw flow
driven by surface tension). Let U()) = Vu|sg where u solves problem (37), § > s >
S0 = % + 2. There are constantse > 0 and T > 0 depending only on ®, 3, and s such
that for any )

ro € BO(E’H3+4(SN—1)) n'H§+7(sN—l)

there is a unique solution
r € C([0,T], H**7(SN 1)) nCH ([0, T], H*+4 (SN 1))
of the initial value problem (21). Moreover,

r € C®((0,T),C=(SN™1)),
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and if ro € _HH"(SN—l) for ann € N, then r € C([0, T],H’+"(SN_1)),

7.3 Classical Hele-Shaw flow. To describe the classical Hele-Shaw flow problem, we
consider the elliptic boundary value problem

38
v=0 on OS1. (38)

-Av=f in }
In order to include various interior driving mechanisms, as distributed sources and sinks,
point sources and sinks, as well as multipoles of arbitrary order, we allow a very general
right-hand side, namely, f € £'(p), i.e. f is a distribution with compact support in
Q. This implies that in general v € D'(£;). Outside supp f, however, v is represented
by an analytic function, and thus the Dirichlet boundary condition makes sense if 92
is near 9. As before, the motion of the domain is given by U(2) = Vv|sq. The
condition for well-posedness which has to be imposed on f is

)
% >0  on d% (9

for the solution vy of problem (38) with Q = Q5. This means that we consider a situation
in which the liquid domain is everywhere advancing. By the strong maximum principle,
(39) is automatically satisfied if f is a positive measure, as in [6, 20].

We set ¢ = G * f where G denotes a fundamental solution of the Laplacian. The
function g is analytic outside supp f. Setting u = v — g we have U(2) = V(u + g)laq
and

Au=0 in Q }
(40)

u=—g on 0Q.

Transforming (40) from Q = Qg , to By yields

' 0
L(6,r)u(b,r) = (—go®g,)|sn-1 ] ’

where

- » -1
u@r)=uods, =y,u  and  L(§r)= [q’o,rA(q’@.r) ] .

Tl‘sN-l

The mapping (8,7) — (—g o ®g,)|s~-1 is analytic from a small neighborhood of 0 in
R(3) x H(SN-1) into H*(SN!) for s > & By arguments similar to those in the
proof of Lemma 2, we conclude that (17) holds for s > ﬂgﬂ andd =1.

To calculate p’(0) we perform a change of coordinates as in Section 5 and find

B(R)(@(R) + ¥(R)*9))Ir, - B(R)
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where _
Y(R) = @9 r(ryo &'
%(R)"g = g o %(R)
7(R) = N4 .(n) o %(R)
#(R) = u(0,7(R)) 0 ®~!
7 = v(0)
B(R)v = (V(vo%(R)™")) o $(R),

the mapping R — r(R) denotes the inverse of the mapping r — R(r) defined by (25),
and nq denotes the outer unit normal field on 9. Note the ¥(0) = idg, and hence

((0%)~")'(0) = ~(8%)'(0),

where 0% denotes the Jacobian of ¥. Consequently, we find by straightforward calcula-
tions
B'0)(h] = (' (0)[4]- V) o V = Vo (' (0)[A] - V) (41)

and, using that E‘(O)[h]h-0 = h7,

PO = 25 (T(0) + 9)h ~ (T OH]- TT(0)) + (& (O)[h])
+(V(EO) +9)lr, - VO]

It remains to calculate @'(0)[k] from

S 0
) = | gy g,
where

P(R)

I(R) = [ R

md  P(R) = (Ao B(R)™)) o H(R)
By similar calculations as for (41) we find
POk} = (' (O)[K] V) o &~ Ao (§(0)(A] - V)
and thus
w O = -ZO HOWE)™ [ 0 | +T07 8, ]

- 10y [AF O 7w0)]

because L(0)~! [ 0 ] = u(0) and the first term in P'(0)[k]7(0) vanishes. Therefore

glr,

@'(0)[h] = ¥'(0){A] - Va&(0) + wlh],
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where w = w(A] solves

Aw =0 in Qg
= ( o9 65(0)) h on [p.

on on

Thus we obtain, writing vo = u(0) + gla,,

7(0)[h] = ADN( Z—h) T e vu T, (@)

with Apy as defined in the previous subsection. Apy is known to be a pseudodifferential
operator of order 1 on the manifold T'g, and therefore the commutator properties of
operators of this kind yield

7(0) = ——ADN + D+ K, (43)

where K is a pseudodifferential operator of order 0 on I'y and D = Vv - 7(0) is a first-
order differential operator corresponding to a smooth vector field on I'y. This implies
that the operator D + D* is given just by multiplication with a smooth function, and
consequently we have

(D+K)u,u)® = (3(D+D*)+ K)u,u)l* < Cllul2  (u€ H'(T).  (44)

Elementary arguments based on the Green formula and the Poincaré inequality show
that
(Apvw,u)® 2 cllul} = Cllulil,  (ue H'(Ty)) (45)

with a constant ¢ > 0 depending on I'y only (see [26: Equation (4.2)]). Combmmg (39)
and (43) - (45) we find

(7'(0)[A), h)® < —cllhll} + ClIRIZ, (k€ H'(To)),

and by the commutator property p'(0)A} — Af 7'(0) € L(H*(To), H°(To))
(P (O)[h), RS < —cllhli3,y + ClRIZ (k€ HF(Ty)).

Hence the assumptions of Lemma 5 are satisfied with d =1 and 4 = —MADN + D.
Summarizing, we find the following result.
Theorem 5 (Well-posedness and smoothness of the boundary for Hele-Shaw flow
with advancing liquid front). Let U(Q) = Vv|an where v solves problem (38), 5 > s >

So = % + 1. Suppose that (39) holds. Then there are constants € > 0 and T > 0
depending only on ®, f, 3, and s such that for any

ro € Bo(E,HS+2(SN_l)) ﬂ'H'H‘s(SN_]‘)
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there is a unique solution
r € C([0,T), H*** (SN nC' ([0, T), H*¥3 (SN 1))
of the initial value problem (21). Moreover,
r € C=((0,T),C=(SV ™)),

and if ro € H3*"(SN-)) forann €N, thenr € C([0,T), He*n(SN-Yy).

Remarks. The results of this subsection can be secn as a gencralization of the
results in [6, 20] with respect to the driving mechanisms. Our result are weaker in
the sense that we do not prove analyticity of 9§(t) for ¢ > 0. Note, however, that
(in contrast to the earlier results mentioned above) we do obtain smoothness of the
evolution of the interface in time.

The linearization (42) corresponds to the results which are obtained in [2: Lemma
2.1] in a somewhat informal manner and a slightly different analytic setting. Further-
more, the condition (4.i) for (linear) well-posedness of a Hele-Shaw type problem given
in [2] corresponds to our condition (39). This condition is sharp in the sense that the
linearized operator loses its coercivity if (39) is violated. For corresponding results in a
different geometry, see {17]. Note that, by the strong maximum principle, the condition
on the function b in Theorem 1.1 there implies the validity of a condition like (39) on
the moving component of the boundary.

Acknowledgments. The author is indebted to Prof. J. Escher and Prof. M.
Ginther for a lot of fruitful discussions.
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