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A Characterization .
of a Two-Weight Inequality for
Discrete Two-Dimensional Hardy Operators

Y. Rakotondratsimba

Abstract. We obtain a characterization of non-negative double sequences V = (V(n1,n2))n,:n;
and U = (U(n1,n2))n,,n, for which the two-dimensional discrete Hardy operator H is bounded
from €7(V) into £2(U) whenever 1 < p < ¢ < oo.
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1. Introduction

The discrete two-dimensional Hardy operator is defined by

(H}-)(nl’n?) = Z Z filiz (nl’n2 (S NO)'

$11=01,=0

For the sake of simplicity and as in the continuous case, the non-negative double se-
quence F;,;, is merely denoted by F(i;,13).
Our purpose in this work is to derive necessary and sufficient condition on non-

negative double sequences U(n,n2) and V(n,,n,) for which there is a constant C > 0
such that

(Z Z(Hf)"(n,,nz)u(m,m)) <C(Z Z f’(nl,nz)V(nl,ng)) (11)

n1=0n2=0 n;=0ny,=0

for all double sequences F(-,-) > 0 and with 1 < p < ¢ < 00. As in the continuous
setting, U(-,-) and V(-,-) will be called weights. As a rule, the boundedness (1.1) will
be also denoted by H : &5, — ¢],.

Inequality (1.1) is involved in many parts of Analysis as in questions of convergence
and summability of double series, and in analysis of random walks on infinite graphs [2,

5, 7).
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According to B. Pachpatte (7], the boundedness H : &, — £}, is true for V(n,,nz) =
land U(n;,np) = n;Pny P with1 < p < co. Later D. Y. Hwang [2] proved that H : £§, —
€5, whenever U(ny,nz) = Ai(n1)A2(n2)[ A (1) + ... + A(n)] 7P A1) + ... + /\2(712)]
and V(ni,ng) = [/\l(nl A2(n2)]' P with /\l(nl) and A2(nz) > 0. So for this case the

inequality in question is a two-dimensional version of the well-known Copson inequality

Z[MJ e <G Seen wwzo

k=1

Recently Z. Németh [6] proved that H : €5, — £, whenever V(n1,n2) = v1(n)vy(n2)
and v;(n1), v2(n2) are quasi-geometrically decreasing.

For all of these quoted results in [2, 6, 7] the weights are of product types in
the sense that V(n,,ns) = vi(ni)v2(n2) and U(ny,n2) = uy(n))uz(nz). These two-
dimensional results with weights of product types are actually consequences of the
one-dimensional ones [4]. And the crux of the matter is about weights not of prod-
uct types like W(ny,nz) = (n) + n)37("+12) and W(n,,n,) = (n; + ny)~(m+n2), A
first investigation in this direction was done by A. Kamaly and the author in [4].

In this work we find a necessary and sufficient condition on weights ¢(-,-) and V(-, ")
for which H : £5, — ¢],. Indeed, until this paper, a characterization result seems not
available in the hterature However, the analogue integral inequality

(// [/ / f(yl,yz)dyldm] u(zl,a:g)dxldxg)
(/ / f(xl,xg)v(z,,xz)dxld%)' .

was already solved fifteen years ago by E. Sawyer [8]. Consequently, the present work
aims to fill this gap between the discrete inequality (1.1) and its continuous version
(1.2). To derive the characterization for H : €5, — €], as in [3] (see Section 3), our idea
will make use of the fact that there is some equivalence between (1.1) and (1.2) for some
judicious choice of the weights u(-,-) and v(-,").

V()20 (12)

Our results are stated in the next Section 2, and their proofs will be performed in
Section 3.

2. The results
Throughout this ‘p'aper it is always assumed that
1<p<g<oo, p=—"%, ¢=—1

and
U(n1,n2),V(n1,n2) are weight functions defined on NZ.

To simplify and avoid some inconsistencies, it will be supposed that V(nlr, ng) # 0.
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Recall that our purpose in this work is to derive a characterization of weights
U(nyi,n2) and V(ny,n,) for which H : £, — €§,. This last means that for some constant
Cc>0

(i i(nf)q(m,nz)u(n,,ng))' < c(i i P(nl,n,)v(nl,n;))% (2.1)

n=0ny,=0 n,=0n2=0
for all double sequences F(-,-) > 0.
Our main result reads as follows.

