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Abstract. We prove a global in time existence and uniqueness theorem for the identification
of a relaxation kernel h entering a hyperbolic integro-differential equation, related to a convex
cylinder with a smooth lateral surface, when the coefficient A is assumed to depend on time and
one space variable and general additional conditions are provided. A continuous dependence
result for the identification problem is also stated. Finally, a separate proof concerning the
existence and uniqueness of the solution to the related direct integro-differential problem is
also given in a suitable functional space. Moreover, the dependence of such a solution with
respect to the relaxation kernel is fully analysed.
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1. Introduction

This paper is concerned with the identification of a unknown coefficient h'(the relazation
coefficient, depending on time and one space variable) appearing in the following integro-
differential equation related to the convez cylinder @ = (0,£) xw C R™ (n > 2), w being
an open bounded convex set in R™ ™! of class C!!:

¢
D?u(t,z,y) + Au(t,z,y) + /h(t — s,z)Bu(s,z,y)ds
0

. (1.1)
+/D,h(t-—s,z)Cu(s,x,y)ds = f(t,z,y)
0 .

for all (t,z,y) € [0,7] x . Here
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A = —D;lay,(z)D,]

- Z D.[a1,145(z,y)Dy;] = E Dy.[ar4ia(z, y)D ]

i=1

e (1.2)
~ Y Dylar4ints(z,9)Dy;) + ar(2,4)D:
ij=1
n—1
+ Y a145(z,y)Dy, + ‘10(1‘ y)
=1
B = ~D:IC[bl,l(:’:ay)D;:]

n-—1 n—1
- Z Dz{bl.l+j(1» y)Dy;] - Z Dy.' [bl+i.l(-73: y)Dz]
=1 =1 N

B (1.3)
- Z Dy, [b1+i,l+j(x’y)Dy,‘ |+ b1(z,y)D. :
=1 -
n—1
+ D bi4i(z.¥)Dy, + bo(z,y)
=1
n—1
C=ci(z,y)D: + Y c14;(z,y)Dy; + co(z,y). : o (14)
1=1

We note that C is a linear (formal) first-order differential operator, while A and B are
two linear (formal) second-order operators with principal parts in divergence form. We
emphasize that the coefficient a),; in A depends on z only, instead of on the palr (z,y)
as in the general case. The operator A 1s uniformly elliptic, i.e.

Wl < S any(a vty S aolel ()

i,7=1
for all (z,y,€) € (0,£) x w x R™ where a; > 0 and a; > 0 with a; < a are two given
constants. . .

We now prescribe the usual initial-boundary value conditions

u(O,z, y) = uO(I’ y) ((I,y) € Q) (1.6)
Du(0,z,y) = ui(z,y) ((z,y) € Q) (1.7)
:T:(t’z’y) = g%:(t’zy y) ((t,l‘,y) € [O,T] X 69) (18)

where ug,u; : = R.and uz : [0,7] x @ — R are given (smooth) functions and v4
denotes the conormal vector associated with A and Q.
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To determine the relaxation coefficient h we assume that the two pieces of additional
information

Blu(t, M=) = w(t,z)  ((t.2) € [0,T] x (0,8)) (1.9)
Ylu(t,-, ) = (1) (te(0,7)) - - (1.10)

are available where & is a linear operator acting on the variable y only, while ¥ is a
linear functional acting on all the space variables. Examples of admissible ® and ¥ are

#ul(a) = [ Mzwlzn)dy (2 €(0,0) (111)
¥lol = [ pleu)o(a,y) dady  aw

where A :w — R and p: @ — R denote two (smooth) assigned functions.

We observe that our choice not to explicitly define operator ® and functional ¥
allows a large variety of applications, the actual choice of ® and ¥ being left to the
user. Then we observe that our data have to fulfil the consistency conditions

gﬁ(z,y) = D{%(O,I,y) ((z,y) € 8Q) (1.13)
va V4

Dip(0.) = #ll(x) (s (0.8 (9)
D]4(0) = [u;] (1.15)

for 3 =1,2.

Remark 1.1. Further consistency conditions may occur in some specific cases (cf.
Section 2/Remark 2.1).

Finally, we observe that the determination of the relazatton kernel h (depending on
time and one space variable, the axial one) is of interest in applied problems related to
stratified media. In this case the operators A, B and C often take the particular forms

n-—1
A = —Dy,(a1,1(y0)Dy,) — Z Dy, (@i,j(yo)Dy; )
1,j=1
n—1 -
~ Y~ Dy,(bi;(40)Dy;)
i,5=0
n—1
C==3" %(y)Dy,
=0

where yo =z and Dy, = D;,.

The class of problems dealt with in this paper seems, at present, not to have been
widely investigated, in contrast to the case where the relaxation kernel depends on time,
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only (cf., e.g., [4 - 6, 8,9, 14 - 16]). Therefore this paper wants to contribute to develop
the studies in this area. We observe that some related papers are [2, 11, 12]. In [2]
and (11] the authors deal with the problem of the diffusion of electromagnetic waves
in dispersive media and are concerned with the determination of a relaxation kernel
depending on time and one space variable. The same identification problem is treated

in [12], but relatively to stratified viscoelastic materials and specific assumptions on the
data.

We conclude this section by noting that Theorems 2.1 and 2.2 in Section 2 report
the main results involving the identification problem. They are concerned with a global
existence and uniqueness result as well as a global continuous dependence result for the
solution (u,h) to the identification problem (1.1), (1.6) - (1.10). Furthermore, some
applications, related to the specific operator ¢ and functional ¥ defined by (1.11) and
(1.12), are reported in Section 6.

Finally, the well-posedness of the direct problem (1.1), (1.6) - (1.8) is ensured by
Theorem 4.2 in Section 4, which provides also the continuous dependence of the solution
u on the relaxation kernel h.

2. The main result

We state in this section our global in time existence and uniqueness results related to
problem (1.1), (1.6) - (1.10). For this purpose we assume that the coefficients of our
operators A, B and C enjoy, in addition to (1.5), also the properties

ay,) € C"‘([O,Z]), a,',j,b.',,' € Co’l(ﬁ), ai;j = aj; (i,j = 2,...,n) (2.1)
D.ay 41 € COV®), DyDy a1 541 € L®(Q) G=1,....,n=1) (2.2)
aj,bj,cj € LOO(Q) . (] =0,... ,n). (23)

Here C™'(O), O being an open bounded set in R?, denotes the subspace of all functions
in C™(O) whose derivatives of order m can be extended to O by Lipschitz continuous
functions.

We now recall that the open set w is convex and assume that the operator & and
the functional ¥ enjoy the properties

®c (2] L(H?(R);H'(0,0)) and ¥ e L*(Q) (2.4)
@[h:]_i h®[u] for all (h,u) € L?(0,€) x L}(Q) (2.5)
®[u](kl) = ®u(ke,-))(k€) for all u € L (w, H'(0,¢)) (2.6)
D, ®(u)(k€) = ®[D u](k€) + S [u(ke,-)], ®ox € L2(w)* @
for all u € L*(w, H'(0,¢€)) and k = 0,1 :
<I>A=A1<I>+<I>li+¢>z o}l H*(Q) (2.8)

Ova
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&1 € L(HF((0,0) x Bw); L*(0,8)), @, € L(H(Q); L*(0,8)) (2.9)
VA = w,% + 0, 0n HY(), ¥, € H(0Q)", ¥, e H'(Q)" (2.10)
A
where
A] = —D,[al'l(:z:)D,] ) (211)

Moreover, £(X;Y), X* and H™(O) denote the Banach space of all linear bounded
operators between the Banach spaces X and Y, the dual space to X and the Sobolev
space of order m related to L2(O), respectively.

