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Abstract. In this paper we consider the following fractional differentiation problem: given
noisy data f% € L*(R) to f, approximate the fractional derivative u = Dpf € L*(R) for 8 > 0,
which is the solution of the integral equation of first kind (Agu)(z) = I‘(B) 2 T“%%- f(=).
Assuming ||f — f¢ 2wy < é and llu]l, < E (where || - ||, denotes the usual Sobolev norm of
order p > 0) we answer the question concerning the best possible accuracy for identifying u

from the noisy data f°. Furthermore, we discuss special regularization methods which realize
this best possible accuracy.
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1. Introduction

Fractional differentiation problems arise in several contexts and have important appli-
cations in science and engineéring (cf., e.g., {6]), and various aspects of it have been
treated in the literature of which we cannot give here an exhaustive survey, but let us
quote (3, 4, 5, 8, 9, 14 - 16, 23]. In this paper we consider the problem of fractional
differentiation in L?(R), i.e., the problem of the numerical computation of the fractional

derivative
- L d o fwa
u(z) := (Dgf)(z) = T(n+1=f) dzn+! / (z —t)f—n

—0o0

of a function f given in L%*(R), where 8 > 0, n is a non-negative integer satisfying
n < f £ n+1 and I'() is the Euler gamma function. Our main emphasis is on
optimality of error estimates in regularization. It is well known that the problem of
fractional differentiation is equivalent to the problem of solving the integral equation of
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t'he first kind

(A5)=) = 155 [ Gogiims =) As: DlAg) C LA(R) = P®)  (11)

with domain

D(Ag) = {u € L’(R)‘ Is| 78U (s) € LZ(R)}

where U = Fu denotes the Fourier transform of u (cf. (1.3)). Equation (1.1) is an
Abel integral equation for 0 < 8 < 1. Note that for integer 8-values there holds u(z) =

7] . . . . . .
# f(z). As a comprehensive reference for fractional differentiation and integration we
recommend [16].

We observe that the operator Ag : L*(R) — L%*(R) is densely defined, injective,
normal, unbounded, closed and not compact. In addition, the inverse operator AEI is
unbounded and the range R(Ag) of the operator A is non-closed in L2(R), consequently,
problem (1.1) is ill-posed. Problem (1.1) does not have a solution for arbitrary f €
L*(R). Furthermore, the solution u of problem (1.1) (if it exists) does not depend
continuously on the data f. For general background on ill-posed problems and their
regularization we refer to {1, 2, 7, 10, 12, 22, 25].

Let us illustrate the properties that both Ag and A;l are unbounded, by the fol-
lowing proposition.

Proposition 1.1. For every pair (u, f) for which Agu = f holds there ezist se-
quences (uyn) and (fn) such that (a) end (b) hold:

(a) Agun = fn, un — u and f,  f = Agu.
(b) Agun = fa, fn = f = Apu and u, 4 u.
Proof. Since Ag is linear it is sufficient to verify the statements (a) and (b) for

f =0, u =0. We sketch the proof for the special case § = 1. In order to verify (a) we

choose: o :
T

2174 (14 |z|CrHD/Cm)Y

fa=

Then the equation Agu, = f, with # =1 has the (unique) solution

. : 1~ n_2ﬂ|z|(3n+l)/(2n)
un(z) = fu(z) = N

nl/4 (1 4 |z|(3n+1)/(2n))?
+ |z|

and both ‘f,, and u, are in L%(R). Now it can be shown that

1/4

“fn”U(R) ~n — oo‘ and ||un”L7(R) ~ n—l/“._, 0

for n — oo, which verifies (a). In order to prove (b) we choose f, = e~"*". Then the
equation Agun = fn with 8 =1 has the (unique) solution u, = f}, = f2nze-nz’ and
both f, and u, are in L*(R). Since .
N V7 T sann/4
| fallz2my = (55) —0 and  |luallw) = (7) — 00

for n — oo we obtain (b) il
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Since the data f in problem (1.1) are generally based on (physical) observations
and not known with complete accuracy (the available noisy data are f® ¢ L?*(R) with
Ilf = fllL2m) < 6), for a stable numerical approximation of the solution u of problem
(1.1) some regularization technique has to be applied, which provides a sequence of
approximations u®, = R, f® with u® — u as § — 0 under proper choice of the regular-
ization parameter o. Hence, regularized solutions u{, depend continuously on the data.
However, as is typical for ill-posed problems, the convergence of u$ to u can be arbitrar-
ily slow if we do not impose additional a priori restrictions on the unknown solution
(or on the ’exact’ data f, respectively). Quantitative a priori restrictions that will work
in different ill-posed problems (and enable us to overcome the ill-posedness) consist in
imposing a bound E on the (unknown) solution and a finite number of its derivatives.

