Zeitschrift fur Analysis und ihre Anwendungen
Journal for Analysis and its Applications
Volume 18 (1999), No. 1, 131-141

Existence and Uniqueness of Solutions
to a Class of
Stochastic Functional Partial Differential Equations
via Integral Contractors

J. Turo

Abstract. Existence and uniqueness theorem for first order stochastic functional partial differ-
ential equations with the white noise as a coefficient is proved. In the proof the characteristics
method and the concept of integral contractors are used.
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1. Introduction

Let R™ denote the m-dimensional Euclidean space with the norm |- |, and let B =
[-7,0] x [-d,+d] where r > 0 and d = (d),...,dm) € R} (in particular, it may be
d; = oo for some i, 1 <1 <m)and Ry = [0,00). Put I =[0,T] xR™, Iy = [-r,0] x R™
and D = ITU Iy, where T > 0. Let (2, F,P) be a complete probability space. We
assume that there is a set of sub-o-algebras F, (t € [0,T]) in F such that F, C F, if
s < t. Let w(t;w) be a p-dimensional standard Brownian motion process adapted to
F: such that F(w(t + h;w) — w(t;w),h > 0) is independent on F; (t € [0,T]), where
F(w(€),€ > 0) denotes the o-algebra generated by the. process w(€) (£ > 0). For any
function u: D x 2 — R" and a fixed (¢,z;w) € I x ! we define the Hale-type operator
u(q,z)(w) : B — R" by

u (w7, 0) =u(t+7,z+6w) ((r,0) € Bwe Q).

Let L, be the space of all random variables £ : € — R" with finite L-norm
[1€]l2 = {E|§|2}%, where E is an expectation. Denote by Cg = C(B, L;) the space of
all continuous processes v : B — L,. Let L{RP,R™) be the space of all linear maps
from R? into R™.
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Let us consider the functional partial differential equations of first order with a
random coefficient

%Iti(t,z;w) + {a(t,z;w) + b(t,z;w)w(t;w)}g%(t,x;w)
= f(t,:r,u(,,z)(w);w) + g(t,x,u(,,z)(w);w)w(t;w) (t,z) e I) (1)
u(t, z;w) = p(t,z;w) ((t,z) € Iy,w € Q)
where

a:IxQ—-R™
b:IxQ— L(RP,R™)
f:IxCpxQ—R"
g:IxCpxQ— L(RP,R")
p: I xQ - R"

and w(t;w) is the formal derivative of the process w(t;w), namely the so called white
noise. Equation (1) contains as particular cases the equations investigated in (3, 5 - 8].

Now, we consider the stochastic functional integral equation
u(t, z) = (0,y(0; 1, 7))

t
+/ f(svy(s;tyz)yu(a,y(s;(,z)))ds
0
‘ (2)
+/ g(s) y(s;tuz))u(s,y(s;(,z)))dw(s) ((t,l) € I)
Y .

u(t,z) = p(t,z) ((t,z) € )

where y(s;t,z) is a solution of the stochastic integral equation,

vs) =2+ [ alrym)dr + [ bry(r) dur) e

We can notice the close analogy between our consideration and the common theory
of partial differential equations of first order. In this sense we call the stochastic process
{y(s;t,z),s < t} the characteristic linc of equation (1) through (¢,z) and equation (2)
can be considered as equation (1) integrated along the characteristic line.

The concept of contractors by Altman [1] has been used by Constantin [2] to prove
the existence and uniqueness solutions of a stochastic integral equation. A particular
case of equation (2) has been studied in [4] under the condition that the functions f
and g satisfy a Lipschitz condition with respect to the last variable (see also [5]). In
this paper, using the characteristics and integral contractors methods, we obtain more
general conditions for the cxistence and uniqueness of solutions to equation (2).
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2. The existence of characteristic lines

Denote by C = C([0,T], L;) the space of all processes y : [0,T] — L, which are
continuous and adapted to the F; (t € [0,T]). We consider on C the norm ||y|| =
supefo, 77 I1y(¢)l2-

Define the integral operators j, and jg on C by
_ t

o) = [ w)ds
0

(Jau)(t) = / y(s) du(s).

