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Existence Theorems
for Boundary Value Problems
for Strongly Nonlinear Elliptic Systems

Hohg Thai Nguyén

Abstract. Let L be a linear elliptic, a pseudomonotone or a generalized monotone operator
(in the sense of F. E. Browder and I. V. Skrypnik), and let F' be the nonlinear Nemytskij
superposition operator generated by a vector-valued function f. We give two general existence
theorems for solutions of boundary value problems for the equation Lz = Fz. These theorems
are based on a new functional-theoretic approach to the pair (L, F'), on the one hand, and on
recent results on the operator F, on the other hand. We treat the above mentioned problems
in the case of strong non-linearity F), i.e. in the case of lack of compactness of the operator
L - F. In particular, we do not impose the usual growth conditions on the nonlinear function
f; this allows us to treat elliptic systems with rapidly growing coefficients or exponential non-
linearities. Concerning solutions, we consider existence in the classical weak sense, in the so-
called Loo-weakened sense in both Sobolev and Sobolev-Orlicz spaces, and in a generalized weak
sense in Sobolev-type spaces which are modelled by means of Banach Loo-modules. Finally,
we illustrate the abstract results by some applied problems occuring in nonlinear mechanics.
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0. Introduction

The present paper is concerned with the existence of solutions of strongly nonlinear
elliptic boundary value problems, i.e. boundary value problems for elliptic equations
and systems of the form. .

Lz =Fz . . (1)

on an open bounded subset  of R¥ (N > 2), where L is a linear or nonlinear elliptic
differential operator of order 2k in the divergence form '

Le= 3 (~1)*ID%as(s, bx2(s)) )

loj<k
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with coefficients a, satisfying conditions (including growth conditions) which guarantee
the solvability of the problem Lz = h. The Carathéodory function f(s,u): 2 x R™ —
R™ generating the nonlinear Nemytskij superposition operator F (see, e.g., [3 - 4])
where

Fa(s) = f(s,2(s)) 3

satisfies some condition but has otherwise completely inrestricted growth ("strongly
nonlinear” growth) with respect to u € R™. In other words, the "strong non-linearity”
of F means that we have to consider the cases of the operator L — F with ”lack of com-
pactness” and of "critical exponents” in the "exact” Sobolev embedding theorems (S. L.
Sobolev, S. I. Pokhozaev and N. S. Trudinger and their generalizations). The nonlinear
function f is assumed in the present paper to satisfy a general one-sided estimate, which
covers all the so-called ”sign condition” and ”generalized sign condition”. We point out
that the above one-sided estimate is not sufficient for getting existence results in the
non-scalar vector case m > 1 (i.e. the case of systems of equations), and so for this
case we should suppose some addittional conditions on the growth of f. This one-sided
estimate, in particular, "compensates” the lack of both compactness and monotonicity
type conditions of L — F. ’ T )

Such problems in the scalar _cas;a (i.e. m = 1) were first considered by F. E. Browder
(9] and later on up to the present time by P. Hess, H. Brezis and F. E. Browder, J. Webb,
J.-P. Gossez and others (see, for example, [6 - 8, 10, 15 - 16, 18, 23, 34], and the literature
cited therein) via variational and topological methods. Lo :

In ;,his paper we shall present two general existence theorems (see Theorem 1 in
Section 7 and Theorem 2 in Section 8) following ideas of our dissertation (26] for problem
(1). We consider both systems with polynomial growth coefficients and with exponential
growth coefficients, as well as, both the existences in the usual weak sense and in the
so-called L.-weakened sense of H. Brezis and F. E. Browder in Sobolev spaces and of J.-
P. Gossez in Sobolev-Orlicz spaces, and in more general spaces as so-called generalized
Sobolev spaces (which are modelled by means of Banach function Ls-modules).

These theorems are based, on the one hand, on a new function-theoretic approach to
the pair (L, F'), which unifies all the approaches of [7 - 10, 15 - 16], and the approaches
[2, 26, 37], and which is applicable not only to linear strongly elliptic operators L or
pseudomonotone operators L but also to generalized monotone operators L in the sense
of Browder and Skrypnik (see, e.g., [29, 31 - 32]) and, on the other hand, on the recent
theories of Banach function .L.,-modules of vector-valued functions and of nonlinear
operators acting in such spaces, which are presented in 3 - 4, 25 - 27, 36]. We point
out that the structure of such spaces is much more complicated than in the scalar case,
and thus the results presented here are not just generalizations from scalar differential
equations to systems. o

The plan of our paper is the following one. In Section 2 we shall give simplest
variants of the two main theorems, namely Theorem 1 in Section 7 and Theorem 2 in
Section 8 for the quasilinear elliptic boundary value problem (1) where the nonlinear su-
perposition operator F'is a ”strongly non-linearity” and L is a operator, which is weakly
nonlinear in the sense of M. I. Vishik - Yu. A. Dubinskij (see, e.g., (11)) [L € ¢(L)],
pseudomonotone in the sense of H. Brezis [L € €(BM)) (in particular, a "variational
operator” of J. Leray-J.-L. Lions) (sec, e.g., [21)), generalized monotone in the sense of
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F. E. Browder - I. V. Skrypnik (see, e.g., [29, 31 - 32]) [L € €(BS)), or pseudomonotone
with respect to complementary systems in the sense of J.-P. Gossez (see, e.g., [14 - 15,

17)) (L € €(GM)].

For these Theorems we shall give the definition of a complementary system
(V) VOy W) WO)

in Section 3, introduce the classes of spaces 3v (L, F, §) in Section 4 (connected with one-
sided estimates and the strong non-linearity of F), M(L, F) (with the exact definitions
of the classes €(L), €(BM), €(BS), €¢(GM)) in Section 5, condition (R1) in Lemma 3
and condition (R2) in Lemma 4 in Section 6, 3v(L, F,T) and N(L, F,T) and Tr(Vp,T)
in Section 8, and finally give some applications in nonlinear mechanics in Section 9.
We point out that these theorems can be extended also to variational elliptic in-

equalities as well as in many papers cited in [17], and we shall treat in detail this in a
forthcoming paper.

1. Some terminology and notations

For our analysis in this paper we need the following notions concerning Banach spaces
of measurable functions, in pa.rtlcular the class of Banach Loo-modules (see [25 - 27,

36]).

Recall [36] that a Banach space X of measurable functions z : £ — R™ with norm
|-l x is called a Banach Loo-module (Banach function Leo-module) if z € X and a € Leo
imply that az € X and |laz||x < |lalli ||lzlix. Here Loo = Loo(£2,R) is the Banach
algebra of all essentially bounded measurable scalar functions defined on Q. In the
scalar case m = 1, Banach Lo.-modules are just Banach lattices with monotone norm
(see, e.g., [5, 22, 33]) In the vector case m > 1, the theory of Banach Loo-modules is
more involved and requires tools from Convex a.nd Set-Valued Analysis (see [25 - 26]).
A prominent example of a Banach L-module is the Orlicz space LM = Ly(Q,R™)
with the Luxemburg norm

lzllL., =inf‘{z\>0: /‘)M(s, (,\))ds<oo}

where M : @ x R™ — [0,00] is a given Young funtion (see, e.g., [5, 24 - 25, 30]).
If M(s,u) = |lu]|? (1 £ p < o), the Orlicz space Ly is just the Lebesgue space
L,. Other important examples of Banach Loo-modules are the Lorentz space and the
Ma.rcmkxewxcz space which are modelled by means of Ly (see, e.g., [5, 19]).

