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Abstract. Sufficient conditions on the existence of affinity integral manifolds of linear and
nonlinear impulsive differential equations are obtained.
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1. Introduction

Impulsive differential equations represent a natural apparatus for mathematical simula-
tion of real processes and phenomena studied in physics, biology, population dynamics,
biotechnologies, control theory, economics, etc. For instance, if the population of a
given species is regulated by some impulsive factors acting at certain moments, then
we have no reason to expect that the process will be simulated by regular control. On
the contrary, the solutions must have jumps at these moments and the jumps are given
beforehand. Moreover, the mathematical theory of impulsive differential equations is
much richer than the corresponding theory of equations without impulses. That is why
in the recent years this theory has become an important area of numerous investigations
[1-6)]. ‘

In the present paper problems of the existence of affinity integral manifolds of linear
and nonlinear systems of impulsive differential equations and some of their properties
are considered.

2. Preliminary notes and definitions

Let R® be the n-dimensional Euclidean space with norm || - ||, and let Rt = [0, c0).
Consider the system of impulsive differential equaticns

i = A(t)z + F(t, z) (t # ) } )

Az(1i) = z(1k + 0) — 2(7x) = Brz(7e) + ®x(2{7c)) (% G N)

where
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(i)t eRY, z€ R™" A: Rt - R™*n x Rm+n
By € R™" x R™+n F . Rt x R™+n R™*", @4 : R™t? — Rm+n
(i1)0< 7 <7 < ... and limg— oo Tk = 00.
Let to € R* and zp € R™*". Denote by 2(t) = z(t;o, 20) the solution of system (1)
satisfying the initial condition z(2o + 0) = 2. These solutions are piecewise continuous

functions, with points of discontinuity of the first kind at which they are continuous
from the left, i.e. at the moment 74 the relations

2(tx = 0) = 2z(7x)
Z(Tk + 0) = Z(Tk) + Bkz(rk) + Qk(z(rk))

are satisfied.

Definition 1 (see [2: Definition 13.2]). An arbitrary set G in the extended phase
space of system (1) is said to be an integral manifold, if for {, € R* and for arbitrary
solution z = z(t) of system (1) from (to,2(to)) € G it follows that (t,2(t)) € G for all
t > tg.

Definition 2. The integral manifold G is said to be an affinity integral manifold
of system (1) if G is the graph of a function

¢ :R* x R™ - R", p(t,z) = Q(t)z + n(t, )

where the following conditions are satisfied:

a) Q is an n x m matrix-valued function with points of discontinuities of the first kind
at the moments t.= 7 (k € N) at which @ is continuous from the left.

b) n: R*xR™ >R isa bounded function which is continuous with respect to z and
with points of discontinuity of the first kind at the moments t = 7, (k € N}.

If this is satisfied, then ¢ = (¢, z) is said to be a parameter function.

We write system (1) in the form

z =AM (t)z + A (t)y + f(t,2,y) (t # )
Az(rx) = By'z(mx) + B%y(re) + Ie(z(7x),y(7x)) (K € N) @)
g =A% ()z + AP(t)y + g(t,7,y) (t # %) '

Ay(rk) = Bi'z(i) + BPy(x) + Je(z(mi),y(e)) (k€ N)

where
(l) z€ Rm)y € ]Rn’ (fag) = Fa (IkaJk) = Qk (k (S N)
(i1) AT RY = R™Fm, A2 RY 5 R™Hn) A21; RY o R™m 422 RY — RPH?
(lll) Bil € Rm-{»m’ B,I‘Z € ]Rm-f-n, le € Rn-f-m, BZ2 € R"+".
Introduce the following conditions:

