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Abstract. A class of parametric optimal control problems for semilinear parabolic equations

is considered. -Using recent regularity results for solutions of such equations, sufficient condi-

tions are derived under which the solutions to optimal control problems are locally Lipschitz

continuous functions of the parameter in the L*-norm. It is shown that these conditions are

also necessary, provided that the dependence of data on the parameter is sufficiently strong.
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1. Introduction

The presence of inequality type constraints in optimization problems introduces a non-
smoothness cven if all data are smooth. That is the reason why the classical implicit
function theorem can not be used in stability analysis of solutions to such problems.
Instead of that, the main tool in such analysis is Robinson’s implicit function theorem
for so called generalized equations (see {7, 18] for extentions). This theorem allows to
reduce the stability analysis for the original nonlinear optimization problems to such
analysis for linear-quadratic accessory problems.

This approach was used by Robinson in [18] to derive sufficient conditions of local
Lipschitz continuity.for solutions to parametric mathematical programs in finite dimen-
sions. Later on these results were extended to cone constrained optimization problems
in abstract Hilbert or Banach spaces (see, e.g., [1, 15, 20]), including applications to
optimal control [1, 8, 15].

The main difficulty in applications to optimal control problems is connected with the
presence of the so called two-norm discrepancy (see [16]). Namely, the original nonlinear
problems are well defined and differentiable in a stronger topology of L®-type, whereas
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the accessory problems are coercive in a weaker topology of L%-type. Hence the natural
topology in which the solutions to accessory problems are stable is L?, while to apply
Robinson’s theorem we need L*-stability.

In the case of control-constrained problems for ordinary differential equations, sta-
bility in L? can be strenghtened to L* using Pontryagin’s maximum principle. In that
step, the crucial point is that the solutions of state and adjoint equations are uniformly
bounded functions of time. The situation is much more delicate for partial differential
equations, where weak solution are not necessarily bounded.

Some LZ-stability results were obtained for convex distributed control problems in
papers on sensitivity analysis ( see, e.g., [14, 21]). Moreover, estimates of this type
were derived for numerical approximations of convex distributed control problems by
discretization methods. Here, the perturbation parameter is the underlying mesh size.
We refer to [23] and to the references therein. Quite a few papers have been devoted
to Holder estimates in spaces of type L? or L®. We should mention, for.instance, (19,
22] where such estimates for inverse problems with respect to data perturbations were
obtained. Auxiliary Hélder stability results were derived for the convergence analysis
of Sequential Qadratic Programming (SQP) methods [2, 11, 12].

Recently, an important step was done in [24], where new regularity results for
parabolic equations, due to Casas [5] and Raymond and Zidani [17}, were used to get
L°°-stability for linear-quadratic optimal control problems.

In the present paper, the results of [24] together with Robinson’s theorem are used
to derive L* stability of solutions to a class of parametric optimal control problems for
semilinear parabolic equations.

It is important to evaluate how far sufficient conditions are from necessary ones.
Using the approach proposed in [9], it is shown that the obtained sufficient stability
conditions are also necessary, provided that the dependence of the data on the parameter
is sufficiently strong. Thus, we derived a characterization of the Lipschitz stability
property. ' ’

The organization of the paper is the following. In Section 2 we recall some needed
regularity results for parabolic equations and formulate the class of optimal control
problems to be studied. In Section 3 the application of Robinson’s implicit function
theorem in stability analysis is recalled. In Section 4 the results of [24] are used to
get conditions of Lipschitz stability for the accessory problems. Sufficient conditions of
local Lipschitz continuity of solutions to the original nonlinear problems are derived in
Section 5, while the necessity of these conditions is discussed in Section 6.

2. Preliminaries

Let H be the Banach space of parameters endowed with the norm || - ||y and G C H
a bounded open set of feasible parameters. For any h € G consider the semilinear
parabolic initial-boundary value problem

vz, t) + Ay(z, 1) + a(z,8,y(z,0),u(z,8,h) =0 in Q
Ovy(z,t) + b(z,t,y,h) =0 in X (2.1)
y(z,0) — x(z) =0 in Q.
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Here, A is the elliptic differential operator

N
- Y Dj(ai;Diy)
i,j=1
with sufficiently smooth coefficients a;; = a;;(z) satisfying the condition of symmetry
ai; = aji. This equation is considered in Q = Q x (0,T), where Q. C RY (N >2)isa
bounded domain with boundary 32 =T, £ =T x (0,T) and T > 0 is a fixed time. By

0, the co-normal derivative of y at ' is denoted, where v is the outward normal to I.

Thus we have
uy = Z ag;vq )y

1]‘

By (-,-) we shall denote the inner product in R¥. The function u stands for a distributed
control, while x is a fixed initial state function. Following Casas [5] and Raymond and
Zidani [17] we assume the following properties of the data:

(A1) T is of class C%* for some a € (0,1]. A is uniformly elliptic (see, e.g., the
definition given in [5]). Its coefficients a;; belong to C'*().

(A2) The_distributed non-linearity a = a(z,t,y,u, k) is a real-valued function defined
on Q x R? x H and satisfies the following Carathéodory type conditions:

(i) For all (y,u,h) € R* x H, a(-,-,y,u,h) and its first order and second order
derivatives ay,ayu,ayy, ayu, ayy (all depending on (-, -,y,u, k)) are Lebesgue measurable
on Q.