Let X be a Banach Lo,-module with the property that there exists a sequence
{zi}ien C X such that the linear hull of {zi(s)}ien coincides with R™ for almost all
s € Q. Then there exists the non-trivial so-called (K&the) associate space X' of all
measurable functions z’ : § — R™ for which the pairing of measurable functions

(z,2') = /n (a(s),2'(s)) ds
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is finite for every z € X, where (-,-) is the usual scalar product in R™. The space X'
equipped with the natural norm

l='llx: = sup{(z, ') : llzllx < 1}

is then also a Banach Lo-module. X’ can be interpreted as closed subspace of all
integral linear functionals of the dual space X*. For example, if X = Ly, then X' is
the Orlicz space Lps- generated by the associate Young function

M*(s,v) = sup {(u,v) —M(s,u): ue R"‘}.

We have (L,) = L, where % + ;——, =1 (1<p< oo)

The regular part X° of a Banach Loo-module X is defined as Banach Lo,-module of
all measurable function z € X with absolutely continuous [equi-continuous) norm, i.e.

X° = {:z: €X: mesl(lg_qo IPoallx = 0},

where Pp denotes the multiplication operator by the characteristic function xp of a
measurable set D. If X = X°, then X is called a regular space. The space X' coincides
with the dual space X* of X if and only if X is regular. The space Ly is regular if and
only if M satisfies the A;-condition (see [24, 26, 30]). The space L, is regular if p < oo,
and is not regular if p = oo. : )

The embedding ¥ C X of Banach L-modules X and Y is called absolutely
bounded if the unit ball of Y is an absolutely bounded subset of X (under other name,
it has uniformly absolutely continuous [equi-continuous] norms), i.e.

lim sup ||Ppz|lx = 0.
mes(D)—0 ||y <1 | "

For example, the embedding L, C L, is absolutely bounded, if p>q.

Let a Banach L.,-module I of the associate space X' be total on a Banach Lo-
module X. Then, a subset M of X is called a I-weakly [o(X,T)-weakly] absolutely
bounded set if the condition

lim “sup(Ppz,z) =0 zel
wdm sup(Pozz) =0 (zeT)

holds. Later on the symbols « or << denotes continuous imbedding or compact
_imbedding of corresponding spaces, respectively. Denote by S(£2,R™) the metric space
of all measurable functions z : © — R™, equipped with the metric convergence in
measure. For every Banach Lo,-module X we have X «— S(Q2,R™).

Remark that the theory of the Nemytskij superposition operator F acting in Banach
Loo-modules and in Orlicz spaces is given in [3 - 4, 26] for the vector case m > 1, and
in [5] for the scalar case m = 1.
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2. Simplest variants of main existence theorems

In this Section we present the simplest variants of the Main Existence Theorems 1 and
9. . .

First, we formulate the following simplest variant of Theorem 1 (for operators L in
¢(L), €(BM) or €(BS)) on the existence of solutions for the boundary value problem
(1) with € V_where V with W¥(Q) — V < WE(Q) (1 < p < o) is a reflexive
Banach space of vector functions w1th values in R™ and L is a 2k’s order formal elliptic
operator generating the operator L : V — V*. We denote by Z a "minimal” Banach
Loo-module such that V is continuously (but non-compactly) embedded into Z (the
imbedding inclusion V < Z is defined by means of Sobolev embedding theorems and
their various generalizations).

Theorem 1'. Let X, Y, T C S(Q,R™) be Banach Lo,-modules, Z C T, Z C X
and Z C Y, and suppose that following conditions are satisfied:

(P1) L: V — V* is a bounded operator, either hemicontinuous pseudomonotone in
the sense of H. Brezis, or generalized monotone in the sense of F. E. Browdcr

- I V. Skrypnik. - _
(P2) There ezists a Carathéodory function H : @xR™ — [0, 00) such that (u, f(s,u))
< H(s,u) and (Lz,z) — H[z] > 0 (|lz]lv > r > 0) for some r > 0.
(P3) The embedding Z C Y is absolutely bounded, and there ezists a Carathéodory
© function B : Q2 x R™ — [0,00) such that (u, f(s,u)) < B(s,u) and the superpo-
sition operator B generated by the function B(,-) acts from Y into L{Q, R).
(P4) Etther
(a) m = =1 (the case of scalar equations) and X =T and F acts from T" into I
or , | ‘
(b) m > 1 (the case of systems of equations), Z C X and F : X — I maps bounded
subsets of X into I'-weakly absolutely bounded subsets of I

or else

(c) m > 1 (the case of systems of equations), the ;mbeddmg Z C X is absolutely
bounded and F acts from X into I'.

Then problem (1) has at least one solution in V C X.

We point out that in the case L € €(L) (in particular, in the case of a linear
operator L) we can drop condition (P3). Then we get results containing as particular
cases existence theorems obtained in [2] via other methods.

Second, we formulate the following simplest variant of Theorem 2 on the existence
of solutions in the ['-weakened sense for problem (1) where L € €(BM) or L € €(GM)).
We formulate this variant of Theorem 2 for the case when L € ¢(BM),T' = Lo and
V W"(Q) (1 < p < o0) that corresponds to the Dirichlet problem. Let L : Wk(Q)

"(Q) be a 2k’s order-elliptic operator, p’' = —L -We recall that the boundary value
problem

Lz=Fz (z€ W;(Q)) (4)
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is solvable in the Lo.-weakened sense if there exists a function z. € W:(Q) such that

(W, Lz.)v = (y,Fz.) (v € Los N WE(Q)) (5)
(e, Lz,)v = (2., Fz.). (6)

Let X,Y C S(Q,R"‘) be Banach Lo,-modules, Z C X and Z C Y, where Z = L,.

if kp <N, Z = Lo if kp > N, and Z = L} if kp = N (here p* = 52 and

#(s,u) = exp(”ullFLl) —1). By the exact embedding theorems of S. L. Sobolev (see
(1)) and of S. I. Pokhozaev - N. S. Trudinger (see {1]) W;(Q) is continuously (but non-
compactly if kp < N) embedded into Z. Remember that Lj is the regular part of the
Orlicz space Ly (equivalently, it is the closure of the set of continuous functions in Lg).

Theorem 2'. Suppose that the mentioned above conditions (P2) - (P4) for I' = Lo,
but without Z C T, and the following condition

(P1') L : W:(Q) — WPT"(Q) is an operator, which is bounded hemicontinuous and
pseudomonotone in the sense of H. Brezis

are satisfied. Then problem (4) has at least one solution z, in the Loo-weakened sense
(8) - (6).

We point out that by the scheme for L,,-weakened solutions in the papers of F. E.
Browder, F. E. Browder and H. Brezis, P. Hess, J. Webb, J.-P. Gossez, V. Mustonen,
and others mathematicians (see, e.g., [6 - 10, 15 - 16, 18, 34] and the literature cited
therein) one can consider only the case when m =1 and H(s,u) = B(s, u) = b(s) with
b€ L($2,R) (i.e. when the so-called "sign” condition (u, f(s,u)) < b(s) is satisfied). We
would like to point out that this "sign” condition turns out not to be sufficient for the
existence of solutions in the non-scalar vector case m # 1 (i.e. the case of systems of
equations), and so for this case we should suppose some addittional conditions on the

growth of f as in the above condition (P4)/(b) and (c).

3. Elliptic differential operator L and complementary system
(V1V0;W;w0) )

In this section we give the definition of an elliptic differential operator L in a comple-
mentary system (V, Vo; W, Wy) and some facts about the construction of complementary
system in applications.

- Let © be a bounded open subset in the Euclidean space R¥Y (N > 2); a =

BT - Bsnan Nk

(e1,...,an) a multi-index with non-negative natural components, |a| = Z;V aj. If
z = z(s) = (z1(s),...,Zm(s)) is some vector-valued function, then denote
, ool - i< (N + k)
Dy = /7 Sk = {D“:rj}fa—l'snk, k(N)= ~——*=.