Theorem 2.1. Suppose that H: ZP — ¢],. Then for some constant A > 0 the three
conditions -

(£ 5 tmm) (2 35 v omumn)”

ny=Ny na=N, my;=0my=0 (22)
< A for all sntegers N;,N, >0
R, Ry
(/ / [/ / !~ x4 (yl ,yg)dy, dy2] U(Il,-’tz) dz, drz)
(2.3)
Ri Ra L
<A(/ / v p(:z:l,zg)d:rldzg) for allRl,R2>0
oo , . p%
(/ / [/ / u(y1,y2) dyr dyz] v P (1‘1,12)d11d:¢2)
Ry JR, z, Jzz -
: 2.4
oo oo ;1r ( )
SA(/ / u(l’],12)d$1dl‘2) for all Ry,R; > 0.
Ry JR;
are satisfied with weights u(z,,z2) and v(z,,z;) defined by
o0 o
u(z1,22) = Z Z u(mlsm2)1[[m1.ml+1)x[m3,m,+1)($1,:1;2) " (2.5)
my=0my=0
oo oo .
v(zi,z2) = 3 > V(mi,m2) I, my41)x(ma.ma+1)(T1, 22). (2.6)

m;=0my=0

Here Uiy, my+1)x[ms,ma+1) denotes the characteristic function of the rectangle [rr\zl, my+
1)x[mq,m2+1). And actually in these conditions, A = C provided that C is the constant
involved in (2.1).

Conversely, the boundedness H : £}, — ¢],-does hold whenever all conditions (2.2) —
(2.4) are satisfied. Precisely, (2.1) remains true with C = c(p,q)A where c(p,q) > 0
depends only on the indezes p and q.
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However, it is still an open problem whether conditions (2.3) and (2 4) respect:vely
can be replaced by

(il: i [ i z vl. p(mlamz)] U("h”?))

ny=0n;=0 ml—Om; 0

o ! (2.7)
?
< A( Z Z Vi-r( m,,mg)) for all integers Ny, N, > 0
m;=0m,=0
and
00 oo oo oo P , ,;‘,
(Z [ > X u(mlamz)] vi-r (nl,"z))
=N, ny;=Ny "m=n, ma=n, (28)

oo oo 1
< A( Z Z Z,{(ml,mg)) Y forall integers Ny, Ny > 0.

m1=Nl m;=N;

Although a characterization result-is theoretically of ‘great interest, it would be noted
that a necessary and sufficient condition as the one obtained in Theorem 2.1 is not in
general easy to handle in explicit computations. It means that other investigations on
sufficient conditions (easily computable) for H : €5, — €], deserve to be done. This will
be achieved by the author in a forthcoming paper.

For many problems in analysis in product spaces, it is useful to consider variants of
the operator H like

(HeF)mn2) = 3 Y Flin,ia)

f1=n, i2=n;

HiuF)(nyn) =Y Y Flin, i)

11=0i=n,
. hid )
(HaF)(ni,n) = D> > Fliniz).

i1=ny i;=0
A characterization for H,. : £, — ¢, can be immediately obtained by using the above
Theorem 2.1. Indeed, by duahty arguments the former boundedness is eqmvalent to
H: ) — €} where p; = ¢', g1 = p' (so p, < ¢1) and V,(nl,ng) =Y (ny,n2),
Uy(n1,n2) = V1P (ny,ny).. : :

Our next result is related to the boundedness Hl. : Z’{, — Zi’l.

Theorem 2.2. Suppose that H,, : &, — ¢,. Then for some constant A > 0 the
three conditions

1

(i \Eu(nl’nz))%(i i v%_p’(m"ij)?(z.gj

ny =N, n,=0 m;=0my,=N,

< A for all integers Ny, Ny > 0
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Ry poo 1 poo : - . )
(/ / [/ / v 7P (yluy2)dyldy2] u($],$2)dzldx2)
0 R, 0 z2

R1 [o o] , N ‘;f
< A(/ / v!-P (Il,Iz)dJ:ldxg) for all R),Ry >0
0 Ry

=) R, oo z2 P
(/ / [/ / u(y1,y2) dy dyz] v' 7P (3?1»1'2)‘111512)
Ry 0 I o )

oo Rz ;11'
< A(/ / u(z,,zg)dx,dxz) for all Ry,R2 >0
R,y 0

(2.10)

-

(2.11)

are satisfied with weights u(z,,z2) end v(z),z2) defined as in (2.5) and (2.6). And
actually, in these conditions, A = C provided that C is the constant involved in H,, :
‘ &, -,

Conversely, the boundedness H,, : €}, — £], does hold whenever all the conditions
(2.9) — (2.11) are satisfied. Precisely, the constant involved in the boundedness takes the
form C = ¢(p,q)A where ¢(p,q) > 0 only depends on'the indezes p and q.