Let us describe our quantitative a priori information concerning u in more detail.
We introduce the Sobolev scale (H"),cg+ of positive real order r (cf. [11]) according to

H® = H = L*R) and H" = {UGH|”U”r<°°}

where

2

+oo
ol = (1 +s®)FV(s)l2m) = /(1 +5%)7|V(s)|*ds (reRY) (1.2)
is the norm in H" and V = Fv denotes the Fourier transform of v given by

| o
V(s) = (Fo)(s) = \/Lz? / o(z)e™**dz (s €R). (1.3)

In working with the Fourier transform we will consistently use s for the transform
variable, and for transforms of functions we will use the corresponding capital letters,
eg., F=Ff Byl | and (;,-) we denote the norm and the inner product in H® =
H = L?*(R), respectively. Let us mention here one further important convention for
this paper: If we work with certain densely defined operators A4 and A* A, respectively,
and if we write down elements Au and ¥ (A* A)v with certain operator functions P(+),
then consistently we will assume in these cases that u € D(A4) and v € D(y(A*A)),
respectively, without mention this restriction explicitly.

Now we require for problem (1.1) the a priori smoothness condition concerning the
unknown solution u according to

u€ M, g={ucH||jul|, < E} (1.4)

where p > 0. In the case p = 1 condition (1.4) means that |Jul]; = {||u]|® + [|luz|]*}/? <
E, which follows from Parseval’s relation ||v|| = ||V|| and the differentiation theorem
for the Fourier transform. Likewise the set M, g for p > 0 an integer consists of those
functions for which the derivatives of order less or equal p are bounded in the L?(R)-
norm. The larger p, the more restrictive is assumption (1.4).
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Any operator R: H — H can be considered as a special method for identifying the
solution u of problem (1.1) from noisy data fé € H; the approximate solution is then
given by Rf%. We introduce the worst case error A(5 R) for 1dent1fy1ng u from fé € H
under the conditions ||f — fé|| < 6§ and u € M, g by

A(6, R) = sup {||Rf6 - u||’u €M, g, ffeH,||Agu— fo|| < 5} . (15)

This worst case error characterizes the maximal error of an erbitrary method R if the
solution u varies in the set M, g given in (1.4). Now we ask the question concerning
the magnitude of the worst case error A(6, R) for 'optimal’ methods R : H — H that
minimize the worst case error (1.5) over all methods R : H — H. In Section 2 we
discuss a general formula for the best possible worst case error

w(6) := inf A, R) (1.6)

which shows us in which kind this best possible worst case error depends on the noise
level §. In Section 3 we apply this general optimality result to the problem of fractional
differentiation and prove that for § — 0

w(8) = EF3678 (14 of1)).

In Section 4 we discuss special regularization methods for the problem of fractional
differentiation. We construct regularized approximations ué = R, f® to the unknown
u that guarantee ’optimal’ error bounds ||u® — u| < w(6) Hence, the constructed
approximations ul are as accurate as possible in terms of the given information || f-—
féll < 6 and (1.4). These constructed approximations require the knowledge of the
smoothness parameter p, the a priori bound E and the noise level §. In Section 5 we

generalize the results of Sections 3 and 4. We prove that

v.i_tﬁ =

wy(8) = E>+5 6573 (1 + o(1))

is the best possible worst case error with respect to the H9-norm, and we construct
regularization methods that guarantee the optimal error bound |[u, — ull; < wy(6).
2. Optimal error bounds and regularization methods
In this section we consider an arbitrary ill-posed inverse problem

Au=f (2.1)
where A : H; — H, is a linear injective, not necessarily bounded, but densely defined
and closed operator between infinite dimensional Hilbert spaces H; and Hz. We assume
throughout this section that the inverse operator A~! is unbounded, hence, the range

R(A) of A is non-closed. Furthermore, we assume that fé € H, are the available noisy
data with ||f — f|| < 6. Any operator R : H, — H, can be considered as a special
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method for ’approximately’ solving (2.1). The approximate solution to (2.1) is then
given by Rf%.

Let M C H, be an arbitrary set. We introduce the worst case error A(4, R) for
identifying u from f® € H, under the assumptions ||f — f°|| < 6§ and u € M according
to

A6 R) = sup {IIRf* —ull|u € M, f* € Hy , ||Au — f)| < 6} (2.2)
This worst case error characterizes the maximal error of the method R if the solution u
of problem (2.1) varies in the set M. Parameter dependent methods R = R; are called
(i) optimal on the set M if A(, Rs) = infr.r,— 1, A(6, R) ‘
(ii) order optimal on the set M if A(6, Rs) < cinfr.y,—u, A(S, R) with ¢ > 1.