Let' L be a 2k’s order elliptic differential operator in the divergence form (2) where
aq : @ x R™¥N) 5 R™ are Carathéodory functions, i.e. aq(-,u) is measurable for all u
and aq(s,-) is continuous for almost all s.
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Let V and W be two Banach spaces, V of vector-valued functions z : @ — R™ such
that z and its distribution partial derivatives up to order k lie in S(f2,R™). Suppose
that (V, W) is a duality pairing with respect to a bilinear form (-,-)y for which

(Zy)v = (z,9)  (z €V CSER™),yeWnSQR™) (7)

holds. Further, let
(V,Vo; W, Wy)

be a complementary system in the sense of T. Donaldson - J.-P. Gossez [13 - 14], i.e.
Vo C V and Wy C W are subspaces such that, by means of (-, )y, V" can be identified
with (i.e. is linear homeomorphic to) W and Wy with V.

Suppose that the formal differential operator (2) defines the operator L : V —

W with domain D(L) D V, (which, in general cases, is not everywhere deﬁned and
nonlinear) by

(v,Lz)v = L(z,y)  (y € Vo,z € D(L)) G
and

L(z,y) =/ Z (aé(s,5kr(3)),D°y(s))ds. (9)

R al<k

We point out that in appiications for the case of reflexive Banach spaces V we shall use
the complementary system (V,V;V*,V*). In applications for the non-refexive case we
shall use for the Dirichlet problem the system

(WkE, WkEo'; W_kE’, W—k(El)O)
and for the Neumann problem the system
(V,Vo; W, Wp)  with V=WF*E and V, = WFE®

(see references in (13 - 14, 17, 19]). Here E C S(,R™*N)) is a Banach L,-module
and E° is its regular part (see Section 1), and W*E is the "generalized” Sobolev-like
space (modelled by means of E) of vector-valued functions z with the norm

lzllwe e = lléezll e (10)
(6kz is the vector of which components are all distribution partial derivatives of z up to
order k), and WEE is the o(E,(E'")°)-weak closure of C(,R™) in W*E. Remember
(see, e.g., [13 - 14, 21]) that V with W" cVc W" (the usual Sobolev spaces) corre-
sponds to boundary value problems for equations havmg coefficients with polynomial
growth, and V with WLy C V € WELy (the Sobolev-Orlicz spaces) corresponds
to boundary value problems for equatlons havxng coefﬁcxents with rapxdly or slowly
in¢reasing growths, etc. : : S SIS
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4. Class 3y (L, F,3)

Let f : @xR™ — R™ bea Carathéodory function generating the superposition operator
F:V — W and having domain D(F). Sections 4 - 8 devote the existence investigation
on the boundary value problem (1) where L : V — W is the operator with domain
D(L) which was introduced in Section 3.

We put ‘ ’
Tv(r)={z €V |z|ly < r} (0<r <o) (11)
and

H(r)={Lz:z € Ty(r),Lz = §Fz for some 6e=} . (12)
where Z is the set of all measurable scalar functions such that 0 < 6(s) <1 for almost
all s € Q. We recall that (Y,T) € 3v (L, F, F) (here I'is a total on a Banach L.,-module

Y Banach Los-submodule of Y') if the sets H(r) (0 < r < o0) are I'-weakly absolutely
bounded in Y.

The verification of the inclusion (Y, T') € 3v(L, F, F) is connected with many consid-
erable difficulties. We shall describe the main non-trivial scheme for this in the present
section.

We shall be interested in the imbedding V —<— $(Q,R™) and in constructing a
Banach Loo-module X such that V < X or V << X. The imbedding V < X can be
defined by embedding theorems of Sobolev type, and the imbedding V —<— S(£2,R™)
follows from theorems of Rellich-Kondrashov type (see, e.g.,, {1, 19] and the various
literature cited therein). '

The verification of the imbedding V << X is connected with the following lemma.

Lemma 1. Let Xo,X C S(,R™) be Banach Loo-modules, V < X,, V s
S(Q,R™) and Xo C X be an absolutely bounded embedding. Then V —< X holds.

Proof. By assumptions the unit ball of V is pre-compact in S(f2,R™) and abso-
lutely bounded in the Banach L.-module X. Hence, it is pre-compact in X by [27:
Theorem 8] i

We recall that (L, F)) € Po(V, Z) (where Z is a Banach Loo-module and V < Z) if
f satisfies the inequalities . . -

(mu, f(s,u)) < Ax(s,u) 20 (Ax(s,0) =0) (13)
and if the inequalities

lAxzlle < ax(r)  (lzllz <77 e P)

' (14)
(mz,Lz)y > cx(r) (reP,zeTv(r)n D(L))
hold where ax(r) and cx(r) (r > 0) are constants, and A, : 2 x R™ — R are superposi-
tionally measurable (for example, Carathéodory) functions generating the superposition
operators A,, and P = {n} is some (maybe, empty) family of orthogonal projectors in
R™ which commute with operators L and F. In applications, P = {0}, P = {I} with
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I the identity operator or P = {.;: j-=1,...,m} where .; is the operator of passing to
the 7’th component.

We put

A(dy) = {L:c (T € D(L),/n |(wz(s), Lz(s))|ds < d,,} (w € P). (15)

Lemma 2. Let (L,F) € Po(V,Z). Then H(r) C A(dr) where dr = 2an(cr) —
cx(r) (7 € P) and c = ¢(V, Z) is the imbedding constant of V into Z.

Proof. Assume y € H(r). Then for some z € Ty(r) N D(L) and for some § € =,
y = Lz = §Fz. Evidently,

/(wz,OFz)ds = /(7r:v,L1:) ds = (wz,Lz) > ca(r).
0 Q .
For each measurable set D we have
/(ﬂx,OFr) ds < / Arz(s)ds = ||Ax(Ppz)||L < an(cr).
D D

Let Q(7) denote the set of all s €  such that (z(s),8(s)Fz(s)) > 0. Then

/{;I(nx,Lx)|d;=/Q|(7r:r:,0Fz)|dsl= (2/{2(”);/()) (nz,0Fz) ds

<dr =2ax(cr) — cx(r) = dn(r)

and the lemma is proved il

Now suppose that f satisfies else the inequality (in this case we write f € P°(V))

(v, f(s,u)) S ) exl(mu, f(s,u))l + P(s,u) + Q(s,v) + R(s,v,u) (16)

neP

where ¢, (7 € P) are non;negative constants and P,Q, R (R(s,v,0) = 0) are Carathéo-
dory functions such that the corresponding superposition operators P, Q, R map V,I", I’ x
V into L(, R), respectively, where T is a total on Y Banach Leo-module of Y'.

Proposition 1. Assume Y =1", (L, F) € Po(V, Z), and f € P°(V), and that one
of the following condstions is satisfied:
i) Voo X

(ii)) V — X, the operator P is bounded on each ball of X', and the operator R(z,-)
1s absolutely bounded on each ball of X for every fized z€ . o

(iii) V — X, T is a regular Banach Lo -module, i.e. T = T°, and the operator
R(z,-) s bounded on each ball of X for every fized z €r. - T

Then (Y,T') € 3v(L,F,F). -
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Proof. From Lemma 2 and (16) the inequality

[(Pp2,0F )| < XY cada(r) + APzl + AIPOQ(A™"2)ll1 + MIPoR(A 2, 7)1
nEP

follows where 0 < A < 00, z € T, Lz = Fz € H(r), z € Ty(r) and 8 € =. By (17) and
the assumptions of Proposition 1 we have

[(Ppz,0Fz)| < A Z cndx(r) + A sup ||Pz|L
€P llzllx <cr
+AIPoQ(A™"2)|[ + A Sup IPDR(A™ 2, 2)||.

Ty(r)
Lz=0Fz

(0</\<°o)'

where c is the imbedding constant of V «— X.

By either V <5< X or the boundedness of the superposition operator P : X —
L(Q,R) it follows that for every fixed € > 0 we can find a suitable number A, > 0 such
that

[(Ppz,8Fz)| < €+ ANPpQ(A; " 2)l| + A Sup IPDR(A 2, 2)llL.
c€Ty (s .