Assume now that the data f,ug,u1,u2,¢,% related to the identification problem
(1.1), (1.6) - (1.10), enjoy the properties

fFeW((0,T); L*(Q)), wo € HY(R), uy € HY(N), ua € UM(T,Q) (2.12)
Aug — f(0,-,-) € H'(Q), Di(D}uz + Aguz) € W21((0,T); L*()) (2.13)
w € UH(T,(0,0)), e W*(0,T) (2.14)

where Ao denotes the principal part of the operator A (cf. (1.2)) and the Banach spaces
U*?(T,0), O being an open set in RY, are defined for any s € NN [2, +00) by

UH(T,0) =
{ W*P((0,T); L*(0)) n W*=1p((0,T); H'(O)) N W*=22((0,T); H*(0)) (2.15)
C*([0,T); L*(0)) n C*~X([0, T); H'(O)) N C*~%({0, T); H2(0))

according as p € [1,+00) or p = +o00.

Remark 2.1. From assumptions (2.6), (2.7) we easily derive the chain of equalities
Ou Ou
@[ 56| (k) = @[ (1, ke, )] (k)
=a, (kZ)‘I’[D,u(t, k€, )](kZ)
n—1l
+ @[jz:; a1,145(k8 )Dy; u(t, ke, )] (ke) (2.16)
= a11(k€) D ®[u(t, -, )](k€) — ay,1(k€)Po[u(t, -, ))(kE)

+ @['i a1_1+,~(ke,.)Dy,u(z,.)](ke)

for t € [0,T] and k = 0,1. Observe that, if the vector valued function (a;2,...,a1,,)
vanishes everywhere on {0,¢} x w and ¢ commutes with D; at z = k¢ (k = 0,1), then
from (2.16) we easily deduce the consistency condition

@[g%j(t,.,.)](ke)=a,,l(ke)u,¢(t,ke) (el Thk=01) . ‘}(2-17)

ifa;; =0o0n {0,8} xw (j =2,...,n) and ® commutes with D, at z = k.
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On the contrary, if (a1 2,...,a1,n) does not coincide with the null function on {0, ¢} x w
or ® does not commute with D, at z = k€ (k = 0,1), then condition (2.16) prescribes
the values of two (known) functionals, related to ®, ®; and the unknown u, on the bases
of the cylinder Q.

Finally, assume that ug satisfies the conditions

m(uo)(z) := |<I>[Cuol(x)| >m >0 (z€(0,f) (2.18)
mg(uo) = ‘I/[J(Uo)] # 0 . ) . (219)

for some constant m; > 0 where

J(uo)(z,y) = (Buo(x,y) - %g—z% Cuo(z,y)) exp‘( - /0 %Z]]Eg df)

Remark 2.2. According to properties (2.3) - (2.4) we easily get the equations

B[J(u0))(z) = exp (— /0 ’ Z{—ﬁ%&)@(mo - %Cw)(?) =0

for z € (0,€). Consequently, in order that assumption (2.19) may be satisfied, the
functional ¥ must be linearly functionally independent of the operator ® in the sense
that there exists no functional A € L%(0,£)* with ¥ = A®. Otherwise, we should get
¥({J(uo)] = 0. In particular, when & and ¥ admit the integral representations (1.11)
and (1.12), this means that no function p of the form p(z,y) = pi(z)A(z,y) is allowed.

Remark 2.3. When ¢ admits the representation (1.11), a necessary condition for
assumption (2.18) to be satisfied is that there exists no zo € (0, €] such that A(zo,y) = 0
for any y € @.

We can now state the two main results of this paper involving our identification
problem: a global existence and uniqueness theorem and the corresponding continuous
dependence result.

Theorem 2.1. Let aessumptions (1.5) and (2.1)—(2.10) be fulfilled. Assume further
that the data enjoy properties (2.12) — (2.14), fulfil the consistency conditions (1.13) —
(1.15), (2.17) and the inequalities (2.18) and (2.19). Then problem (1.1), (1.6) — (1. 10)
admits a unique solution (u,h) € U>(T,Q) x W11((0,T); H'(0,£)).

Theorem 2.2. Let (fj,uo,j,u1,j,uz,;,9j,¥;) (J = 1,2) be two siztuplets satisfying
properties (2.12) — (2.14), (2.18), (2.19) with :

0<m < zérlxof'l] [m1(uo,1)(2), mi(uo,2)(x)]

as well as consistency conditions (1.13) — (1.15), (2.17). Then the solutions (uj, hj)
corresponding to the data (fj,uo j,u1,j,uz,,9j,¥;) (j = 1,2) satisfy the estimate

luz — uillus.o(T.0) + |2 = hallwra o,y 11 (0,0)
S C(T’ my ) ﬁl—z) ‘ (220)

x IN(f2 = fi,u0,2 — w01, w12 — ur,1,u2,2 — 21,92 — 1,92 — Y1)l
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where
0 < ™2 < min(Jm2(ue,1)|, Im2(uo,2)|)

and
2

IS, w0, ur, uz, 0, ) < Nfllwar o myizcay + Y Hujll ey
J=1

+ lluzflesr 1,0y + | Auz — £(O, )”H‘(Q) (2.21)

+ ||Dt(D:2U2 + Awy)|lwa 0,1 L2(0))
+ llellwsr(T,00,00) + Nllwero,7)

Remark 2.4. To prove our existence and uniqueness result it is essential that
condition (2.18) should be satisfied. This explains why we have chosen a particular
non-smooth domain - a cylinder - instead of a general regular one. Indeed, assume
for a moment that our domain were smooth and of the form Q = UzG[O 4 w(:z:) with

mp_1(w(z)) > 0z — 0 or £ — ¢, m,_, denoting the (n — 1)-dimensional Lebesgue
measure.

We could replace condition (1.11) in a natural way with the following
Wi = [ deEnd  (2€00)

In this case, for regular kernels: A, ®[v] would not be bounded away from 0 for any
function v. As a consequence, if we would want to deal with smooth domains, they
should be of barrel type, only. Moreover, such a choice would cause a remarkable
complication in the treatment of our identification problem (cf. assumption (2.7)).

Remark 2.5. Note that estimate (2.20) takes into account all the metric spaces
involved in conditions (2.12)-(2.14). Moreover, if 72, and 7, are lower uniform bounds
for my(uo) and ma(uo) as uo runs on the set of all admissible up, (2.20) ensures that
the mapping data — solution is Lipschitz continuous when the set of data is provided
with the metrics induced by the norm in (2.21).

To conclude this section we observe that, because of its length, we are forced to
give only a very short outline of the proof of Theorem 2.2 (cf. the end of section 6).
However, we note that Theorem 2.2 could be proved following the same ideas as in the
proof of the existence and uniqueness Theorem 2.1. About the proof of the latter we
want to give here a short outline as well as some comments.

i) Section 3 will be devoted to transforming our original problem into an equivalent
one for a triplet (v, ko, k), where v = Dyu. It will consist of an integro-differential
equation for v as well as of a fixed-point system for (ko, k). This process will explain
also the necessity of the additional condition (1. 12), which, at a first sight, might seem
superfluous.

i) In Section 4 we shall solve the (direct) integro-diﬂ'erential problem for v in
a functional space ensuring the maximal spatial regularity allowed in a non-smooth
situation as ours is. For this purpose we recall that, according to the results’in [7:
Theorem 3.2.1.3], the maximal spatial regularity for u, in a (general) convex cylinder,
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is expressed by the membership in H?(2). Moreover, some basic weighted estimates
will be proved. In particular they will establish the continuous dependence of v on the
relaxation kernel A.

iii) In Section 5 we will transform the problem for (v, ko, k) in a system of operator
fixed-point equations for the pair (ko,k;). Such a system will be solved (in suitable
weighted spaces) using the Banach’s Contraction Principle.

iv) Section 6 will be devoted to determining suitable conditions on the kernels A
and p in order the explicit operator ® and ¥ defined by (1.11) and (1.12) may satisfy
the basic conditions (2.4) - (2.10).