A characterization for H.; : &, — ¢}, can be deduced (by duality argument) from
this last result, since this boundedness is equivalent to H;, : E'{,’l — Z,q)l where p;, ¢, and
Uy (ny,n2),V1(ny,n2) are defined as above.

3. Proofs of results

In this section we will give the details of the proof of Theorem 2.1 and sketch the
arguments for Theorem 2.2.

Proof of Theorem 2.1. For convenience the inequality

(/ / [/ / f(y"yz)dyldyz] “(Il,zg)dzldzg)

3.1)
(/ / f”(xl,zg)v(zl,xg)d:z:ldzg) P for all f(-,-)>0
will be denoted by H : L? — L. Our plan is to prove Theorem 2.1 as follows.

A) First we show that the boundedness H : #5, — £J, implies condition (2.2) and
H : L?» — L% where the weights u(z,,z2) and v(z,,z2) are defined from U(n;,ns)
and V(n;,n2) as in identities (2.5) and (2.6). Thus conditions (2.3) and (2.4) follow
readily from the boundedness H : L — L? as it is well-known in (8]. Consequently,
the necessary part in the theorem is verified.

B) Next we check that condition (2.2) implies

0o oo LR R - . ) L
(/ / u(:cl,zg)d:cldzg> (/ / v!-P (z,,rz)d:z:ldzg) <A (3.2)
R, R3 0 0 ’
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for all Ry, R, > 0. Then, because of (8: Theorem 1], the boundedness H : L2 - L3
does hold under conditions (2.3), (2.4) and (3.2).

C) Finally, we prove that condition (2.2) and H : L? — L lead to the boundedness
H : ¢}, — ¢, Therefore steps B) and C) yield the proof of the sufficient part in the
theorem.

Proof of Part A. Suppose that H : £}, — ¢f,. It means that inequality (2.1) is
true for some constant C > 0. Consider integers Ny, N; > 0. ‘Applying (2.1) for any
non-negative (double) sequence F(n;,n,) whose support is {0,..., N} x {0,...,Ny}

then
(i i f(ml,mg))( i i U(nl,ng))%

m1=0 my=0 =N, na=N;

< C( i i fp(m,,mg)y(nl,ng)) :_’-

m;=0my=0

(3.3)

This last inequality implies immediately condition (2.2) (with 4 ='C) by taking F(n,,
n2) = V!7P'(ny,ny) in its support {0,...,N} x {0,..., N2} and by using the identity
(1-plp+1=(1-p)

Next the boundedness H : L} — L is implied by H : &, — €%, as the following
chain of computation shows:

oo oo I T2 q
/ / [/ / f(yl,yz)dyldyz] u(zy,z2)drde,
o Jo o Jo _
ny+1 na+1 T z2 9
/ / [/ / f(y;,yz)dyldyg] u(z1,72)dz,dz;
ny nj; D 0 )

n+1 na+1 q n;+1 . na+1
[/ / . f(ylgy2)dyl dyZ] (/ / u(z1,x2)da:1dx2)
0 0 " ne

[ 3 Z f(ml,mz)]qL((nl,ng)

0'm;=0m,=0

. . 1 1
(b5 wsing (2.5) and setting Fmyma)= 74! "4 141,55 doadys)

< cv(i f: fp(nl,ng)V(nl,nz))ﬁ

n;=0ny=0

M3
Ms

3
Il
()
3
~
Il
o

M
M3

3
fl
o
3
~
]
=)

s
M

3
Il
=)
3
~
1

(due to the boundedness H:l’\’,—‘l:l with the constant C>0)

X = ni+1  pna+l .

ch(z Z(/ / : fp(zi’zZ)v(thZ)dxldI2)
n=0ny;=0 ™ n2 )

1

nmi+1  pna+l , P-1\ 3
x V(nx,nz)(/ / o' 7P (y1,y2) dyy dyz) )
ny nz

(by the definition of F(my,m;) and using the Holder incquality)
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= Cq(/w /oo fP(I],zZ)v(zl’xQ)dxldzz)p
0 o 4

. ny 41 +1 -p! -
(since Vimuma(J71H [775 017 (31,92) dyrdy)? 1=1).