For a general discussion of optimality of parameter dependent regularization methods
R;s in the special case that the operator A is bounded and that the set M is given by

M= {u€H1’u=(A'A)§v, o]l 5E,p>o}

we refer to [12, 17, 18, 24, 25]; concerning order optimality we refer to [1, 2, 12, 25].

In this section we discuss some optimality results if the set M is given by
My = {u € Hi|u = [p(4*a)¥v, ]| < E} (2.3)

where the operator function ¢(A*A) is well defined via the spectral representation

a

od"4) = [ oV dEs.

0

Here A*A = foa AdE) is the spectral decomposition of A*A, {E,} denotes the spectral
family of the operator A*A and a is a constant satisfying ||[A*A]| < a, with a = oo if
A*A is unbounded. In the case that A : L?(R) — L?(R) is a multiplication operator,
Au(s) = a(s)u(s), the operator function p(A*A) attains the form

e(A° A)u(s) = p(la(s)]*u(s).

The optimality results which will be discussed in the sequel of this chapter have
been obtained in the case of bounded operators A in [19]. If A is densely defined and
closed, the same properties are valid for the adjoint A*, and for the operator A* A there
exists a unique spectral decomposition. Since the proofs for the optimality results in
{19] are based on spectral theory, they can be extended with small modifications to the
case of operator equations (2.1) with (unbounded) densely defined and closed operators
A and will be omitted here.

Let us motivate the practical relevance of réstricting attention to the general source
set (2.3). In various ill-posed problems (2.1) additional quantitative a priori restriction
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is given by a certain smoothness of the unknown solution « € H;. Such smoothness con-
ditions can be reformulated into equivalent conditions u € M, g with certain functions
¢ which generally are not of the form () = AP. Hence, the set M, e does not coincide
with the above set M in general, and the general optimality results known for the above
set M cannot be applied. Examples where ¢ differs from the standard form P(A) = AP
arise, e.g., in heat equation problems backward in time (cf. [19]), in non-characteristic
Cauchy problems for elliptic partial differential equations (cf. [20]) or in sideways heat
equation problems (cf. [21]). For our fractional differentiation problem of Section 1 we
will see in Section 3 that the specific a priori restriction (1.4) concerning the unknown
solution can be reformulated into an equivalent condition (2.3) with-a special function

. This reformulation enables us to apply optimality results which we discuss in the
sequel of this section.

In order to derive explicit (best possible) error bounds for the worst case error
A(6, R) defined in (2.2) and in order to obtain optimality results for special regulariza-
tion methods we assume that the function ¢ in (2.3) satisfies the following assumption.

Assumption 2.1. The function ¢ : (0,a] — (0,00) in (2.3) (where a is a constant
with ||A* A]| < a) is continuous and satisfies following properties:

(i) imax—o (X)) = 0.
(ii) »(A) is strictly monotonically increasing on (0, a).
(iii) p(A) = Ap~ () : (0,¢(a)] — (0,ap(a)] is convex.

The following theorem gives us a general formula for the best possible worst case
error infg A(6, R). The proof of this formula can be found in [19] for the special case
of bounded operators A and follows some ideas given in [13: Theorem 2.10] and (24],
where the case () = AP (p > 0) is treated. .

Theorem 2.2. Let M, g be given by (2.3), let Assumption 2.1 be satisfied and
let 6/ E? € o(A* Ap(A®A)) where o(A* A) denotes the spectrum of the operator A*A.

Then
iréf A(S,R) = E\/p~1(62/E?). (2.4)

Note that the condition §?/E? € o(A* Ap(A* A)) can only hold (for sufficiently small
6) if the problem (2.1) is ill-posed. For well-posed problems (2.1) condition §?/E? ¢
o(A* Ap(A* A)) can never hold for sufficiently small 6, hence this condition excludes the
class of well-posed problems.

Furthermore, in [19] special regularization methods have been constructed which
realize the error bound given on the right-hand side of (2.4) in the case of bounded
operators A. These results can also be extended to the case of (unbounded) densely
defined and closed operators. In the following considerations we discuss three special
methods, a special variant of the method of generalized Tikhonov regularization and
two variants of the method of generalized spectral decomposition. '

In our method of generalized Tikhonov fegularization a regularized approximation
u® is determined by solving the minimization problem

min Jo(u),  Ja(u) = [[Au — f¥ + a|[p(A"A)] " Ful? . (2.5)

ueH,
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Due to Assumption 2.1, Morozov’s complementation condition (cf., e.g. [2])
Aul® + llie(A* )™ ull® > yllu|?

is satisfied with ¥ > 0. Consequently, problem (2.5) has a unique solution which is given
by

uf = A" (44" + afp(44")] ") f4. (2.6)

This method appears to be optimal on the set M, g given by (2.3) provided the regu-
larization parameter « is chosen properly.