3. An equivalence result

Assume that (u,h) € U>°(T, Q) x W1((0,T); H*(0,£)) (cf. (2.15)) is a solution to the
identification problem (1.1), (1.6) - (1.10) and introduce the new unknown function

t
o(t,2,9) = Dautz,y) <> u(t,z,y) = uo(z,y) + / w(s,z,y)ds  (3.1)
0

Then the pair (v, h) € UZ2(T, ) x WH((0,T); H*(0,£)) solves the following system
of equations:

Dlv(t,z,y) + Av(t,z,y)

1
+/ h(t — s,z)Bu(s,z,y)ds
0

, (3.2)
+/o D h(t — s,z)Cu(s,z,y)ds
+ D h(t,z)Cuo(z,y) + h(t, z)Buo(z,y) = Dif(t,z,y)
for (t,z,y) € [0,T] x Q)
v(0,z,y) =ui(z,y) ((z,y) € Q) (3.3)
Dw(0,z,y) = —Auo(z,y) + f(0,2,y) ((:z:,y) € Q) (3.4)
%(t,z,y) = D,gz—:(t,z,y) ((t,z,y) € [0,T) x 8Q) (3.5)
D.h(t, z)®[Cuo)(z) + h(t, z)®[Buo)(z)

= ~Dip(t,2) - Duie(t, ) ~ & [Di g2 (1,)] (2)

— @fo(t, (=) - / h(t - 5,)®[Bu(s, ))(=) ds (36)

- /ot D, h(t — s,z)®[Cu(s, ))(z) ds + (D, f(t,))(z)
= Ny(v, h)(t, z)
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for (t,z) € [0, T} x (0,¢)

¥ [D.h(t,-)Cuq)] + ¥[h(t, ) Buo|

= —D¥y(t) - ¥, [D,%(t, ]

- Taloft,, )] - ¥ [/o h(¢ — 5,)Bu(s, -, ~)ds] (3.7)

- [/o‘ D h(t - s,-)Cu(s,-, ')ds] + ¥[Df(t,-, )]
= Ny(v, h)(2) -

for t € [0,T). We note that equations (3.6) and (3.7) can be derived applying the
operator ¢ and the functional ¥ to both members in (3.2) and using assumptions (2.4)
- (2.10).

Assume now that (v, k) € U*°°(T, Q) x W'1((0,T); H'(0,¢)) is a solution to prob-
lem (3.2) - (3.7) and introduce the function u € U*(T, Q) defined in (3.1). Owing to
consistency conditions (1.13), from (3.2) - (3.4) we immediately deduce that u solves
equations (1.1), (1.6) - (1.8). We integrate, then, with respect to t equation (3.6) {where
we have set v = D,u) and use identity (2.8) and consistency conditions (1.13) - (1.15).
We get the equation

Dlop(t,z) + ®[Au(t, ))(z) + / h(t — s,2)®[Bu(s,)|(z) ds
J° (3.8)
+ [ Dentt = s,2)8(Cu(s, (&) ds = @4 e)

for (t,z) € [0,T) x (0,€). Apply now operator ® to both members in (1.1) and subtract
memberwise (3.8) from the equation just found. We easily get the equation

Di®[u(t, )|(z) = Dip(t,z) (3.9)

for (t,z) € [0,T] x (0,£). Using conditions (1.6), (1.7) and (1.14), we deduce that u
satisfies the additional information (1.9). Performing similar computations, we can show
that u satisfies also equation (1.10). Summing up, we have shown that the identification
problems (1.1), (1.6) - (1.10) and (3.2) - (3.7) are equivalent.

Setting t = 0 in equations (3.6) and (3.7) we get the following (operator) differential
system for h(0, -): .
D h(0,z)®(Cuo)(z) + h(0, z)®[Buo](z)
= —D?p(0,z) — D:A,p(0, z)

- & [Dg22(t,)] (2) - alul(=) + BDS(0,)](2)
= b(x) (3.10)
U[D:h(0,-)Cug + h(0,-)Buo)

= —D}(0) - %[D:S'” ,,)] Woluy) + ¥[Df(0,,-)). (3.11)
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Integrating the differential equation in (3.10), we obtain the following general integral
depending on an arbitrary constant ¢ (cf. assumptipn (2.18)):

o e[ 322300

. . (3.12)
T @Buol®) ) _ 6
+ [ e | 3o ) 5
where 5 A
6(z) = - D?‘P(Oaz) — DA p(0,z) — & [Dzbl%((), )] (z) (3.13)

= &2[u1](z) + $[D£(0, ))(2)

for z € [0,£]. Substituting this representation of A(0,-) into (3.11) and using condition
(2.19), we can easily compute ¢ as

¢ = [ma(uo)] ™!

y { — W[ts] = D3y(0) - ¥, [D,g%:(o,-, )] = el + UIDS(Q, , -)1} (319
where »
Cuo(z,y) &[Buo)(z) .
a(e,0) = o200, + (Buo(e,) - kD cun(a.n)) -

: _ [T 2[Buo)(§) ) & (n)
<[ oo (- [ oo ) s
for (z,y) € ). Hence, from (3.12) and (3.14) we derive the initial value for k(0, )

A(0,2) = fma(uo)] ™ { = i) = DI(0) - 9 [D 520,

e ) o S0

+ [Cew (- [ Gionre ) g
=: ho(z)

(3.16)

Introduce then the new unknowns

ko(t) = h(t,0)

bt z) = D,h(t,x)} < h(t,z) = ko(t) + 0/ kl(-t,f)fif = H(k).(t,z) (3.17)

for (t,z) € [0,T] x (O,E) '
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Remark 3.1. Since A(0,-) = ho, we immediately derive the initial conditions

ko(0) = ho(0) }

k1(0,-) = D, ho. (3.18)

These conditions, in turn, implies the equation H(k)(0,-) = h,.

We use now definitions (3.17) and solve system (3.6) - (3.7) for k = (ko, k1) in terms
of the right-hand sides (N, (v, H(k)), N2 (v, H(k))) Explicitly, we get the system

ki (t, 2)®[Cuo)(z) + ®[Buo)(z)1 * ki(t, )

= —ko(t)2[Bua|(z) + Ny(v, H(E))(t, 7).  (3.19)
Dlk1(t,-)Cuo] + W{(1 % k1 )(t, ) Buo] + ko(t)¥[Buo)
= Ny(v, H(K))(t) | (3.20)

for t € [0,T] and z € (0,¢) where we have set

1xk(t,z) = / ki(t,€)dE. (3.21)
0
First we consider the integral equation
ki(t,z)®[Cuo)(z) + ®[Buo)(z)1 * ki(t,z) = f(t,z) (3.22)
f being a prescribed function in L'((0,T) x (0,2)). Since ug satisfies (2.18) and 1 *
k1(t,0) = 0 for any t € [0, T}, integrating the first-order differential equation (3.22) for

1% k;, we get the simple integral equation

1% ky(t,z) = Lf(t,z) =~ (3.23)

the linear operator L being defined by

[T ([T BBl ) (L)
Lf(”)‘/o ""( /e q’[Cuo](T)d)q’[Cuo](ﬁ) & (3.24)

A direct inspection shows that function k; defined by

N ' @[Buo](z) ‘
ki(t, z t,z ———L t 3.25
on [0, T] x (0, €) satisfies (3.23) and solves the integral equation (3.22). From (3.19) and
(3.25) we easily deduce .that k, solves the equation

#(Buo)(z)

B[Cuol(z)  LEBual(®) = 1} + Na(v, k)(t,2) (3.26)

kit 3) = ko(t)
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on [0,T] x (0,¢) where

L
B[Cuol(z)

x { Mi(v, H(E))(2,2) - B[ Buol(2)LN: (v, H(K))(t,2)}.