(H1) The matrix-valued function A is continuous.
(H2) det(Em + Bi') #0 (k € N) where E,, € R™™ is the identity matrix.
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Recall (see [1: p. 46]) that if Uk(t,s) is the Cauchy matrix for the equation
z = A" (t)z (re-1 <t < %) ’

and conditions (H1) and (H2) hold, then the Cauchy matrix for the equation

= A"(t)z (t # ) } @)
Az(ti) = z(7x +0) ~ 2(7i) = By'z(m) (ke N)
1s
W(t,s) = (4)
( Ux(t,s) - frp<s<t<mp
Uk41(t, 7 + 0)(Em + BL ) Uk(7k, s) ifrec) <s <7 <t < Mg
Ukt 76)(Em + BY) " Wiaa(re +0,8)  * if mact <t <74 < 5 < 7am1
| Ubnltm+ O)H;;;_I(Em +Bis;) } Hrioy <s<mi <7 <t < Ty
Uk—j(Tk—js Te-j—1 + O)(Em + BI"YUi(mi, s)
| Uit, ) 152 (Bm + BI) ™ WWiga(ri +0,8)  ifriiy <s <7 7% <t < mogr.

It is easy to verify that the relations
Wi(t,t)=E, | ' )
W(ry ~0,7¢) = W(re,7x — 0) = Ey,,
W(re 4+ 0,5) = (Em + BH)W(74,s)

W(s, 7k + 0) = W(r,s)(Em + B}y")™! )

% = AW (t,s) (t# )
3”;# = —W(t,5)A"(s) J

are valid. Introduce the condition .
(H3) det(En + B?) # 0 (k € N) where E, € R*t" is the identity matrix.
We denote by Y = Y(t), where Y(to) = E, (to € (0,71)) the fundamental matrix -of
the system S
E= A (t#m) 6
Az(ri) = z(7i + 0) — z(7i) = B?z(7y) (k € N). ©)
Definition 3. Let P be a projector (i.e. P? = P) in R™. The function
Y(t)PY ~1(t) fort>s

Glte) = { Y(O)(P - Ea)Y™'(s) fors >t
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is said to be the Green function of system (6).

It is easy to verify that the relations

aG(t, s)

22 = AT(G(,s) (t#5) (M
LD — 6, 5)47() (t#9)
G(rk 4+ 0,t) = (Ex + B?)G (71, 1) (t #71)
G(t,me +0) = G, )(En + BR)  (t#m)
G(t +0,t) — G(t,t —0) = E, (t # %)
G(t,t +0) - G(t,t —0) = —E, C(t#£ T

G(ms +0,7x +0) = (En 4+ B2)G(7x, 7 + 0) (k eN)

are valid. Introduce the following conditions.

(H4) 0 < tg < 71, and there exist constants p > 0 and ¢ > 0 such that
i(s,t) <p(t—s)+e

where i(s,t) is the number of the points 7« lying in the interval (s, ¢).

(HS5) The inequalities

(W (t,s)]| < Keolt=!

t,s e Rt
IG(t,s)l| < Neolt=l } ( :

hold where K,N,A>0and0 < a < 6.

Lemma 1 (see [2: Lemma 3.4]). Let the inequality

t

u(t) S /u(s)v(s)ds + F(t) + Z Beu(7e) + Z ai(t)

to to<Te <t to< <t

hold, where u is a piecewise continuous function with points of discontinuity of the first
kind 7x  (k € N), v a locally integrable function, F(t) and ax(t) non-decreasing for
t >ty and ax(t), Bk >0 (k € N). Then

u(t) < (F(t)+ > .ak(t)> II +80exp (/,t v(s)ds).

to<re <t o< <t
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3. Main results

We consider the linear part of the system

= A (t)z + AM3(t) (t # %)

Az(re) = BY'z(re) + Bi’y(rx)  (k€N)
: 21 22 (8)

y=A"(t)z + A%(Y) (¢t #7)

Ay(r) = Bi'z(re) + B'y(ne) (K €N).

Let G be the affinity integral manifold of system (8) in the form
G={(t,x,y): y = Q(t)z for t € Rt and:nGR'"}. (9)

Along with G we consider the .system
Q + Q()AY (1) + QA (1)Q(t)

=A@+ AR (£ )

AQ(7k) + Q(7x) + Q(7x + 0)By' + Q(7k +0)B*Q(7x)
= B! + B*Q(m%) (k € N).
Lemma 2. The manifold (9) is an affinity integral manifold of system (8) if and
only if @ = Q(t) is a bounded solution of system (10).