Theorem 2.3. Let M, g be given by (2.3), let Assumption 2.1 be satisfied, ¢ =
w(A) be twice differentiable, p = p(A) be strictly convez and §?/E? < ap(a). If the
reqularization parameter o is chosen optimally as

v (2)  we o= (E). e

then for the Tikhonov regularized solution ul = R, f? defined by (2.5) the error estimate

A(8,Ra) < EV/p~'(82/E?) (2.8)

holds, which is optimal in case §2/E? € o(A*Ap(A*A)).

Proof. Let us sketch the ideas of proof. From [24: Lemma 2.2] we have

5
-¢
E2a?p()) 62/\902(/\) d
<o L >0 { £dp(A) +af? | (1= &)[Ap(N) + )2 }

A(6,Ra) = inf ‘

A)I — RaA)" - R,

Now we search for a stationary point (a,,£s, A,) of the expression {...} as a function of
a, £ and A and find a, as given in (2.7) and £, = F?a, /(62 + E%a,). We substitute a,
and £, into the expression {...} and prove that the remaining expression as a function

of A >0 is bounded by E/p~1(62/E?) B

) Now we discuss two different spectral methods which are both optimal on the set
M, £ given by (2.3) provided the regularization parameter « is chosen properly.

The first spectral method is characterized by

for A > «a
for A < a.

ud = A°go(AA)f®  with ga(A) = { (2.9)

Q= >I=

--For.this method the following optimality result can be established (see [19] for the
special case of bounded operators 4), where the ideas of proof are similar to those for
proving Theorem 2.3.



456 U. Tautenhahn and R. Gorenflo

Theorem 2.4. Let M, g be given by (2.3), let Assumption 2.1 be satisfied, p =
©(A) be twice differentiable, p = p(\) be strictly convez and §?/E? < ayp(a). If the
regularization parameter a is chosen optimally as

_ (%) + Ao¢'(No) ‘ NEAY
a= 700) with Aop(Ao) = (E) , (2.10)

then for the regularized solution u® = Rof% defined by (2.9) the error estimate (2.8)
holds. This error estimate is optimal in the case 6% /E? € o(A* Ap(A* A)).

In the second spectral method a regularized approximation z¥ is determined by

s s i for A >«
ug, = A%go(AA")f with ga(A) = '

11
T for A < a. (2.11)

For this method the following optimality result holds (see [19] for the special case of
bounded operators A). The ideas of proof are similar to those used in the proof of

Theorem 2.3.

Theorem 2.5. Let M, g be given by (2.3), let Assumption 2.1 be satisfied, ¢ =
©(A) be twice differentiable, §?/E? < ayp(a) and let

PG (V) + 2Ap(e" () = AP <0 (2.12)

kold. If the reqularization parameter a is chosen optimally as

- Al_o (“’("0)(;(12‘)”-'““))2 with Aop(Ae) = (%)2 (2.13)

then for the regularized solution ué, = R, f° defined by (2.11) the error estimate (2.8)
holds. This error estimate is optimal in the case 62/ E? € o( A* Ap(A* A)).

3. Optimal error bounds for fractional differentiation

In this section we consider the fractional differentiation problem (1.1) and treat the
question concerning the best possibe worst case error (1.6) for identifying u from noisy
data f®-€ H = L*(R) provided || f — f®|| < é and u € M, g hold where M, g is given by
(1.4). Let us consider the operator equation (1.1) with the linear operator Ag:H— H.
Obviously, this equation is equivalent to the operator equation

AU =F  with Ag = FAgF~! (3.1)

where F : L(R) — L?(R) is the (unitary) Fourier operator (cf. (1.3)) that maps any
L*(R)-function v = v(z) into it’s Fourier transform V = V(s). Transforming problem
(1.1) we obtain

(i5) 72U (s) = F(s) (3.2)
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(cf., e.g., [6]), consequently,
Ap = (is)™F = |s| Pe oo (3.3)

which shows us that z:{ﬂ H — H in problem (3.1) is a linear, injective normal and
unbounded operator (multiplication operator), where also the inverse A ! is unbounded.
Since Aﬂ = |s|~Pe'Bsen(s) 3 we have

AjAp = AgAy = |s|2#, (3.4)

hence the spectrum of this operator is given by a(A‘ Ag) = [0, 00). Since ABAﬂ tends
to zero as |s| tends to infinity we realize that problem (3 1) is ill-posed. We call problem

(3.1)
mildly sll-posed for 0 < 8 <1 and
moderately ill-posed for 1 < 8 < oo.

Obviously, the ill-posedness becomes worse as 8 increases. High frequency perturbations
of the data will be blown up more and more for increasing 8 and the corresponding
solutions F~ lA 'F9 (if they exist) will indicate strong and undesired oscillations.