N3(v, k)(t, z) = (3.27)

Consequently, recalling the formulas

1 — L&[Buo|(z) = exp (- /0 &[Buo)(r) dr)

®[Cuol(r)
1« (Z%gig}(Lq’[Buo] —1)@) =1+ exp (_/0 z{gﬁﬂgi dr)

for z € [0, €] from (3.20) and (3.26) it is easy to derive that ko solves the equation (cf.
(2.18) - (2.19)):
ko(t)mg(uo) = - \Il[N;,(v,k)(t, ')Cu()]

— W[1% Ny(v, k), )Buo] + No(v, H(E))()  (t€[0,T)) (3.28)
:= Ny(v, k)(t).

From property (2.19) and equations (3.26) and (3.28) we conclude that the pair (ko, k1)
solves the fixed point system

ko(t) = m2(uo) ™" Na(v, k)(t) := Ns(v, k)(t) (3.29)
k1(t,z) = Ji(uo)(z)Ns(v, k)(t) + N3(v, k)(t, z) := Ne(v, k)(¢, z) .
for t € [0,T) and z € (0,¢) where
_ _ ®[Bu|(z) * @[Buo](§)
Hwe) = ~gzeeige ( - / ool )
4. Estimates for the direct wave problem
In this section first we consider the hyperbolic direct problem
Div(t,z,y) + Aov(t,z,y) = f(t,z,y) ((t,z,9) €[0,T) x Q) )
v(0,z,y) = vo(z,y) ((z,y) € Q)
Dew(0,2,y) = ni(z,v) (z,9) € 9) @D
v Ov
St 29) = pocltny) () €10.7)x 00)
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where Ay denotes the principal part of operator A (cf. (1.2)). As far as the data are
concerned, we make the assumptions

vg € H}(Q), vy € HY(R), v € U*(T,Q) (42)
Divy + Agva, f € WHY((0,T); L*()). '
Moreover, functions vy and v, have to satisfy the consistency conditions
Ov Ov
3, @V =70z (=) €. (4.3)

Before stating Theorem 4.1 we mtroduce yet the notation

lvlls,0 = llvllaay (s € N).

Theorem 4.1. Under assumptions (4.2) — (4.3) the direct problem (4.1) admits a
unique solution v = Lo(f) + Li(vo,v1,v2) € UP(T, Q) (cf. (2.15)), where Lo(f) and
L1(vo,v1,v2) solve problem (4.1) with (vo,v1,v2) = (0,0,0) and f = 0, respectively.
Moreover, the linear operators Lo and L, satisfy the estimate

1DF Lo(£)(t, -, Mo.2 + IDeLo(f)(¢, - )l .0
+ ILo(£)(t, -, WMa.a + 1D? Ly (vo, vy, v2)(¢, -, )llo,0
+ | DeLy(vo, v1,v2)(t, -, e + | L1(vo, v1,v2)(8, -, 2.0
< a{Iflwrrqo,oiz2@ + 1O, Mo + llvoliza + lorlis

+ llva(t, Muzes ) + | D2va + onzllle'((o,:);um))'}

(4.4)

for any t € (0,T]. Here c; denotes a positive, continuous and non-decreasing function
of T, depending also on £ and w.

Proof. Assume that v € U2°°(T,() is a solution to problem (4.1). Then the
function z = v — vz solves problem (4.1) with (f,vo,v1,v2) replaced by (f,7vo,1,0),
where -

f=f—Dlvs— Aov,

:JO =Y — 02(0, ')1

"l;l =v — Dg‘UQ(O, )
We note that the quadruplet (f, 29, z1,0) fulfils properties (4.2) - (4.3) with v, = 0. An
application of the Faedo-Galerkin approximation method leads to the following integral
inequality for the approximating sequence {z,, }, where the positive constant ¢, depends

on a; and az only (cf. (1.5)) while the two sequences {z9,m} and {z1,m} dpprox:mate
%o and 7; in H'(Q) and L?(Q), respectively:

Dezm(t, Wo.a + lzm(t, )R 0

< er{llnmla + ol g 5)

+2/|vu)anDstan+wmu)n o)id }

fora.e. t € (0,T) and all m € N.
We now consider the following simple variant of [1: Theorem 4.9].
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Lemma 4.1. Let ¢ be a non-negative C([0, T])-function, and let b and k be non-
negative L'(0, T)-functions satisfying

oW <a+ [Hpe)ds+ [Koplsrds (e 0,1

where p € (0,1) and a > 0 are given constants. Then for allt € [0,T)

o) s ([ o)s)
x ~[al_” +Q —p)/ot k(s) exp ((p —A1‘)/0’b(a) da) ds} =

From (4.5) - (4.6) (with'(p,b) = (3,0)) we easily obtain the estimate

(4.6)

IDezm(t, Mg, + llzm(t, )T o

: t 2
szczmax(l,cz){nzl,m||§,a+nzo,mnf,n+( / IIf(s,-)IIo,ndS) }
N

for a.e. t € (0,T). According to this es.timate,'[3 Theorem 3.4.1) and [17: Corollary
to Theorem 1 in Chdper 5, Appendix] we can select a subsequence in {2, }}23 (still
denoted by {z,,}}%°,) and a function z € Wh>((0, T); L2(Q))0L°°((0 T); H'(Q)) such
that :

zm — 2 weakly * in L®((0,T); H'(Q)) }

Dyzm — Dyz weakly * in L*((0,T); L*(R)).

In particular, from these convergences we deduce that z satlsﬁes a similar estimate with
the same constant 2¢; max (1, ¢z).

Following the same procedure as in [3: Chapter 3/ Theorem 4.1] we can prove that 2
is the unique weak solution to problem (4.1) in L*((0, T); H}())NW'>((0, T); L*(R)).
Moreover, a regularity procedureé as in (10: Theorem 3.8.2] shows that z actually belongs
to U"*°(T, Q). Then, reasoning as in [10: Theorem 5.2.1] (cf. also [13 Theorem 30.4])
we conclude that z belongs to U? °°(T ) and satisfies - '

IDZ2(t, )li5 0 + Nl Dea(t, -)II?,n + 1zt ) e

~ ~ SO . (4.7)
< {171 oy + 170, M0 + [Falld.0 + 15112 0 )

for all ¢t € [0,T) where the positive constant c3 is a non-decreasing and continuous
function of T, depending also on £ and w. Consequently, z turns out to be a strong
solution to problem (4.1). In particular, A¢z € C([0,T); L%(2)) and satisfies

1402(2, -)llo.2

- ~ - . " (4.8)
< el @){Ifllwsro.iL2ay + 170, Mo + Follz0 + U ll.0 )
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for all ¢t € [0,T]. Since Q = (0,¢) x w is convex and Agz + z € C([0,T); L*}()), from
[7: Theorem 3.2. 1.3] we deduce that z belongs to C([0, TY; HQ(Q)) and satisfies the

estimates

l2(t, 2,2 < csllAo(t, ') + 2(t, Moa < es(l4o2(t, o + 12(2,)lo,2) (4.9)
for all t € [0, T}, the constant cs > 0 depending only on € and w.