(i) For almost all (z,t) € Q, a(z,t,-,-,-) is twice contmuously differentiable with
respect to (y,u) € R? on R? x G.

Throughout the paper, the control u and the perturbation A are uniformly bounded
by a certain constant K.

(A3) The function a fulfils the following conditions:
(1) The assumptions of boundedness
la(z,t,0,u,k)| < ag(z,t) (2.2)

for all (z,t) € Q, |u|] < K and h € G where ax € L"(Q) and ¢ > 7 + 1. There isa
number ¢o € R and a non-decreasing function 5 : Ry — R such that

Co S ay(I)tay)u)h’) S U('yl) (23)
forae. (z,t)€Qandally€R, |u| < K and he€G.
(1) The Lipschitz condition
|a(1',t,y1,u1,hl) _a(zvt:yzvuzvhz)l
+ IDa(Iytvyhul:hl) - Da(z:t)y21u2;h2)|
+ |D*a(z,t,y1,u1, k) — D? a(z,t,y2,uz, ha)|
< Li(lyr = val + lwy —ua| + [|hy = ho||#)

(2.4)
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for a.a. (z,t) € Q and all |y;| < K, |u;| < K (i =1,2) and all h € G. Here D and D?
stand for gradient and Hessian matrix with respect to the variables (y,u), while |- | is
used to denote Euclidean norms of real numbers, 2-vectors and 2 x 2-matrices.

(A4) The boundary non-lincarity b = b(z,t,y,h) is a real-valued function defined
on ¥ x R x H. It is assumed to satisfy a Carathéodory type condition and
boundedness assumptions analogously to (A2) and (A3). These conditions are
obtained substituting £ by Q and deleting u'in (A2) and (A3).

A weak solution of problem (2.1) is understood as a function y € L%(0,T; H'(2))NC(Q)
such that

/ (- y~pz+(sz,VIp))dIdt+/ a(z,t,y,u, h)pdzdt

Q , Q (2.5)

+ [ ety hpdsdi— [ x(@plz,0)dz =0
z Q

for all p € W, (Q) satisfying p(z,T) = 0.
The following theorem is a conclusion of a more general result proved in 5] or [17].

Theorem 2.1. Suppose that conditions (Al) - (A4) are satisfied, x € C(Q) and
u € L°(Q). Then problem (2.1) has a unique weak solution y € L*(0,T; H'(2))NC(Q).

Let us introduce the space Z2° = W* x L*(Q) where
W(©0,T) = {y € L*(0,T; H'(2))|ve € L*(0,T;(H' (2))') }

(2.6)
we = {y € W(0,T)

v+ Ay € I(Q), 3,y € L¥(%), y(0) € C(@)}.

The space Z* is used for clements ( = (y,u), while adjoint states p belong to W*. In
W?*, we shall use the norm .

lyliwe = llyllweo,m) + llye + Ayllie@) + 1oyl zy + lW(O)li oy

For s > max{& + 1, N + 1}, this space is continuously embedded into C(@Q). This
follows from [5, 17]. By the definition of the norm in W?, the operators y, + Ay and
0,y are continuous from W* to L*(Q) and L*(Z), respectively. This fact will be used in
the definition of the generalized equation at the end of this section. The normal trace
is defined, for instance, as in Casas [5].

For each h € G consider the following

Optimal control problem (P,). Find ¢4 = (ya,us) € Z° such that Jx((s) =
min¢ Jx(¢) subject to problem (2.1) and to the pointwise control constraints

r(z,t) < u(:t,rt) < r¥(z,t) a.e. on Q (2.7)

where

Tu(¢) = Ta(y,u) = /Q ¥(z,t,y,u, h) dedt, (2.8)
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We assume the following:

(A5) The real-valued function 3 satisfies assumptions (A2) and (A3) imposed on a,
except the growth condition (2.3).

(A6) The functions r® and r® are of class L*(Q), and a constant d > 0 exists such
that

r’(z,y) —r(z,t) >d  ae. on Q. (2.9)
Let us introduce the Hamiltonian H = H(z,t,y,u,p, k) : RN+ x G = R,
H= d’(z,tay,u’}l)—P'a(ljtay»U,h), (210)
and the Lagrangian £: W™ x L°(Q) x W(0,T) x G — R,
£, p k) = [ Huuphydzds~ [ p-ofy,h)dsa
Q . b3

(2.11)
- / p(0)(¥(0) - x(z)) dz — / (ve + Ay) pdzdt.
Q ) Q

Assume

(A7) For a fixed reference value by € G of the parameter there exists a solution
Co = (y0,u0) = (Yo, un,) € Z* of problem (Ps,) and an associated adjoint
state po := pn, € Y°° such that the first order necessary optimality conditions

DyL(yo, w0, po,,ho)y =0 (2.12)

for all y € W and
Dy L(yo,u0,po, ho)(u — ug) = LDuH(yo,uo,po, ho)(u — ug)dzdt >0 (2.13)

for all u € U« hold where

u={ueLﬂQ)

r®(z,t) < u(z,t) < rb(z,t)} (2.14)

is the set of feasible controls.