Proof. Lemma 2 can be proved by straightforward calculations and we thus sup-
press the proof § :

Lemma 3. Let conditions (H1) - (H5) be fulfilled. Further, assume that the follow-
ing is true:

1. A'%(t) =0 and B}> =0 for allt € R* and k € N.
2. sup,ers JAZ1(2)|| < & and supyen||BE(8)]| < 6 for some § > 0.

Then for system (8) there ezists an affinity integral manifold in the form (9).

Proof. Let z(t) = z(t; o, o) be the solution of the Cauchy problem for system (3)
where z(20) = zo. Then from [1: p. 46] it follows that z(to) = W(t,to) 7o, and for the
system -

Ay(re) = Biy(x) + BY'W(ri, to)z(mx)  (k€N)

there exists only a bounded solution in the form

&= A%(t)y + A2 ()W(t, 1)z (t # ) }

y(t) = / G(t, s)A? ()W (s, to) 2o ds

+ Y G(t, 7k + 0)BE W (4, to) zo.
k=1
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If the graph of the solution (z(t),y(t)) (¢t > to) is from the affinity integral manifold,
then

QU)W (t,s)zo = / G(t, 5)A? ()W (s, to) 7o ds

+ 3 G(t, Tk + 0)BEW 7k, to) zo.
k=1
Lemma 3 will be proved if the function

Q(t) = /G(t,s)Aﬂ(s)W(s,t)ds +3 Gt e + 0)BEW(ri, 1) (11)
to ' k=1,

is the bounded solution of system (8) for which A'> =0 and B}2 =0 (k € N). From

(5) and (7) for ¢t # 1 we obtain

Q= %(/“ G(t, s) AP ()W (s, t) ds

+ /°° G(t,s)A® ()W (s,t)ds

0

+ 3 Gt + 0)B§1W(rk,t))

k=1

= G(t,t — 0)A (t)W(t — 0,t) — G(t,t + 0) A2 ()W (t +0,¢)
+ /°° AB(t)G(t,s) A (s)W(s,t) ds

)

- /°° G(t,s)A* (s)W(s,t) A (1) as

+ ) AZ(1)G(t, i + 0)BE W (74, 1)
k=1

= > Gt i + 0)BEW (mk, t) A (2)

k=1
= AM(t) + AZ(1)Q(t) — Q(t)AM (¢).
Fort = 7; (i € N) it follows
AQ(ri) + Q(7x + 0)B;!

- / " G(ri + 0,9) 4T ()W (s, 73 + 0)(Em + B ds

- _ .
+ Y G(7i + 0,7 + 0)B2 W (74, 7 + 0)(Epn + B!

k=1

- / " Griv ) AP ()W (s, 7) ds

(1]
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- Z G(T,‘,Tk + O)BZ]W(T,',T[‘)
k=1

= [ oc’(E,. + B?Z)AG(T,',S)AN(s)W(s,r,-)ds

+ > (En + B®)G(ri, 7k + 0)BE'W(7x, 74) + BP
k=1

- > G(ri,s)AY (s)W(s,m:i)ds .

to

=3 G(ri, 7 + 0)BE W (ri, i)
k=1

= B + BI*Q(r:).
Hence (11) is solution of system (10). On the other hand, for ¢t > t,

oo

o0
e < /KNe‘(A“’)"""éds + Y KNe (a-alit-melg (12)

to k=1

From assumption (H4) 3t e~ (8-o)t=7l < C < oo follows where C depend only on
(A — a) and the sequence {7x}. Then from (12) it follows that @ = Q(t) is a bounded
solution of system (10) 8

Theorem 1. Let conditions (H1) - (H5) be fulfilled. Further, let there ezists § > 0
such that

sup [|A(1)]| <6, sup|IB?|| <6, sup [|[AP(t)]| <6, sup||BE| <6
teRt keEN teR+ kEN

Then there ezists 6 > 0 such that, for any § € (0,60] and t > to, for system (8) there
ezists an affinity integral manifold in the form (9).