Finally, from the equation v = w + v, we conclude that v belongs to 4%:°°(T, ) and
solves problem (4.1). Moreover, v admits the representation v = Lo(f) + L1(vo;v1, v2)
and, owing to estimates (4.7) - (4.9), the linear operators Lo and L, satisfy (4.4). We
conclude by observing that Lo(f) and L;(vo,v;,v2) solve problem (4.1) with (vo, v1,v2)

=(0,0,0) and f =0, respectlvely 1

We are now in a position to solve our direct mtegro differential problem (3.2) - (3.5),
which we rewrite in the form

D?u(t,z,y) + Aov(t,z,y) = M(v,R)(t, z,y) + D f(t,z,y) (4.10)
for all (¢t,z,y) € [0,T] x Q with '
v(0,2,y) = ui(z,y) ((z,9) € Q) _
DQU(O, I)y) = _AUO(Iv y) + f(O,x,y) ((I,y) € Q) (411)
v a
G (t2,9) = Deg(t,2,1) ((t,2,9) € 0,7) x 89).

Operator M is defined by (cf. (3.2))
. »
M(w,h)(t2,9) = ~Aso(t,2,9) = [ bt = 5,2)Bols, 2,9) ds
0
t
—/ D h(t — s,z)Cv(s,z,y)ds (4.12)
0

— D;h(t,z)Cuo(z,y) — h(t,z)Buo(z,y).

where
n—1

As = ai(z,9)D: + Y a145(z,4)Dy; + ao(z,y)
i=1
We then introduce the complete metric spaces of admissible unknowns v and kernels A

V(\T) = {v € UP™(T, Q) : v satisfies (4.11)}

(4.13)
HOLT) = {h € WL (0,T) H'(0,) : h(0,) = ho}
for all A € Ry. Here Uy™(T, Q) and W' ((0,T); H'(0,€)) (s € N) denote the weighted
Banach spaces obtained from U*°(T, Q) (cf. (2.15)) and W*1((0,T); H'(0,£)) by in-
troducing the weight function ¢t — e~ **. For instance, the norm in Wy} ((0,T); X), X
being any Banach space, is defined by '

||u||w;-'((0;p);x) Z ||U(J L1 (o, m:x; e—'\'dt) = Z ||u(J ”L‘((O T);X):
j=0
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Remark 4.1. It is immediate to check that the weighted norm above is equivalent

to the usual one. Moreover, we observe that, for any pair (v,h) € V(A T) x H(A, T),
the initial value of M(v, k) is independent of (v, h): in fact (cf. (3.16)), it is given by

M(v,h)(0,2,y) = —Asui(z,y) — D;ho(z)Cuo(z,y) — ho(z)Buo(z,y) (4.14)

= M(uo,ur, ho)(z,y) '

for all (z,y) € . .
Lemma 4.2. Operator M maps V(A,T) x H(A,T) into W, *°((0,T); L%(R)) and

satisfies the following estimates for any p € [1, + 00|, where cg and c7 are continuous and
non-decreasing functions of the norms in L°() of the coefficients a; (7=0,...,n):

1M (v, )l 0,923 ¢a0))
(4.15)
< c6 (1 + llhollgr(o.0) + llwoll r2(ay + ”h”W,t"((o,T);H'(o,l)))”v”u:"’(T,n)
for all (v,h) € V(A\,T) x H(A\,T) and

1M (v2, h2) = M(vy, by i WP ((0,T);L2(92))

<ecr (1 + lholl 112 0,0y + lluoll 2y

2
+ ||hx'||w;-‘((o,T);H*(o,z))) vz = villyz.r (7.

i=1
2
+ D Ivillyzo oy hhz = billwis o s 0.0
=1
fOT all (vg,hg),(vl y h]) (S V(/\,T) X H(/\,T)

Proof. First we observe that, according to assumptions (2.1) - (2.3), (2.12) - (2.14)
and (2.19) function hq defined by (3.16) belongs to H'(0,£). Then we note that the
properties stated in the lemma are implied by definition (4.12), Young’s theorem on
convolutions and by the formula

D.M(v,k)(t, z,y)

t
= —AsDo(t, z,y) — / D¢h(t — s,z)Bu(s,z,y) ds
0

t
— ho(z)Bu(t, z,y) — / D¢D.h(t — s,z)Cv(s,z,y)ds

0
— D ho(z)Cu(t,z,y) — DD h(t,z)Cuo(z,y) — Dih(t,z)Buo(z,y)

forallt € (0,T) and all (v, k) € V(T,A) xH(T, A). For this purpose we need the following
estimates which rely on the well-known continuous embeddings L>(0,¢) - L%(0,£) —
L?(0,¢) (- denotes pointwise multiplication) and H'(0,¢) — L°(0, £);

g fllzzcey < lglizeeco,pll 2y < c1o(Ollgh aio.oll fllL2cay (4.16)
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for all f € L*() and all g € H!((0,£)), and

2

ol oy < ||9||L2(o,t)( J 1m0 dy)
w
1

2 417
< c,o<e)uguu<o,o( / I|f(',y)I|2m(o,¢)dy> (#17)

< c1o(OMlgll 20,0 Fll L2 (s 2 (0,0))

for all f € L*(w; H(0,¢)) and all g € L%(0,¢). v
Performing standard, but boring computations, which take into account that convolu-
tions commute with functions t — e~ *, we easily derive the assertion. B

We are now in a position to solve our direct integro-differentiﬂ problem. For this
purpose we introduce the normed space G related to our data by

(f, 0, u1,uz) € W2L((0,T); L¥(Q)) x H2(Q) x H2(Q) x U (T, Q) :
G ={ Aup — £(0,,) € H'(Q), D(D?uy + Aousz) € W2((0, T); L2()) (4.18)

(f,uo0,u1,uz) satisfies consistency conditions (1.13)

The norm in G is defined by

I(f, w0, us, u2)llg = WS llwer (o,miL2cay) + lluollazcay + lluall zca)
+ luzllusr(ray + [1Auo — £(0, -, )l ()
+ “Dg(D?Uz + AOUZ)”W’v‘((O,T);L’(Q))-
Remark 4.2, It is immediate to check that G is actually a Banach space.

Theorem 4.2. For any h € H(A\,T) end any quadruplet (f,uo,u1,u2) € G there
ezist two positive, continuous and non-decreasing functions cyo and cyy such that for
any

A > max (Cg(T),Clo(T))<1 + |I(f, o, u1,u2)llg + ”h”W}"((O,T);Hl(o,e))) (4.19)

problem (4.10) — (4.11) admits a unique solution v = V(h) € Uy™(T,Q). Moreover, the
nonlinear operator V satisfies the following estimates for any p € (1, +o0], where ¢,
and c,y denote positive, continuous and non-decreasing functions:

||V(h)||u§»?(7‘,n)
-1 -1
< [1 = o) (1 + 1(f, w0, w1, w2)llg + Ibllwi s o,y 0,0) (4.20)
x A7 en(T)(1+ 1S, w0, w1, u2)llg ) I(F, v, w1, w2l
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for allh € H(A\,T) and
IV(h2) = V(R )25 (1,0
S /\_%Clg(T) [1 — max (Cg(T),Clb(T))/\—l
- (4.21)

X (1 +I(f, w0, ur,u2)lg + 1??5)(2 ||hi||w;-‘((o,T);Hl(o,t)))]
X (14 (£, w0, w1, u2)llG) I(S, wo, w1, u2)llgll b2 — hllwir 0,111 (0,00

for all hy, hy € H(A,T). The latter estimate holds if X satisfies (4.19), with
Ihllwis o myanco.n  Teplaced with  xmax Ikillwo o, ymreco,0

Remark 4.3. According to remark 4.1 we easily conclude that the direct problem
(4.10), (4.11) is uniquely solvable and its solution v belongs to the (non-weighted) space
U**(T, ) and depends continuously on the relaxation kernel h € W-1((0, T); H!(0, £)).
The same technique used here would allow to solve the direct problem (1.1), (1.6) - (1.8)
in the same space U*?(T, Q) under the simpler assumption h € L'((0,T); H'(0,£)), since
in this case no preliminary differentiation with respect to t is needed.

