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Representation Formulas
for
Non-Symmetric Dirichlet Forms

S. Mataloni

Abstract. As well-known, for X a given locally compact separable Hausdorff space, m a
positive Radon measure on X with supp[m] = X and Co(X) the space of all continuous
functions with compact support on X the Beurling and Deny formula states that any regular
Dirichlet form (£, D(£)) on L?(X,m) can be expressed as

£(u,v) = E%(u,v) + / uvk(dz) + //x (@) = w@)((=) = o(@)ilde, dy)

for all v,v € D(€) N Co(X) where the symmetric Dirichlet form £, the symmetric measure
7(dz,dy) and the measure k(dz) are uniquely determined by £. It is our aim to prove this
formula in the non-symmetric case. For this we consider certain families of non-symmetric
Dirichlet forms of diffusion type and show that these forms admit an integral representation
involving a measure that enjoys some important functional properties as well as in the sym-
metric case.

Keywords: Non-symmetric Dirichlet forms, Beurling-Deny formula, diffusion forms, energy

measures, differentiation formulas, differential operators
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0. Introduction

It is well known that the Dirichlet forms are suitable tools to describe the variational
principles of irregular bodies. In order to formulate such principles, regular Dirichlet
forms have been studied. For these forms a rich representation theory is available,
based on the fundamental formula of Beurling and Deny (see [1, 2]) and extended by
Silverstein [9, 10], Fukushima [4] and Le Jean [6).

Let X be a given locally compact separable Hausdorff space and let m be a positive
Radon measure on X such that supp [m] = X. Let Cp(X) be the space of all continuous
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functions with compact support on X. The Beurling and Deny formula states that any
regular Dirichlet form (£, D(£)) on L2(X, m) can be expressed as

£y = &)+ [ wktan)+ [ (u(e) - u(le) - )iz, dy)

for all u,v € D(€) N Cp(X), the symmetric Dirichlet form £°, the symmetric measure
](d:z dy) and the measure k(dz) occuring in the formula bemg uniquely determined by
€. These terms are respectively called the diffusion part, the jumping measure and the
killing measure of €.

A particular class of regular Dirichlet forms has been recently developed by many
authors - it is the family of diffusion forms. A regular Dirichlet form is called a  diffusion
if both its killing and jumping measures vanish. In this case the form & = £¢ admits
the integral representation

Eo(un) = [ Auo)ds)  Vu,ve DE)

where fi(u,v) is a Radon measure-valued non-negative definite symmetric bilinear form
on D(S) Such a measure is called local energy measure of £, or briefly energy measure
of £. The measure u has indeed a “local character” in X, that is, the restriction of
the measure u to any open subset A of X only depends on the restriction to A of the
functions in its argument. Moreover, u satisfies the following properties:

Leibniz property: For every u,v,w € D(£)N Co(X),
Aluv, w) = va(u,w) + uj(v, w)
in the sense of measure.

Schwarz inequality: If v € L*(X,i(u,u)) and ¥ € L%(X, ia(v,v)), then @i is inte-
grable with respect to the total variation of |fi(u,v)| and

for every u,v € D(€) N Co(X).

Chain rule: Let u € D(£)N Cy(X) and let f € C!(R), with bounded derivative and
f(0) = 0. Then f(u) belongs to D(£) N Co(X) and for every v € D(&)N Co(X)

A(f(u),v) = f'(u)i(u,v)
in the sense of measure.

Truncation rule: For every u,v € D(£)N Co(X) we have

/I(u+,v) = X{u>0}f‘(ua v)
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where x 4 denotes the characteristic function of the set A.

The aim of this paper is to show that these results hold without any symmetry
assumption on the form £.

