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Acoustics of a Stratified Poroelastic Composite

R. P. Gilbert and A. Panchenko

Abstract. In this paper we discuss the acoustic boundary layer problem for a poroelastic
seabed abutting onto a liquid half space. The problem is addressed using the method of
homogenization where the microscopic equations are modelled after Burridge and Keller [5),
Levy [10], and Panasenko [13]. A difference in our approach is that we do not consider the
viscosity coefficients to be dependent on the pore size. To achieve continuity of displacement
and stress at the interface to an arbitrary asymptotic order, we introduce correctors of two
different types on each side. Then correctors of different types are matched across the interface.
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1. Introduction and Remarks

In this paper we discuss the vibrational motion of a porous medium whose pore space is
saturated with fluid. The porous medium we propose to study is formed by a periodic
arrangement of the pores into cells. The vibrational motion is assumed to be stimulated
acoustically by a signal whose wave length is A. For an averaging procedure to work, we
need the wavelength to be large compared to a typical cell size £. Assuming in addition
that A is comparable to the characteristic macroscopic size L of the problem and the
fluid phase is incompressible, one can classify different homogenized models, as was done
in [2] heuristically, and justified rigorously in [7]. In these works, four different types of
possible macroscopic behavior are listed:

e Model I: The acoustics of a fluid in a rigid porous matrix regime. This case was
considered previously by Gilbert and Panasenko [6].

e Model II: Diphasic macroscopic behavior of the fluid and solid matrix. This case is
considered using the methods of two-scale convergence in (7].

o Model III: Monophasic elastic macroscopic behavior. This case is also discussed in
(7).
e Model IV: Monophasic viscoelastic macroscopic behavior.
Model I, the diphasic case corresponds to the Biot model (3, 4].

In this paper, we allow the fluid to be compressible and do not assume that A is
comparable to L. Thus the model developed in the paper will also work for A large
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compared to £ but small compared to L. The homogenized model obtained is close to
the "slightly compressible” variant of model III as developed in [7]. The microscopic
equations we use are similar to the ones used in papers by Levy (10] and Burridge and
Keller [5). The only, but essential difference is that we do not assume the viscosity
coefficients to be comparable to the pore size. We adopt a point of view according to
which viscosity characterizes properties of the fluid regardless of the pore geometry. The
immediate conclusion then is that the classical Biot model is an approximation valid
for pore size lying within a certain range. The latter is determined by the viscosity of
the fluid and by the geometric characteristics of the medium. Passing to the limit of
"infinitely small” pore size, one should expect to obtain a set of equations different from
(3, 5, 10].

Denote the ratio between € and L is given by ¢, eL = £. The geometrical structure
inside the unit cell Q@ = (0,1)" has a solid part Q* which is a closed subset of Q, and
a fluid part Q7 = Q\Q*. Now we assume Q°* is periodically repeated over R® and sct
Qr = Q° + k for k € Z™. Obviously, the obtained closed set X* = Urezn Qi is a
closed subset of R” and X/ = R"\X* in an open set in R". We make the following
assumptions on @/ and X/:

(i) @/ isan open connected set of strictly positive measure with a smooth boundary,
and Q° has strictly positive measure in Q as well.

(ii) X/ and the interior of X* are open sets with boundary of class C*, which are
locally situated on one side of their boundary. Moreover, X/ is connected.

Now we see that X = (0,L)" is covered with a regular mesh of size ¢, each cell being a
cube Qf, with 1 <¢ < N(e) = |X|(e)™™[1 + 0(1)]. Each cube Q¢ is homeomorphic to
Q, by a linear homeomorphism II¢, being composed of translation and an homothety of

ratio % We define

Qs =()7Q°)  and Q5 = () "(Q)).
For sufficiently small ¢ > 0 we consider the sets
T. = {keZ"Q% C X} and K. = {k € 2"| Q%,capdX # 0}

and define )
X;=J @5, s =0x:; X;=X\X.
keT,
Obviously, 3X; = 0X U S¢. The domains X: and X{ represent, respectively, the solid
and fluid parts of a porous medium X. For simplicity we suppose % € N. Then K, = 0.
We construct a full asymptotic expansion for the system of two composites of the
above type, separated by a plane interface. The first part of the construction deals with

inner expansions. The development here is based on the general method proposed by
Panasenko [13]. Then we proceed to take care of the boundary layers at the interface.

The major part of this work is devoted to the investigation of interface effects
between two different composites. We consider the simplest model situation of a single
plane interface. The goal is again to produce a full asymptotic expansion accurate
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to an arbitrary power of the parameter, which normally is a difficult task. A simple
computation shows that the usual inner expansions can not be matched at the first level,
even after the introduction of boundary layer correctors of a type typically employed
in the literature. In classical works on homogenization such as [15] this problem is
discussed, but the only rigorous work known to the authors is the recent paper by
Avellaneda, Berlaynd, and Clouet [1], where the problem of interface matching is solved
under the assumption that wave propagation can be described by wave equations at
the microscopic level. The authors use the Floquet theory and operator perturbation
theory to obtain explicit asymptotics of the Dirichlet-to-Neumann map at the interface.

The main idea that makes matching possible is the introduction of two different cor-
rectors on each side. The first corrector is a usual one, so we call it "old”. The second,
"new” corrector combines the fast variable part of the expansion on this side and the
slow variable part of the inner expansion from the opposite side. The matching is done
as follows: the old corrector from one side is matched with the new corrector from the
opposite side. This is the crucial part of the method. On the output, this "microscopic”
matching produces two families of constant matrices used to obtain macroscopic match-
ing conditions. The constants can be determined explicitly from the formula contained
in Theorem 4.1, and also from the examination of the proof of Theorem 5.3. As an
example, we calculate homogenized transmission conditions for the main term of the
expansion. The result shows that the homogenized transmission conditions can be writ-
ten in terms of homogenized normal stress only. The conditions for subsequent terms
contain non-trivial corrections to the homogenized stress, which shows significance of
edge effects. The details can be found in Section 4.