The smoothness condition (1.4) can also be transformed into an equivalent condition
in the frequency domain. From (1.2) we have that condition (1.4) is equivalent to the
condition

UeM,e={UecH|(1+%tU| < E} (3.5)

where dot replaces the variable s. This condition can be reformulated into an equivalent
condition with a set of the structure (2.3).

Proposition 3.1. Consider the operator equation (3.1). Then the set ﬁp,g given
n (3.5) is equivalent to the general source set

Mpp={Ue H‘ lle(d345) 30| < E} (3.6)
where © = @ is given (in parameter representation) by

Xx=r"F
p=014+r)""?
Proof. We compare (3.5) and (3.6) and obtain

} (0<r<oo). (3.7)

e(A5Ap) = (1+ %) : . (3.8)

From this representation and (3.4) we obtain that ¢ is given (in parameter represen-
tation) by A = |s|72%, ¢ = (1 + %)™ (s € R). We substitute s2 = r and obtain
NN |

In our following considerations we discuss properties of the function ¢ = (1) (A €
(0, 00)) which is given (in parameter representation) by (3.7).
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Proposition 3.2. The function ¢ defined by (3.7) is continuous and satisfies the
following properties:

(1) imy_op(A) =0.
(ii) ¢ s strictly monotonically increasing.

(iii) p(A) = Adp~1(A) s strictly monotonically increasing as well as strictly conves
and possesses the parameter representation

A=(1+r)"P

0<r <) 3.9
p=r-ﬂ(1+r)_"} ( ) (3.9)
(iv) p7! is strictly monotonically increasing and possesses the parameter represen-

tation
A=rP14r)?

pl=(14r)" } (0 <7 < o). (3.10)

(v) For the inverse function p~! of p,

pTN(A) = AFF(1 +0(1))  for A >0 (3.11)

holds.

Proof. Since the function A(r) from (3.7) is strictly monotonically decreasing with
lim, o0 A(r) = 0 we have limx_.o ¢(A) = lim;—o ¢(r) = 0, hence (i) is proved. Since

A(r) < 0 and ¢(r) < 0 we have ¢'(A) = ':.1(% > 0 which gives (ii). From (i) and (ii)

it follows that ¢ ~1()) is strictly monotonically increasing, consequently, p(A) 1s strictly
monotonically increasing, where (3.9) follows from the parameter representation of o~}
which is given by

A=(14r)"P
( s ) } (0 <r < o0).

ol =r"
Now let us discuss the convexity of p. From p" = [6A — pA]/A% and A < 0 we obtain
that p" > 0 is equivalent to pA < p). By elementary calculations it can be shown that
this inequality is satisfied provided p > 0 and 8 > 0 hold, hence, p is strictly convex.
Now (iv) is a direct consequence of (iii), and (v) follows from (iv) i

Now we are in a position to formulate our main result of this section concerning
the best possible worst case error w(é) defined in (1.6) for identifying the solution u
of problem (1.1) from noisy data fé € L?(R) under the conditions ||f — f¢|| < § and
u € M, g where the set M, g is given by (1.4).

Theorem 3.3. Let §2/E? < oo, p> 0 and 8 > 0. Then the .sta.bility result

w(8) = E(1+70)}

3.12
= E# 675 (1 4 0(1))  for §—0 (3.12)
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holds (Holder stability) where rq is the (unique) solution of the equation

rP1+r)P = (%)2 (3.13)

Proof. Since the Fourier operator F is unitary (i.e. F~! = F*) we have for the
worst case error (1.6)

w(§) = 0(8) = infsup {|[RF* ~ V|| F* € H, |F - FYll <6,U € M, 6} (3.14)
R

Now we apply Theorem 2.2 to our problem (3.1). Due to (3.14), formulae (3.12) and

(3.13) follow from (3.10) and (3.11) provided Assumption 2.1 with A = .:fp and ¢ given
by (3.7) as well as

§N2 e

(3) €o(Adpe(A3dp) : (3.15)
- hold. Assumption 2.1 is verified by Proposition 3.2. In order to verify (3.15) we use
(3.4) and (3.8) and obtain that

o( Ay Agp(A3A5)) = o(|s| (1 + s)7P) = [0, 00)

holds. Consequently, (3.15) reduces to 82/E? < o0, and the proof is complete

4. Optimal regularization methods

In Section 3 we have proved that the best possible worst case error for identifying u
in equation (1.1) from noisy data f® € L?(R) under the conditions ||f — f|| < 6 and
u € My g (with M, g given by (1.4)) is given by (3.12). From this result we conclude
that under the above conditions there do not exist any methods R : H — H which

guarantee an error bound for ||Rf® — u|| which is smaller than that given on the right-
hand side of (3.12).