Actually, in Section 2 we prove that any regular non-symmetric Dirichlet form

(€,D(€)) on L%(X, m) can be expressed for u,v € D(£) N Co(X) as
E(u,v) = E%(u,v) +/ uvk(dz)
X

+ /];(xx—d [u(z)(v(z) = v(y)) + v(y)(u(y) - U(x))]j(dz,dy),

the non-symmetric non-negative definite form £¢, the measures j(dz,dy) and k(dz)
occuring in the formula being uniquely determined by £. We point out that the measure
k is the Killing measure associated with the symmetric part € of £. The form £° and
the measure j(dz,dy) are not symmetric, that is £°(u,v) # £°(v,u) and j(dz,dy) #
7(dy,dz). A

In Section 3 we prove that £° admits the integral representation
E(u,v) = / u(u,v)(dz) Vu,v € D(E°)
X

where p(u,v) is a Radon measures-valued non-negative definite non-symmetric bilinear
form on D(£) and we show that such a measure enjoys the same properties as in the
symmetric case. This fact allows us to extend many results on diffusion forms to the
non-symmetric case, for example in 7] we extend to non-symmetric Dirichlet forms,
the results obtained by Dal Maso and A. Garroni in [3] for second order non-symmetric
elliptic operators.

We conclude the paper with an example in Section 4.

1. Preliminaries on non-symmetric Dirichlet forms

We shall consider the Hilbert space H = L?(X,m), where X is a given locally compact
separable Hausdorff space and m a positive Radon measure on X such that supp [m] =
X, i.e. m is a non-negative Borel measure on X which is finite on compact sets and
strictly positive on each non-empty open set. By (u,v) = fx uv dm we denote the inner
product of H, and by || - || the related norm. Let D(€) be a linear subspace of H and
let £: D(€) x D(£) — R be a bilinear map.

Definition 1.1. A pair (£,D(£)) is called a closed form (on H) if D(€) is a dense
linear subspace of H and £ : D(€) x D(€) — R is a non-negative definite bilinear form
which is symmetric and D(€) is complete with respect to the intrinsic norm

llullpeey = & (u,u)t = (E(u,u) + (w,u))3. - .

To give an analogous definition for non symmetric forms, one has to define the
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~ symmetric part of £ as £(u,v) = 3(E(u,v) + E(v,u))
- antisymmetric part of £ as £(u,v) = 3(E(u,v) — E(v,u)).
Clearly, (£(u,v), D(€)) = (€(u,v) + €(u,v), D(£)).

Then we have the following
Definition 1.2. A pair (£, D(£)) is called a coercive closed form (on H) if D(€)is

a dense linear subspace of H and £ : D(€) x D(£) — R is a bilinear form such that the
following conditions hold:

i) Its symmetric part (£, D(£)) is a closed form on H.

ii) (€, D(£)) satisfies the following “weak sector condition ”: there exists a constant
K > 0 (called continuity constant) such that

E1(w,v)] < K& (u,u)i&(v,0)F  Yu,v e D(E),

i.e. (&1, D(£)) is continuous with respect to the intrinsic norm on D(€).

Let us recall now the main definitions and properties of coercive closed forms which
are necessary in the following sections (see (5] for furthers details), while we refer to [4,
8] for properties of symmetric closed form.

Definition 1.3. A coercive closed form (£, D(£)) (on H) satisfies the strong sector
condition if there exists a constant K € (0, 00) such that

I€(u,v)| < KE(u,u)iE(v,v)}  Vu,v € D(E). _ (1.1)
Definition 1.4. A family {Gg}p>o of linear operators on H with D(Gg) = H for
all # € (0,00) is called a strongly continuous contraction resolvent on H if
i) fGy is a contraction on H for all 8 > 0.
il) Go —Gg = (8~ a)GaGp for all o, 8 > 0.
iit) limg_.oo BGgu = u for all u € H.
For any given coercive closed form (£, D()), always there exists a strongly contin-

uous contraction resolvent {Gg}g>o associated with (€, D(£)). It is defined as follows:
for all u € H, Ggu is the unique element in H such that

Es(Gpu,v) := E(Gpu,v) + B(Gpu,v) = (u,v) Yv € D(E).