In order to control decay of boundary layer correctors, one needs to estimate solu-
tions of the cell problem in unbounded domains. In the present case the cell problem
is a system of stationary viscoelasticity. The problem to solve is twofold. First, we
need to obtain sufficient conditions for the existence of solutions with derivatives which
do not grow too fast. Then, imposing some extra conditions, we show that derivatives
will decay exponentially, and the solution itself will stabilize to a constant vector with
exponential speed. This is the most difficult and technical part of the paper. It is
based on special a priori estimates of Saint-Venant type. Estimates of this kind for the
elasticity system were obtained by Oleinik and Yosifian {11]. In the paper, we obtain a
generalization of these estimates, since we need to deal with complex-valued coefficients.
Moreover, the estimates in [11] are written in a half-space. In order to control the decay
of solutions of the transmission problem, we need to estimate the decay of solutions on
both sides of the interface, rather than on just one. We point out, however, that most
of the technical arguments from [11] still works.

The paper is organized as follows. In Section 2 we discuss the system of equations
to be homogenized, and a certain transformation that leads to the elimination of the
pressure from the system. In Section 3, the inner expansion is obtained. Section 4
contains the details of the interface matching procedure. Finally, in the technical Section
5 we give proofs of the estimates needed in Section 4.
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2. System of equations for acoustics in a periodic porous
medium

Consider an infinite e-periodic medium composed of an elastic solid and a compress-
ible viscous fluid. Let X* and X/ denote the domains occupied by the solid and fluid,
respectively. Their common boundary S is assumed to be a smooth manifold of codi-
mension one. The displacement vector u satisfies the system of equations (written
componentwise):

azu,' ao’:j .
s =27 ; s 2.1
p at2 6.’1:) + fl m X ( )
8%u; 60!~
122 =24, in X7 2.2
5 5z, + fi in X (2.2)

Moreover, on the interface S, the transmission conditions

) = 0} (2.3)

[osjvs) =0

hold, where v; denote components of unit normal to S pointing inside of X°. In the
solid part, components of the stress tensor o* satisfy the Hooke law

s __ s _ 1 Buk 6u1
0ij = aljuexi(u), t/:kl(u) =3 (8_x1 + E:—k) (2.4)

with coeflicients a};;; € C*°(X*) satisfying conditions of symmetry and positivity:

s —_— K — . ’ —_— s
Aijkl = Qjigl = Qilk = Q45

. (2.5)
kreij(u)eij(u) 2 afjueij(u)en(u) 2 kzeij(u)eij(u).
In the fluid part X/, the stress tensor satisfies the Navier-Stokes law
f au
ofy = =8P+ (A6i;6u + 2ubudilen (5 ), (2.6)
where the viscosity coefficients p and A satisfy
A 2
u>0, Z > —§k2, 0<ky <l . (2.7)

If the displacement is small, we can linearize the equation near the reference state
characterized by the known reference densities p* and pf. The linearized equation of
state relates pressure P to the perturbation of density p:

P = ¢?p, . (2.8)
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where c is the speed of sound. Moreover, the linearized conservation of mass equation
gives a relation between p and the velocity %:
% + pfdivaat—u =0. (2:9)
Integrating, we obtain p + p/divu = 0. Combining this and (2.8) we have P =
—c?p/divu, so that the pressure can be eliminated from (2.6):
p

a!j = a{j“e“(u), . (2.10)
where
a{jk, =A—Cgp,5.’,‘5k1 + (A6ijbr + 2#5&5,'1)%-
Denote by a;jki the comi:)one-znts of thew symmr;etric fourth;o.rcilér- tensor equal to ajjg in

X* and to a{j“ in X/, and denote by o the corresponding "unified” symmetric stress
tensor. Since e(u) is also symmetric, we can write

Ouy

gi; = aijkl%«

Then

Goi; _ 0 ( Ou )

6:, - 6:,~ kjazk ’
where M;; are n x n-matrix operators with components a;;x1. Using matrices My; we
can replace (1.1) and (2.2) by a single system:

0 0%u 0 Ou

where p° equals to p* in X*, and to p/ in Xf. The components a;jr of the matrices My;
satisfy (2.5) and (2.10) in X* and X/, respectively. On the interface S, the transmission
conditions (2.3) hold.

3. Inner expansion and homogenized system

The purpose of this section is to obtain a complete inner asymptotic expansion for a
solution of system (2.11). The word "inner” means that at the moment we prescribe no
macroscopic boundary conditions and treat the medium as infinite in all directions. The
terms of the expansion will satisfy a chain of problems with coefficients independent of
the parameter. The first system in this chain provides the macroscopic homogenized
equations.

Consider system (2.11) together with the interface conditions (2.3). Assuming that
u is a time-harmonic vector with angular frequency w, and slightly abusing notation,
we replace u(z,t) by u(z,w)e’!. Then the amplitude u(z,w) satisfies

P — 6%('4 Ou ) =7, (3.1)

i
i T 9z
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where u(z) is an n-component vector function of z, Ax;(Z z ,w) are periodic n x n matrices
with components A( D given by
it)
Aij = aju (3.2)

in X*, and by

Ai'jl) = (—Czp! + iw/\)é,‘jé“ + 2twpdikdji (3.3)
in X/. By assumption, A;; are smooth everywhere in R™ except a smooth manifold S
of codimension one. On S, the transmission conditions

[ul =0
il a'U.[
kj a
are satisfied, where v; are components of the unit normal to S. We look for an asymp-
totic in € solution of the form

un Y N NPIED (). (3.4)

p,i=0 Je|=t

[A VJ]—O (i=1,2,...,n)