It is easy to seen (see [2]) that

sl < Tilyl
- C). 4
gl < ﬁnyu} wee @

Assumption (H;). Suppose the following:

(i) The functions @ : I x @ — R™ and b : I x @ — L(R?,R™) are such that
a(-,y(-)),b(-,y(:)) € Cforally € C.
(ii) For each t € [0,T] and y € L, there exist bounded linear operators I~‘,~(t,y)~ (z=

1,2) on C such that ||T(¢,y)|| are continuous in (¢,y) and there is a constant Q@ > 0
such that

1T, w)0) O], < Qllv(®)ll2
for every v € C.
(iii) There exist continuous functions %; : R4 — R4 with 4;(0) =0 (¢ = 1,2) such
that for each ¢ € [0,T] and y,v € C we have

ot v + v(®) + (A (& y()0) () + (Tt w()0) ()
—a(t,y(0) - (B (LyOR) O], < IOl

and
et v + () + (ME1(E w()0) (&) + (Fala(t, y®))o) ()
~b(t,y()) — (Fa(t w()0) (1), < Fallv(®)]la):
The vector of functions (a,b) satisfying assumption (H,) is said to have a bounded

integral vector contractor (f‘l, f‘g) with nonlinear majorants (¥;,%¥,) with respect to C.

Remark 1. If 4, = a;t (t € R}) where a; > 0 (2 = 1,2) are constants, we have
that the vector functions (a, b) has a bounded integral vector contractor (T'),T'2). These
conditions are weaker than the usual Lipschitz condition. Indeed, if [; =0 (i = 1,2),
the condition in assumption (H;) reduces to Lipschitz condition on a and b.
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Definition 1. Let H be the family of all functions v € C*(R4,R,) satisfying
v(0) = 0 and +'(t) € {0,1) (t € Ry).

Lemma 1 (sce [2]). If v € M, we have that v is non-decreasing on R4, v(t) < t
for t >0 and 35, ¥¥)(t) < oo for t € Ry, where v(%) denotes the k-th sterate of .

Remark 2. Examples of functions v € H are y(t) = at (¢t € R4), where a € (0, 1),
2
(t) = &7 (t € Ry), y(t) =t —arctant (t € Ry),and y(t) =t —In(1 +1) (t € Ry).

Lemma 2 (see (2], but also [9]). Let us suppose the following:

(i) The functionsa : I xQ — R™ and b: I x Q@ — L(RP,R™) are such that if
yn =y in C, then a(-,ya (")) — a(-,y(-)) and b(;,yn(-)) = b(-,y(-)) in C for n — oo.

(ii) Assumption (H,) is satisfied with the vector of nonlinear majorants (3,, ) such
that T3, + VT, =5 € H.

Then equation (3) has o unique solution y(s) = y(s;t,z) in C.

Remark 3. Note that y satisfies the group property

y(siT,y(T5t, 7)) = y(s;t, z) (5)

for 7 € [s,t] and (t,z) € I, since y(s;t, ) is the unique solution of equation (3).

3. Assumptions and lemma

Let Cy = C(Y,L;) be the space of all processes v : Y — L, which are continuous
bounded and adapted to the F; for each z, where Y C T or Y C D (let F;, = Fp for
—r <t < 0). We consider on Cy the norm [|v||ly = sup( ey |[v(t,z)l|2. Define the
integral operators J; and J, on C; by

(J,u)(t,:r):/o u(s,z)ds
(Jgu)(t,z)=/0 u(s, ) dw(s).

For these operators we have analogous estimates as in (4)

NJvullr < Tlulls

(u € Cy).
1J2ullr < VT|fulls }

Put
f[u](s;t,:z:) = f(s7 y(s;tvx)1u(s,y(s;t,z)))

g[u](s; t, .‘t) =g (S, y(s; t, l’), u(s,y(s;l,x))) .
Assumption (H;). Suppose the following:

(i) The functions f: I x Cg x Q! —» R and ¢g: I x Cg x 2 — L(R?,R") are such
that flu](-) € C; for v € Cg and g[u](-) € C; fory € C.
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(ii) For each s € [0,T], y € L2 and u € Cp there exist bounded linear operators
[i(s,y,u) (¢ = 1,2) on Cp such that ||Ti(s,y, u)|| are continuous in (s,y,u) and there
is a constant Q > 0 such that

(Tily ulo)si t, D)), < Qlle(s u(sit. )|l

for every v € Cp, where

(I‘,-[y,u]v)(s; t, I) = (F;(S, y(s; L .’L‘), u(s,y(s;t,z)))b)(sa y(s; i,:t)).