Proof. First we note that the quadruplet
(M(’U, h’) + tha u, —A‘Uo + f(o) ) ')1 Dtu2)
relative to problem (4.10) - (4.11) satisfies consistency condition (4.3) for any pair
(v, h) € V(A, T) x H(A, T) by virtue of conditions (1.13) and formula (4.14). Hence, the
integro-differential problem (4.10) - (4.11) is equivalent to the fixed-point equation

v = Lo(M(’U, h)) + {Lo(Dgf) + Ll (ul, f(O, ) - Auo,Dt‘Ug)}

= M(v, k) + w.
We note that, according to Theorem 4.1, M(v,h) + w belongs to V(A,T) for any pair

(v,h) € V(A,T) x H(A, T).. Moreover, from Lemma 4.2 and estimate '(4.4) we easily
deduce the following inequalities for any p € 1, +00):

[ M(v2, ko) — M(v1,

(4.22)

hy )”uj-”(T,n)

2
- He-*t | S 1Dt e, ) = DI MG ) -)||,,,-,~(m]
=0

A L*(0,T)
t
<eu@) [ [ e (1Mo, b)) = o1, )5, g
: 0 . )

+ || DeM(va, ha)(s,-) — DeM(vy, hi)(s, ~)||L,(m)ds] (4.23)

LP(0,T)

< a(TIATH|M(v2, ho) = M(vr, b)) WP ((0,T);L3(0))

< cro(T)A™! [(1 + 1(f, uo, w1, u2)llg + max, ||hi||w;-‘((o,T);f_{'(o,e)))

X ”'U2 -0 ”U:'P(T,Q) + 112'?15)(2 ”vi“ll:’p(T,Q)”hQ - hl ”W;'l((O,T);Hl(O,l))]
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for all (vz, h2),(v1,h1) € V(A T) x H(A,T), c10 being a positive, continuous and non-
decreasing function. From estimates (4.23) with p = +o00 we conclude that, for any fixed
h € H(A,T), the operator v — M(v, h)+w maps V(A, T) into itself and is a contraction
mapping for any A satisfying (4.19). Consequently, an application of Banach’s fixed-
point theorem ensures that equation (4.22) admits a unique global in time solution

v = V(h) f,'ll.o,‘u:],UQ) = V(h‘)
In order to derive estimate (4.21) we consider the following inequalities, where we
make use of identity (4.14):
IM(v, h)”uj"’(T,Q)

2
= H [e-’“ > IDIM(w, h)(¢, -)Ilm-f(rz)]
=0

L?(0;T) -
t

< cl(T)H[/ e"\('_’)e_’"(||M(v,h)(s,-‘)
0

DM (o, e, Moy ) s + & [ F8Cuo s, ol o

Lx(9)
(4.24)

L?(0,T)
< e(T)A™H M (v, h)”w;-*’((o,'l‘);u(n)) + ai(T)(pA) ™7 [|M(uo, u1, ho)ll L2(a)

< eo( AT (14 I(f, w0, 1, w2)llg + Wllwao o, 10,0 ) Iellazim ey
+exa(TIAT7 (1 + 1(f, o, w1, w2)llg) 1 (f, wo, w1, u2)llg

for all (v,h) € V(A,T) x H(A,T), ¢;3 being a positive, continuous and non-decreasing
function. From (4.19), (4.22), (4.24) and the equation

V(h) = M(V(h),h) +w : (4.25)

we easily derive estimate (4.20). In fact, for any p € [1, +00] we have

1

. |
. P _1
(ZuDiwn'z;«o.W—fm») < (PN el

j=0 (426)

< ai(T)(PA) "7 |I(f, w0, ur, u2)llg

for all (f,uo,u1,u2) € G. Finally, we obéerve that estimate (4.21) follows from the
equation :

V(h2) = V(h1) = M(V(h2), h2) = M(V(h1), h1)
and the relationships (4.20), (4.23) and (4.24) 8
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5. Solving the identification problem (3.2) - (3.7)

In this section first we introduce the complete metric space

KO\ r,T) = {k = (ko, k1) € Wy''(0,T) x W' ((0, T); L*(0, £)) :}

IRollw2r 0,1y + ks llwrr (o, 7y:L20,0) S 7
for A € R4 and r € Ry U {+00} and the non-linear operator
W(k) = W(k, f,uo,u1,uz) := V(H(k), f,uo,u1,uz).
We recall that W(k) solves the operator equation (cf. (4.25) and (3.17))
W(k) = M(W(k), H(k)) + w. (5.1)
Assume now that k = (ko,k1) € W' (0,T) x W'((0,T); L%(0,£)) is a solution to
problem (3.29). In particular, k£ belongs to K(A,r,T) for any fixed positive r and any

large enough A. It is then an easy task to check that such a k solves the following
fixed-point problem, equivalent to (3.29),

ke K(A\rT) )
ko(t) = Ns(W(k),k)(t) = Ns(M(W(k), H(k)) + w, k)(t)
:= Ny (k)(t) \ (5.2)
ki(t,z) = Ne(W(k), k)(t,z) = No(M(W(k), H(k)) + w, k) (¢, z)
:= Ne(k)(t,z) )

for all t € [0,T] and z € x(0,¢). Moreover, we introduce the nonlinear operators (cf.
(3.6) - (3.7) and (3.27) - (3.28))

(k) = {N,- (M(W(k), H(k)) + w, H(k)) for j =1,2 .

N;(M(W(k), H(k)) + w, k) for j = 3,4,5,6.
We begin by estimating operator H defined in (3.17).
Lemma 5.1. Operator H maps continuously W;’I(O,T) X Wi‘l((O,T); L%(0,¢))
into W' ((0,T); H'(0,£)) and satisfies the estimate
WA (Ko, k)llwi-r o,y 110,00
1 3y1
< e ||k0||w;-l(o,7') +(14¢°)2 ||klllw;-‘((o,T);u(o,z))

Proof. It is an immediate consequence of definition (3.17) §
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We introduce now the bilinear operators B and C defined on
UZ=(T, Q) x Wy ((0,T);, H'(0,0))
(cf. (4.13)) by

B(v,h)(t,z,y) = /0 h(t — s,z)Bv(s,z,y)ds

C(v,h)(t,z,y) = /t D h(t — s,z)Cu(s,z,y)ds.
Lemma 5.2. The integral opemt;rs B and C are continuous from
Li((0,T); H*(9)) x Wy ((0,T); H'(0,8)) — W3 ((0,T); L*(Q)).
Moreover, the estimates
1D B(w, )|l (o1; 20y
< m{jllh(O, Meeo(o,ey + “h“wi"((o,T);H‘(o,l))}”v”L,‘\((O,T);H’(Q)) 54
IDIC(v, By o, mys3oy) &4
< Cls{j“Dzh(O) Mr2c,0 + ||h||w;-‘((o,T);Hl(o,¢))}||U||L;((o,T);H=(n))

hold true for j = 0,1 where c14 and c15 depend only on the norms in L°(Q) of the
coefficients b; j,b;, by and cj,co, respectively.