By the chain rule, the differential operator
9] 0
L,=—{Ay;—
Or; ( ki 61:k)

corresponds to

o? o2 0A;j 0 o
“2Le+ e Ay I — . 3.5
€ Thete ’”(axjagk + azkag,-) 3¢, Ozx *i 8z ;0z% (3:5)
Substituting (3.4) into system (3.1), and taking (3.5) into account, we obtain
f Z +p Z —w pr,lev + Z eH-p =2 Z LENP lDl
Lp=0 fif=1 Lp=0 lij=1
ONP* D'y dD'v
+p-1 I+p-1 |
+ DY A & o5, T dc Z (A*:N" o5, (3.6)
Lp=0 lil=! L,p=0 lil= ’
8 D'y
Ag;NP*
+ lg:o ||Zl a.’tkazj

Next, we shift indices in the sums above to get

D PN —wIpNPIDY = Do PN _WPpNP2iDhy

1,p=0 lil=t 1=0,p=2 lil=t
ONP* 3Dy aNl"z u
4p-—1 = I+p-2
3 et S a O Y ey, 2
Lp= II t I=1,p=0 lil=t
oD’
D i R Ve SRS
b k =
4,p=0 li|=t I=1,p=0 lil= l
Dty

IZ Ay Np, aaa:kaxj — Z €p+l—2 Z Ai‘isz,.',A,,.‘,Div.

Lp=0 |ij=! 1=2,p=0 li|=t
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Then (3.6) transforms into
f Y EHPTEN T HPY(E)DY, (3.7
1,p=0 |i|=t

where HP* depend on NP* Aij,w and p. Since the left-hand side is of order €, we
obtain ‘

N0,0 — NI,O =7
where I denotes the unit matrix. Also, we assume that N?* = 0 if at least one of p and
|i| is negative. Then, collecting terms in (3.7), we have for HP+ the expressions
H%Y =9
HY = LN =0 (3.8)
~ HP? = ~w?pNPT2O L LNPO? (p>2)
; 04, ; ; 0A;,; ;
HO,I] — ) +L NO,:, and Hl,nl — 1) +L Nl,u
9€; ¢ 0¢; ¢
and
) . NPizit
o oy,

o - . , (p>0,l:| >1) (3.9
+ _66.(Ai‘ijll2m”) + Ailisz"am" +LENP".
j

If we require that HP be constant, equations (3.8) and (3.9) can be used to determine
NP+t recursively.

All equations above are of the form

LeNP*' = —T?* — HP,
where
GNPzl
T
Note that T?* depends on the previously obtained NP with p' + |i'| < p + [i]. We
specify the constants HP' to be (T?*), and write

LeNPH = TP 4 (TP, (3.10)
This choice of HP*' guarantees that each cell problem is uniquely solvable up to a

constant matrix. To show this, consider the variational formulation of cell problems
(3.10). Denote by V! and V? the spaces of 1-periodic vector functions

V! = {‘UGH,IOC: (v)=0} and Vo= {vGL?oc: (v)=0}.

Consider a sesquilinear form b on V! given by

TP = —W?pNP~2 4 Ay + a—if(Aile""““‘) + Ay, NP
J

: 61/.' o
b(u,v) = [ B(u,v)dz, where B(u, =AY, —~——.
(u,v) / (u,v)dz, (u,v)(z) ki3 7z,
The variational formulation of a cell problem now reads: find u € V! such that
b(u,v) = (f,v) (3.11)

for some f € V° and all v € V!. Of course, the actual cell problem (3.10) is a matrix.
one, so we have to solve several vector problems and determine columns of an unknown
matrix one by one. :
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Theorem 3.1. There ezists a unique solution of problem (3.11).

Proof. We note first that the symmetry conditions for Aj; remain the same as
in the real-valued case. This implies B(u,u) = e(u)*Ae(u), where A is the fourth

order tensor with components Ag—l) and e(u) = (‘9—"L %{-) This and the ellipticity
condition for A implies |B(u,u)| > ¢; ||e(u)||i,(Q). By (13: Theorem 2.8], the second

Korn inequality ||ull41(q) < C|le(w)||12(g) holds for all u € V. Hence, the form B is
coercive on V!, and by the Lax-Milgram lemma, problem (3.11) is uniquely solvable for

any f € VO(Q)

The asymptotic series for u now takes the form

i i, 0%u(z)
~ H2.0 1,1 I+p-2 Py
u~H* v(z)+ H 23x.laz.,+ze ZH D'y
p+i>2 [i]=t
" ONO2 &u(z
= - p)u(z)+ Y <Ak“6—§;; m‘:>ﬁ%

i,i2=1

+ Y €PN HPIDR,

pHi>2 lil=t

Representing v as an asymptotic series v(z) ~ 3 _;€%;,(z) we obtain a chain of
averaged problems for successive determination of vg:

Lv, = f,, (3.12)
where
- aNO 2 %*v(z)
Lv=—w plu+ Ari, ——— +Ai,i Y
”¥_ < ki 2>31:,'162:,'7
and
fo=f
— Z Z HP’iDivo
I4+p=3 |i|=1
- Z ZHp’iDivo - Z Z HP'iDivh
1+p=4 |i|=! I4+p=3 |i|=t

and, generally,
g-—1

-5 5 Swon,
t=0 g—t

=0 l4+p=q—t+2]i|=t

The first equation in chain (3.12) is the homogenized system

., QN0 8v(z)
out Y <Ak.,—k +A'”2>3:1:,,3:r., f. (3.13)
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The matrices N%2 above are obtained as solutions of the cell problem

d

LeN® = — —
¢ 3]

Ai:i (3'14)
satisfying the periodic boundary conditions and the transmission conditions [N%i2] =0
and [AkJ an>’ n] = 0 on the interface hypersurface S.

4. Interface matching and boundary layers

In the previous section we did not consider boundary conditions, so the construction
above applies only locally in R". To investigate the nature of the changes needed to
incorporate boundary effects, consider the following model problem. Suppose that the
plane interface {z : z, = 0} separates two different periodic media. We assume that
equations (3.1) together with the constitutive relations (3.2) with possibly different 1-
periodic matrices Afj are valid in the halfspaces K+ = {z : z, > 0} and K~ = {z :
z, < 0}, respectively. A particular case of this is acoustics in a two-layer media of
the type homogeneous fluid above, fluid-saturated sediment below. At this point we
prescribe no conditions on u as |z,| — co. Our primary interest is to investigate how
the presence of the interface affects homogenization.