(iii) There exist continuous functions v; : Ry — R4 with 7;(0) =0 (: =1,2) such
that for each u,v € Cp and y € C we have

”f[u +v +”J1I‘1[y, ujv + Jgfg[y,u]v](s; t,z) — f[u](si; t,x) - (I‘, ly, u]v)(s; 2,3:)”2

<1 (lv(s,yesseenltB)

and

, “g [u + v+ LTy, ujv + ooy, ulvl(s; t, z) — glul(s; t, z) — (F2ly, u]v)(s;t, 2:)”2

< 72(“”(3,3/(3;(,:))”8)
for all s € [0,T] and (t,z) € I.

Lemma 3. If assumption (H;)/(i1) is satisfied and y is a solution of equation (3)
and u(-,y(+;t,z)) € Cp, then for every h € C; such that 2(0;z) = 0, there is a unique
solution v € Cp to the stochastic integral equation

v(t;z) = h(t; z) )

—/(Flly,U]v)(S;t,z)ds
p ‘ (6)
_/o(rz[y,u]v)(s;t,:z:)dw(s) ((t,z) el

‘U(t,.’t) =0 ((t,l‘) € Io). )

Proof. Define an operator K on Cp as

(Kv)(t;z) = .
h(t;z) — f(;(r‘l[y,u]v)(s;t,z)ds - fJ(Pg[y,u]v)(s;t,z)dw(s) if (t,z) eIl
0 if (t,2) € Io.

It is obvious that K maps Cp into itself. Let us introduce the norm

llolle = sup {e™|lv(t,z)ll2}
(t,z)€D _
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where A > Q%(T + 1). Now we prove that K is a contraction. Indeed, since (z + y)? <
2(z? + y?) we have '

[(Kv)(t,2) = (Kve)(t,2)|;

t
<2QUT+1) [ nsvtsit,2)) — valos st o) s
0

. )

<2QUT+ Dl —wall? [ s

4]
(T +1
A ) T
for all (¢,z) € I. Multiplying (7) by e~2** we obtain
QT +1)
A

|Kvy — Kvo||2 < llvr = vel|?

thus
[|[Kvy = Kvglls < gllvy — v2]ls

1
where ¢ = [w] ?. The assertion of Lemma 3 now follows from the Banach fixed
point theorem B

4. The main results

We are now in the position to prove the main results.

Theorem. Let us suppose the following:

(i) ¢ : Iy — Lj 1s continuous and Fy-adapted for each z, and ¢(0,y(0;¢,z)) 1s
independent on {w(t), t € [0,T)} for each z.

(ii) The functions f: IxCpxQ = R™ and g: I x Cg x @ — L(R?,R") are such
that if u™ — u in Cp, then flu”)(:) — f[u)(-) and g[u™](-) — g[u](-) for n — oco.

(ili) Assumptions of Lemma 2 are satisfied.

(iv) Assumption (H;) is satisfied with the vector of nonlinear majorants (v1,72)
such that Ty, + VTvy, = v € H.

Then equation (2) has a unique solution in Cp.

Proof. Consider the sequence {u"} defined by
"t z) = ut(t, z) — v"(¢, 2)

- /t(I‘l[y,u”]v")(s;t,x)ds
% (8)
- / (Taly, w]o™)(s:t, 2) duw(s) ((t,2) € I)

u™(t,2) = p(t,z) ((t,2) € L) J
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where
v™*(t,z) = u"(t,z) — p(0,y(0;t, z)) )

—/ flu"](s;t,z)ds
° ! (9)
—/0 glu)(s;t,z)dw(s) ((t,z) € 1)

v*(t,z) =0 ((t,z) € Ip) J

and u® € Cp. We will now demonstrate that the auxiliary sequence {v™"} is such that
[[v"]lp — 0 as n — oco. By (8) - (9) applying (5) we deduce that

v"“z:tu"S':rs ‘u"s;,st

(t2) = [ fwlsitiz)ds + [ obum(sit, ) due)
- [ @)tz ds - [ Ealyrion)et ) duts)
- /0 f[u" —v" = 1T [y, o™ — JgFg[y,u"]v"](s;t,z) ds

¢
- / g [u" —v" = LT[y, u" o™ — JgFg[y,u"]v"] (s;t, ) dw(s)
0

((t,z) € I)
v" (e, z) =0 ((¢z2) € o).