In this section we consider the method of generalized Tikhonov regularization and
two variants of the method of generalized spectral decomposition, apply these methods
to the problem of fractional differentiation and show how to choose the regularization
parameter such that all three methods guarantee the optimal error bound given by
(3.12). These optimality results will be obtained by applying Theorems 2.3 - 2.5 to our
transformed problem (3.1). All three theorems yield 'optimal’ regularized approxima-
tions UJ in the frequency domain, and due to the Parseval relation NWUE-U|l = ||ud —u|
it follows that the elements ué = F~'U¢ are then 'optimal’ regularized approximations
in the original domain.

For the problem of fractional differentiation we obtain together with (3.3) and (3.8)
that the method of generalized Tikhonov regularization (2.5) applied to our problem
(3.1) in the frequency domain consists in the determination of a regularized approxima-

tion U = UZ(s) by solving the minimization problem

min Jo(U),  Ja(U) = [|(:)77U - F*||" + af|(1 + 250" (4.1)
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where again the dot is place-holder for the variable s. Hence, in the frequency domain
the Tikhonov regularized solution U can be written in the form

Beifsgn(s) ¥

Uh(s) =
1+ al + s2)7|s[28
The second summand in the denominator of (4.2) has a regularizing effect and damps
high frequencies. The numerical computation of the regularized approximation u$ =

F1U¢ can, for example, be done by discrete Fourier transforms.

Fo(s). (4.2)

By comparing (4.2) and (3.3) we see that u® is the solution of the operator equation
(1.1) with ’smoothed’ data f = f& where

4.3
THa( + 7y L ) (4.3)

hence, a second way for the computation of u$, consists in executing the following steps:

Fa(s) =

(i) Given noisy data f°, compute 'smoothed’ data f& = F~!F’ by using discrete
Fourier transforms where F? is given by (4.3). '

(ii) Given ’smoothed’ data f4 from step (i), solve problem (1.1) with 'smoothed’
data f = f3 to obtain u$.

In this way high frequency components in the data f® are filtered out properly. A similar
regularization idea has been used in [8] where the data smoothing step (i) has been
done by mollification techniques, and where order optimality has been achieved. In our
following theorem we answer the question how to choose the regularization parameter o
in (4.1) - (4.3), respectively, such that the Tikhonov regularized solution ué = F~1U$
is 'optimal’ on the set M, g given by (4.1).

'Theorem 4.1. The Tikhonov regularized solution u = F~1US with U given by
(4.2) is ’optimal’ on the set Mp g provided the regularization parameter o is chosen

optimally by
' _ ﬂ(l + 7‘0) 6\2
== ( E) (4.4)
where ry 1s the (unique) solution of equation (3.13). For § — 0,

a0 =‘.§(’£)2(1 +o(1))

holds. Furthermore, the optimal error estimate ||u —ul| < w(b) holds where w(§) s
given by (3.12). '

Proof. From Theorem 2.3 it follows that the optimal regularization parameter
a is given by (2.7) where ¢ is given by (3.7). For functions ¢ given in parameter
representation A = %, (r), ¢ = ¥2(r) (0 <r < co) formula (2.7) attains the form

_ Wi(ro) ¥a(ro) (82
= amrintee) (B)

where r¢ is the (unique) solution of the equation ¥;(r)y2(r) = §2/E?. Using the special
parameter representation (3.7) we obtain (4.4) and (3.13). The asymptotical expression
for ag follows directly from (4.4) and (3.13), and the optlmal error estimate follows from
Theorem 2.3
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In the second part of this section we consider the spectral method (2.9), apply it
to problem (3.1) and show by applying Theorem 2.4 how to choose the regularization
parameter such that this method is optimal on the set M, g.

For our fractional differentiation problem we obtain together with (3.3) and (3.4)
that the spectral method (2.9) applied to problem (3.1) consists in the determination
of a regularized approximation U$ according to

UE(s) = { |s|Beifs8n(s) 3 Fé(s) for |s|"28 > a (45)

Lis|=Betbsen(s) 3 Fé(s) for |s]7?F < a.
The regularized solution (4.5) can also be rewritten in the form Ué = A\EIF(S with

| Fis for |5|728 > a
Fisy={ o) forklT2 (46)
s|s|7*PF°(s) for |s|™%* < a.
Consequently, the numerical computation of ué, = F~'U$ can also be carried out by
the following two steps:

(i) Compute ’smoothed’ data f& = F~1F$ by using discrete Fourier transforms.
(ii) Solve problem (1.1) with ’smoothed’ data f = f3.