For any z = (21,...zn) € R", let Z denote the vector (z1,...2n-1,0). In what follows,
we use the notations

w(a,b):{z:a<:c,,<b}
o(a,b)={z:0<z;<1(j=1,...,n—1)and a < z, < b}
1",={:r::r:,,=i}

with I'; modified accordingly. We also denote

Q={z:2;,€(0,)(G=1...,m)}
Q= {:z:xje(O,l) (G=1,...,n-1)and $n=0}.

Denote by H!(w(a,b)) the space of locally H'-functions 1-periodic in #. We recall that
L denotes the differential operator in equations (3.1). A function u € H'(w(a,b)) is a
weak periodic in Z solution of the problem:

Lu=f

in w(a,b) if for any v € H'(w(a,b)) such that v = 0 on I'q UT the relation

/ (A“@w,é‘;.q)dz:/ (f,v)dz
o(a,b) : :

&(a,b)

holds.
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Below quantities with sub- or superscript + are defined in K+, and similarly —
refers to a quantity defined in K~. In K, we look for asymptotic expansions of the
form

uy ~ Y PP (NE + MEY)(€)Dvy(z) + S5 DYv_(z), (4.1)

p,l=0 Ji]=t

where vy are asymptotic series formed by (so far) arbitrary solutions of the chain of
homogenized problems (3.12) in K*. In K~ we look for a similar expansion with all
pluses replaced by minuses and vice versa. The matrices NP** are as above, and M_’*’,’i
and Si’i are matrices 1-periodic in €. Substituting (4.1) into the original equations (3.1)
and repeating the calculations of Section 3, we obtain the identical equations for Mi’i
and Si’i, written explicitly only for Mi’i:

LIMY = MMY! (4.2)
in K1, where MMi’i are of the form

oMMP".

MME = MM + 3
7

where .
MMPYy = —w?pME™™* 4+ AF, MD"

lll)
MM_I;' = AT MP,H By +A+ MP:': 'l

n 0y

To start the chain, we set M = M0 = §%9% — gL.0 _ . On the interface n =0 we
. e T, + + +
impose the transmission conditions
ut =u”
—, - (4.3)

o+(u+)n =07 (u )
where

a:t(ui),1 = A;jfu .

These conditions arise due to requirements of continuity of displacements and stresses.
Differentiating u* and shifting indices in the sums in the same fashion as in Section 3,
we obtain

o0
ot (ut)n = Z et

p.i=0

Z [ i g V" MED) 4 AT (NP 4 Mi’i""")] o

st asP,
+ Z p+i— IZ [ iy a{ +A-:“5P g2 ”]D' —
1=0 lsl=t 7
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and a similar expression for 0~ (u7),. Substituting into the second equation in (4.3),
collecting terms and combining with equations (4.2) we obtain the following transmission
problems for determination of the pair of matrices M} and S":

LIM? = MMP*  in K+
e N (4.4)
LES’;":SS{" in K~
with the interface conditions .
NP¥ 4 MP* = SP kP (4.5)
and
i i igeed g _ 63’;’ o0 i
"’8{ (Np +Mp )-*_/‘1"!1(1\1'};"2 I+M-’+,‘l= I)=A"j a{ ﬂtlsp,’ t,';',’
j

where ki’i and ti’i are constant matrices. We look for solution of this problem in the

class of 1-periodic in € matrices which decay exponentially as [€,| — co. Similarly, the
pair M?"*, % should be a solution to the problem

LyMP' = MMP*  in K~
) . (4.6)
L?Si" =SS! in Kt
with the interface conditions
NP+ MPF = S 4 kP (4.7)
and
-0 P Pt - Pzl piiaeig 35;: 5 + QP2 pi
An]@g (N + M2 )+Ani|(N— + MZ )= n] aé +A'"‘S +1tZ

at the interface. Let us define the operator L to be L* in K* and L~ in K~. Then
the problems above can be written in the common form

Lu=f in KtTUK~
(u] = ®(2) at t, =0 (4.8)
[o(u)n] = 0(2)+1¢ at =z, =0.
In order to formulate the solvability theorem, we first introduce some definitions.
Definition 4.1. Let u(%,z,) € L?,_ be a vector function 1-periodic in . We say
that u has one-sided ezponential decay, if the estimate
l[ull2(q.) < Ce™®M! (4.9)

holds either for s € Z* or s € Z, with constants C > 0 and @ > 0 independent of s. If
(4.9) holds for all s € Z, we will say that u has two-sided exponential decay.

To describe the behavior at infinity we will use
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Definition 4.2. A vector function u will be called one-sided ezponentially stabi-
lizing if there exist a constant vector w such that the function u — w satisfies estimate
(4.9) either for s € Z* or s € Z~. If there is a pair of constant vectors w* and w™
such that one-sided estimates (4.9) hold for both respective differences, we will call u
two-sided exponentially stabilizing to wt and w™.

Theorem 4.1. Suppose that f in (4.8) has two-sided ezponential decay. Then there
ezist constant vectors t,wt,w™ such that problem (4.8) has a 1-periodic in € solution u
such that e(u) has two-sided ezponential decay, and u is two-sided ezponentially stabi-
lizing to wt and w™. Moreover,

t=/K_ f(:z:)dz—/K+ f(z)dx—/QlIl(:i)di. (4.10)

Proof. First, we prove the theorem under the assumption that A% £ & ¥ are
smooth functions of their arguments. Consider a vector function U defined in K+ and
satisfying the following conditions:

i) U(z,0) = —®(z).
i) o(U)n(2,0) = —¥(z) — ¢.
iii) U and e(U) have one-sided exponential decay.