Proof. From the formulas
t
DIB(v,h)(t,z,y) = Jh(0,z)Bu(t, z,y) + /D{h(t —s,z)Bu(s,z,y)ds
0

where ;7 = 0,1 we deduce the estimates
1D B(v, h)(t,, Mo

< ||Bl|c(H2(n);L2(n)){f”h(O,‘)||L°°(o,t)||v(t,',')||H2(n)

t B
4 / IDiR(t = 5, Y=o,y l10(, - M arscay ds}

for all t € [0, T] which immediately imply (5.4),. Likewise, from
t
DiC(v, A)t,2,3) = D:h(0,2)Co(t,,y) + [ DID.h(t — 5,2)C(s,7,y)ds
0
where 7 = 0,1 and from (4.16) and (4.17) we deduce

IDIC(v, R)(t, ", )l L2cay
< 31Dzh(0, M Lo, enllCo(2, -, )l
l .
+‘/0 ||Dszh(t—s,~)||Lz((o,,))||Cv(s,~,')||H1(Q)ds )

for all t € [0, T) which easily imply (5.4), R
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From now on we shall assume that our data belong the following metric space
D(p) (p € Ry ) related to the space G defined by (4.18):

(f, uo,ul,uz,%’/)) € g X u4’l(T, (O,e)) X W"I(O,T) :
D(p) = { (fyuo,u1,u2,p, %) satisfies (1.13) — (1.15) and (2.17)
I(f, w0, u1, u2)llg + llellesr (70,00 + ”U’”W‘.l((o,’r)) <p
From the definition (3.16) of hq and property (2.18) we immediately derive the estimate
lholl &2 (0,e) < 7 er6(p)

for all (f,uo,u1,u2,,%) € D(p), c16 being a continuous and non- decrea.smg function.
Consequently, from (4. 26) with p = 1 we derive

Z ||wa||L;((o,7);H2—i(n)) <ca(T)pr~! (5.5)
j=o

for all (fa Up, Uy, U2, ¥, 1/)) € D(p)
Lemma 5.3. Let (f,uo,u1,uz,¢,¥) € D(p) and let
A > max (co(T),c10(T)) [1 + p + c12(€)r] (5.6)

where c17(€) = max (€%,(1 + €3)1). Then operators ]\7,- (G = 1,2) defined by (5.3),
satisfy the following estimates for any k, k', k? € K(A\,r,T) and j = 1,2:

1N;() = @illcr.oom) < A e1s(A,7, T, ) } (5.7)
1V;(6%) = Ni(EDllk(a00,m) € A ers(A71 T, p)lIK” = K llka,
where
Z1(t,z) = —D3p(t,z) — D Arp(t,z) ~ @, [Dt Ouz (t, )] (z)
— ®s[w(t, ))(z) + B[D:f(¢,-))(2) ! (5.8)

Ga(t) = —=Dig(t) = ¥y [Dt 2, »')]
- ‘I’Q[w(t, Y )] + \I’[th(t) ‘y )]

for allt € [0,T] and z € (0,£). The functions c13 and ci9 are non-negative, continuous
and non-decreasing in each of their arguments.

Proof. First we notice that from estimates (4.20), (4.21), (4.23), (4.24) and defi-
nition (5.1) we easily derive the following estimates for any A satisfying (5.6) and any
(f, Ug, Uy, U2, ¥, 1/)) € D(p)

| M(W (k), H(’“))“uf“(r,n)
<o) (14 0+ IHE w2 o,y 00.0) A IW Rz 1,y
+ c14(T)o(1 + p) ' (5.9)
<7 p(1+ p){en(T)es(TN(1 + p + crn(8)r)

X [l —co(T)(1+p+ 617(2)7')/\_1] B + 014(T)}

/
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and

| MW (2), H )~ M (R, ()

U (T.9)
< c(T)A™! [(1 +p+ max | H (ki
X [IW(k*) = W (k" )l (1.0
+ max W)z o 1 (6) = Bl oy o, (5.10)

1<1<2

< ero(T)A7|| k2 — k! IIx(,\,r,T){Cn(T)(l +p+ ar(@r)ar(O)(1 + p)p

((o.ﬂ;fmo.z))

x [1 — max (co(T), c10(T)) A ' (1 +p+ 617(2)1')] ~

Fen(M[1- a1 +p+ar®)r] "1+ )

for all k,k', k% € K(\,r,T). Consider now the following equations (cf. (5.3)1), where
functions ¢, and @, are defined by (5.8):

Ni(E)(t,z) = G1(t,3) — 2 [M(W(k), H(K))(t,)] ()
- ®[B(M(W(k), H(K)))(t,")](z)

— ®[C(M(W(k), H(K))(t,))(z) (5.11)
— ®[B(w, H(k))(t,")](z) — ®[C(w, H(k))(t,)](z)
=: gi(t, z) + No(k)(t, )

and
Na(k)(t) = $a(t) = V2 [B(M(W(k), H(k)) (2, -, )]
- ¥ [B(M(w, H(E))(t, -, )]
- U[C(M(W(k), H(K)))(t,-,")] (5.12)
— U [B(w, H(k))(t,-,")] — [C(w, H(k))(E, -,")]
=: @a(t,z) + Na(k)(t, )

for all t € [0,T] and all z € (0,¢), as well as the identity

N[E(M(W(k?), H(K?)), H(K?))] — I[E(M(W (k'), H(EY)), H(k! )] |
= (M), HED) - MWD, HED), HED)] ' 513)
+ n[e(M(W(k’),H(k‘)),H(k2) - H(k'))]
for all IT € {®,®2, ¥, ¥z} and € € {B,C,T}, T denoting the identity operator. Finally,

from (5.9) - (5.13), (5.5), Lemma 5.2 and assumptions (2.4) and (2.8) - (2. 10) we easily
derive estimates (5.7) i
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Lemma 5.4. For any T € Ry the operator L defined by (3.24) belongs to
(WA (0,1 L2(0,0): W3 (0, 7); ' (0,0)))
and its norm does not ezceed c20(p,;"'), a0 being a continuous and non-decreasing

function in each of its arguments.

Proof. It immediately follows from definition (3.24) B

Lemma 5.5. The operators K’j (7 = 3,4,5,6) defined by (5.3); satisfy the esti-
mates

1N;(k) = B;llk(room) S A co(A7,7, T, ) } (5.14)
IV (k%) = Ni(EDllkea00,m) € A ean AT, T IR = B kgarr

for all-k, k' k% € K(),r, T) with

Falt,z) = m{@(t,z) — 3[Buol(2)LF1 (¢, 7))
Pa(t) = —¥(@3(t,-)Cuo] — B[1 * F3(t,-)Bug| + Fa(t)
@5(t) = ma(uo) ™' Pa(t)

Fo(t, 7) = Ji(uo)(2)Bs(t) + B (1, 2).

(5.15)

The functions czg and c2; are non-negative, continuous and non-decreasing in each of
their arguments.

Proof. From definitions (5.3)2, (3.27) - (3.29) we easily deduce the following rela-
tionships, where t € [0,T] and z € (0,¢) (cf. (5.11) - (5.12) and (5.15)):

Ns(v, k)(t,z) = Ba(t, ) + m{ﬁv(kxt,z) — @[ Buo)(z)LN+(k)(t,z)} ]
: @a(t, z) + No(k)(t, )

Nu(k)(t) = Ba(t) = U[No(k)(t,)Cuo) ~ [1 » Na(k)(t,-)Buo) + Na(k)(2)

: Pa(t) + Nio(k)(2)

Ga(t) + ma(uo)™" Nio(k)(t) := Fs(t) + Nuy (k)(2)

Ne(k)(t,2) = Ji(uo)(2) N1y (k)(t) + No(k)(t, 2).

