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Nonlinear Hyperbolic Equations
with
Dissipative Temporal and Spatial Non-Local Memory

F. Mosna and J. Necéas

Abstract. The equation governing the evolution of a displacement vector in an elastic body
with dissipative temporal and spatial non-local memory is considered. The memory term is
generated by a singular but integrable kernel. The existence of a global weak solution to the
associated initial-boundary problem is established by constructing Galerkin approximations
and deriving a suitable energy estimate.

Keywords: Siﬁgular viscoelasticily, energy estimates, weak solutions
AMS subject classification: 45K 05, 73F 15

1. Introduction

In this paper, the equation governing the evolution of a displacement vector in an elastic
body is investigated. The body is assumed to occupy a reference domain 2 C R at
an initial time and to have unit density. The vector u = (uy,...,uy) represents the
displacement and from Newton’s laws of motion:we obtain'for it the wave equation

t=dive+ f (1)
where 0,; is the Cauchy stress tensor and f = (fi,...,fn) is the external body force
per unit mass. :

This equation holds for both the elastic and the plastic cases. The properties of a
material are expressed by the constitutive law, which describes the relation between the
stress o and the infinitesimal strain tensor e;;u = %(g%;} + %%{-). The stress is a function
of eu for an elastic material, while it depends on the velocity of eu in the case of the
plastic one. In the linear cases, the relation in an elastic body is expressed by Hook’s
law (then (1) is a hyperbolic equation), while for a plastic material Newton’s law holds
(then (1) is a parabolic equation).

The stress tensor usually depends on the instantaneous strain

oii(a,t) = Gor(eutz, 1) (2)
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where W = W (e;;) is a function of free energy. In the case of one space dimension the
problem has been solved. The global existence of a weak solution of the mixed problem
follows from a recent work of Di Perna [5] and is based on compensated compactness
arguments. In spite of intensive efforts of many mathematicians the question of global
existence of a solution to the general nonlinear elastic problem remains open. There are
several results in some special cases for dimension N > 2.

Experience indicates that certain materials have memory. It means that the stress
depends not only on the strain at the present time ¢, but also on the entire history of
the strain from zero to time ¢. In this case, the instantaneous stress (2) in equation (1)
is extended by the memory part, which usually has the form

/0 h(t — 7)(eu(z,t) — eu(z, 7))dr

(h denotes a suitable kernel). At first sight it is surprising that the existence of a
solution to such an equation can be proved (see [2, 12]). However, there are other
materials where the stress depends not only on the history of the strain at given z, but
also on the history at all points located in a neigbourhood of z, more generally on the
history at all points of Q. Our work generalizes the results from [2] for such a type of
nonlinear elasticity memory choices, both time and spatial ones. (The singularity in the
memory part of stress approaches the Dirac function.) It is the purpose of the present
paper to prove global existence of a weak solution.

We will consider the equation

ii(z,t) - £faij(z,t) = fi(z,t) on 2 x (0,00) (:=1,2,...,N) (3)
i
where the stress consists of both the instantaneous and the memory part 0 = o/ + oM,
ow
1
0i; = 3—(eu) (4)
J 6e,~,-
and .
h(t -7
o = _'\/ / (eiju(é,7) - eiju(é,t))% dédr, (5)
0 Jo |z — €]
with boundary conditions :
u(z,-)=0 (z€0Q) (6)
and initial conditions o
' u(-,0)=u
. ) (7)
u(-,0) = u'.

Let the domain @ C R¥ (N > 2) be bounded and let it possess a Lipschitz continuous
boundary 0Q2. We assume that the function W : R2N = R is continuous, has bounded
second derivatives, W(0) = ;’C—W”(O) = 0 and the condition of ellipticity is satisfied, i.e.
there exists a real number « > 0 such that
a*w 2
_ iiQR > 8
6eij aekl (q)(l ]akl Z K ”a” ( )
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holds for every a,q € R*N. We also suppose h(t) = e~'t™" where 0 < v < -;—,N -1<
a< N,A>0,and

N

feWH2((0,00); W'~ 7T 2(;RN))
N L2((0,00); W12(Q; RY)) n L*=((0, 00); L* (24 RY))
u® € W, 3(Q; RY)
u' e LH(Q;RV).

We use the Galerkin approximation. The operator aiz,-'”"i is compact both in time and
space. The memory part of the stress tensor allows us to establish the basic estimates.