Moreover, the range R(Gp) of Gg is contained in D(£). Let us also observe that
resolvent is not a self-adjoint operator actually, naming coresolvent the adjoint operator
of Gg, we have that, for any given coercive closed form (£, D(£)), always there exists a
strongly continuous contraction coresolvent {G 3} 50 associated with (€,D(£)), and it
results that, for all u € H, C’Bu is the unique element in H such that

Es(v, épu) 1= S(v,éﬂu) + ﬂ(v,éﬂu) = (u,v) } Vv e D(E)
Eﬁ(v,égu) = Ep(Gpu,v) |
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Finally, let us recall that, if Gp is the resolvent associated with the coercive closed
form (€, D(£)), then we can define, for 8 > 0,
EP(u,v) := B(u — BGsu,v) Yu,v€ H. (1.2)
Thus
EP(u,v) = £(BGgu,v)  Yue€ H,v € D(E)
and

ﬂlim EB)(u,v) = E(u,v) Yu,v € D(E). (1.3)

For further details see [5].

We conclude this section giving the definition of non-symmetric Dzmchlet form. As
usually, we put for all v,v: X = R

uVv:=sup(u,v), uwAv:=inf(u,v), ut:=uv0, u :=-=(uA0).

Definition 1.5. A coercive closed form (£, D(£)) is called a non-symmetric Dirich-
let form (on H) if, for all u € D(£), it results

ut Al € D) and

€(u—u+/\l,u+u+/\1)20} (1.4)

Eu+utAlbu—utA1)>0

Proposition 1.6. A coercive closed form (€, D(£)) on L?*(X,m) is a non-symmet-
ric Dirichlet form if and only if the Markovian property

for each € > 0 3 a function ¢, : R — [—¢,1 + €] such that (15)
pe(t) =1t (t€[0,1]) and 0 < @ (t2) —pe(t1) Stz — 8y if ty <ty

and, moreover,

weou € D(E)
ligrl.i(r)lff(cp,ou,u—q;,ou)zo Vu € D(E)
limi(r)lfé'(u —@eou,p.0u)>0

e—

holds.
Proof. See [5: Proposition 1.4.7]

Theorem 1.7. A coercive closed form (€, D(£)) is @ non-symmetric Dirichlet form
(on H) if and only if the resolvent {8Gpg} associated with the form is Markovian (i.e.
{BGg} is bounded and 0 < BGgu < 1 m-a.e., whenever u € L2(X,m),0 < u < 1
m-a.e.).

Proof. See [5: Theorem 1.4.4] 8

In the following we study some particular non-symmetric Dirichlet forms, named
regular non-symmetric Dirichlet forms. From now on we denote by Co(X) the space of
all continuous functions with compact support in X.
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Definition 1.8. A pair (€, D(£)) is called a regular form if it possesses a core, that
is a subset F of D(£)N Co(X), which is dense in Co(X) with the uniform norm and in
D(&) with the intrinsic norm.

Proposition 1.9, Let (€, D(£)) be a regular non-symmetric Dirichlet form on H =
L?(X,m). Let K be a compact set and let U be an open set of X with K C U. Then
there exists a function ®y such that

&5 € D(E)NCo(X)
Px=10n K
supp (8] C U.

Proof. Since X is a locally compact Hausdorff space, by the Uryshon lemma, there
exists a function f € Co(X) such that f = 1 on K and supp[f] C U. Let us consider
2f € Co(X). By regularity of £, D(€) N Co(X) is a dense subspace of Co(X). Then
there exists a sequence {1,} € D(E) N Co(X) such that

[¥n(z) = 2f(2)] < |l — 2flloo < % VneN zeX

For any fixed 7, sufficiently large, it results that ¢, — % >lonKand¢:=9,—-L <0
on X —U. By (1.4) it follows that ® := 1)t A1 is the required function il

2. Beurling-Deny formula in the non-symmetri¢ case

We are concerned now with a general representation theorem on regular non-symmetric
Dirichlet forms, firstly presented by Beurling and Deny in the symmetric case in their
famous paper [2]. Let us start with two fundamental lemmas.