Lrz=¢Fsz

By the Krasnoselskij type continuity theorem for superposition operators acting in Ba-
nach Lo,-modules (see, e.g., [4: Theorem 3]) and of the Vitali-Krasnoselskij compactness
criterion (see, e.g. [20] and [27: Theorem 8]) for subsets in L(Q, R), in the case when
assumption (i) or (ii) holds, the equality

lim su Ppz,0Fz)| =0 18
mes(lD)—oO zLET‘:IE‘) I( b >| ( )

holds and, in the case when assumption (iii) holds, the inequality

sup |{z,8Fz)| < oo
€Ty (r)
Lz=0Fz
holds which, by regularity of the Banach L-module I' and the Banach-Steinhaus
theorem, is (see [26] and [27: Theorem 8]) equivalent to (18). Equality (18) means
that the set H(r) (see (12)) is I-weakly absolutely bounded in Y for all r > 0, i.e.
(Y,T) € 3v(L, F}') |

As simple but important specializations of Proposxtlon 1 we obtain the fol]owmg
two corollaries.

Corollary 1. Suppose Y = I" and suppose that one of the following condttzons 1s
satisfied:
(i) V > X and the operator F acts from X into Y.

(i) V — X, and the operator F : X — Y maps every bounded subset of X into a
I'-weakly absolutely bounded subset of Y.

(iii) V — X, T is a regular Banach Loo-module, and the operator F: X — Y maps
every bounded subset of X into a I'-weakly bounded subset of Y.
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Then (Y,T) € 3(L, F, F).

Proof. We have
(v, f(s,u)) £ R(s,v,u)

where R(s,v,u) = |(v, f(s,u))|- As assumed, all assumptions of Proposition 1 hold for
the case when P = {0}, P(s u) = Q(s,v) = 0. Hence, from Proposition 1, Corollary 1
follows B

Corollary 2. Assume Y =T, m=1,(L,F) € Po(V,Z) and P = {I} with I
the identity operator. Suppose, moreover, that the superposition operator F acts from T’

tnto Y. Then (Y,T) € 3(L,F,F) if V—— S(Q,R™).
Proof. We set 3
T - f(syu) =sup {|f(s,w)] : |w| < |u]}.

Then (see [4: Lemma 5], noting that coci f = [-1, 1)) f will be also a Carathéodory
function and the superposition operator f acts from I into Y, too. We have

(v, £(s,u)) < Pl 1f(s,u)| < [uf(s,u)l + R(s,v,u)

where R(s,v,u) = |v|f(s,v). Hence, condition (1) of Proposition 1 follows in the case

when P = {I}, ¢ = 1, P(s,u) = Q(s,v) = 0 and X is an arbitrary Banach L .-

module such that the 1rnbeddmg Z — X is absolutely bounded (and then, by Lemma
, Voo X) This proves that Corollary 2 follows from Proposition 1/(i) il

In the end of Section 4 we remark that the condition (Y,T) € 3(L, F, F) is analogous
to the so-called k,-compactness and b,-boundedness of the non-linearity F in the sense
of [35]. Via the schemes [35] and (28] one can find other complicated sufficient conditions
which guarantee (Y,I) € 3V(L F,F), and, in particular, a vector analog of Corollary
2 by using P = {.; : j = 1,...,m} where .j is the operator of passing to the j’th
component.

5. Classes n(L, F), ¢(L), ¢(BM), ¢(BS) and ¢(GM)

We recall that (V, Vo, W, Wy) € M(L, F) if for any sequences {z,} C D(L) and {4, } C=
such that . ) .

Lz, =6,Fz,

Z, converges to T in the metric of S(Q,R™)

T, converges in the weak topology o(V, W),

6, converges to 1 in S(2,R™),

- Lz, converges to « in the weak topology o(W, V),

Lz = k = Fz follows. Remember that, as before, = is the famxly of all measurable
scalar functions @ such that 0 < 6(s) < 1fora.a. s € Q.

* The verification of the inclusion (V,Vo; W, W) € N(L, F) is connected with the
following well-known concrete classes of operators L and with the inclusion (Y,T) €

3v(L,F,F). In this paper we use the classes €(L), €(BM), €(BS) and ¢GM) of L
which will be defined below.
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We recall (see Yu. A. Dubinskij [11], and also [31 - 32]) that L € €(£) if V = V, is
a reflexive Banach space, W = W, = V*, and the operator L : V —» W (D(L) = V)
is bounded and weakly continuous (i.e. Lz, weakly converges to Lz if a generalized
sequence T, converges weakly to z; in the case of a separable Banach space V it is
sufficient to consider a usual sequence z,).

We recall (see [21] and Brezis’s papers cited therein) that L € €¢(BM) if V = V,
is a reflexive Banach space, W = Wy = V*, the operator L : V - W (D(L) = V) is
bounded, weakly continuous on every finite-dimensional subspace of V and of the type
(M), i.e. has the following property (M): for every sequence {z,} such that z, — z
weakly, Lz, — & weakly and limsup,,_, . (zn, Lza)v < (z,&)v it follows that k = Lz.

We recall (see, e.g., [29, 31 - 32, 38]) that L € €(BS) if V = Vj is a reflexive
Banach space, W = Wy = V*, L:V - W (D(L) = V) is a bounded operator, which
is demicontinuous (i.e. which maps every convergent in norm sequence into a weakly
convergent sequence) and it has the Browder - Skrypnik property' (so-called condition
(8)+): for any sequence {z,} such that z, — z weakly and lim,(z, — z, Lz,)v < 0 it
follows that z, — z in norm.

We recall (see J.-P. Gossez [13 - 14}, and also [17]) that L € C(GM) if

1) D(L) D V, and L is continuous on every finite-dimensional subspace of V as an
operator acting from V into (W, a(W, V,)) :

2) L is sequentially pseudomonotone, i.e. for any sequence {z,} C D(L) such that
Tn — z in the weak topology o(V,W;), Lz, — & in the weak topology o(W,Vp) and
limsup,_oo(zn, Lza)v < (z,k)v it follows that = € D(L), k = Lz and (z,,Lzn)v
converges to (z,k)y.

We recall that V € 91(F) if for any sequences {z,, } and {6,} C = such that z,, — zin

the weak topology o(V, W;) and in S(Q,R™), 6, — 1in S(,R) and |(zp, 6, Fz,)| < oo,
the inequality ' 4
lim sup(zn,8,Fz,) < (2, Fz) < 0 (19)

n—oo

follows.

Proposition 2. Suppose (u, f(s,u)) < B(s,u) > 0,'with B:QxR™ -5 Ra
Carathéodory function generating the superposition operator B : Z, — L(Q,R) where
Ve~ Z, and Z, C S(Q,R™) is a Banach Loo-module. Then V € M(F).

Proof. Assume that {z,} and {6, } are sequences of functions in the definition of
V € N(F). Then from V —<«s Z,, it follows that z, — z in the norm of Z.. By
the Krasnoselskij-type continuity theorem (see, e.g., [4: Theorem 3)), the superposition
operator B : Z, — L(,R) is continuous, and consequently, Bz, — Bz in L(Q2,R). By
the Nemytskij theorem (see, e.g., in [20]), 6,Fz, — Fz in S(9, R™). . ..