Using assumption (Hz)/(iii) on f and g we obtain
o™+ llp < T||f[u” = o™ = ADily, w0 = JaLaly, u™o"] (s:t,2)
- flu"(sit,2) = Taly,w™(=v")(s 2|
+VT
= g[u"](s;t,2) — Taly, u")(—0")(sit, z)HD

< (oG y(aieonllB)
< y(|lv"|Ip)

lg[u" —-v™ = IiTy [y, u"o" - JgFg[y,u"]v"](s;t,x)

since |[of, ,)llz < [lv"llp. Thus [[v**}[lp < v"*V(|[v°l|p). Since limn—oey!™(t) = 0
for all t € R4 (see Lemma 1) we get limu—.oo||v™||p = 0.
From (8) we see that

llu™** = u"llp < Ib"llp + (T + VDRI Ilp
<

A

< (14 TQ + VTQ)v"™(II+°lIp)-
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Since v{™(||+°||p) — 0 as n — oo, we get that {u™} is a Cauchy sequence and thus
there exists u € Cp such that lim,_.,u™ = u.

From (9) and assumption (ii) it follows that u is a solution of equation (2). Let us
now prove the uniqueness of solutions to equation (2). Let u, be two solutions in Cp
of equation (2) with u(t,z) = a(t,z) = ¢(t,z) for (t,z) € Ir. Then

u(t,z) —i(t,z) = /; {f[u](s;t,z) — fla)(s; t,z)}ds

. / {glul(sit,2) — glal(sit,2)}du(s) ((tx)eny| (O

u(t,z) —u(t,z) =0 ((t,z) € I).

We denote h(t,z) = u(t,z) — a(t,z) ((t,z) € I), and let v € Cp be a solution to the
stochastic integral equation (see Lemma 3)

v(t,z) = h(t,z)

—/‘(I‘][y,ﬁ]v)(s;t,a:)ds
% (11)
- / (Taly, alo)(s;t,2) du(s) ((t,7) € )

v(t,z) =0 ((t,z) € Ly). )

By (10), (11) and (5) we get

llvllo < ” /0‘ {f[ﬁ +v + LT[y, @l + 2Ty, ajv)](s; t, z)

— fla](s;t,z) - (Fl[y,ﬁ]v)(s;t,z)}ds

I

+ H /0 {g[ﬁ +v+ ilhly, alv + JzF?[y;ﬂ]U)](s;t,J:)

— gla](s;t,z) — (T2 [u)v)(s; t,x)}ds

< v(llvltp)-

1

Hence (see Lemma 1) v(t,z) = 0 as., (t,z) € D, and so by (11) we obtain h(t,z) = 0,
as., (t,z) € D,ie. u =@ in Cp and the uniqueness is proved. This completes the
proof of the Theorem B

Corollary. Let assumptions (i), (iii) end (iv) of Theorem be satisfied. If 3(T? +
T)Q? < 1, then equation (2) has a unigue solution in Cp.

Proof. Let us prove that if u” — u in Cp, then f[u"] — f[u] and g[u"] — g[u] in
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C; for n — oco. Let v™ € Cp be a solution to the stochastic integral equation
v"(t,z) = u"(t,z) — u(t,z) )
- / (T fys ulo™)(sit, 2) ds
[

- / (Faly, ulo™)(s:t,2) du(s) ((t,2) € )
v*(t,z) =0 ((¢t,z) € Ip). )

The existence of a such solution follows from Lemma 3. Since (z+y+2)? < 3(z2+y?+2%)
we have

o™t 2)II2 < 8J|um(t,z) — u(t, 2)||;

t t
+37Q* [ o Gs,ptsit Dl +3€° [ (st

therefore

o™ 115 < 3llu™ = wlp +3(T% + T)Q*||v"|Ip.
Since 3(T? + T)Q? < 1 and limu—.c |[u™ — u||p = 0 we obtain lim,—c [[v"||p = 0.