In the sequel, to simplify notation, the subscript 0 will be used to denote that a given
function is evaluated at the reference solution, e.g., Ho = H(z,t,yo,uo, Do, ho)-

Condition (2.12) yields the adjoint equation

—(po)g(:r,t) + Apo(.’t,t) = D!IH(Ist; Yo, %o, Po, hO) in Q
al/po(zvt) + Dyb(x1t7y0ah0)p0($;t) =0 ) inxy (215)
po(:l:,T) =0 in Q

Without loss of generality we can assume

x =0. (2.16)
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Define the spaces

Wy = {y € W?|y(0) = 0}
Wi = {pe W?*|p(T) =0}

(2.17)
X =W x L™(Q) x Wg°
A = L?(Q) x L=®(Z) x L=®(Q) x L=(Q) x L=(X).
Introduce the normal cone operator A of the feasible set U by
A€ {L> AMv—u)dzdt <0V uy if u
Wy = { L€ AL fg Mo ydatt <OV u ) it (218)
0 fudl.

Using (2.18), the optimality system consisting of (2.12), (2.13) as well as of (2.1) and
(2.7) can be expressed in the form of the following generalized equation

0 € F(€o,ho) + T(&) (2.19)

where £ = (y,u,p), while F : X xG - A and T : X — 2% are a function and a
set-valued mapping with closed graph given by

—pt+Ap— DyH(y,u,p,h) in@Q

9up+ Dybly, k) p in &
F(&,h) = DuH(y,u,p,h) in Q (2.20)
yl+Ay+a(yvuvh) inQ )
Oy + b(y, k) inZ
and
T = [{0},{0}, M(w), {0}, {0}] ",
respectively.

3. Application of an abstract implicit function theorem

The problem that we are interested in can be formulated as follows:

Find conditions under which there exists a neighborhood Go¢ C H of hg such that
for each h € Gy there is a locally unique solution €, = (ya,us, pa) of the generalized
equation _ :

0€ F(E,R)+T(E) (3-1)

where (yr,us) is a local solution of problem (Pj) and £, is a Lipschitz continuous
function of h.

To solve this problem, we are going to apply to (3.1), in a standard way, an abstract
implicit function theorem for generalized equations [7, 18]. Note that by our assumptions
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F is Fréchet differentiable. Along with (3.1) let us introduce the following generalized
equation, obtained from (3.1) by linearization and by perturbation of F:

6 € F(€o,ho) + DeF(€o, ho)(€ — €0) + T () (3.2)
where 6 € A. We will denote by \
BX(z0) = {z € X||lz - zollx < p)

the closed ball of radius p around zy in a Banach space X.

Our sufficiency analysis is based on the following Robinson abstract implicit function
theorem (see [18: Theorem 2.1 and Corollary 2.2}).

Theorem 3.1. If

(3) there ezist p; > 0 and p2 > 0 such that, for each § € B‘,Al (0) there is a unique
n 35(2(50) solution to equation (3.2), which is Lipschitz continuous in §,

then

(i)) there ezist 0y > 0 and 0, > 0 such that for each h € BH (ho) there is a unique
in B;Yz(fo) solution to equation (3.1), which is Lipschitz continuvous in h.

Verifying necessity of the derived sufficient conditions of Lipschitz contiﬁuity, we
will consider a special situation where the dependence upon the parameter in (3.1) is
strong in the following sense:

H = H° x A where H® is an arbitrary Banach space} (3.3)

F(&, k) = F°(&,R%) + k! where h® € H® and h! € A.

The next theorem follows from [10: Theorem 3].
Theorem 3.2. If (3.3) holds, then (jj) implies (j).

Theorem 3.1 allows to deduce existence, local uniqueness and Lipschitz continuity
of solutions to equation (3.1) from the same properties of the solutions to the linear

generalized equation (3.2). In general, these last properties are much easier to verify
than the original ones. Let

§=(Ag,Ad) € A (3.4)

be a vector of perturbations where

Ag = (Agq,Agu, Ags) € (L=(Q))? x L®(Z)
Ad = (Adg, Adg) € L®(Q) x L®(Z).

Recall that the subscript 0 will be used to denote that a given function is evaluated at
the reference solution. In view of (2.21) and (2.22), the generalized equation (3.2) takes
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on the form

(10,) —qz+Aq+f13q=g%+A90+D§y'HoZ+D§uHov} (3.5)
: 8 '
Ouq + bg g=9%+ A9z —po- wab"z
D% Hoz + D3, Hov — agq — g — Agu € N(u) - (3.6)
z,+Az+agz=d%+Adq—a?‘v 57)
Bz + b0z = d% + Adg '
where o
a, =D, a(yo, uo, ho) )
' a?‘ = Dua(yO)uO)hO)
by = Dyb(yo, o, ho)
9% = Dy¥(yo, uo, ho) — D3, Hovo — D2, Houo
: (3.8)

9% = po - D2yb(y0, ho)yo

99 = ~Du(yo, o, ho) + D3, Ho yo + D2, Houo

dy = —a(yo, o, ko) + Dya(yo, uo, ho) o + Dua(yo,uo, ho) uo
dg = —b(yo, ho) + Dyb(yo, ko) yo. )

An inspection shows that (LOg) constitutes an optimality system for the following
linear-quadratic accessory problem.