The existence of U follows from Borel’s theorem (see, for instance, (8: Theorem 1.2.6]).
Next, consider the function v = u — U, and let F denote the function equal to f —~ F in
K*, and equal to f in K~. The function v is a solution to the problem

Lv=F in K*UK-

vl=0 when z, =0 (4.11)

[o(v)a] =0 when z, =0.

In other words, v must be a global solution of the system of equations in (4.11). By
Theorem 5.4 from Section 5, for any constant vector g this system has a solution v such
that P(v,0) = ¢, where P(v,0) denotes a generalized moment of v at z,, = 0. For the
definition and properties of momenta, we refer to Section 5 below, and to [12]. Theorem
5.4 also implies that v satisfies the a priori estimate

)

Now apply Theorem 5.3 from Section 5. We see that v is exponentially stabilizing
in K* if P(v,0) = —-fK_ f(z)dz. Also, v will be exponentially stabilizing in K~
provided P(v,0) = —fK_ f(z)dz. Combined, these equalities imply that v will be
two-sided exponentially stabilizing if we set

leQ)Za o e 10y < c(MeM-“'*' I Hq ~ [ fuds
0

P(v,0) = - /1\'— flz)dz = — - f(z) dz.
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Hence we obtain that

/K+ F(J!,')dar:=/;(+ f(z)dx—/K_ f(z)dz. (4.12)

Consider the left-hand side separately. Since F' = div (¢(U)), we can integrate by parts.
Due to periodicity, contributions of the derivatives with respect to Z; vanish. Hence,

/;H F(z)dz = /:o az/QU(U)ndid:z:,,,

The choice of U makes the contribution of the upper limit in the z,-integral zero, and

e ebtain [ F@yds=- /Q o(U)n(2,0) = - /Q U@y di.

Combining this with (4.12) we obtain (4.10). The existence of the constant vectors w*
and w™ as well as two-sided exponential decay of e(v) follow from Theorem 5.3. Now,
using condition iii) for U we find that u is two-sided exponentially stabilizing to w* and
w~, and that e(u) has two-sided exponential decay.

Finally, since constants in the estimates depend only on dimension and bounds for
coefficient matrices, we can approximate the actual A%, f,® and ¥ by sequences of
smooth functions and pass to the limit in the estimates

Once MP* and SP* are found, we can obtain a sequence of macroscopic transmission
problems. We use the notation v,(z)*, L and so on to refer to vectors and operators
defined in Kt and K ~, respectively. Using these notations and the above transmission
conditions for MP* and SP*, we can write

[w] ~ z ePt! Z k3 Duy(z) — kP Div_(z). (4.13)
p,I=0 lil=1

Similarly, the jump of the normal stress at the interface can be written as

[o(u)n] ~ D €1 R Divy () - tP' Div_(z). (4.14)
p.i=0 li|=t

In order to satisfy the original continuity requirements, we need expressions on the right
of these equations to be zero. Now, representing v(z) as an asymptotic series v = y_ €%y,
and collecting terms in (4.13) and (4.14) we obtain the chain of transmission problems

L*vE = fF (4.15)

in K*, where the homogenized operators L* and the right-hand sides fq are defined as
in Section 3. On the interface z,, = 0 the transmission conditions

(%)= 37 Y k'Divi(z) - K2'D'v_(a)
o ; I+pt+k=q,k<q|i|=l . i
[tO,iuDilvq] = Z Z t’_;_'iDiv+(J;) - t’:‘iDiv_(I)

I+p+k—1=g,k<q |i|=!

(4.16)
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are fulfilled.

Let us now compute explicitly transmission conditions for the first two problems in
this chain. Recall that N%® = J and M®° = §%% = 0. This, together with (4.5) and
(4.7) immediatcly gives

BO= k0 =1  and A0 =0=d0 =40

Next, consider equations (4.15), (4.16) for p = 0 and some fixed | = 7;. The first

observation is that MM%" = §§%% = 0 which yields k?t"" = 0 after applications of
Theorem 5.3. Next, we apply the formula for ¢ from Theorem 4.1 to get
: ANPH
0,5 _ + + + -
et = /Q (Anj 2, + Am»l)dx. (4.17)

Let /i,,j denote the homogenized matrices

. 0,1
Api, = / (A,,ja—N— + Am',)dz.
Q 6{,‘

Moreover, denote

- ONOh -
Ani, = An)‘ —661 + Ani, — Ani,.
Now we can write (4.17) as
% = Al + /Q A}, di. (4.18)

We want to show that the integral is zero. Note that the cell system for Ni"" can be
written as %At‘-l = 0. If Ay; are smooth, we can integrate this equation from zero to

t < 1 with respect to z,, and then integrate over (). The integrals containing A-I:-i, with
k # n vanish because of periodicity, and we get

AAAQa&=AAmeﬁ

for all t € [0,1]. In other words, the integral on the right of (4.18) is a constant.
Integrating this constant on the interval (0, 1), we will obtain the average of /ii,-l which
1s zero by the definition of /ii,—l. Hence the original constant must be zero. In the case
of a general fij;,»l the same conclusion is obtained by approximating /i:,»l by a sequence
of smooth matrices and passing to the limit. Putting everything together we obtain

Proposition 4.1. The first non-trivial homogenized problem in the chain has the
form Lvg = fin KYUK =, with the transmission conditions [vo] =0 and [z‘in;lD“vo] =
0 at the interface z, = 0.

This shows that microstructure does not affect homogenized transmission conditions
at this level.
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5. A priori estimates of Saint-Venant type

In this section the technical results needed to construct boundary layers are collected.
The most important part here is an a priori estimate of Saint-Venant type obtained
in Theorem 5.2. The importance of estimates of this type for investigation of behav-
ior of solutions at infinity and proving existence theorems in unbounded domains has
been recognized by Oleinik and Yosifian (11] in the context of linear elasticity. The
development here follows closely that in the book [12: Chapter II/Sections 7 and 8). In
the present case, we need estimates for the system of viscoelasticity ( complex-valued
coefficients are allowed). Moreover, we need to treat the transmission problem rather
than Dirichlet or Neumann ones. This makes it necessary to derive estimates valid on
both sides of the interface.