Lemma 2.1. The following statements are true:

(i) Let S be a positive linear operator on L*(X,m) (i.e. Su> 0 m-a.e. whenever
u € L% X,m),u > 0 m-a.e.). Then there ezists uniquely a positive Radon measure o
on the product space X x X such that, for any pair of Borel functions u,v € L*(X,m),

(Su,v) = //Xxxu(:z:)v(y)a(dz,dy). (2.1)

(ii) Let $ the adjoint operator of a positive linear operator S on L?(X,m) and let
& be the unigue positive Radon measure on the product space X x X associated with S
by (i). Then for any pair of Borel functions u,v € L*(X,m) one has

(Su,v) = // u(y)v(z)o(dz, dy). (2.2)
XxX
(ii1) Let B(X) be the family of all Borel subset of X. Then

o(ExF)=6(FxE) VYE,F¢eB(X). L (23)
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(iv) If, in addition, S is Markovian (i.e. S is bounded and 0 < Su < 1 m-a.e.
whenever u € L*(X,m),0 < u <1 m-a.e.), one has

o(X x E)y < m(E) VE € B(X) (2.4)
and, if § is Markovian, one has

o(Ex X)<m(E) VE € B(X). (2.5)

Proof. Firstly we observe that, if S 1s a symmetric operator, the proof of the lemma
is given in [4: Lemma 1.4.1] and it results that o is a positive symmetric Radon measure.

Let us start to prove that (2.4) follows by (2.1). Let assume, at first, that m(X) < oo
and let be x g the characteristic function of the set E € B(X). Then

o(X x E)=‘//Xxso(dz,dy)
- [ xx@xewetasa)

=(Sxx,XE)
< / xe(z)dm
X
=m(E)
since S is Markovian. Let now be m(X) = co. By the assumptions on X and m, m is

o-finite, actually let {X,} be a sequence of compact sets such that X, ¢ X, C --- C
Xn C - and limy o X = US2, X, = X. As before one easily check that :

o(Xn % E) < / x&(z) dm.

n

Letting the limit as n — oo, we obtain the thesis. Analogously, if Sis Markovian, (2.2)
implies 6(X x E) < m(FE) then, by (2.3), (2.5) follows.

To prove statement (i), let us denote by Co(X x X) the family of all continuous
functions with compact support on X x X. Let us denote by Co(X x X) the set of
functions f € Co(X x X) such that

i
f(z,y) = Zua(z)vi(y) Yui,vi € Co(X),(z,y) € X x X

=1

and consider the functional
l
I(f) =Y (Sui,vi)  Vui,v € Co(X).
=1

By some analogous arguments to those used in the proof of [4: Lemma 1.4.1], we can
show that if f(z,y) > 0, then I(f) > 0. Since Co(X x X) is dense in Co(X x X), we
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can extend I to a positive linear functional on Co(X x X). Then there exists a unique
positive Radon measure ¢ such that

I(f) = //X SGetdn,dy).

Choosing f(z,y) = u(z)v(y) and I(f) = (Su,v), we obtain

(Su,v) = //;(xxu(z)v(y)a(dz,dy).

Statement (ii) follows by statement (i). Indeed, by (i) there exists uniquely a positive
Radon measure & on the product space X x X such that, for any pair of Borel functions
u,v € L?(X,m), one has

(Su,v) = //Xxx u(z)v(y)o(dz,dy) = (v, Su).

Then, interchanging the role of u and v, we obtain

(Su,v) = (u, $v) = ]

X x

B u(y)v(z)o(dz,dy).
It remains to prove statement (iii). Indeed, let E, F € B(X). Then one has

oExF) = [[ xe(oxeodz,a)
= (SXEa XF)
= (XEy S‘XF)
= // xe(y)xr(z)é(dz, dy)
XxX
=6(F x E)
and the proof is complete B

Remark 2.2. Let us remark that, by Lemma 2.1/(iv), the measures o(- x X) and
o(X x) are absolutely continuous with respect to m and the Radon-Nikodym derivatives
satisfy the relations
o(dz x X) <

<1 and 05@51

<
0< dm m

m-a.e. (2.6)

Lemma 2.3. Let {8Gs}p>0 or {8Gp}s>0 be a Markovian resolvent or coresolvent
in L?(X,m), respectively (see Theorem 1.7). Then there ezist some positive Radon
measures og or dg for every § > 0 such that the approzimating form E£8) gssociated
with Gg or @p for every B > 0 (see 1.6) has the representation form

EB)(u,v) = /X wo(1 - sp(z))dm + B //W u(@)(v(2) - v(y)os(dz,dy) (2.7
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where

op(dz x X)

dm

sp(z) = (28)

E®)(v,u) = B /X wv(1 = 3p(z))dm + B //X  HE0() —v)op(dz,dy)  (29)

where (X x da)
R ag X ax
Sﬂ(.’t) = JT, (210)

respectively.