We will deal with spaces of functions with non-integer derivatives (see (1, 3, 10, 18)).
Definition 1. Let 0 < s < 2 and let u : @ — B be a function, where B is a Banach
space and @ C RY is a domain with Lipschitz continuous boundary. We define
||u||%v--=(n;3)

)— 2 .
_ { lel3aga,my + Jaxa Limdie dody ifo<s<l

N 22 (2)— 32 (v) i . :
luliyrzgamy + Ziei Jaxa ’L‘;W-—_ngdIdy ifl<s<2

The space W*?(Q; B) contains the functions u satisfying ||u|lw..2(n;8) < o0, wo2(Q; B)
= L*(Q; B), and W"2(Q; B) is introduced as usual. (If B = R, then we denote W*2(Q)
= W*2(Q;R).) The space WJ'Z(Q) can be introduced as the closure of D() (test
functions) in W*2(Q) and we denote the dual space w-L2(Q) = (W(Q))*. For
—1 <s < +1 we have W*3(Q) = W;*(Q).

Let {w"}n>1 be a basis in W, *(Q) which is orthonormal in L*(2) consisting of the
eigenfunctions of the equation

Aw+6w=0 on Q1

and let {An}n>1 denote the corresponding eigenvalues. Then in the space Wy 2(Q) an
equivalent norm can be given by

oo
||u||f4,;,z(n) ~ Z Al where ¢; = /ﬂuw'ﬂx
=1

and '
gy = [, eI dE

_ where % means the Fourier transform of the function u:

a(€) = /RN u(z)e“““”m*“‘“dz (€ € R™).
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We shall use the Parseval equality

. l -
cdy — ~R LA(RN
/RNuvd:c @y /RNuvd{ (u,v € L*(R™Y)), (9)
and rules for the Fourier transform of the convolution and derivatives:

Txv = uv, (10)
Bu o .
(O ==& (we SRY),ve L(RY). (1)

j

Here the space of temperate distributions S*(R") means the dual space to
S(RM) = {(p € C®(R"): sup |z# D¥p(z)| < oo for all multi-indexes oz.,ﬂ € NN}
g
and the convolution of u and v is introduced by the formula
(weo)e) = [ u(E)ulz - €)de. (12)

We shall need also the Fourier transformation of the power ]% for N—{—l <a<N:

(Fp)o-eom=IGBljarsay™  w

(see (4, 6, 9]).

2. Galerkin approximation

After defining a weak solution of our problem we will construct its approximants by the
Galerkin method.

Definition 2. A weak solution to the mixed problem (3) - (7) is a function u €
L>((0,00); Wy * (€, RV)), for which

u € L=((0,00); L*(; R™))
i€ L*((0,T); W (@, R")) forall T >0

and for all v € WOI’Q(Q; R™) and for almost all T > 0 the equality
T T aw
/ / ii(z,t)vi(z) dxdt + / / = (eu(z,t)) eiju(z) dzdt
o Ja o Jo Oeij

- /OT/Q ( /01/9 (eiju(€,m) — eiju(&,1)) T;(t_"{ll) dfdr) eiju(z)dedt  (14)
T

:jo /Qf;(a:,t)v;(:z:)dzdt

I}
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holds (it is necessary to understand the integrals in the sense of distributions).

There exists a basis {w"}n>) in the space W, *(Q) which is orthonormal in L2().
We construct Galerkin approximants u" of the form

n

ut(z,) = Y M(wk(z)  (neN).

k=1

Using successively w!, ..., w" as test functions in (14), we get the following conditions
g \/ g g

for the functions of time ¢{™, ™, .., M

&m(t) + /n g:ﬁ (Zci">(t)ew*(z)) ei;w™(z)dz

. k=1

Y% eiw (e w™(2) 4o [y m —\dr
SN/ dgiz - [ () - &P)hCe - )

lz — &l
=/fg(:c,t)w,'-"(a:)d:r
(1]

with initial conditions

cE,',”(O):/u?w,’«"d:z:

Q

ég')(ﬂ):/ufwf"d:c
ke

(m=1,...,n).

This problem possesses a unique solution on an interval {0,8) (6 is the maximal time
of existence of the solution, see [8] or [11]). Thus there exist approximate solutions u™
satisfying the equation

Aﬁ?v;dm + /n %(eu")e;jvdz
- ’\/Q (/0!/Q (eqju”(€,7) — eiju™(§,1) Tz(t__ﬂ? dédr) eijv(z)dz (15)
= /‘;f,-v,' dz

for all v € sp {w!,...,w"} (the subspace spanned by w!,...,w").