Problem (QP;). Find (s = (z5,vs) € Z°° that minimizes

-]

1
Ts(¢) = =(¢, D%, LoC) + S+A dzdt
4(6) = 516 DELoq) + | (sl + Bgg)eds

(3.9)
+ / (93 + Agu)vdzdt + / (9% + Agg) z dSdt
Q b
subject to
2¢+Az+agz=d%+Adq—a3v in @
O,z + bg z = dy + Ady in ¥ (3.10)
2(0)=0 in Q
and . .
¢ <v<rb in Q (3.11)
where the quadratic form in the cost functional Zs is defined on Z% x Z? by
D2 Ho D% Mol [z
(61, DicLota) = [ o, [ yho Dy, ] [ ] ddt
D: Ho D H
Q uy’t0 uu’ 0 | v2 (312)

+/ Z1Po 'Dzyb022 dSdt.
z

Certainly, the reference solution (yo,uo) together with the associated adjoint state pg
constitutes a solution of (LOg), i.e. a stationary point for (QPg).



Lipschitz Stability 477
4. Lipschitz stability for accessory problems

In this section conditions are derived under which the solutions to problem (LOj), i

stationary points of problem (QPs), are locally Lipschitz continuous functions of the
parameter 9. . .

For any a > 0 let us introduce the sets

o= {(I,t) € QlDuHO(zat) > O'}

(4.1)
J® ={(z,t) € Q| — DyHo(z,t) > al.
Moreover, define the mapping
Cy: W¢ x LY(Q) — U2 := L*(Q) x L¥(Z) x L} (I° U J®)
by
z,+Az+agz+a3v in @
CoC=108,z+ bg z in% (4.2)
v . inI*UJe.
Assume the following.
(AC) (Coercivity). There exist a > 0 and v > 0 such that
(¢, DeLol) 2 7GR for all ¢ € kerCy (43)

where [[C[12 = 7(llzllZy 0,1y + 012 20))-

Define the following modification (QP6) of problem (QPj), where the inequality con-
straints are modified.

Problem (QP6) Find (5 = (z5,vs) € Z°° which minimizes T5({) subject to (3.10)
and to

7*(z,t) < v(z,t) < #(z,t) a.e. on Q (4.4)

whére , ‘ .
ca _ [T on@Q\J? d b _)r’ on@Q\I° (4

r {r" on J¢ o r {r“ on J®. (4.5)

This choice of #* and yields 7® = #® = ug on I® U J";

Problem (QPé) coincides with the quadratic problem considered in {24], and by [24:
Theorem 4.6) we get

Proposition 4.1. Let conditions s (A1) - (A7) and (AC) hold. Then for any § € A,

problem (QPé) has a unique solution (5 = (25,V5) € Z° and a unique associated adjoint
state g5 € W. -Moreover, there ezists a constant ¢ > 0 such that

126 = Zollciey: Ive — Tmll Lo (@), 19 — Glle) < i’ 6"l (46)

Remark 4.2. Assumption (2 9) is not needed to get (4.6). It will be used in Section
6 in deriving necessary conditions of Lipschitz continuity.
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We are going to show that for § sufficiently small (Z5,vs,qs) is a stationary point
of problem (QPs), i.e. it satisfies (LOg). Since the state equation (3.5) and the adjoint
equation (3.7) are satisfied, it is enough to show that the variational inequality (3.6)
holds. Note that for § = 0 we have (2,7 ) = (y0,u0) and go = po, and the linearized
generalized equation (3.2) reduces to the original nonlinear one (2.19). In particular, it
follows from (2.20) and (3.6) that

Dﬁy'}-{o(x,t)%(z,t) + DiuHO(IJ)aO(x! t) + a?‘(x,t)ao(z, t) - gg(:c,t) = DuHO(x:t)-
Hence, by (4.1) we have
D2 Ho(z,t)Zo(z,t) + D2, Ho(z,t)v0(z, )

+a(z, bz, 1) — 02z, 1) { > ta for(z,0) € I

< —a for (z,t) € J*
and, in view of (4.6) for any é € B;’?(O)' with p > 0 sufficiently small, we obtain

D} Ho(z,t)Z5(z,t) + D% Ho(z, t)0s(z, )
- >+% for(z,t) e I” (4.7)
+ad(a,0(z.0) - a2(e0) - dgu(at) { 2 FE T BDET
It can be easily seen that by (4.7) condition (3.6) is satisfied, i.e.

(;6:56166) =(26av6)q6) (48)

is a stationary point for problem (QPjs).

[o 4

Let us denote ¢ = §. Then each stationary point £ = (zs,vs,95) € BX(&) of
problem (QP;s) is a stationary point of problem (QP;). Hence, by the uniqueness of
stationary points of problem (QP;), we arrive at

Theorem 4.3. If conditions (A1) - (A7) end (AC) hold, then there ezist constants
p > 0 and ¢ > 0 such that for each § € B‘,A(O) there is a unique in BcX(&) stationary
point
(25,v5,q5) €2 xY™®

of problem (QPs). Moreover, there ezists a constant ¢ > 0 such that

llzs — 26 llc(qys lvs = verllLoo(@ys llasr — a8 llcegy < clld’ — 8" |la (4.9)

for all §',8" € B2(0).