.Further, by Bz, (s) — (zn($),0nFza(s)) > 0, from the Fatou lemma the inequality

hnnllo%fL (Bza(s) = (za(s),0nFza(s)))ds > L (Bz — (z,Fz)) ds (20)
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follows. This inequality implies that
0< / (Bz — (z,Fz)) ds
1]

< lim inf/ Bz,(s)ds + liminf/ ( - (mn,Oan,,))ds
1} n—oo Jo

n—00

n—oo

=/ Bz(s)ds —limsup/(x,.,ﬂ,,Fz,,)ds.
Q Q

Consequently,

n—o0

limsup/(:c,.,G,,an)ds < /(I,F:v)ds < / Bz(s)ds < 0o
Q Q Q

which proves (19) i

Proposition 3. Assume I' = Y, Vo — T and that one of the following conditions
13 satisfied:

(i) Le c(l:): (Y1 F) € 3V(L1F,f)

(ii) L € ¢(BM), (Y,T) € 3v(L,F,F), V € WF).

(iii) L € €(BS), (Y,T) € 3v(L,F,F), V € N(F).

(iv) Le &(GM), (Y,T) € 3v(L,F,F), V€ N(F).

Then (V, Vo; W, W) € N(L, F).

Proof. Let z,,6,,x,z be functions in the definition of M(L, F). First, we consider
the case when condition (i) is satisfied. Then, by L € €(L) we have at once the equality
Lz = k. It remains to prove x = Fz. Since 8, — 1 in $(,R) and z, — z in S(Q,R™),
then by the Nemytskij theorem (see, e.g., in [5, 20]) 6, Fz, — Fz in S(Q,R™). Since
(Y,T) € 3(L,F,F) and the set {z,} is bounded in V, the set {#,Fz,} is [-weakly

absolutely bounded in Y. By the Vitali-Krasnoselskij convergence theorem (see, eg.,
(20] and (27: Theorem 8]) in L(£,R),

(2,0n Fz,) — (2, Fz) (zel) (21)

as n — oo and therefore 6, Fz, — Fz I-weakly in Y. Since Vj - I'and I" = Y,
the restriction of every functional (-,y) on Vo (y € Y) is a element of V; = W. By
the definition of a complementary system (V, Vo; W, W;) (see Section 3) it follows that
(z,Gan,‘.) = (2,6nFzn)v and (2, Fz) = (2, Fz)y (z € V,). From (21) it follows

(2,00 Fza)y — (2, FT)y (z € W), _ (22)

asn — 00, i.e. 0nFz, = Lz, — Fz in the weak topology o(W,V;). Hence, Fz = «.
We are going to consider the case when condition (ii) is satisfied. As in the preceding

case one can prove that 6, Fzn = Lz, — Fz in the weak topology o(W, V;) and Fz = &.
It remains to prove that Lz = x. By V € N(F) we have (19). Then-

limsup(zn, Lzn)v = limsup(zs, b, Fz,) < (z,Fz) = (z,K)v.

n—00 n—oo
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By property (M) for L € €(BM), Lz = « follows. Thus, Lz = x = Fz.

Now we consider the case when condition (iii) is satisfied. As in the first case one can
prove that 8, Fz, = Lz, — Fz in the weak topology (W, V) and x = Fz. It remains
to prove that Lz = k. By V € 9(F') we obtain (19). Hence, since (z, — z,Lz,)v =
(20, 0nFzp)y — (2,00 Fzn)yv, 2 €V =V S Tand Y =TV, it follows that

limsup(zn, — z,Lz,)v
n— 00

= lim sup(z,,8n Fz,) + liminf(~(z, 0, Fz,))

n—co Lot
= limsup(z,,0nFz,) — (z, Fz)

<0.

Consequently, by the Browder-Skrypnik property of L € €(BS), z,, — z in the norm of
V. By the demicontinuity of L € €(BS), Lz, — Lz weakly, and consequently, Lz = «.
Thus, Fz = «k = Lz.

We consider the case when condition (iv) is satisfied. As in the case (i) one can
prove that 6, Fz, = Lz, — Fz = x in the weak topology o(W,V,), and by V € 9(F)
we obtain (19). Then

(2, Lzn)v = (2,0nFz,)v — (2,k)y = (2, Fz) (ze V). (23)
as n — oo. Further, we have

limsup(zn, Lzn)v = limsup(zs,0.Fz,) < (2, Fz) = {x,n)v.

n—oo n-—oo

By L € ¢(GM) it follows that z € D(L) and Lz = k. Thus, Fz =k = Lz i

6. Auxiliary lemmas

We need else the following technical notions [25 - 26] in the theory of Banach Lo.-
modules for some further proofs in this paper.

Let B : Q — 2R be a multifunction, for which there exists a sequence of measurable
functions {z;}ien such that the closure hull of {z;(s)}ien coincides with B(s) for a.a.
s € Q and B(s) is a symmetric absolutely convex compact subset of R™. Then B is
called (see {25 - 26]) an infra-semi-unit or m-unit of X if z € X for every so-called
measurable selector z of B, i.e. measurable function z such that z(s) € B(s) for a.a.
s € 2. In the scalar case m = 1, any 1-unit B has the form B(s) = [~b(s), +b(s)] where
bis a non-negative element in X. A subset 91 C X is called (see [25 - 26]) U-bounded, if
all elements of 91 are measurable selectors for some fixed m-unit B of X. In the scalar
case m = 1, this notion is equivalent to the notion of order-boundedness of N, i.e. to
the existence of a non-negative function b € X such that |z(s)] < b(s) for a.a. s € Q
and for all z € N.
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An analog of the space Ly, is the Banach Lo,-module- Mg of measurable functions
z with the norm

lzlfap = inf {A > 0: z(s) € AB(s) a.e.} < +oo.

A subset N is U-bounded if and only if N is bounded in the norm of Mp for some m-
unit of X. The associtate space (Mp)' (denoted by Lgs) as an analog of the Lebesgue
space L, is a regular space [26]. For example, in the scalar case m = 1, when B(s) =
[=b(s), +b(s)], Lpe is just the Lebesgue space L,(b) with weight b.

Recall that an operator F': X — Y is called U-bounded on the whole space X, if
F(X)is U-bounded in Y.

Lemma 3. LetV —— E, E C S(,R™) be a Banach Loo-module, L € €, where €
i3 one of the classes €(L), €(BM) or €(BS), and the superposition operator F: E — E'
be U-bounded on whole space E. Suppose that the following condition is satisfied:

(R1) There ezists a superpositionally measurable function H(-,-) : @ x R™ — [0, 00)
such that (u, f(s,u)) < H(s,u), the superposition operator H generated by
H(-,-) acts from V into L(,R), and (z,Lz)y — Hz >0 (|lz]| > r) for some
r>0.
Then the equation Lr = Fz has at least one solution z* € Ty (r) for which |Lz*||lw < ¢
where ¢ = sup{||Lz|lw : ||zllv < r}.

Proof. Remember that E «— S(Q2,R™) by [27: Theorem 4]. First, we prove that
L - F € ¢ Since F: E — E'is U-bounded on whole E, there exists an m-unit B of
E' such that F(X)C Mp — E', E — (M) = Lp.,and F: E — Mp is a bounded
operator on whole E (see [27: Theorem 4] and [25: Theorem 5}). In the scalar case
m = 1, this 1-unit B has the form B(s) = [—b(s), +b(s)] where b is a non-negative
element in E' with suppb = Q. Let ||z, — z||g — 0 as n — oo. Then z, converges
in the norm of Lpg. and, consequently, it has uniformly absolutely continuous norms as
L. is regular [26] by the Vitali-Krasnoselskij type convergence theorem (see, e.g., [20]
and [27: Theorem 8}). Hence, for z € Lgo D E we get

lim sup/ |(2, Fz,)|ds S hm ||PDz||LB, supIIFx,.HMB =0.
mes(D)—0 p D es(D

By the Nemytskij theorem (see, e.g., [5, 20]) Fz, — Fz in the metric of S(,R™),
and hence it follows from the Vitali-Krasnoselskij convergence theorem in L(£, R) (see,
e.g., [20] and [27: Theorem 8)) that (Fz,,z) — (Fz,z) as n — oo, for every z € E.
Therefore, Fz, converges in the weak topology o(E',E). This proves that f : E —
(E',o(E', E)) is continuous.