Writing relation (iii) from Assumption (Hz) with u and v, we get
Hf[u +v"™ 4+ LT[y, uJo™ + JoTaly, uJo”] (st 2) — flu)(s;t,z) — (Tafy, ujo™)(s;t ;v)”

< 7l(||v(na,y(s;(,:))”3)

and
o + ™ + Ty, wlo™ + JaTaly, o) (55, ) - glul(sit, ) = (Caly, o™i, 2),
S 72(”v(ng|y(s;t,z))”8)'
Thus

| flu™)(sit, z) = flul(sit, 2|, < 1 ([[ofs yisneplla) + QU™ (s u(sit, )|,
“g[u"](s;t,x) - g["‘](s;t’x)”'g < 72("”("3.51(3;1,:))”2) + Q||v"(s,y(s;t,x))||2.

Hence we get

| Flw™] = Flullls + llglu™) — glul|l, < e {(n() +72(1)} +2Q|l"Ip

and since v™ = 0 asn — oo in Cp and v; (2 = 1,2) are continuous with 7,(0) =0 we
obtain the desired property of f and g. The result now follows from Theorem B
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5. Particular forms of functional dependence

We give now a few examples that show how the Hale-type operator defined in Intro-
duction acts in particular forms of functional dependence such as delays, integrals and
other Volterra functionals.

Exal:nple 1. Let o,3: I - R™!' a = (aq,a1,...,0m) and = (Bo, B,y Bem),
and let f: I xR"xQ — R™and §: I x R" x 2 — L(R?,R") be given functions such
that —7 < ao(t,z) and Bo(t,z) <t for (t,z) € I. If we define

f(t,z,v) = f(i,:c,v(a(t,:c) - (t,2)))
g(t,z,v) = §(t,:c,v(ﬂ(t,:c) ~-(t,z)))

then equation (1) reduces to the differential equation with retarded argument

Ju . Ou
E(t,x) + {a(t,z) + b(t,z)w(t)}a—z(t,:v)
= f(t,z,u(a(t, z))) + g(t, z,u(B(t, 2)))u(t)

Example 2. Suppose that f : I x R® x  — R", g: I xR" x Q — L(RP,R"),
a,f:I—R™" and k; : I - L(R",R") (i = 1,2) are the given functions. Let

((t,z) € I).

5 B(t,z)
ft,z,v) = f(t,x,/ ) ki(s,€)v(s —t,€ - a:)dsd{)

(t,z

B(t,z) .
g(t,z,v) =§(t,.’t,/ kg(s,f)v(s—t,f—z)dsdf).
a(t,z)

Then equation (1) reduces to the differential-integral equation
g—l:(t, z) + {a(t, z) + b(t, :c)w(t)} Z—Z(t, T)

= f(t,x,/f(l’z) k:(s,ﬁ)u(s,i)ds«ﬁ) ((t,z) € I).

t,z

B(1.z)

+o(te, [ ko, uls, €)dsde ) (1)
a(t,z)

Example 3. Take f : IxC(D,R")xQ — R"and § : IxC(D,R")x — L(R?,R™).

Consider the equation

%It‘-(t,z) + {a(t,z) + b(t,z)w(t)}g—;f(t,x) = f(t,z,u) + g(t,z,u)u(t) ((t,z)€ ).

The dependence on the past is expressed by means of so called Volterra condition which
reads as follows: if u,a € Cp and u(s,z) = i(s,z) for (s,z) € [-r, t] x R™, then
ft,z,u) = ft,z, ). The definition of the Volterra condition for § is analogous. There
are various possibilities of extending this notation. For instance, if we want to describe
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the dependence of f locally on the past and locally on the space, then we can formulate
the Volterra-type condition as follows: if u,u € Cp and u(s,£) = ua(s,§) for (s,€) €
B +(t,z), then f(t,z,u) = f(t,z,i), where B+ (t,z) = {(s + t, + z) : (5,€) € B} is
the translation of the set B. In this case we can define

f(t,z,v) = f(t,z, T 0(- — t,- — z))
g(t,z,v) = g(’t,I,Z’(lZ‘U(' -t - .’E))

where I, ; : Cp — Cpy(-t,~1) is defined by (I v)(s,€) = v(s —t,{ — z).
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