Recall that a function u € H'(w(a, b)) is a weak periodic in # solution of the problem
Lu=f in w(a,bd)

if for any v € I:I’(w(a,b)) such that v = 0 on ', UT, the relation

/ (AM 9u, Opv) dz = / (fiv)dz
w(a,b)

@(a,b)

holds. Next, we introduce generalized momenta P(t,u) defined by

P(t,u) = lim A™ B udz.
s—0t Jo(t t+s)

The existence of momenta is proved in [12]. Moreover, we have

P(ty,u) — P(tz,u) = / fdz

w(tz,t1)
for b> t; >ty > b, and if A" and f are sufficiently émooth, then
P(t,u) = / A™Ou dz.
r
The following theorem is a basic version of the Saint-Venant principle slightly modified

from [12].

Theorem 5.1. Let s > h > 0 be integers, and let u be a periodic in £ solution of
Lu=0inw(s—h,s+h+1). Suppose that P(s — 1,u) =0. Then

[ Bz <t [ |B(u,w)] dz, (5.1)
w(s,s+1) O(s—h,s+h+1) X L

where A is a positive constant independent of s and h.
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Proof. Denote

g=d)(s—h,s+l+h), g]=(:J(S—h,S), 92=dz(s+1,s+1+h)
Pick a sequence u™ of smooth functions converging to u. Then define a function ®(z,)
by '
exp(A[s + 1+ h - z,]) for z € g2
exp(Ah) : for all other z € g.

Here A is a positive constant to be specified. Then choose a test function v = (®-1)u™
and plug into the integral identity. We obtain

exp(A[zn — (s — h)] for z € ¢!
&(z,) =

. /(A"*aku,(@—l)a,,u'")dz; —/(A"kaku,a;.(bu'")dx
g9

9

= —/l ) (A"kaku,a,,@u"')dz.
9 Vg

Next, we write
h-1
g' = de where wd={1::s—h+d<:r,, <s'—h+d+1}.
d=0

Fix d temporarily and choose a constant vector C such that fwd(u”' +C)dz = 0. Then,
using the second Korn inequality and the estimate

”e(u)”L’(wg) < C“B(u) u)”L’(w;)’

we obtain
1™ + Ol 22wy < MIBE™, 6™l wny,

where M is independent of m and d. Next we observe that
/ (A™B4u, 0,8C) dz = /6n<b/(A"*6ku,C)did:r,, —o,
Wi

since P(s + 1,u) = 0 implies P(t,u) =0 forall s — h <t < s + 1 + h. Hence,

/ (A"kaku, 6"<I>u"') dz

/ (A™0ku,8,8(u™ + C)) dz

/ (A™0ku, A(u™ + C))dz

1

H 2
gc,MAeA(’-'*““)(/ |B(u,u)]d:z:) (/ |B(u"‘,u"‘)|d:c)
wi wy
< CQMACA-/ |B(u,u)|®dz + R,

We
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where R, — 0 as m — oco. Summing over all w; we obtain

/ (A"kaku,and)u"') dz
9‘

< CaMAeA / |B(u, u)|® dz + hRo.
gl

Repeating the argument we obtain a similar estimate for g2. Finally, let m — co. Then
/lB(u,u)|((I> —1)dz < c..MAeA/ |B(u, u)|® dz.
g g'ug?
Choose A so that the constant on the right is equal to one. Then

/ |B(u,u)|¢>dx$/]B(u,u)|dx.
9\(g'ug?) _ g

Multiplying by e~4* we obtain the estimate desired B

Next, we need to generalize this to the case when f and P(s — h,u) are non-zero.
The prototype of the main estimate is given by the

Lemma 5.1. Let N be a positive integer. The system
LU = fo+0:fi in w(—N,N) (5.2)

with boundary conditions

o(U)n = {$f§ ey (5.3)

satisfying the compatibility condition

Rors / iy = / O (5.4)

has a unique solution U satisfying the estimate

n N
ne(U)nia(a,(_N,N))SC[anuiz(&(_N,Nw )y ||¢m||iz(rm)] (5.5)

i=0 m=—N
where
YN=¢
Ym =/ f(z)dz —/ Y(z)dz (m=-N+1,.,N-1) (5.6)
w(m,N) I'n
YN = -9
Proof. Consider the problem
Lvh=f in w(m—1,m)

(V™) = —t¢pm on I'in (5.7)

o(V™) = ¢¥m-1 on ['pos.
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By [12: Theorem 6.3) modified slightly for the case of complex-valued coefficients, prob-
lem (5.7) is uniquely solvable if and only if the compatibility condition

/ Ym—1(2)dd _/ bm(3)dE = / f(z)dz (5.8)
o T S(m=1,m)
is satisfied. Let us check these conditions for problem (5.7). Using (5.6) we have
[ ma@as - [ wm(@)iz
Fm-1 I'm
== [ dma@dzs [ p@dt [ jeya- [ wee
.~ 'y w(m—1,N) 'y
= / f(z)dz.
w(m—1,m)
Also, for m = —N + 1 we get
[ e@rdi- [ v
| A— F_wnir

= - é(2)dz — /Q(_N“'N)f(z) dr + /l"N Y(z)dz

ARG /rN W(&)di — /&(_N,N) f(z)dz + /‘;’(_N'_Nﬂ)f(:c)dz

- / f(z)dz,
O(~N,—N+1)

and similarly, the condition also checks for m = N. By [12: Theorem 6.3] cited problems
(5.7) are uniquely solvable. Moreover, the estimate

||6(Vm)|liz(a(m—1,m))

n ' (5.9)
< C[Z ||fi||§,7(a,(m—1,m)) + ||1/)rh||3,=(r,.,) + l¥m-1 ||i,7(r,,,_.)
i=0

holds. Next, consider the sesquilinear forms

In= —/ B(V™,U)dz
w(m—1,m)

= U)dz — i, 0:U) dz )
-/;J(m—l,m)(fo ) /‘;(m_l,m)(f ) (5.10)
+Am(¢m,U)di—A (tl)m-l,U)d:i.

m-—1

Summing up we obtain

- n-

m=-N .