Note that in view of (4.1) condition (AC) constitutes sufficient optimality condition
for problem (QP;). Hence we obtain

Corollary 4.4. Let condition (AC) holds and § € BS(0). Then (z5,vs) in Theorem
4.3 13 a locally unique solution of problem (QPs) and gs is the associated adjoint state.
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5. Lipschitz stability for nonlinear problems: sufficiency

In this section, sufficient conditions of Lipschitz stability of the solutions to the original
nonlinear problem (P,) are derived. The proof will be based on Theorem 3.1 as well as
on the results of Section 4. Applying Theorem 3.1 to the generalized equation (2.19)
and using Theorem 4.3 we obtain

Theorem 5.1. If conditions (A1) - (A7) and (AC) hold, then there ezist constants
p1 >0, p2 >0 and € > 0 with the following property: for each h € BH(ho) there exists

a unique in BZ xW®™ (&) stationary point £, = (yn,un,ps) of problem (Pn) and

lyn = yaelleq@ys luw = unrlle(qy, llow ~ panlicgy < IR = A"l (5.1)

for all ', R" € B:"(ho).

Now we are going to show that (ya,us) is a local solution of problem (Pg). As in
the case of the reference point, the subscript h will denote that the relevant function is
evaluated at £,. In particular,

D? Hy D2, Hn] [y
((l)Dg(ChC2)=-/Q[§‘I;UI] [D%y'}{h Dé.ﬂ‘lh] " dzdt

(5.2)
+/ 21 P - D2 bt 2z, dSdt
b))
and
) ) ) ye+Ay+aly+atu inQ
Ch: Wy xLY(Q) = U,, Ci¢= ,,y+bh mnx (5.3)
: u " I*U Je.

Lemma 5.2. If condition (AC) holds, then there ezist constants € > 0 and p > 0
such that

(¢.D§cLa¢) 2 ZICIE  for all ¢ € ker CF (5:4)
prom'dcd “yo - yhllc(Q) + ”‘lto - u;,||Loo(Q) S € and h € B:’(ho)

Proof. Let ( = (y,u) € kerCg be given and define { = (y,u) where § € W is the
solution to the problem
' §;+A§+a2§+a?‘u=0

0.y + bg y=0
y(0) = 0.

Notice that { € ker C§, hence (E, D2<EOZ) > ||Z||§ Thanks to Theorem 5.1 and the
Lipschitz properties of a and b, there is a L > 0 such that

max {Ila‘; - ayllLe(g) llad — alllLe(q), oy — bZ”Lw(E)}. < L(e+p) (5.5)
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and .
(¢, (D% Ln — DF.Lo){)| < cL(e + p) I3 (5.6)

Moreover, w = y — ¥ solves the problem

we + Aw +agw = (ag —a'y')y+(a3 —a’)u
Byw +byw = (b — b))y
w(0) = 0.
Now the L?-theory of parabolic equations yields the existence of a constant C > 0
independent of y, u, h such that

lwllwee,ry = lly — ¥llweo,

< Ce+p)(llvllry + lullzg))
< c(e+ )¢l

Therefore, for any ¢ € kerCy there exists Z € kerC§' such that

¢ = Cllz € c(e+ p)HC]l2- : (5.7)

Condition (5.3) follows easily from (5.5) and (5.7) by a standard argument i

Lemma 5.3. For p; > 0 sufficiently small, there ezist constants p > 0 and ¥ > 0
such that for all h € Bl (ho) we have

Tn(€) 2 Tn(Ch) +7NC = Cull3 W feasible ¢ with [|( = Callzeo <5, (5.8)

e, n view of Theorem 5.1, (& 13 a locally isolated in Z°° local solution of preblem

(Pa).

Proof. This result can be shown using the same arguments as in the proof of the
abstract Theorem 1 in [8]. We refer also to the detailed discussion of an analogous
result in the case of elliptic boundary control in [6]. The statement of our theorem can
be derived in exactly the same way. Therefore, we omit the corresponding lengthy and
tedious estimates il

6. Lipschitz stability for nonlinear problems: necéssity

In this section, we are going to show that (AC) is not only a sufficient but also a
necessary condition of local Lipschitz continuity of solutions to problem (Pj), provided

that the dependence of data upon the parameter h is sufficiently strong, in the sense
that (3.3) holds. _ ’

Let us start with some preliminary results. Introduce the mapping

Sh: L*(Q) = L}(Q) x LX(Z), Spv =(S2,SF) = (2,2|x) (6.1)
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given by the solution of the boundary value problem
z,+Az+a:z+aﬁv=0 in Q
d,2+byz=0 in T (6.2)
2(0)=0 in Q.

The. mapping Sy is compact. This property is obtained by the following arguments:
S,? is continuous from L?(Q) to W(0,T). Therefore, the linear mappings v — z
and v — 2 are bounded from L?(Q) to L%*(0,T; H'(Q)) and L*(0,T; H'(Q)'), re-
spectively. We have the inclusions H'(Q) =: By C L% Q) C B, := H'(Q)', where
the embedding By C L%*(Q) is compact. A well known result by Aubin (3] yields that
ShQ : L*(Q) — L*(Q) is compact. The embedding By C B := H%(Q) is compact as
well, and Bo C B C B,. Applying Aubin’s result again we find that the mapping v — z
is compact from L?(Q) to L*(0,T; H%(Q)). The trace operator z — z|g is continuous
from L*(0,T; H3(Q)) to L?(0,T; H%(T)). This implies the compactness of v — 2|z
from L%(Q) to L*(0,T; H3(T')) C L(), so that ST is compact, too.