Ns(k)(2)

Finally, from these relationships, equations K’j(k) - @ = ﬁ6+j(k) (7 = 1,2) and
Lemmas 5.1 - 5.4 we easily derive estimates (5.14) il

We are now in a position to prove Theorem 2.1.
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Proof of Theorem 2.1. From definitions (5 8) and (5. 15) and estimates (4.16) and
(4.17) we easily deduce that functions @1, 3, @s and @2, %4, Ps belong to Wl l((0 T);
L%*(0,¢)) and Wl '1(0,T), respectively. We now observe that Lemma 5.5 easxly implies

”NS(k)”w;-‘(o,T) + ”NG(k)”wl-‘((o,'r);m(o,z))
< ||$5||w;"(o,r) + “‘ZﬁllW}-‘((o,T);L*(o,l)) + 2’\_1520(’\_117', T,p)
< I@sllwrao,ry + @6l wra o,7);L2¢0,09) + 2A " c20(A™Y, 7, T, p)

for all k € IC(g\,r, T) and
IV (k?) = Ns (kM w0,y + IN6(k?) = No(k lwa o,7y,12(0,00)
<207 e (AL, T )R = K ooty

for all k!, k2 € K(X,r,T). Then for any fixed

r > 1o = [|@s]lwr o,y + IBsllwrr0.1:L2(0,0)

choose A € R4 to be a solution to the system of inequalities

I@sllw. 0,1y + HBsllwrr (0, 7);12¢0,0)) + A c20(AY, 7, Typ) < 7
2247 e (AN, T p) < 1

Then the vector operator N = (ﬁs, ﬁs) maps K(A,r, T) into itself and turns out to be
a contraction mapping in K(A,r, T), for any fixed r > ro and A large enough. Con-
sequently, problem (5.2) admits a unique solution in W,"*(0,T) x W}"'((0, T); L*(0,
I3)1 |

Outline of the proof of Theorem 2.2. We limit ourselves to stating that the
proof is a consequence of the techniques developed in Sections 4 and 5 if we take into
account the following fixed-point system (cf. (5.2))

k, ke K(\r,T)
ko(t) — ko(t) = Ns(k)(t) — Ns(k)(t) (¢ € [0,T)) (5.16)
k,(t,:c) —ki(t,z) = Ne(k)(t, ) — No(k)(t,z) ((t,z) € [0, T x (0, ))

Consequently the basic task consists in estimating the right hand sides in{5.16) in terms
of the difference k — k in the weighted Banach space K(Ar,T)N -
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6. Analysing the specific additional conditions (1.11), (1.12)

In the case of the specific operators ® and ¥ (cf. (1.11) - (1.12)) the results in Theorem
2.1 hold true, if we assume that the functions A and p satisfy the properties

A\ p€eCH(Q) and DixeC(). (6.1)

Remark 6.1. We recall that (cf. remark 2.1) the further consistency conditions
(2.17) may occur when the vector valued function (a;2,...,a1,,) vanishes everywhere
on {0,¢} x w and the operators ®; 1 (k = 0,1) reduce to the null operator. The latter
property occurs when D, A = 0 on {0,¢} x w, since

<I>o,k[v]‘=_/Dz/\(k&y)V(kf,y)dy (k=0,1).

We observe now that, in the present case, conditions (2.18) and (2.19) can be rewrit-
ten in the explicit forms

R dy‘ > (ze(04)

and

_ J Mz, y)Buo(z,n)dn "
/(O’l)xwp(z,y)(Buo(x,y) [ 3@ 9)Cule,mdn Cuo( ,y))

7 JuMz,n)Buo(€,n)dn )dml _
xe"p( / I Ma,m)Cuale mydn ) | 2 T

for some constants m; > 0 and ™, > 0.

Lemma 6.1. Conditions (2.4)—(2. 10) are satisfied under assumptions (2.1)—(2. 3),
(6.1) and the following

n—1

Y vi(w)ani44(z,y) =0 (6.2)

=1
on (0,1) x Ow, v denoting the outward normal unit vector related to Ow.

Remark 6.2. Property (6.2) is trivially satisfied if we assume that the coefficients
ay,j (7 =2,...,n) vanish on (0,!) x Ow. Consequently, Theorems 2.1 and 2.2 holds true
with conditions (2.4)-(2.10) being replaced with (6.1), (6.2).

Proof of Lemma 6.1. First we observe that the operator A admits the decompo-
sition



A Multidimensional identification Problem 433

where

- Al = —D,[al,l(z)D,] )

n-—1
- Z D:[al,l+j(1:y)Dy,‘]

=1

Az

n-—1
A3 = — Z Dy, [al+i:1(z’y)D’]
> (6.3)
n—1
Ay = — Z Dy [a1+i1+j(z,y)Dy;]
1,j=1
. n—1 .
As = ai(z,y)D; + Z a|+j(:t,y)Dy; T ao(,v)

=1 J

Differentiating under the integral sign, integrating by parts and using the identity
9D:f = Dz(fg) — fD.g from definition (1.11) and assumptions (2.12), (6.1) and (6.2)
we easily get the equations for any w € H*(Q2), v standing for the outward normal unit
vector related to Jw: ’

®[A w|(z) = A, B[w|(z) + 2a1,1(z)/ D \(z,y)D;w(z,y)dy

+ [ [14@)D2Az0) + ol s @)D N @ )]z, ) dy
®(Aw)(z) = - i/ /\(I,y)ai,l-}j(I,}/)Dy; D, w(z,y)dy

n-1
- Z/ Az, y)Dzay,145(z,y) Dy, w(z,y) dy
=17

n—1

= Z/w [Dy,(an,1+j/\)(r,y)Dzw(I,y) > (6.4)

=1

~.

- .’\(x, y)Dzay 14,(z, y)Dw w(z,y)|dy

n-—1
#Arwl(x) = Y [ a1414(2,9)Dy Az y)Dru(z,v) dy
i=1 YW
n—1
$lAwl() = = [ M) 3 uarsinsi(e, Dy u(z,y) do(y)
w i,7=1 ’

n—1
+ Z a14i,1+5(2,y) Dy, Mz, y) Dy, w(z,y) dy.

ij=1"%

/

From (6.4) we easily derive that ® admits decomposition (2.4), ®; and ¥, being defined,



434 A. Lorenzi

for z € L*(89Q) and w € H'(Q), respectively, by

8, [2)(z Z ] Az, ¥)2(z,y) do(y)

and

P, [w](z)

=/{2a1,1(z)D,/\(1,y)D,w(:!:,y)
+ [a1,1(2)DIN(z,y) + @) 1 (2) D A(z, y)] w(z, y)

1

[Dy,(al 14;A)(2,y) D w(z, y) — (z,y)D,al,lﬂ-(z,y)Dy,w(x,y)
1

n

.
[

n—1
+ Z ayyin(z, y)Dy.‘ ’\(zay)Dzw(x’y)
=1
n—1
+ Z al+,~,,+,~(z,y)Dy;/\(z,y)Dy,-w(:c,y)

1,j=1
+ /\(1‘, y)al (Sl‘, y)D,w(:c, y)

n—1
+ Az, y)Za1+,(1 y)Dy, w(z,y) + Az, y)ao(z y)w(z, y)}dy
j=1
From here we can easily check that ®, and ®; enjoy the properties in (2.4) - (2.9).

We-now observe that the functional ¥ defined by (1.12) fulfil the properties in (2.4)
and (2.10) by virtue of (6.1). More exactly, for any z € L?*(992) and w € H'(R),
respectively, we get '

Wl = S (-1 / p(ke,y)2(ke, y) dy — Z / oz y)e(z, 1) doda(y)

k=0
and
Valul = [ Dep(a,)|ana (@)Dt ) + S 1.145(2 ) Dy, w(a,v) | dedy
ij=1

n—1

+ /ﬂ { Z:Dy,.p(z,y) [a,“’,(x,y)D,w(x,y)

+ Z aj+i, 1+J(I y)D!/; w(x,y)]

=1

+ olz,9) [ (2,9)Dew(z,v)

n—1
+ Y a14,(z,9) Dy, w(z, y) + ao(z, y)w(z, y)] }drdy~
i=1 '
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Thus the statement is proved'l
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