(f,U)dz —/ (fi,8:U)dz
(=N,N) @w(m—1,m)

W

+/r N(¢,U)d5:—/r~(z/),U)d§:,
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which shows that

N
- > 1m=[ B(U,U)dz.

m=—N @(-N,N)
Estimating the left-hand side in the last equation we get

/ B(U,U)dz
o(=N,N)
N

IN

/ B(V™,U)|dz
m=—NJ@(m—-1,m)

N 1

;N (/‘b(m_l,m) B(V"‘,V’")dz)%(/&(m_l,m) B(U,U)dz)3

m=—

IN

N

(/‘:J(_N‘N)B(U,U)dz)%< > /“_J(m_l{m)B(vm,vm)dz>

m=-N

2

IA

This implies

(L(—N'N) B(U’U)dz)% S( XN: /a,(m-""') B(Vm’V"')dx)%

m=—-N
1

N 7
e 3 1tV Wacoimormn )

m=—N
Applying estimates (5.9) we see that the sum above is bounded by

1

N 7
C?(“f”i’(d)(m—l,m))—*- Z "‘/""”21,2(1".,.)) :

m=-N
Estimating the left-hand side from below by the norm of e(U) we finish the proof il
Using the lemma above we prove the following
Theorem 5.2. Let u be a periodic in T solution of

Lu= fo+0if;

in w(ty,ty), where t2 > t, + 2 for integers t; < 0 and t; > 0. Then for any integer
s, h >0 such that s —h >t, and s+ 1+ h < t, the estimate

/ le(w)|?dz
&(s,s4+1)
2h+1

< c[e-“ / P+ > + [ (Ifol? + (fis £1) do
. . w(s—h,s+i+h) ‘ m=0 Q(a—h,a—__h-&-m) N

+ ‘P(s - h,u) +/; fodz — /l"._'. fidis 2]

(s—h,s—h+m)
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holds with C independent of s and h. Here A is the constant from Theorem 1.
Proof . Let U be a periodic in # solution to the problem
LU = fo + 0if: in w(s—h,s+h+1)
o(U)=¢+ fn on [y
o(U) =9 — fa on Fyynt

where ¥ and ¢ are constant vectors chosen as

/ ¢'+/ fadz = P(s + h+1,u)
| S Cigntr

_/F‘_h¢+/l_“_hf,,d5:=P(s-—h,u).

These equations yield

1/)=P(s+h+1,u)—/ fnd2

Fignp
6=-Pls-hu)+ [ fodi.
. | RPN

With this choice of ¢ and 1 the solvability condition from Lemma 5.1 is satisfied, so
there exists a unique U satisfying the a priori estimate

(5.11)

||6(U)“2L’(&(s—h,s+h+l))

2h+1
? i fi))d m|2di
< C[/a,(..—h,s+h+1) (1fol® + (f:, fi)) dz + ,;,/r [tm| zJ

sa-h4m

with C independent of s and h. The functions 1,, are defined by

Ym =/ fodz —/ ¥ dz,
w(s—h,s+h+1) f,_h+m
where m =0,1,...,2h + 1. Using (5.11) together with the formula

P(s+h+1,u)=P(s—h,u)+/ fodz+/ f,.di—/ fudi
w(s—h,s+h41) f‘,+'.+| | PN
we get

hm = —/ fodz — P(s —h,u)— | fudi.
w(s—h,s+h+1)

rc-h
Moreover, u — U is a solution of the viscoelasticity system satisfying conditions of
Theorem 5.1. Hence,

/ |B(u ~ U, u— U)|dz < e~ A" / |B(u = U,u — U)|dx.
w(s,s+1) @w(sa-h,s+h+1)

Estimating B(u — U,u — U) from below by c|e(u — U)|? and then using the triangle
inequality we get

/ le(u)|?dz < C[e“’“’/ le(u)|*dz +/ le(U)|*dz| .
w(s,s+1) w(s—h,s+h+1) w(s—h,s+h+1)

Application of the apriori estimate for e(U) from Lemma 5.1 completes the proof W
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As a consequence, we derive

Theorem 5.3. Let f; be vector function satisfying the inequality

Z Il fill L2(es,s41)) + ”fn”u(r y S <ce ™™ (s € N) (5.12)

=0

where ¢ and a are positive constants independent of s. Let u be a periodic solution of

the system Lu = fo + 0, fi in w(0,00) such that P(0,u) = — fa(o ooy fodz + ff‘o fr,

iA-ﬁln
lle()ll L2 a0, set1y) <ce 2 (s € N) (5.13)

where ¢ 13 a constant independent of s, A 13 the constant from Theorem 5.1, and 6 is a
constant such that 0 < § < A. Then there exist constants Cy,C; and ay,a; mdependent
of s and a constant vector w such that

le(ullL2(o(s,s+1)) < Cre™®* (5.14)
”u - w”L’(Q(a,s+l)) < Cae™%2%, (515)
Proof. Integrating by parts, we have

P(s,u) = P(O,u)-}-/ fodz — [ fadi+ [ fadi

@(0,s) o r,

- _/ fd:c+/ fads.
w(s,00) r,

Hence, by virtue of (5.12), |P(s,u)} < ce™®. Using the apriori estimate from Theorem
5.2, (5.12) and (5.13), we obtain (5.14).

Let x s denote a characteristic function fo the set S. Consider a periodic in Z solution
of the system

Lv = Xa(e,041) = Xar(s+1,942) in w(s,s+2) } (5.16)

o(v)=0 : on Ouw(s,s + 2).