Proof. Firstly we prove that 3Gy is a positive linear operator on L?(X,m). For
every u € Co(X), u > 0, let us put v = I_IﬁT: Since 0 < v £ 1 and BGp is Markovian,
then 0 < BGgv < 1. Hence 0 < BGjsu < ||u|loo. Let u € L*(X,m), u > 0. Then
there exists a sequence {u,} € Co(X), un > 0, such that u, — u in L2(X,m). By the
continuity of 3Gg we have 8Ggu,, — BGgu with BGgun, > 0, thus fGgu > 0. Now, by
Lemma 2.1 one has

(BGgu,v) = // u(z)v(y)os(dz, dy).
XxX
Since, by (1.2), it results that

EB) (u,v) = B(u — BGau,v) = B(u,v) — B(BGgu,v),
then

£P(u,v) = B /X w(z)o(z) dm — B //x _u@p(u)os(dz, dy)
=5 /x u()o(s) dm + B //x @) - v(w)los(dz, )
—p //x  u(E)(=)os(ds, dy).

Let us observe now that, by the Fubini Theorem,
/ u(z)v(z)og(dz,dy) = / u(z)v(z)og(dz x X)
XxX X
hence, by (2.8),
EO)u,v) = B uvldm - op(dz x X)) + 5 [ utolete) - vwllostaz, dy)
=5 w1 - sp(@im+ ] ul)io(@) - o(wlos(dz, )

and (2.7) is proved.
To prove (2.9) it is enough to start with
. é(ﬂ)(v;u)' = B(u —__ﬂééu,'v)

and to make the same arguments used to prove (2.7) il
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Remark 2.4. Interchanging the role of u and v and with a change of variables z
and y in (2.9) and (2.7), we obtain two further representation forms of £(8);

£P)(u,v) = /X wn(1 - $p(z)) dm + B //x () ~ u(=))os(dz,dy) (21)
£ (v,u) = B / wo(l - sp(z))dm + B // o(y)(u(y) — u(2))é5(dz, dy). (2.12)

Remark 2.5. Let (£, D(€)) be a non-symmetric Dirichlet form. Let {8Gg}s>0
be the Markovian resolvent and let { BG 8}s>0 be the Markovian coresolvent associated
with €. Moreover, let {8G 8}8>0 be the Markovian symmetric resolvent associated with
the symmetric part € of £. By simple considerations one has that é,g = Q%Gl, hence
denoting by o and 64 the measures associated with G and G, respectively, by Lemma
2.3, and by &4 the measure associated with G by [4: Lemma 1.4.1], it results

og(dz,dy) + ?fﬂ(dz,dy).

(2.13)

Moreover, putting
. g(dr x X
Sg(z) = —ﬂ( 7 )

by (2.8), (2.10) and (2.13) easily

(2.14)

sp(z) = s"(’”)—;g"’(“l (2.15)

follows. These considerations, (2.7), (2.9), (2.11), (2.12) y1e]d

EB) (u,v) = (s<ﬂ>(u v) + EB)(v,u))

. B .
-5 /x wi(t = sp(@)dm+ 5 [ (u2) = u@)o(@) - v0)s(de,dy)

according with [4: Formula (1.4.8)] for the symmetric case.

Now we are in a position to prove the Beurling-Deny formula for regular non-
symmetric Dirichlet forms.