We consider the case € = €(L). Since V —— E and F: E — E' is U-bounded,
boundedness of F' : V = Vy; — W = W, follows and consequently, boundedness of
L—-F:V — W, since L € €(£) is bounded. Further, since V = V << E and
V is a reflexive Banach space, from weak convergence in V strong convergence in E
follows. Then the proved continuity of F: E — (E',o(E’, E)) implies weak continuity
of F: V — W, and consequently L — F: V — W is weakly continuous, since L € €(L)
is weakly continuous. Thus, L — F € €(L).
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Next we consider the case L € € = €¢(BM). As in the first case we can prove that
L-F:V=V—W=W,isbounded and F : V — W is weakly continuous, in
particular, F': V — W is weakly continuous on every finite-dimensional subspace of
V. Since L € €(BM) is weakly continuous on every finite-dimensional subspace of V,
L — F has the same continuity property. It remains to prove that L is an operator of
type (M). For this suppose that z, — z weakly in V, (L — F)z,, — & weakly in W and
limsup,, . o{Zn, (L — F)za)v < {z,k)v. By V=V, 5 E, z,, - z in the norm of E
and in the metric of S(2, R™). Consequently, (zn, Fzn) — (z, Fz) in S(Q,R). Further,
Fz, € Mg and z,, —» z in Lg.. We have

li n F ds< i F Ppz,l|L,.
welimsup [ [z Fan)lds < lim  suplPzalliy |Pozalls,

< lim P R
Se Jdm  sup IPpzally,

=0
where ¢ = sup,, ||Fzn||mMs < 00, since F: E — Mp is bounded and Lg. is regular (see

[26}). Hence it follows by the Vitali-Krasnoselskij theorem in L(Q,R) (see, e.g., [20] or
[27: Theorem 8]) that (za, Fz,) — (2, Fz) in L(R,R) and, in particular,

lim (zn, Fz,) = (z, Fz) = (z, Fz)v. (24)
We have that Fz, —» Fz weakly in W and, consequently, Lz, — & + Fz weakly. Thus,

limsup(z,, Lza)v < limsup(zn, (L — F)za)v + limsup(z,, Fz,)

n—oo n—+00 n—oo

<(z,k)v + (z,Fz)v
= {z,k + Fz)y.

Conseduently, Lz = x + Fz, since L € €(BM) is an operator of type (M). This
completes the proof of L — F € €(BM).

At last we consider now the case that L € €(BS). As in the preceding case one can
prove that F': V = V; - W = W, is bounded and weakly continuous, in particular,
demicontinuous. Since L € €(BS) is bounded and demicontinuous, L — F has also these
properties. It remains to prove the Browder-Skrypnik property of L — F' € €(BS). For
this suppose that z, — z weakly and lim,_.oo(zn — z,(L — F)z,)v < 0. Analogously
as in the proof of (24) one can prove that

lim (zn, — z,Fz,) =0. . (25)

"Hence it follows that
nli_.n;o(:r,, —z,Lz,)y = nango(xn —z,(L - Fz,)v + nli_{r;Q(:c,. —z,Fzr,)y
<040 ’
=0.
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By the Browder-Skrypnik property of L € €(BS) it follows that z, — z in the norm of
V. This proves that L — F has the Browder-Skrypnik property and that L — F € €(BS).

Thus we proved that L — F € €. By condition (R1) of Lemma we have
(u, f(s,u)) < H(s,u) 20

and
(z,(L — F)z)y = (z,Lz)y — (z,Fz) > (z,Lz)y —Hz >0 (lzllv 2 r > 0).

Then by well-known existence theorems for operators of the class € (see, e.g., (11, 21,
29, 31 - 32, 38)) it follows that Lz = Fz has at least one solution z* € Ty(r) B’

Lemma 4. Let V —— E, E C S(,R™) be a Banach Lo,-module, L € €¢(GM)
and the superposition operator F : E — E' be U-bounded on whole space E. Suppose
that the following condition is satisfied:

(R2) There ezist a function y € Vy, a superpositionally measurable function H(.,-) :
2 x R™ — [0,00) and & number r > 0 such that (u — y(s), f(s,u)) < H(s,u),
the superposition operator H : V — L(2,R) generated by H(-,-) is bounded on
bounded sets, (z—y,Lz)y ~Hz >0 (||lz|lv 21 >0), and || Lz|lw < c(c1,¢2) <
oo where ||z|| € ¢y < 00 and (z —y,Lz)y < ¢; < o0.

Then the equation Lz = Fz has at least one solution z* for which |Lz*||w < ¢' where
c = c’(r, SUP|z)y <r |Hz||L) < oo.

Proof. Analogously as in the proof of Lemma 3 in the case L € €(BM) one can
prove that L — F € €(GM) and that F is bounded in W on every bounded in V subset.
Further, we prove that L — F satisfies also condition (R2) for same y and H(s,u) and
for some function ¢(cy,cz). First we have

(= ¥(s), £, ) < H(s,u) 20

(z -y, (L - F)I)V-(x—y,LI)V—(I—y,Fﬂv)
>(z—y,Lz)y — Hz
>0 (||lz|lv =27 >0).

(26)

Now let ||z|lv < ¢; < o0 and (z — y,(L — F)z)v < ¢ < 00. Then z € D(L) (since
Lz = (L - F)z + Fz) and
(z—y,Layy =(z—y,(L - F)z)v +(z -y, Fz)
Sex+(llzllv +llyllv) sup |Ifzllw

z chl
'
_C2
< 00.

Consequently, by condition (R2) for L we have || Lz|jw < c(c,, Cz) < 00 where ||Fz||w <
d(c1) = SUPn Ilv < IIf2zllw < co. Hence

I(L = Fzllw < c'(e1,¢2) = c(er, ) + d(cr) @
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follows where ||z]|y < ¢; < 00 and (z ~ y,(L ~ F)z)v < ¢; < 0. By (L - F) € €¢(GM)
and (26) - (27), from known existence theorems (see, e.g., [13, 17]) it follows that the
equation Lz = Fz has at least one solution z* € Ty(r). The estimation of the norm
|Lz*||w follows from condition (R2) and the relations (z* —y, Lz*) = (z* —y, Fz*)y <
iHz*|. @

7. Main existence theorem in the usual weak sense

We state now the general result on the existence of solutions in V for the problem
Lz = Fz via the abstract notion (V, Vo; W, W) € N(L, F). We draw attention of the
reader to the fact that verifiable sufficient conditions for (V,Vo; W, Wo) € N(L, F) were
given before in Proposition 3 (Section 5) togéther with Proposition 2 (Section 5) and
Proposition 1 with Corollaries 1 - 2 (Section 4).

Theorem 1. Let (V,Vo; W, W) be a complementary system in the sense of Section
3, and let E,Y,T' C S(,R™) be Banach Loo-modules such that V < E T =Y and
Vo < I'. Further, suppose that one of the following conditions is satisfied: '

(i) (V,Vo; W, W) € N(L, F), and condition (R1) in Lemma 3 for L € € is satisfied
where € is one of the classes €(L), €(BS), €(BM). ' ‘

(ii) (V,Vo; W, Wo) € N(L, F), and condition (R2) in Lemma 4 for L € C(GM) is
satisfied. ' :

Then the equation Lz = Fz has at least one solution in V.