- On the other hand, by recent results of Raymond and Zidani (see [17: Theorem
3.1]) we have .

Sh is bounded .from L™(Q) into L®(Q) x L*®(Z) for r > —]2! + 1. (6.3)
It follows from (5.3) and (6.2) that ¢ = (z,v) € kerCZ if and only if
(=(S%v,v)  with ve V? (6.4)
where . '
vei={v'e L%(Q)|v(z,t) = 0 ae. on I7U 77} (e, ool (6.5)
By (2.11) and (6.4), for any ¢ = (z,v) € kerCg we have
(¢, DEL(Ch, Py h)C) = (v, (Kn + D3, H(Chopas B)) v) s (6.6)
where

D H(Ch,prs ) - LP(Q) — L*(Q)
is the linear mapping given by
| (D2, H(Chypa, hY0) (2, t) = D2 H(z,t, Calz, t), pa(z, 1), h)u(z; t)
and K, : V2 — V2 is given by

(Chu)(z,t) = [(ST)" (D2, H(Gn,pn,h) - SR w) +2 D2 H(Chpn, ) - (ST w)

. (6.7)
+(SE)" (D2, 8zn,h) - SF w)|(2,0)

a.e. on @\ (I*UJ*). Note that (AC) is equivalent to the condition that the quadratic
form (6.6) is coercive at h = hq.

In our further analysis we will require that the abstract condition (3.3) holds. In
view of (2.20), condition (3.3) is satisfied if the following condition holds.
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Strong dependence condition (SD).

H=H®x L®(Q) x L%(Z) x L®(Q) x L>(Q) x L=(Z) (6.8)
TJn(C) = / (1/;(x,t,y,u, R%) + y(z,t)hl(z,t) + u(x,t)hs(z,t))d:cdt
Q
+f y(z, t)h2(z, ¢) dSdt . (6.9)
. :
ye + Ay +a(y,u,h°) + h* =0 and G,y + b(y,h°) + A® =0 (6.10)

where h® € H?, k' A®, h* € L>°(Q) and h2,h5 € L®(Z).

We assume that Theorem 3.1/(jj) holds, where the solution & = (ya,us,ps) to
equation (3.1) corresponds to a local solution (y, us) of problem (Pj) and the associated
adjoint state ps. In other words, we assume L°°-Lipschitz stability of local solutions of
problem (P4) and the associated adjoint states with respect to the parameter. We would
like to show that this Lipschitz stability implies that condition (AC) holds, provided
that condition (SD) is satisfied. The idea of the proof is very similar to that in [9)].
It uses Theorem 3.2 and it is based on a construction of a small perturbation of the
reference value kg of the parameter, such that, in a neighborhood of the perturbed value
h of kg, the constraints in problems (P4} can be treated as being of equality type.

We proceed in a similar way as in [9]. In view of (6.8) - (6.10), the first order
optimality conditions for problem (P,) can be written in the form

—pu(z,1) + Ap(z,1)
—DyH(z,t, y(z,t), u(z,1), p(z, y), h°) — h'(z,t) =0  in Q

d,p(z,t) + Dyb(z,t,y(z,t), hO) — h2(z,t) = 0 in 5 (6.11)
N p(z,T)=0 inQ.
and
(DuH(,t,5(z, 1), u(z, 1), p(2,8), 1) + B(2,1)) (v ~ u(z,1)) 20 (6.12)

for all v € [r%(z,t),r%(z,t)] and a.a. (z,t) € Q. Let ho = (A3, h}, h2, h3, hd, h3) be the
reference value of the parameter. Define the set .

K= {(J:,'t) € Q‘ (=) < %(ra(z,t) +r"(x,t))}.

Let us choose any a < %t and ¢ < min{o3,d} where 01,0, and d are given in Theorem
3.1/(3j) and in (A6), respectively. Introduce the variations Au and Ah of the reference

control ug and parameter hy by

0 on I*uUJ® ’
“Au(z,t)={ +¢ on K\ I (6.13)
' ' —-¢ on[Q\K]\J®
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and
Ah' = DyH(yo, uo, po, hY) — DyH(yo, uo + Au, po, hY)

AR = { —DuH(yo,uo + Au,po, hJ) —h3 on Q\ ([2UJ®)

0 on [*U J® (6.14)
Ah* = a(yo, uo, k) — a(yo,uo + Au, hd)
AR =0, AR?=0, AR =0.

Note that Ah3 is chosen in such a way that (6.12) is satisfied at u; = uo + Au. On
(I* U J?) it is satisfied for AR3(t) = 0, since Au(t) = 0 on that set. On Q \ (J* U J°)
we put

DuM(yo,uo + D, po, hg) + h*> = DuH(yo, uo + Du,po, hg) + by + AR® = 0,
1e.,
Ahg = —DuH(yo,uo + Au,po,hg) — hg
Let us denote k = hg + Ah. A simple calculation shows that

£h = (yhauh)pi;) = (y0$u0 + Aurpo) (615)
is a solution of the optimality system (6.10) - (6.12), i.e. of the generalized equation
(2.19) with hq substituted by h.