Proof. We shall obtain the parameter function ¢(t,z) by the method of consistent
approach. Set ‘ ‘

wo=0 }
on = Qult)e (n€N)

where
Qn(t) = /G(z,s)A“(s)W,._,(s,t)ds + 3 Gt i+ 0)B2 Wy (71, 1)
fo k=1

and W, (t, s)>be the Cauchy matrix of the system

& = (A"() + A'2(t)Qn-1 ()2 (t #74) } (13)

Az(te) = (BY' + Bi3(mi)Q@noa(76))2(mk) (k€ N).
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Consider the system

=AM+ A )QM):  (t#£ ™)
Az(re) = (By! + B?Q(nx))z(x)  (k€N)
=A%ty + AP(t)z » (t # 7%)
Ay(ti) = BPy(m) + B3 z(7y) (k € N).

(14)

We shall proof that {@n(t)}32, is a uniformly bounded sequence for any ¢ > 0. For
n = 1and A'? = 0,B}* = 0 system (13) coincide with system (8), and the matrix
Wo(t,s) coincide with matrix the W(t,s). From Lemma 3 it follows that there exists
g > 0 such that {|Q.(2)|| £ ¢. Let ||@Qn(t)|| < g for arbitrary n. Then

1Qnsi (DIl < / IG(E, )11 147! ()] [Wals, £)l ds
b (15)

+ > MGG, 7 + O IBE W (i, )]l
k=1

From (13) for t > s we obtain
Wa(t,s) = W(t,s)
t
+/ W(t,7)A(1)Qu(T)Wa(r,s)dr

+ Z W(t, Tk)Bllcan(Tk)Wn(Tk7 S).'

s< <t

Then
t

[W(t,s)|| < Keot=*) 4 /Kq&e"’(‘_')dr-i- Z Kqbe® =) ||[W, (71, 5)].
s s<n <t
Put
u(t) = e”Y|Wa(t,s)|l, F(t) = Ke ™, u(t)= Kqb, Br = Kqé, ag(t) =0.
From Lemma 1

IW(t,s)|| < Ke2(— ]'[ (1 + Kq6)eXeo(t=9)
sy <t

< Kea(t—s)(l +Kq6)p(t—a)+:eKq6(t—a)

— K(l +I{q(s)ze(a+Kq6+pln(1+Kq6))(t—a)
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follows. For s > ¢ we have

IWa(t, s)ll < Ke**0)
K]
+ / Kq6e® " ||Wo(r,s)| dr
t

+ Z Kqée"’("'_')”W,,(rk, s)|I-
< <s

Put
u(t) = e [|Wa(t,s)|l, F(t) = Ke**, v(t)= Kgb, PBr = Kgb, ai(t)=0.

Hence we obtain

s

u(t) < F(t) + /u(r)v('r) + Z Bru(r — k).

1 <<

Note that for ¢ < s we obtain an inequality of the same form as in the case t > s. Then
for t € Rt and s € Rt we get

Walt,s)l| < K(1+ Kqa)elotKabtpinGi+Kaopli=s] (16)

From (15) and (16)

oo
N @uar (]l < / NK5(1 + Kqb)re™"~*lds
b (17)

+ ) NK&(1+ Kg8) et
k=1

follows where v = A — (o + K¢6 + pln(1 + Kgé)). Thus if we choose § small enough,
then a < v < A, and NK§(1 + Kq5)‘(% + C4) < q, where C., depends only on 7 and
v. Based on estimate (17), we obtain

2
Qnss (8l < NKS(1 + any(; + c.,). , (18)
In view of (18) it follows that Q,(t) is uniformly bounded.
On the other hand
Quia(1) = @u(®) = [ G(t,5) AP (5) (Wa(s,8) = Wi (s,1) ds
e (19)

+ Y G(t, 7k + 0)BY (Wa(7x, 1) = Wy (7h, 1))
k=1
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It is immediately that the function V(t) = W,(t,s)— W,_, (t,s) is solution of the system

AV(re) = (By' + B Q(re)V(74) + BE* (Quo1(t) = Qu(t) Waoi(t, 9)

Then for ¢t > s

V= (A1) + A20)Q)V + A2(t)(Qnor () — Qu(t)) Wars(tys) (¢ # )
(k € N).