Proof. Fix an m-unit B of E' such that the linear hull of B(s) coincides with R™
for a.a. s € Q (see Sections 1 and 6, and [25: Theorem 5]; in the scalar case m = 1, this
1-unit B has the form B(s) = [—b(s), +b(s)] where b is a non-negative element in E' with
suppb = ). We define the Carathéodory function ¢ p(s,u) = inf{A> 0: u € AB(s)},
and then ¢p(s,-) is a norm in R™ for a.a. s € . Put

fa(s,u) = min {1,n(p5(s, f(s,u)))_l }(s,u). . (28)
Evidently, for each n € N, f, [the so-called relazation of f] is a Carathéodory function
and it defines the superposition operator F,, : E — E', which is U-bounded on whole
space E, since F,(X) is contained in the ball of Mg with radius n. Further, for the
sequence of scalar functions

6n(s,u) = min { l,n(cpg(s,f(s,u)))-l}
we have 6, — 1 a.e. and, therefore, f, — f a.e. In the end, for each function fn
condition (R1) in Lemma 3 or condition (R2) in Lemma 4 holds. By Lemmas 3 and
4 the equation Lz = Fpzn has at least one solution z, € Ty (r) for which ||Lz.|lw <
¢ < oo for some numbers r,¢ > 0 not depending on n. Obviously, Lz,, = 6, Fz, where
0n() = 6a(s,za(:)) €Z and § — 1 in S(Q,R).

By V —— E — S(Q,R™) (from our assumptions and [27: Theorem 4]) and by the
Alaoglu-Bourbaki theorem [12] hence the existence of a subsequence {n«} follows such
that, for some z* € Ty(r), zn, — z* in the weak topology. o(V, W), in norm of E and
in the metric of S(R2,R™), and, for some « € Tw(r), Lz,, — & in the weak topology
a(W, V). By (V,Vo; W,Wy) € (L, F) hence it follows that Lz* = x = Fz*. i.e. the

I
equation Lz = F'z has a solutionin V i
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8. Main existence theorem in the I'-weakened sense

8.1 Solvability in the I'-weakened sense. Let (V,V;; W, W,) be a complementary
system in the sense of Section 3. Recall that the equation Lz = Fz is solvable in the
I-weakened sense (here I' is some fixed Banach L-module in S(Q2, R™)) if there exists
z, such that .

(v,Lz.)v = (y,Fz.) (yeval) (29)
(za,Lz.)y = (2., Fz.). : (30)

Remark that the solvability in the Loo-weakened sense is considered, e.g., in [6 - 10, 15
- 16, 18, 34] (see also the literature cited therein). In this section we get the general
Theorem 2 .on the existence in the I'-weakened sense by means of the method presented
in Sections 4 - 7 that refines results of these mathematicians for the case when I' = L,
and m = 1. From this Theorem it follows that the so-called "sign condition” in the
above mentioned articles is not sufficient for the solvability of the equation Lz = Fz in
the vector case m # 1.

We state now the general result on the existence of solutions in the I'-weakened
sense in V for the problem Lz = Fz via the following abstract notion (V,Vy; W,Wy) €
N(L, F,T'). We draw attention of the reader to the fact that verifiable sufficient condi-
tions for the inclusion (V, Voi W, Wy) € N(L, F,T') will be given in Proposition 5 (Sub-
section 8.2) together with Proposition 4 (Subsection 8.2), the [mentioned in the first
part of Subsection 8.2] sufficient conditions for the inclusion (V, Vo; W, W) € Tr(Vo, ),
and Proposition 1 and its Corollaries 1 - 2 (Section 4).

Let € be a fixed class from €(BM) or €(GM) (sée Section 5). Following Section
6, we recall that (V,Vo; W,W,) € N(L, F,T') if for any sequences {z,} C D(L) and
{6.} C = such that

Lz, =6,Fz,

zn, — T, in the metric of S(Q,R™)

z, — z* in the weak topology o(V, Wp)

6, — 1in S(Q,R)

Lz, — & in the weak topology a(W o)

it follows that Lz, = x and relations (29) - (30) hold. Remember that, as before, = is
the set of all measurable scalar functions § such that 0 < 6(s) < 1.

Theorem 2.- Let (V, Vo; W, W,) be a complementary system in the sense of Section
3, and E,Y,T C S(Q,R™) be Banach Loo-modules such that V —— E and =Y s
regular (in particular, T = Loo). Further, suppose that one of the following conditions
is satisfied:

(i) (V,\Vo; W, Wo) € N(L,F,T) and condition (R1) in Lemrﬂa 3 is satisfied for
L € ¢(BM).

(i) (V,Vo; W, W) € N(L, F\T) and condition (R2) in Lemma 4 is satisfied for
L e ¢GM).

Then the equation Lz = Fz has at least one solution z, € V in the I'-weakened
sense.
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Proof. Let f, be the functions defined in (28) and 8, be the functions in the proof of
Theorem 1. As proved there, each equation Lz = F,z has at least one solution z, such
that z, € Tv(r) and || Lz,|lw < ¢ < oo for some r,c > 0 not dépending on n. Obviously,
Lz, = ,Fz, where 0,(-) = 6,(-,zn(-)) = 1 in S(Q,R). By V - E — §(Q,R™)
(from our assumptions and [27: Theorem 4]) and the Alaoglu-Bourbaki theorem (12]
hence there follows the existence of a subsequence {n} such that, for some z* € Tv(r),
Tn, — T, in the weak topology o(V,W)p), in the norm of E and in the metric of
5(§,R™), and, for some x € Tw(c), Lzn, — & in the weak topology o(W,V,). By
(V,Vo; W, Wo) € (L, F,T) hence Lz, = « and relations (29) - (30) follow B

8.2. Verifiable sufficient conditions for (V, Vo; W, W) € (L, F,T'). The ver-
ification of the inclusion (V,Vy; W,W,) € N(L, F,T) is connected with the inclusion
(Y,T) € 3v(L, F,¥) and with "good” properties of the spaces V and V,. We recall that
(V,Vo; W, Wy) € Tr(V,,T) if the following two conditions are satisfied:

(T1) (Brezis-Browder-Gossez condition). From that x € W, z € TV, {y,k)v =
(y,2) (ye VoNT), zeV,(z(s),2(s)) < h(s) for a.a. s € Qand h € L(Q) it
follows that (z,x)v = (z,2).

(T2) For each y € V NT there exists y; € Vo N T such that y; — y in the weak
topology o(V,W) and in the metric of S(Q,R™), and supjen [|;llr < oo.

The verification of the inclusion (V, Vo; W, Wy) € Tr(Vy,T) in the non-trivial case V; N
I' # Vo is connected with many considerable difficulties. At the present from results
of H. Brezis and F.E. Browder [7 - 8], J.-P. Gossez [15 - 16], A. Benkirane and J.-P.
Gossez [6] it follows that (V, Vo; W, Wo) € Tr(V,,T) if one of the following conditions is
satisfied: . ’

(i) V = Vo = WKQ) and I = Lo(R) (see [7 - 8)).
) V=VW= W:(Q), I' = Loo(2) and Q satisfies the cone condition and the
segment condition (see (7 - 8]). S
(iii) V = W' Ly (Q), Vo = WIL3,(Q)andT = Loo(92) where (2 satisfies the segment
condition (see [15 - 16]). ' :
(iv) V.= W'Lm(R), Vo = W'L3,(Q) and T = Loo(£2) where 9 satisfies the cone
condition and the segment condition (see [15 - 16)).

(v) V.= WrLp(R), Vo = WELS,(R) and T = Loo(Q) where k > 2 and § satisfies
the segment condition, and both Young functions M and M * satisfy the A,-condition
(see [6]). :

As an analog to the inclusion V € 9(F) in Section 6 we recall that V € ‘JI'(F.) if
for any sequences {z.} and {#.} such that z, — z in the weak topology o(V, Wp) and
in the metric of S(2,R™), 8, — 1 in S(Q,R) and |(zn, 8, Fz,)| < oo it follows that

limsup(zn,0,Fzn) < (z,Fz) < 00

n—oo

and (z(s), Fz(s)) < h(s) holds for a.a. s € Q where h is some function of L(£, R).
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Proposition 4. Let (u, f(s,u)) < B(s,u) > 0 with B(-,-) .a Carathéodory function
generating the superposition operator B : Z, — L(Q},R) where V —— Z, and Z, C
S(,R™) is a Banachk Loo-module. Then V € N (F).