Proof of Part B. To check inequality (3.2), let us consider Ry, Rz > 0 such that
Ny £ Ry < Ni+1and N; € R; < N +1 for some integers Ny, N, > 0. Then condition
(2.2), with the constant A > 0, leads to the test inequality (3.2) with the same constant

since
/ / u(zy,z2)dz1dzy < / / u(zy, z2)dz,dz,
Ry, JR, Ny
ad n+1 na+1
Z / / u(zy,z2)dz1dz)
1=N1n2=N,
Z U(nl,ng)
ny=N, na=N;
and

R, R2 s Ni+1 Na2+1 ,
/ / 7P (z1,z2)dz1dz2 < / / ! 7P (z1,z2)dz1dx,
0 0

Nn m+1 pnatl

= / / l p(:E] :Eg)d:l:ld.'l:g
n;—Ong—O ™

N1 N

= Z Z V“" (nl,ng).

n;=0ny=0

Proof of Part C. First some remarks can be done. For mstance, (2.2) implies
that for some A > 0

1

(,.2,, U(nl,N2)) d (’i:ov,-,l("ihm)) Yo -
(& monm) (£ yonm)’sa

for all Ny, N2 € Np. It is well-known that condition (3.4) implies the one-dimensional
discrete weighted Hady inequality

(i [i *01("‘1)] "u(nth))% < CO"‘(Z 4t ("I)V("th))Jr (.3.6‘)

n,=0"m;=0 n =0

for all ¢,(-) > 0, where ¢o = co(p,q) = (1 + 3—) (1 + ’;—');lr Similarly, from condition
(3.5) then

1

(S > ‘Pz(mﬂ]"U(Nunz))% <ar(y AV )) (@)

ny=0 my=0 na=0
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for all po(-) > 0.

Next we are now in the position to derive the boundedness H : £, — €, by using
condition (2.2) and H : L? — LI. To do this let us split things as

z Z (HF ) (n1,n2)U(ny,n2)

n1=0n;=0

-3 fﬁ[Z > f(m,,mz)]"u(nl,nz) . (38)

M=0n=0"%"m; =0 my=0
=51+S+5:+ 5,
with -
= F9(0,0)4(0,0)

oo

EDY [ Z F(0, mz)] U(0,n3)

nz—o may=0

= Z [ Z f(m,,O)] U(n,,0)

n,—O my=0

Z Z [ i: i f(mlym2)]qu(n1,n2).

m=1lnz=1 "*m;=0m,=0

Consequently, our task remains to estimate each of §; (i € {1 2,3,4}) by a term like

(cA)? (Z > fp("ly"'?)v(nlan?))

n;=0ny=0

where ¢ > 0 is a constant which only depends on the indexes p and q.

Estimate of S;. The conclusion follows from condition (2.2) since
q
Sy = (.7-"’(0 0)V(o, 0)) [u (0, 0)(vl ? (0, 0)) ]
. :
< Al (fP(O,O)V(O, 0)) ? (by condition (2.2) with Ny=N3=0)

< A"<i i fp(nl,nz)V(nl,ng))ﬁ

n=0n,=0

Estimate of S;. The main point is the Hardy mequa.hty (3.7) (with N, = 0)

Indeed,
n}; [Z f(O,mg)J qu(o,ng)

ma=0

< (coA)? <,.;i;o F?(0,n2)V(0,n, )) ;

< (coA)"<Z f: fp(nl,ng)\)(nl,ng))%

n;=0n,;=0
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Estimate of S;. As for 53, the proof is based on the Hardy inequality (3.6) (with
N3 = 0). The details are left to the readers.

Estimate of S;. It can be noted that for some constant ¢, > 0, which depends
only on ¢, then

oo oo n n q
Sy = z=l z::l[ Zl: Z’ f(ml,mQ)] U(nl,ﬂz) < (541 +S4Q+S43+S44)

my=0my=0

where o oo

Sy = Z Z Fi(n1,n2)U(ny,n2)
ny=1ny=1
oo oo pnz—1

Ss2 = Z Z Z f(nl,mz)] u("la"?)
ny=1n=1"m,;=0

rny—1 q ’

Sa3 = z Z Z -7‘-("11,712)] U(ny,na)

n=1ny “m, =0

rnp—1'na—1

Sas = Z_:l Z_: Z Z -r(ml,"h)] U(ni,n2)

1*m;=0my=0

The term S4; can be estimated just by using condition (2.2) since

Sa1 = f: i (fp(nl,nz)V(nl,ng)),;l:u%(nl,nz)(vl—p’(nl’nz));l']q

ny=1nz=1

<A Z Z (f’(nl,nz)V(nl,n2)> (by (2.2))

n=1n;=1

<A (2 Z fp("h"'?)v(nl»nﬂ)) (since & > 1).