944 F. Mo%na and J. Netas

3. Basic estimates

For the approximate solution introduced in the previous section we may establish the
following estimates.

Lemma 1. For any T € (0,6) the solution u™ of (15) satisfies for some C, > 0 the
inequality
1 .
-/ [a"(T)|P dz +/ W (eu™(T)) dz
2 Ja Q

T T _N-a ~n ~n det
+’\Cl/0/0 - (|§|l T |an(é,t) - a (E,T)I)Qdfm

T
< l/ ||ul||2d:t+/ W(euo)dz4-/ /f,-i;;‘dzdt,
2 Ja Q o Ja

Proof. Let us extend u™ by zero outside . We put the time derivatives u"(-,t) as
test functions into expression (15) and integrate over (0,7):

1 -n 2 1 ‘n 2 n n
5/‘; [|a™(T)||°dz ~ §/Q||u (0] dz+/ﬂW(eu (T))dx—/‘;W(eu (0))dz

N A/OT/Q (/0'/0 (eisu™(6,8) — eqyu™(6,7) Ta:(t—_flr") d{dr) ei;u(z,t)dzdt  (16)

T
=/ /f."ll?d.‘cdt.
0 JQ

We can write the last integral on the left-hand side of (16) as a convolution (12), then use
the Parseval equality (9) and the properties of the Fourier transform of a convolution,
derivatives and powers (10), (11) and (13) to get .

eiju”(6,t) — eju(§,7) ..
./:/g;xn J PRI eiju"(z,t) dédz

"(t) - ei;u(r >o<L e;;u"(t) dz
= [ [lesn) = eipumiry | wrm |
_ % %—QF(N;O)E .2+a—N n _ n
= (m¥2¥ - 2[/@ 617+ (@3e, 1) ~ W, )@, 0 de

+ / l€1°~ N et (uB(e, t) — zTr(e,r))zT;(s,z)de].
RN

11

Denoting by n = (n,,n,) the outer normal to &M, where

MT={(t,r):0<t<rand0<r<T},
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we compute that for some d; > 0
T ,t -
2+a-N (7% _oa on _
2 [ [t @ - ) T de bt - mydre
— 24a—-N i “h _a 2 _
~/RN €] /MT dtlu (&,t) — u™(€, 7)| h(t — T) drdtdE
= [t ([ s - Fen e - s
RN Mt
‘/ il'?‘(&f)—ﬁ(é,f)lzh’(t—r)drdt)dg
drdt

>d1/// €1 (t— 7)1+

holds (we use integration by parts and take into account that k' is negative on (0, c0)).
Similarly

(e, 1) — (€, )]) e

T ,t
/0 /0‘/5;N |€|0—N§.€,(u:‘(§,t) - u?(f,r)) u;‘({,t)h(t _ T) drdt

N 2
- [t /M, N [Z E(73(E, 1) - uT"(f,r))] h(t — 7) drdtde
>0 .

and the lemma is proved

It follows from Lemma 1 that the approximants u™ are defined on the whole interval
[0, 00).

Using the Gronwall lemma we obtain the following corollary.

Corollary. There ezists a constant C, > 0 such that
H“”"Lm((o;oo);w;-’(n;w)) <G }

12| oo ((0;00);L2(01:RN ) < C2
For any T > 0 there ezists a constant C3(T) > 0 such that

n
I ”w'é 20Ty W T A IR")) Cs(T).

Lemma 2. For any T > 0 there ezists a constant C4(T) > 0 such that the solution
u" of (15) satisfies

N

n
li “w%’((o"r) I (nmN))— Ci(T).

the projection operator mapping the space

Watei(y IRN) to sp (w ,...,w"). The starting point of our consideration will be the
definition

2 o [T NN — )y o
”u ”W‘i" T):W=1-¢.2(Q:RN ~ 1+ dt]dt2
(o7 2ar¥) "~ Jo Jo [t — ta]1+*
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and ) )
”un(., tl) - un(.’ t?)”W-x—.,:(n;mN)

= s [ (@) - ()i de

Hwll l+.,z$l Q

_ / (2(tr) — P (t)) (R™$); da.

||l/1|l 1+- 251

If we extend any function ¢ € Wy *?(Q; RY) by zero outside €2, then
ol amm, ~ [ GEFIBONE (3 <s<+3).