V(t) = / Walt, ) A(7)(Qn-1(7) = Qu(r)) Wi,s) dr

+ D Walt,7)BE2(Qno1(7h) = Qu(rk)) Waci (74, 5)

< <t

follows. From (16) we obtain

t
V(I < {/ (K(1 + Kqb)¢)? §elot Kab+pIn(1+Kab)(t=0) 4

s<n <t

4 Z (K(l +Kq6)¢)26e(o,+Kq6+pln(1+Kq6))(‘—3)}
 x sup {|Qn-1(t) — Qn(t)”
ter+

< (K1 +Kg6)*)?8((1 + p)(t — s) +‘6)

x elatKeb+pln(1+Kg8))(t—s) sup ”Qn—l(t) _ Qn(t)“
tER+
In the case t < s we get
VDIl < (K(1+ Kg8)*)*6((1 +p)(s — t) +¢)
x elatKeb+pln(1+Kqb))(s—1) sup ||Qn—1(t) - Qn(t)”
. . tER+ " .
Then for t € Rt and s € Rt
IVl < (K1 + Kg6)*)*6((1 + p)lt — s| +¢)
x KB IO RO sup [, (1) = Qu(t)| 20)
: tERF

is valid. Based on condition (H4) we obtain

oo

Ze"l‘_"l <Cy<oo
k

oo .
Dt —mele™ " < D) < o0
k 4
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where D, depends only on  and {r}. From (19) and (20) the estimate
[|Qns1(t) - Qx(t)||

s { /‘o cds+ ;::IN((I + Kq8)*) 6 (1 + p)lt — 7] + e)e“"’l“fkl}

X sup “Qn(t) - Qn—l(t)”
teRt

1
< {N((l +Kq8)°)*6*(1 + p) (D + % - ;e‘”’(““) - 717%‘“'(’-“’))

2 1 '
+eC+———‘“’(‘“°’} t) = Qni(t
( - se ) sup [|Qa(t) = Qur(t)]|
follows. Then there exists 6o > 0 such that for § € (0,60] the sequence {Qa(t)}, is
uniformly convergent to Q(t). The proof of Theorem 1 is complete B
Introduce the following conditions:

(H6) There exists a constant A > 0 such that

sup 17t z, )]l < A, sup Me(z;y)lf < A
(t,z,y) ER+ xR™ xR" kEN,(z,y)ER™ xR" )

sup gt z, y)Il < A, sup I7e(z, )l < A
(t,z,y) ERT xR™ xR" kEN,(z,y) ER™ xR"

(HT) There exists a constant { > 0 such that
156 2,9) = £(t,2,u)| < (1% = 2]l + 7 - o)
lo(t,%.9) - 9(t,2,v)]| < i(l1% - 2]l + 7 - w])
11(Z,9) - Ix(=,v)|| < 1(IIF — || + |7 - ]|)
17¢Z.9) = Tz, )| < 117 - 2]l + 117 w1
where t‘e R*, 2,7 € R™, y,7€ R" and k € N. i .
.Lemma 4. Let conditions (H1) - (HT7) be fulfilled, and let the functions

g(t,x,QI'F’I)‘— Qf(t,I,Q-f'*"I) .
Jk(z’ Qz + 77) - Q(Tk + O)Ik(za Qz + 77)
where Q = Q(t) is a solution of system (10) be independent of the variable z. Then for

system (2) there ezists an affinity integral manifold if and only if n = n(t) is a bounded
solution of the system

i= (420 - QA0 + Hitn) (4 T*)} o
Bn(rs) = (BE = QU + OB )n(ri) + Hir)) (ke N)

where
H(t»fl) = g(t,:c, Q.’E + 77) - Qf(t,.‘l:, Q.’t + 7])
Hi(n) = Ji(z,Qz + 1) — Q(k + 0)Ik(z,Qz + 7). |