n,=0 n;—O

The estimate of S is essentially based on the Hardy inequality (3.7). Indeed,

< i > [ Z f(nl,mg)]qU(nl,ng)

ni;=1n3=0"my=0

L
4 .
< (C()A)q Z (Z f”(nl,ng)V(nl,ng)) (by (3.7) with Ny=n,)

ny=1 ‘ny=0

oo (=] i
< (CoA)q(Z Z fp(nl,"z)v("x,nz)) (since £>1).

n;=0n;=0

The term Ss3 can be bounded similarly as Sy; by using the Hardy inequality (3.6). The
estimate of Ss4 makes use of the boundedness H : L? — L%, say with the constant c; A
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where ¢; > 0 depends only on the indexes p and ¢. Indeed,

ni—1 ny—1 g pn+1 na+1
Z Z [ Z Z f(ml,mg)] / / u(zl,xg)d:z:ldzz
ny na

n=1n=1"m;=0m,=0

544

(by the definition of u(zy,z2) in (2. 5))

n+1 n,+1["1 1 na—1
</Y:1 /

ml—o mz—o

n,—l na=]

my+1 ma+1 q
/ / f(yl,yz)dyldyz] w(zr, 22)dr dzs

(Wherc f(yl,yz)=Z:°=° : o FrLk2) Ty iy 41y [ao, k,+1)(!11,!l2))

A4l g+l
/ / [/ / £ yl,yz)dyldyz] u(z1,z2)dz,dzy
n= lnz- m
S/ / [/ / f(y;,yz)dyldyz] u(zy,z2)dz dz,y
o Jo Lo Jo

< (CgA)q (/oo /Oo fp(Il,ZQ)U(Il,IQ)dl‘ldIg) ’ (since H:Lz—OLz)
ny+1 ng+1 I;
= (czA)q(z Z / / f”(z:l,xg)v(z,,zg)dmldzg)

n;=0 np=0

= (ch)"(Z Z f’(n,,ng)V(nl,ng))%

n; =0 ny=0

(by the definitions of f(z,,z2) and v(z,,z3) in (26)) ’

This way Theorem 2.1 is completely proved i

Proof of Theorem 2.2. We will restrict to outline the main lines of the proof,
- since the arguments are the same as those used for Theorem 2.1. To do this, it can be
noted that the boundedness Hy, : L? — L, i.e.

(/ / [/ / f(yx,yz)dyndyz] u(xl,xz)d:cldxz) )

L A (3.9)
(/ / f? (m,a:z)v(xl,x?)dm]dzz) ' tor all f(r, N 9

is equivalent to the three conditions

x Rz ‘qL }%1‘ oo . , ;1r
,T2)dzd it ,T2)dzd
(/R, /0 u(zy, z2)dz, 1:2) (/0 /R2 v (z1,22)dzy 1:2) (3.10)

<A forall Rj,R, >0
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(/R' /R [/ / - ’(yl,yg)dyldyg} u(zl,zg)dzld:tg)

R) 'P‘
< A(/ / 19 (g, zg)dzldzg) for all Ry, Rz > 0
Ra .

U LU L s i) - »'u,,xz)dxld,z)f?

R, :
<A</ / u(zl,zz)dz,du)’ for all Ry, Ry > 0.
Ry

The proof of Theorem 2.2 will be fulfilled after doing the following three steps.

(3.11)

(3.12)

A) First we have to show that the boundedness Hj. : €}, — £], implies condition
(2.9) and Hy, : L? — L% where the weights u(z,z2) and v(z,,z,) are defined from
U(ny,n2) and V(ny,ny) as in (2.5) and (2.6). Thus conditions (2.10) and (2.11) follow
readily from (3.11) and (3.12), respectively. These last conditions are implied by Hj., :
L? — L% as it is noted above. And consequently the necessary part in the Theorem is
verified.

B) Next we have to check that condition (2.9) implies (3.10). Consequently, the
boundedness H;, : L} — L{ does hold because of (3.10), (2.10) and (2.11).

C) Finally, we have to show that condition (2.9) and H,. : L? — L% lead to the
discrete boundedness H,, : Z’{, — E?l.

Therefore Steps B) and C) yield the proof of the sufficient part in Theorem 2.2.
Acknowledgement. The author would like to thank the referee for having pointed

him out that the idea to solve the discrete problem via the corresponding continuous
one was previously used by G. Hardy, J. Littlewood and G. Pélya in [1].
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