In our following theorem we answer the question how to choose the regularization pa-
rameter « in (4.5) or (4.6), respectively, such that the regularized solution ué = F~'U$
is ’optimal’ on the set M, g given by (4.1).

Theorem 4.2. The regularized solution ué, = F~'US with U given by (45) 18
‘optimal’ on the set M, g provided the regularization parameter o is chosen optimally
by

B(1 +ro) + pro

o0y = — 7 —— 4.7
R o

where 1o is the (unique) solution of equation (3.13). For § — 0,

a0 = M(%)’%(1,+ o(1))

p

holds. Furthermore, the optimal error estimate ||ué — u]| < w(6) holds with w(6) given

by (3.12).

Proof. From Theorem 2.4 it follows that the optimal regularization parameter o
is given by (2.10) with ¢ from (3.7). For functions ¢ given in parameter representation
A=91(r), ¢ = ¢2(r) (r € RY) formula (2.10) attains the form

_ i (ro) 1/12(T0? + 1/)1(7'0)'(/.)2(7'(;)
P2(ro)

where ro is the (unique) solution of the equation ¥,(r)y2(r) = 62/E?.  Using the
special parameter representation (3.7) we obtain (4.7) and (3.13). Now the asymptotical
expression for ag follows from (4.7) together with (3.13), and the optimal error bound
follows from Theorem 2.4 i
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In the third part of this section we consider the spectral method (2.11), apply it
to problem (3.1) and show by applying Theorem 2.5 how to choose the regularization
parameter such that this method is optimal on the set M, .

For our fractional differentiation problem (1.1) we obtain together with (3.3) and

(3.4) that the spectral method (2.11) consists in the determination of a regularized
approximation U¢ according to

s |s|Petfsen(s) 3 Fé(s) for |s|~28 > a
Ua(s) = (4.8)

\—/l-geiﬂsl‘“(’) TF%(s) for |s|7% < a.

For this method we obtain the following optimality results whose proof follows from
Theorem 2.5 and can be carried out according to that of Theorem 4.2.

Theorem 4.3. The reqularized solution ué = F~'U¢ with Ug given by (4.8) 1s
‘optimal’ on the set M, g provided the regula,nzatton parameter a 18 chosen optimally
by

Qg =T

” [M] (4.9)

- Pro
where 1o is the (unique) solution of equation (3.13). For § — 0,

w= (52)'(5) "0 ve

holds. Furthermore, the optimal error estimate ||ud — ul| < w(8) holds with w(8) given

by (3.12).

5. Optimal approximations in Sobolev scales

In this section we consider the fractional differentiation problem (1.1) of Section 1 and
suppose as in the previous sections that the data and the (unknown) solution satisfy
the two assumptions

(A1) If - foll <6
(A2) flull, < E
where || - ||, is defined according to (1.2). In contrast to Sections 3 and 4 we are here

interested in best possible error bounds not with respect to the H-norm, but with respect
to the stronger H9-norm (0 < ¢ < p). In addition, we are interested in the construction
of special regularization methods that guarantee these best possible error bounds with
respect to the H9-norm. Hence, we will answer the following two questions:

(Q1) Which best possible accuracy can be obtained (with respect to the H?-norm,
0 < ¢ < p) for identifying u from f® under assumptions (A1) and (A2)?

(Q2) In which way do we have to construct special regularization methods R, :
H — H?7 such that the corresponding regularized approximations u = R, f¢ guarantee
this best possible accuracy with respect to the H9-norm?
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Let us start with the discussion of question (Ql). We formulate our fractional
differentiation problem (1.1) as an operator equation

Agqu = f, Ag :H' - H (5.1)

where A,g ¢ denotes the restriction of the operator Ag to H?. We introduce a Hilbert
scale (H Jrer+ in the frequency domain according to

°—A=L*R), A ={Ved||V] <o)
with
IVI-= (1 +3)FV(s)lLam (re R*) (5.2)

as normin H". Furthermore, let us transform equation (5.1) into an equivalent operator
equation R R N
Ag U =F, Apgqg:H' - H

in the frequency domain. Then it is obvious that 'Xg,q = [s|7Pe=P8M() § (cf. (3.3)).
Due to the relations
(Ap.gV1,Va)o = (Va, Is| PePen( £ 1)
= (Wi, (148270 s| PP 3

we obtain Aﬂ = (1 + s?)79|s|~Pe*#58() T which shows us that A[, qu ¢! cHe o He
is given by

A Asg =1+ s (5.3)

This representation enables us to reformulate our quantitative a priori information (A2)
into an equivalent condition in the frequency domain. We use (1.2) and (5.2), and obtain
that (A2) is equivalent to the condition

||(l+52) UGs)|, < E - (5.4)

Consequently, using (5.3) and (5.4) we obtain that our quantitative a priori information
(A2) can be rewritten in the equivalent form

— ~ -~ ~~ -—-‘-
UeM,e= {U € qu ” [‘p(Azl,qAﬂ.q)] zU”q < E} (5.5)
where ¢ is given (in parameter represeniation) by

A=1+r)"9"F
=(1+r)?