Proof. Lemma 4 can be proved by straightforward calculations and thus its proof
is omitted W
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Theorem 2. Let conditions (H1) - (H7) be fulfilled. Further, assume that the
following 1s true:

1. There ezists a constant § > 0 such that sup,cp+ ||A"(t)]| < 6 and supgen ||B;¢’|| <
6 wherei =1,2 and j =3 — 1.

2. The functions

9(t,z,Qz + 1) - Qf(t,z,Qz + 1) }
Ji(z,Qz + 1) — Q(rr + 0)1i(z,Qz + 1)

where Q = Q(t) 1s a solution of system (10) are independend of the variable z.
3. There ezists constants p > 0 and L > 0 such that

sup ||H(t,0)|
teERt

sup || H«(0)]
kEN

- ||H(@,7) = H(t,n)||
| Hx(@) — He(n)|

} < L —nll

wheret e RY, n, € R™ and k € N.

Then there ezist positive constants uy, 6, with § < 8 and Lo such that for u €
(0, po], L € (0, Lo] and é € (0;61] an affinity integral manifold for system (2) ezists.

Proof. The parameter function ¢(t,z) = Q(t)z+n(t) we shall obtain by the method
of consistent approach. Set no(t) =0 and

Tasa(8) = [ 6(6,9) (H(s,mm(s)) = Qo)A (sJals) ds
: (22)

+ 36t 7+ 0)(Hilra(r)) — Qrk + 0)Bina(r)

k=1

for n € N. From Theorem 1 it follows that there exists function @ = @Q(t) which is
solution of system (10). From (22) for n = 0 we obtain

Im @Il < / IG(, s)l (IIH(S;O)II ds+ Y IG(t, 7 + )| ||Hk(0)l|)
to k=1

2
< N#(Z + CA).
On the other hand, if ||n(t)|| < o for some ¢ > 0, then
Irmsall < 16 (IH DI+ IQONIAZ N () ) s
to

+ 3016 7 + O (1 Ex1alriD + 1@k + OB N Inarl) )
k=1

< N(La+/1+q6a)(% +CA)
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and

71 = ma(e)]] < / 16, ) (| (5, 1n(5)) = H(s,n-1(s))]

I A () [70(5) = 102 (3)] ) s
+ 216+ (|| He(ra(re)) = Hemaa(r))]] 2D

k=1

+[|QCre + O [ BE[Hlna(7e) = na—a(70)]])

2
< N(L+ q5)(z + Ca) sup [l (t) = mn-1(2)]|.

Based on estimates (23) and (24) we obtain that there exist positive constants pg, 6
with 6, < 6y and Ly such that for u € (0, uo}, L € (0,Lo] and é € (0,4,] the sequence
{nn(t)}3%, converges to n(t). Then the proof of Theorem 2 follows from Lemma 4 i

Example 1. Consider the system of impulsive differential equations

=z (t # 7)
Az(t) = apz(7x) + bry(7x) (keN)
y =2y —sintz (t # 7x) (25)

Ay(re) = (ar + 3(-1)*bx) y(re) (k€ N)

where t € RY, z,y € R, 7x = kn (k € N, {ax} and {bx} are real bounded sequences.
The function Q(t) = 3(sint + cost) is solution of a system of the form (10) and the
conditions of Theorem 1 are fulfilled. Then for system (25) there exists an integral
manifold with parameter function ¢(t,z) = %(sint + cost).

Example 2. Consider the system

t=z+zy+2 (t # %)
Az(1) = aky(‘r;,) (k € N)

y = costz + y + zysint (t # %) (26)
Ay(ri) = (-1)*ary(rs) (k€ N)

where t € RY, z,y € R, {ax}seN is a bounded real sequence and 7, = :'—"zﬂvr. The
functions Q(t) = sint and 75(t) = sint 4 cost are solutions of system (10) and (21),
respectively, and the conditions of Theorem 2 are fulfilled. Then for system (26) there
exists an integral manifold with parameter function ¢(¢,z) = sintz + sint + cost.
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