We choose any function ¥ € Wy t*2(Q;RV) with "t,[)”wl+¢ 2(qry) S 1, denote p =
R™p € sp(w',...,w") and use equality (15) for u™(t,) and u"(t;). First we estimate

|/( (= t‘))_g_:f,;(e""(z,tz))) %&(I)dz
<dy

i,7,k,0
<Y /R (lere e 0) - W )]) e B e
i,k

Sdy flu(t1) = w"(t2) -z llollipises

Let us remark that ||u"||W;((O,T);W‘_,‘,(Q;RN)) < C3(T) by Corollary. We can proceed
similarly in the case of the difference of the right-hand sides of equation (15). It is
sufficient to look at the term in (15) generated by the memory portion of the stress 0,1‘1"
For 0 <t; <t; < T we have

/[//c”u e b - g

_/O /Qc., u(&ot2) ~ eisun(§, 0) h(tg—a)dfda]egjw(z)dz

/RN aizl(u;:(z,tl) ul(z,t2)) a""(z)dz

(7

|z =&l
= //nxn [/0 ' (eiju™(€,t1) — eiju™(€, 8 — 5)) h(s)ds
R S PE L. P

N /w { /0" (eiju™(€,t1) — eiju™(€,t2)) h(s)ds
- /0‘2 (eiju™(&,ty — s) — eiju™(€,t2 — 5)) h(s)ds

+ /“ (e,‘ju"(éﬁtl) —eiju™(€,t — s)) h(s)ds} (e,-j<p * #)(g) de.

t2
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The last line of (18) contains three parts. We can write the symmetric parts of the
gradient and estimate the corresponding integrals (similarly as in (17)) as

a‘P: 1 au: a‘u:
R (6:, : a> (5{,01) - a—m(tz)) dt h(s)ds
< ds(T) llllwrsez|lu(t1) — u™(t2)||wr-e.2 (19)

< do(T) [u™(t2) — u™(t2)llwa-ern.

The second integral can be estimated as

0pi 1 ou} N aﬂ _ )
RN (azl : °) (614 (=) 0z, (t2 —s) ) d€ h(s)ds

<aD) el [ ut =9 = w2t = yrahle)ds (20)

<an { | " unes) - S —y

and

T lun(t —s) — u(ts — s)i}-. ,
== < do(T) |[u"” .
/o /o /o I(t1 = s) — (t2 — s)|*+? < do(T) lu ”W%((O,T);W""’(Q;RN))

Analogously we get

a‘pl 1 6u: _M B )
/:; /u;n (61:] . ) (azl (t1) 9z, (t1 — s) ) dEh(s)ds

< dlo(T)/t “un(tl) - un(tl - 5)”Wl—¢.2 h(s) ds

< le(T)/' l lu(ty) = u™(t1 — $)|[wr.2 h(s)ds.

/ / [/ ““"(tl —u”(t; — ) ”wmh(s)dsr (t%

< up flu” (r)IIW,,//o" (/: h(s)ds)2 % (21)

< dn(T) “un||L°°((0,T);W‘-’(Q;JRN))'

Hence

Lemma 2 follows now from definitions and estimates (19) - (21) and Corollary il



948 F. Mo§na and J. NeZas

4. Interpolation

Let 1 < p< 3 and =} < B < +3. We can introduce spaces W“'z((O,T);Wf’Z(Q)) by
Definition 1. Then v € W#2((0,T); W¢'*(Q)) may be expanded into the double Fourier

series
oo oo .
=Y Z ¢ij hi(t)w’ ()
t=0 j
where ho(t) = a.nd hi(t) = \/—cos 2t (i € N). We use the equivalent norm

o0 o0
B8
10132 o mywe iy = D D chal +7)4A7.

1=0 j=1

Lemma 3. Let 0 < 6 < %, O<e< % and 0 < v < 1. Then there ezists a constant
Cs > 0 such that

1—
“”"W(‘“)’-’((O,T);W-(‘+')“'-’(ﬂ)) < C5||v”L!&o,r);L?(n))”v”;’vwé-?((o,'l‘);w—1—r-=(n))'

Proof. We compute directly that
Hollwa+en. oMWt @)

ZZ 2(1+22)(1+6)7/\ (1+€)y

o oo
_ ZZC -1(1 +12)‘y(l+6) /\ v(1+¢) ?)(l )

oo oo o oo
< 0522 (1+i2)(l+6)/\j—(l+t))"lzz xJ(1+i2)0’\(})1_7

=0 j=1 i=0 j=1

— l—y ¥
= Csllvllado myicrapllvliwsez o, myw-1-cam)

and the lemma is proved B

5. Existence of a weak solution

The following theorem establishes the Lipschitz continuity of the operator oM.