Theorem 2.6. Any reguler non-symmetric Dirichlet form on L*(X,m) can be ez-
pressed as

E(u,v) = £(u, v)+/ uvk(dz)
(2.16)
[l [u@e@) — o) + i) - u(e)] i, dy)
XxX—d

for all u,v € D(E) N Co(X). Here £° is a non-symmetric non-negative definite form
with domain D(E°) = D(é’)nCo(X), J 13 a positive Radon measure on the product space
X x X off the diagonal d, and k is a positive Radon measure on X. Such elements £,
and k are uniquely determined by £.

In order to prove this result we give the proof of two further theorems.
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Theorem 2.7. Any regular non-symmetric Dirichlet form on L?*(X,m) can be ez-
pressed as

E(u,v) = G%(u,v) + /X uvg(d:t)‘-{- 2/

XxX-d

u(z)(v(z) - v(y))i(dz,dy)  (2.17)

for allu,v € D(E)N Co(X). Here G is a bilinear form with domain D(G®) = D(E) N
Co(X), such that G(u,v) = 0 for every u,v € D(G°) with disjoint supports and

G(u,v) =0  Vue D(GS),v € Ou)

where O(u) = {w € D(G°) : w is constant on a neighbourhood of supp(ul}, j s a poss-
tive Radon measure on the product space X x X off the diagonal d and g is a positive
Radon measure on X. Such elements G¢,j and g are unigquely determined by £.

Proof. Let us suppose that (2.17) holds. The proof of the uniqueness of j,g and
G¢ is the same of the symmetric case (see [4: Theorem 2.2.1]). In particular, it results
that there exists uniquely j such that

E(u,v) = —2»/)“)(_‘ u(z)v(y)j(dz,dy) (2.18)

for any u,v € D(€) N Co(X) with disjoint supports, and there exists uniquely g such
that

[ w@atan) = ey -2ff - wle)ot@) - o), dy)

for any u,v € D(E)NCo(X), with v identically equal to 1 on a neighbourhood of supp [u].

Let us prove now the existence of the measure j. By (2.7) and by (1.3), one has

£ (u,v) = -8 //x  u@w)os(ds,dy) = E(u,v)

as f — oo if u,v € D(€) N Co(X) and supp [u] Nsupp [v] = §. Let K;, K, be arbitrary
compacts subset of X such that K; N K; = § and let u,v be a pair of functions such

that
0<ue DE)NCo(X), u=10n K, and u =0 on K,

0<veDE)NCo(X), v=00n K, and v =1 on K,.

It results that

,BUﬂ(K] X Kz) = //;( K ﬂﬂﬂ(dl,dy)

< //X  Bul)oly)os(dz, dy)

= —£P)(u,v)
— —&(u,v)

< 0



1050 S..Mataloni

as § — oo by (1.3). Then the family of measures {#os}s>0 is uniformly bounded on
each compact subset of X x X — d, hence a sequence B,05, converges as #, — oo

vaguely on X x X —d to a positive Radon measure j. Actually, if we define j = %, we
obtain that such a measure j satisfies (2.18), so we get that there exists a unique Radon
measure j on X x X — d such that

Bog — 2; vaguely on X x X —d as # — oo. (2.19)

Let us prove now the existence of the measure g. Let us fix a metric p on X which is
compatible with the given topology and choose a sequence of relatively compact open
sets {G)} increasing to X and a sequence of numbers § — 0 such that

L= {(z,y) € Gi x G : p(z,y) > &}

is a continuous set with respect to the measure j for every [, that is limj.o 7(T1) =
J(UR,T1). By (2.7), for any u € D(£) N Co(X) such that supp [u] C Gy, one has

EB)(y,u) = ﬂ,,/ u?(1 - sfgn(z))dm
G (2.20)
+ B ﬂc _ u(a)u(z) - u(w))op, (dz,dy)

where s (z) = 0—’"% and {f.} is such that B,05, — 25 vaguely. Moreover, by

(2.6) and (2.20)
0< ﬂn/G, u?(1 - sfgn(:r))dm
= EBn)(u,u) - u(z)’o T
=~ fff  ueop,(ardy)
wof  w@uton (i)

< g(ﬂ")(u, u) + ﬁ"\[/c o u(x)u(y)og, (dz, dy).