Note that in view of (6.13) the control constraints for u; are active on the set I*UJ*
and they are non-active with the margin € > 0 on the complement of this set:

= r%(z,t) on [
uj(z,t) { =rb(z,t) on J@ {(6.16)
€ [r*(z,t) +¢,78(z,t) —€] on Q\(I“UJ")..

Moreover, in view of (4.1), (6.13) and (6.14)

DuH(I,t, yi,(zat)sui,(xvt)3 pi;(x:t)) ’;0) + ;ls
= DyH(z,t,y0(z,t),uo(z,t) + Au, po(z, ), hg) + hg ’
= DuH(z,t,y0(z, 1), uo(z, 1), po(z, 1), hY) + h (6.17)

{>a onI*
< —a onJ°.

Lemma 6.1. For a > 0 and € > 0 sufficiently small,
(¢, DEL(Carpirh)) 2 0 (6.18)
for all( € kerCi‘l’.
Proof. Since
| — DyH(yo,uo + Au, po, hg) — hgl

S_IDHH(yOauO)pﬂxhg) - DUH(yoauo. + Au,po,hg)l
+ | - DuH(yOauO)p‘)’hg) - hgl’
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then in view of (6.14)
|Ah3($ t)l < |D H(yo»“o,pO)hO) DuH(yO)uO + Au;aPOa hg)|

on Q\ (J*U J"’). Hence it follows from (6.13) and (6.14) that, shrinking ¢ > 0 if
necessary, we get h € BH . (ho), i.e. (y;,u;) is a locally unique solution of problem (P})
and p; is the assocnated adjomt state.

Note that in view of (6.16) the constraints (2.7) in problem (P} ) can be locally
treated as equality type constraints:

' =r%(z,t) on I®
ui(z,t) ¢ =rb(z,t) onJ° (6.19)
free on Q\ (I*UJ*)
in the sense that, for any Au such that
=0 onlUJ®
|Au(z,1)| { <e onQ\(I°UJ%) (6.20)

the control function u = u; + Au is feasible for problem (P;). In particular, (2.13)
together with (6.20) implies

Du'}i(x,t,yh(z,t),u,-l(x,t),p,-,(x,t),izo) +A*=0 v ) (6.21)

on @\ (/U J*).. :

Let ¢ = (y,u) be feasible for problem (P;) where u ‘= u; + Au and Au is any
increment satisfying (6.20). Using standard perturbation results for parabolic equations
and the notation (6.1) and (6.2) we find that

¥y =y + Ay + o(Ay)

o(A 6.22
where Ay = S;Au and % — 0 as [|Ayllcg) — O ( )

By (6.4) and (6.22) ‘
A¢ = (Ay, Au) € kerCy. (6.23)

Using the second order Taylor expansion at £ i and taking advantage of necessary opti-
mality conditions (2.12) and (6.21) as well as of (6.22) we get .

0 < J;(¢) = Til(¢h) L .
= (A¢, DEL(Ch, piy )AC) + r(AQ)

where #'A(-?% — 0 as ||A(||z» — 0. Passing to the limit in (6.24) and using (6.23) we

obtain
(A(,Dgcg:(g,-,,p,-,,iz)ac) 20 forall AC€ {¢€kerCy|Aue V™).

By density of the embedding V°° C V? we arrive at (6.18) il
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Lemma 6.2. If (j) holds with a Lipschitz constant £ > 0, then

(K4 + DiuH(Chrpas )2y 2 €7 0]lves. (6.25)

Proof. Let us introduce the generalized equatioﬁ (fbg) analogous to equation
(LOs), which is the linearization of the optimality system (2.19) evaluated at (fh,h)
rather than at (&, ho). For § = 0, (LOO) has a locally unique solution

(Co,d0) = (&;,P4)- (6.26)

Moreover, it follows from Theorem 3.2 that there exists p3 > 0 such that for all § €
BZ,(0) there exists a locally unique solution ((s,§s) := (%s,9s,4s) of equation (LOa),
which is Lipschitz continuous with modulus £. Note that by (6.16) and (6.26)

=r%(z,t) on I
to(z,t) { =r¥(z,t) on J° (6.27)
"€ [r(z,t) +&,78(z,t) —€] on Q\ (U J).

On the other hand, by (3.6), (3.8), (6.17) and (6.26) .
2 5 2 - b h [>4+a onlI*
D}, 0 + D}, Hodo ~ al do — g1 { Sre et (6.28)
In view of the Lipschitz continuity of (25, 9s,§s) around (Zq, %o, §o) we can shrink p3 > 0
so that
ds(z,t) € [r*(z,t) + E,rb(z,t) - 5] on @\ (I°UJ%)
) R 542 on o (6.29)
D?.yHi; 20 + D2 Hotg — at do — gt — Ag, { < _é on J©

for all § = (Agg,Ags, Agu, Adg,Adx) € B ~(0). In the same way as in (6.19) and in
(6.21), relations (6.29) imply that for all § G B2.(0) we have

" =r%(z,t) on I® v
s(z,t) { — ‘rb(:l:,t) on J° (6.30)
and ‘ .
D2, M; 50 + D2 Hoto —al Go — g* —Agu =0  on Q\(I°UJ®). (6.31)

Let us use (3.7) and (3.5) to find %5 and §s as functions of 95 and substitute into
(6.31). Taking advantage of definitions (6.1) and (6.7), after straightforward but tedious
calculations we obtain