} | (r € RY). (5.6)

The functlon ¢ given (in parameter representation) by (5.6) possesses the followmg
properties which can be shown along the lines of the proof of Proposition 3.2.
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Proposition 5.1. If0 < g < p, then the function ¢ defined by (5.6) is continuous
and satisfies the following properties:

(i) limx—gp(A) = 0.
(ii) ¢ 1is strictly monotonically increasing.

(iii) p(A) = Ap~1(A) is strictly monotonically increasing as well as strictly convez
and possesses the parameter representation

A=(1+r)?
p:r_ﬂ(l+r)_”} (0 <7 < o0). (5.7)

(iv) p~!
tation

13 strictly monotonically increasing and possesses the parameter represen-

=Bl 1)
_/]\_ (1+_)”} (0 <r < o0).
P = (L4

(v) For the inverse function p~! of p,

p N (A) = AP (1 +0(1))  for A—0
holds.

Now we are ready to discuss question (Q1) concerning the magnitude of the best
possible worst case error

we(6) = inf  sup {IRF* —ully| f* € H,u€ My,z, |If - f*I| < 6}

with M, g given by (1.4) that shows us which best possible accuracy can be obtained
(with respect to the H%-norm) for identifying u from f° under assumptions (A1) and
(A2). We use the fact that wy(8) = &,(8) where

Go(6) = _inf_ sup {||RF® - Ull,| F® € &, U € My, |F ~ F*| < 6}
. RH—Hs
with M%E given by (5.5) and ¢ given by (5.6), apply Theorem 2.2 with A : H, — H,

replaced by Ag . : H9 — H and Proposition 5.1, proceed according to the proof of
Theorem 3.3 and obtain :

Theorem 5.2. Let 62/E? < 00, 0< g < p and B > 0. Then the stability result

we(8) = E(1 +10)*T"

- (5.8)
=E§¢%6§L+g"(l+o(1)) for § =0

holds (Hdolder stability) where ro is the (unigue) solution of equation (3.13).

In the second part of this section we construct special regularization methods R, :
H — H9Y that are 'optimal’ in the sense that the corresponding regularized solutions
ul, = R, f® guarantee ’optimal’ error bounds ||ué — u||; < w,(6) where wqe(6) is given
in Theorem 5.2. We apply Theorems 2.3 - 2.5, proceed along the lines of Section 4 and
obtain the following results.
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Theorem 5.3. Let §°/E? < 00, 0 < ¢ < p and 8 > 0. Then the Tikhonov regu-
larized solution ué = F~'US with U‘5 given by (4.2) satisfies the optimal error estimate
||u —ully £ wq(é) with wq(é) given by (5.8) provided the regularization parameter a = ag
13 chosen optimally by

_ﬂ(1+ro)+ o / §\2
- (P—.Q)Toq (E)

where o 13 the (unique) solution of equation (3.13). For § — 0 the asymptotical repre-
sentation

Bty
@ =21 1(5) 1+ o)
holds.
Theorem 5.4. Let §2/E? < oo, 0 < ¢ <pandf > 0. Then the regularized
solution ué, = F~US with US given by

oy [l R Fe(s) for (14 $2)7915]2 >
Uals) =4 1 2y=q|5|~Beifsan(s) § F6 2)-qg|-28
(14 s%)79s|7Pe 1 F°(s)  for (1 + s%)79)s| <a

satisfies the optimal error estimate |[u —ullq < wqe(6) with wy(8) given by (5.8) provided
the regularization parameter a = ayg is chosen optimally by
_ B(l+ro)+pro |
(P= )1 +ro)irg ™!

where rg 1s the (unique) solution of equatwn (3.13). For 6 — 0 the asymptotical repre-
sentation

=0

p—4q

a0 = * (4 o1)

holds.

Theorem 5.5. Let §2/E? < oo, 0 < g<pand f >0 Then the regularized
solution u, = F~'US with US given by

Ly L PO 5 Fs) for (1+52)701s]% > a
(s) = -ﬁ(l + 52)79/ 28D T FS(5)  for (14 s2)7s|" < o

satisfies the optimal error estimate ||ué —ull; < we(6) with wy(6) gwen by (5.8) provided
the regularization parameter a = ag 18 chosen optimally by

. 2

where ro s the (unique) solution of f’quatton (3.13). For 6 — 0 the asymptotical repre-
sentation
_(B+p\2 6\ N
-G=0) (&) 7o -

holds.
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