Also, set

w, = / udz.
@(s,841)

Choosing v as test function in the basic integral identity and using the Schwarz inequal-
ity, we have

|wa - wa+l| =

/ B(u,v)dz
w(s,842)
=

i 3
< ( / |B(v,v)|dx) ( / |B<u,u>|dz)
@(s,042) w(s,s+2)
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The application of the second Korn inequality yields || B(v, V)| L2(a(s,s+2)) < C where C
is independent of s. Then

|lwy — weg1| < ce™ 0

where ao is positive and independent of s. This implies the existence of we, = limg—co.
Also, we have

|wy — wete| < ke %0°

where k,ag are independent of s,t. Therefore, we can let t — 0o and obtain
|lws — Weo| < ke,
Now

lle = woollLa(ats,s+1) < llt = wsll L2ags,s41)) + llws = wooll L3(a(s,s41))
<k [lle(w)ll L2 (as,s+1)) +€72°°)

~ where k, is independent of s. Now application of (5.14) yields (5.15) §

The next result is an existence theorem of the type needed for the construction of
the boundary layer. Consider the problem

Lu=fo+ 08 f; (5.17)
in w(—00,00). We assume that f; € L%*(&(ta,t1) for all t) < 0 and ¢, > 0, and periodic
in z.

Theorem 5.4. Suppose
n
S Al soiany + Wfallagey + 1 fallags,, S MEAD (seN)  (5.18)
e

where M and é are constants from Theorem, 0 < § < A. Then for any constant vector
q there ezists a solution of problem (5.17) such that P(0,u) = q and the estimate

2
||e(u)||3,z(¢(_k,k))SC(Me“-M'*'+|k||q— /r f,.dil) (keN)  (5.19)
[

holds where C 1s independent of k and 6, € (0,6).
Proof. Let vV be a solution to the Neumann problem (5.3) with
v=a+ [ fode [ foas
w(0,N) o

¢=—q+/ fodz + | fadi.
@(0,—N) To
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The vectors ¥, from Lemma 5.1 are determined'by

Y-Nn=¢
Ym = / fodz — [ $di=—¢ +/ fodz + fndZ
w(m,N) | Y &(m,0) o
YN = -9
where m = —N +1,...,n — 1. By Lemma 5.1, there exists a unique v” satisfying the

estimate

2
q—/ fndé-/ fodz ]
ro (a(m,O)

The function vV +¥+1 — y N+k gatisfies the conditions of Theorem 5.1. Hence, we have
an estimate

n N
2
e < ¢ S MAllzz 4 D
B =0 - m=—-N

“e(vN+k+1 _ vN+k)"2sz(_k’k))

sca"”[ 1FillL
g L&(—N—k-l,N+k+l) (520)

N+k+1 ' 2
+ - ,,d.f:—/ dz ]
m=—%:—k—1‘q /f'of &(m,0) o
Let us estimate the last sum separately:
N+k+1 2
> oo [ seti- [ poas
m=-N—k—1 To @(m,0)
2 N+k+1
<oN+k+D)g— [ fadi| +2 3 |d)(0,m)|/ |fol?dz
To m=—-N-k-1 @(0,m)
2 N+k+1
SAN+k+1)|g= [ fadi| +2 Y, emMAOIM
To m=—N-k—1
2
<AN+k+1)g— [ fadi| +2CMelATSINFEED),
I'o

The constant §; above is any number from the interval (0,6). To obtain the last inequal-
ity, we used the estimates for f; from the statement of the theorem, and the fact that
|&(0,m)| < cm where ¢ depends only on the dimension of the space. Then substitution
into (5.20) yields
k N+k
||‘3(UN+ oM )||3,=(o(-k,k))

2 ' (5.21)
S 1‘42 MeAke—5|(N+k) +€-AN(IC+N+1)\Q—/ f"d.’i) ] . (
o




1000 R. P. Gilbert and A. Panchenko

The constant M3 is independent of N and k.

Next, we use this inequality to show that e(v*+*) for any fixed k is a Cauchy sequence
in L(&(—k,k)). For any ¢t > 0 and any s > 0 consider

k+ k+s+t
(A )“u(a(-k,k))
t—1
S I|e(vk+s+l _ vk+a+l+1)“22(‘b( A
=0
o 21 (5.22)
< [M2Me'“‘e‘6'<’+‘+"’ +eT Ak s 414 1)‘4 —/ frdz
=0 I'e
el oo
- < (M2M)%6(A_6l)%e_6l% Ze_é'% +M3k% q—/ frdz Ze_ﬂ_wlf
=0 To 1=0

This shows that the sequence in question is of Cauchy type.

Next we note that all v*** for k fixed are solutions to the Neumann problems.
Hence, they are orthogonal to all rigid displacements. For such functions, the second
Korn inequality can be written in the form (see, for instance, [12: Theorem 2.9])

||vk+’”Hl(‘:;(—k,k)) < Ck”e(vk'f--’)"L2(Q(—k,k)).

Together, the last two inequalities imply the existence of a function u such that v* — u
in H'(W(—k, k)) for any fixed k as s — oco. Substituting v* into the integral identity
and taking the limit as s — oo we obtain that u is a solution to the original problem.
Setting s = 0 in (5.22) and taking the limit as t — oo we obtain estimate (5.19).
Finally, integrate o(u — v*) over a thin slab w(—1, }) including the plane z, = 0. Then
we use the second Korn inequality to estimate this integral in terms of e(u — v*). Next,
divide both sides by the measure of the slab wish equals to c‘; with ¢ depending only
on the dimension of the space. Finally, applying diagonal argument and the Lebesgue
differentiation theorem, we select a subsequence v*! such that

1 .
— o(u-v**)dz -0 as s,t — oo.
@w(-1/t,1/t)

By definition of the momenta, this yields P(0,u) = ¢ i
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