(Kj + D%, H(Ch,piy b)) 95 = s(Agq, Ags, Adg, Adg) + Agy  in Ve o (6.32)

where s(:,,-,-) is an affine function. By (j) equation (6.32) has a unique solution for
any § = (AgQ,Agg,Agu,AdQ,Adz) € BA .(0). ' Putting 6 = (0,0, Agy,0,0) we obtain
from (6.32)

Since by (j) the unique solution (95 — 99) to this equation is a Lipschitz continuous
function of Ag, with modulus ¢, we arrive at (6.25) i
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Lemma 6.3. If (6.25) holds, then

| DL MG (2, 1), Py (2, t), )| > €7 (6.33)

for a.a. (z,t) €Q\(I*VUJ?).

Proof. Suppose that (6.33) is violated, i.e. there exists aset S C Q \ (I* U J?) of
positive measure and a constant € > 0 such that

|D2, H(Ci(2,), pa(a,t), R)| < €71 =6 for aa. (z,t) € S. (6.34)

Let R C S be any subset of positive measure. Choose

_ 1 onR
”(*)={o on @\ (I° UJ)\ R,

By (6.3), ||S;]lLe — 0 as meas R — 0. So, in view of (6.7) and (6.34), for meas R
sufficiently small we get

”(K:il + DﬁuH(Ch,Pmil))ﬁ” Yoo S e—l - while ||1—)”V°° =1.

£

2

That violates (6.25) and completes the proof B
Lemma 6.4. If (6.25) holds, then

(‘U, (K:i; + DiuH(Ciﬂphr B))U)Vz Z e—l ”U”%/2
forallC e V2, i . R
(¢, DiL(ChPa B)C) = 71N % (6.35)
forallC e kerCi‘:.

Proof. By a well known property of the spectrum of self-adjoint operators in a
Hilbert space (see, e.g., [25: p. 320/ Theorem 2]) we have

min{u € R|p € o}
= inf { (v: (Kix + D:uH(Cixipip il))v)vz

v € V2 with [lullvs = 1}

where o is the spectrum of K; + D2, H(;,p;, k) : V? — V2. Hence, in view of (6.18),
condition (6.35) will be satisfied if the operator

Ky + (D2 H(Cy pi k) — 1) - T: V2 - V2 isinvertible V u € [0,£71).  (6.36)

Note that by (6.33) the real function

(Dz,;"‘((ix’piw il)(Iv t) - #)_1
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is non-negative, bounded and measurable on Q \ (I* U J°) for any u € [0,£7'). Define
the operators

M: = [(D?‘uH(Ch,p,‘l,il) - ;l)_l 'K:,‘, + I] VP VP (p € [1,00]). (637)

By (6.25) M3? is invertible. It can be easily seen that (6.36) is satisfied if Mi is

invertible. Note that, in view of the compactness of S; : L%(Q) — L*(Q) x L%*(Z) and
of definition (6.7), the mapping '

(D?AuH(C}}aphai") - l‘)—l . Kh : Vz — V2
is compact. Therefore, Mi is a Fredholm operator. By well known properties of

Fredholm operators (see, e.g., [4: Theorem VL6]) the range of M2 is closed in V2.

Choose any b € V? and let {5;} C V*° be such that b; — b in V2. By the invertibility
of M,fl”, for each b; there exists a unique solution v; € V*® C V2 of the equation

M’f)”v = M'?lv = b;, 1.e. b; € range M: In view of closedness of the range, we have
b e rangeMi. Since b € V? is arbitrary, it shows that ra.nge/\/i,?l = V2, for any
p € [0,£7!). By the Fredholm theory, the inverse (/\4,?1)‘l : V2 - V? exists and is
bounded. That shows that (6.36) holds and completes the proof of (6.35)

We can formulate now the principal result of this paper, i.e. a characterization of
the Lipschitz stability property for solutions to problem (Py).

Theorem 6.5. If conditions (Al) - (A7) hold, then (AC) is a sufficient condition
in order that:

(LC) There exist constants py > 0, p2 > 0 and £ > 0 such that for each h € Bg(ho)

1
there ezist a unique in B;,Z;” (Co) solution Cn = (yn,un) of problem (Py) and the
associated adjoint state p, € W, Moreover,

lya: = yarllcegys llun — uneliLeoQy, IPw — paellcay < IR — R"|lu (6.38)
for all W', R" € B{,’l(ho).

If, in addition, condition (SD) holds, then (AC) is necessary for condition (LC) to be
satisfied.

Proof. Sufficiency follows immediately from Theorem 5.1 and Lemma 5.3. To show
necessity, note that from (6.35) we have

(v, (Ko + D2, H(o, po, ho))v) .
2 €7 oll}z = (v, (Ky + DEH(G, 21 B)0) s (6.39)
~ (4, (Ko + DEH(Go,po, ho))v) ..
By (6.7) and (6.38), choosing sufficiently small a and ¢ in (6.13) we obtain

I(va (K:h + DzuH(Cinpi.’il))v) |72 T (‘U, (K:O + DZuH(CO,POyhO))U)w
o (6.40)
<5 oy V

In view of (6.6), conditions (6.39) and (6.40) show that condition (AC) holds il
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