Theorem 1. There ezists p > 0, independent of T, such that

M
llo™u = o vll 2o, ysLrcamnyy < APllew = evllpao,ry;L2amry)-
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-Proof. Using twice the Schwarz inequality we get

35 (o u—olfv)”
(// [ eiju(é,t) — ei;v(€, 1)) — (eiju(€,7) - e,,v({,r))] h(t f|°) dfdr)2

< / (equ(e,o—ei,v(c,t))’ el R (/ h(t—r)dr)2
(esul6rr) - e,,v({,r))zh(t D grag [ L h(t—r)dr
|z — &l al fl

We denote p; = f0°° h(r)dr and p; = fB(O,diam ) ]71F dz. Changing the order of inte-
gration we go on to compute

LM M
F "0’ u-—o v”iz(bz)

<t [ (| ’ (eates ) - et )'ar) ([ 5 ) e
o [ " el - eten)( [ Che- nat) ([ 2 areg

< 2p3p} lleu — ev||}2(12

and the theorem is proved B

Theorem 2 (Existence of weak solutions). Let us consider equation (3) — (5) with
boundary and initial conditions (6) and (7). Let the just introduced assumptions be
satisfied. Moreover, let v > N — o and cox > pA where ¢o is the constant in Korn’s
inequality. Then problem (3)—(7) possesses weak solutions u on (0,00). These solutions
satisfy

u € L=((0, 00); Wy (4, RN)) W
u € L*((0, 00); L* (9 RY))
i€ L2((0,T), W~12(q;RN))
u€ WH2((0,T);W'="5°

72 RY))
i € WH2((0,T); W'~ "72(q;RV)) )

for all T > 0.

Proof. Let us choose any T > 0. As 4 is a bounded sequence in L2((0, T); L%(£2))
and W'+17.2 ((O,T);W'l‘N;°'2(Q)), we get from Lemma 3 (putting v = 11") that 47
is bounded also in the space wr+$).2((0, T); ) where Hy <7y <

TV_‘T It is possible to choose such 7, because v > N — . The space Wr+4), 2((0,T);

W-10+55%).2(Q)) is compactly embedded into W'2((0,T); W='2(£2)). Thus we can
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choose a subsequence u"* which converges to a certain function u in the following sense:

ut — oy in L*((0,T); Wa*(%; RM)) )
a™ — 4 in L%((0,T); L2 RM))

u™ -y in W%’2((0,T);W

@™ — i in WE2((0,T); W' TR RY))
™ — i in L¥((0,T);, W= *(;RN)) )

Now, let P, be the projection operator from L?((0,T); Wol’z(Q;lRN)) to the space
spanned by the vectors c;(t)w?(z) where ¢; € L%*(0,T) (j = 1,...,n). We have
P,u — u in L%((0,T); W, ’2(Q;IRN)). We put v = u™ — P,u as a test function into
equality (15) to obtain '

// it (ul* — (P, u)i dzdt+//6.’(eu *)eij(u™ — Pp u)dzdt
[ Lo e

x e;;(u™ — P, u)dzdt

=/0 /in (u™ = (Payu);) dodt.

The first and the last integrals tend to 0. We obtain a lower estimate from the condition
of ellipticity (8) and Korn’s inequality:

/ / 36,, " — Ppou))ei(u™ — Pou)dzdt

2 Kep [lu™ — P"*u”i’((O,’I‘);WJ"(Q;R"))'

As oM is Lipschitz continuous we have

T
/0 /‘;ag(u"" — Pn,u)eij(u™ — Py,u)dzdt

S Apllu™ - P"*“"i*((o,r);wg"(n;w»'

/ / (eP,,ku) et](u"k Pn,‘ll) dzdt - 0
Oei;
/ / oM (Pa,u) eij(u™ — Po,u)dzdt — 0
0 JQ

and kco — Ap > 0, then u™ — Pn,u — 0 and also u™ — u in L2((0,T); WOI’Z(Q;RN)).
The existence of the required weak solutions follows as a direct consequence of (15)
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