Proof. By Proposition 2 we have V € 9U(F). Since z € V < Z,, we have
(z(s), Fz(s)) < h(s), h(s) = Bz(s) > 0 and h € L(,R). This completes the proof of
Ven(rF)s

‘Proposition 5. Let I' = Y be a regular Banach Loo-module (in particular, I' =
Ly), (Y,T) € 3v(L,F,F), V € M (F), (V,Vo; W,W,) € Tr(V,,T), and L € € where €
is one of the classes €¢(BM) or €(GM). Then (V,Vo; W,Wy) € N(L, F,T).

Proof. Let z,,60,, k, z. be functions in the definition of (V, Vo; W, W,) € M(L, F,T).
Then by (Y,T') € 3v(L, F, F) and by the results of the proof of Proposition 2 (see (21))
we have lim, . (y,8,Fz,) = (y, Fz.) (y € T') and, consequently, -

(y,c)v = lim (y,Lza)y = lim (y,0.Fzn) = (y, Fz.) (y€WNL). (31
By V € W (F) we obtain

~ limsup(zn, Lz,)v = limsup(z,,8,Fz,) < (z.,Fz,) < 00 (32)

n—oo n =00

and (z.(s), Fz.(s)) < h(s) for some h € L(,R). By (31) and condition (T1) in the
definition of (V, Vp; W, Wy) € Tr{V,T') hence

(e, K)v = (z4, Fz.) (33),
follows. Consequently, by (32) we have

limsup(zq, Lza)v < (z.,6)v. (33)s

n—oo

Since € = €¢(BM) or € = €¢(GM), Lz, = « follows.

Now by condition (T2) in the definition of (V,Vo; W, Wy) € Tr(V,,I") there exists
for any y € V NT a sequence {y;} C Vo NT such that y; — y in the weak topology
o(V,W) and in the metric of S(2, R™), and sup; ||y;|| < oo. Then, by the regularity of
I =Y we have

lim sup/D |(yj(s),Fz.(s))|ds <supllyjllr  lim . |PpFz.|y =0.
j

mes (D)—0 mes (D) —
Consequently, by the Vitali-Krasnoselskij convergence theorem (see, e.g., [20] or [27:
Theorem 8)), (y;(-), Fz.(:)) = (y(-), Fz.(-)) in L(Q,R) and, in particular, lim;—(y;,
Fz,) = (y, Fz.). From (31) hence it follows that
{y,m)v = lim (y;, s}y = lim (y;, Fz.) = {y, Fz.)  (y €V NI). (34)

From the proved relations Lz, = & and (33) - (34) it follows that z, € D(L) and
relations (29) - (30) hold @
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9. Applications to boundary value problems in nonlinear
mechanics

In this Section by studying two concrete examples we explain the scheme of applications
of Theorems 1 and 2 to some "perturbed” applied boundary value problems in Nonlinear
Mechanics (mechanics of visco-plastic media, mechanics of elastic media, etc.) of the
type Lz = Fz where z(s) is the "state” of the system, and the perturbation term
Fz(s) = f[s,z(s)] is the "force” acting on the system and depending on the ”state”.

First we consider the "perturbed” bounda.ry value problem finding the elastic-plastic
torsion of strengthened bars

g dz] O S\ 0z]
Ba; [H(Tz(x))x] +‘$ [H(T2(I))8_52] + f(s1,52,2(s1,82)) =

Zjan =0

(35)

where  is a bounded domain of R?, T?(z) = (£= ) + (3,2) , and H(a) characterizes
material properties of a bar. Following [31], suppose that H(a) is continuous for a > 0,
ap + ;%71 < H(a) < A+ Aaf 1 (a>0,p> 1,00 > 0,a; > 0) and Ag = 0 for
1 < p < 2. Thenby [31] the system (35) is equivalent to the operator equation Lz = Fx
in W’(Q) where L : W‘(Q) - Wy 1(Q) is an operator of the class ¢(BS) and

(Lz,z) = /‘/‘; H(T2(3:))T2(1:)dsdt — 400 (”z”W,}(Q) — 400).

From Theorem 1 and embedding theorems of S. I. Sobolev and S. I. Pokhozaev -N.S.

Trudinger mentioned in Section 2, we have the following

Corollary 3. Let Z = le_z_% forp<2,Z =L forp>2,Z=L; for_p = 2 where
o(s,u) = expu? — 1. Suppose the following:

(1) (u, f(s,u)) S b(s) for a.a. s € Q where be Li(Q,R).

(ii) Z =T, and the superposition operator f acts from T into I'.
Then the boundary value problem (35) has at least one solution z of W;(Q,IR).

Now we are going to consider the "perturbed” three-dimensional problem finding
the elastic-plastic equilibrium of bodies in Plastic Deformation Theory, i.e.

3 80., | . .
gj +pfi(s,2(s)) =0 (i=1,2,3) (36)

Tipgn =0 -
where 2 C R? is a considered body, p is its density, z = (z1,z2,z3) is the displacement

vector, f(s,z(s)) = (fj(s,z(s)) (i = 1,2,3) is the "perturbed” mass force depending
on a displacement vector, o;; are the components of the stress tensor defined by means
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of the deformation tensor ¢;; as o;j(z) = %%lb}j + 2¢(T(z)){eij(z) — e(z)bi;} where k
is the volume compression coefficient, §;; are the Kronecker symbols,

1

cs) = eute) = (5o + 52), 1@ = (2T ewtm)”

8,

e(z) = ZS-‘;"SU = Zeﬁ(r), eij(z) = €ij(z) - 56(1)50‘

g is some function (so-called "plastic module”) characterizing properties of a given
material. Following [31], we suppose that ¢ is continuous on a > 0, and that aq +
ajaP ? < gla)< Ag+ 410”72 (a>0,p> 1,00 >0,a; >0)and Ag =0forl <p<2.
Then by [31] the system (36) is equivalent to the operator equation Lz = pFz in W’}(Q)
where L : W; ) - WP_,’(Q) is an operator of the class €(BS) and

(Lz,z) > /n {E (z) +g(I‘(x))I‘2(:c)} ds = +00  (llzllwy () — +00).

From Theorem 1 and embedding theorems of S. I. Sobolev and S. I. Pokhozaev - N. S.
Trudmger mentloned in Section 2, it follows

Corollary 4. Let Z = IL_Lforp<SZ Lo for p >3, Z = L, for p = 3 where

p(s,u) = exp(|lu||2 ) -1 Suppose that condition (i) in Corollary 3 is satisfied and that
for some Banach Lo,-modules X,T C S(Q,R3) the followsng condition is satisfied:

(iii) Either
(a) 2 C X and Z CT with T regular, and the superposition operator pF acts from

X into I
or
(b)ZC X and Z CT, and pF : X — T maps every bounded subset into a I'-weakly
absolutely bounded set
or else
(c) Z C T, the embedding Z C X is absolutely bounded and pF acts from
X into I".

Then the boundary value problem (36) has at least one solution z. of W,}(Q,Rs).

We remark that from the conditions of Corollaries 3 or 4 it follows that L — F
is bounded and demicontinuous, but it does not follow that L — F has the Browder-
Skrypnik property, and therefore, generally speaking, (L — F) ¢ €(BS), and so the
general existence theorem of I. V. Skrypnik [31] is not applicable.

In conclusion of this section we remark that Corollaries 3 and 4 remain true if we
replace in (35) - (36) yo + f(-,) by f(:,-) where yg is a fixed element of WPTI(Q)), since
we can apply Theorem 1 for (Lz — yo) = Fz instead of Lz = Fz.
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