Then, by (2.19),
0< limsupﬂn/ u?(1 - sfsn (z))dm
Gy

< E(u,u) +2 //G  u(uly)i(ds,dy)
< 0.

This implies, in particular, that the family of measures {8,(1 — sfgn(z))dm};bo is uni-
formly bounded on each compact subset of G;. Hence an increasing sequence {f,},
Brn — oo and some positive Radon measures g; on G, exist in such a way that

Bn(l — sign(:c))dm — gy vaguely on G; as 3, — co V1. (2.21)
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In view of (2.19) and (2.21) we have that, for every I such that supp [u] C G,

E(u,v) = lim B, u(z)(v(z) — v(y))os. (dz,dy)
Ban—oo ,/;,XG;,,:QS‘ (222)
+ 2//1‘, u(z)(v(z) - v(y))j(dz,dy) + /G' u(z)v(z)gi(dz).

Let us extend the measures ¢g; to X, by setting g/(E) = ¢:(E N G;). Then by (2.21),
{g:} is non-increasing on each compact set. Let us denote the vague limit by g, i.e.

g—g vaguely on X as | — oo.

Letting | — oo in (2.22), we get the expression (2.17) with

G(u,v) = ’lim lim ﬂnﬂc 1 act u(z)(v(z) — v(y))og, (dz,dy). (2.23)

—00 fn—o00

By (2.23) it is easy to prove that G¢ has the asked properties il

Theorem 2.8. Any regular non-symmetric Dirichlet form on L*(X,m) can be ez-
pressed as

E(u,v) = FY(u,v) + | uvh(dz)+2 v(y)(u(y) — u(z))j(dz, dy) (2.24)
X XxX-d

for all u,v € D(E) N Co(X). Here F€ is a bilinear form with domain D(F¢) = D(E) N
Co(X), such that F¢(u,v) =0 for every u,v € D(F°) with disjoint supports and

F(u,v) =0 Vv e D(f‘),u € O(v)

where O(v) = {w € D(G®) : w is constant on a neighbourhood of supp[v]}, j is a posi-
tive Radon measure on the product space X x X off the diagonal d and h is a positive
Radon measure on X. Such elements F¢,5 and h are unigquely determined by €.

Proof. The proof is the same-of the previous one using (2.11) in place of (2.7). It
is clear that

ﬂlim llim Bn(1 — 385 (z))dm =h °  vaguely on X (2.25)

n =00 {— 00

Fé(u,v) = lim lim B, ﬂ v(y)(u(y) - u(z))og, (dz, dy) (2.26)
l=00 fin—o0 GixGy,p<b .

and j is the same of Theorem 2.7 since is obtained as in (2.19) &

We are now in a position to prove Theorem 2.6.



1052 S. Mataloni

Proof of Theorem 2.6. Expression (2.16) easily follows by Theorems 2.7 and 2.8
putting
Fe(u,v) + G(u,v)
2
= lim lim %
—00 i, —o0 G xGy,p< b

x [u(2)((2) - v(v) + v(¥)(u(y) - u(z)] o5, (dz,dy)

Ec(u, v) =

and
) < M) o)

£¢ is a non-symmetric Dirichlet form. Indeed,

£%(u,u) = lim lim L//G ()~ u(w)op, (dody) 2 0

{—o0 fn—

and the statement is proved ]

Remark 2.9. Let us denote by 7 the positive Radon measure on the product space
X x X — d such that j(dz,dy) = j(dy,dz). We can also obtain ; as the vague limit
of the sequence {65} >0 that appear in (2.9). Moreover, using representation (2.9) in
the proof of Theorem 2.6, we obtain

(v, u) =5°(v,u)+/ wvk(dz)
+ L [0 - ) + o)) - u@)] i, )

with
E(v,u) = li*rgﬂ}.l—lzlm L//G,xc,,pa,
x [u()(v(2) -~ v(¥) + v(¥)(u(y) ~ u(2))| 5, (de,dy).

Moreover, if (£, D(€)) is a symmetric Dirichlet form, (2.16) becames the well known
Beurling-Deny formula.

3. Non-symmetric diffusion forms

By using the terminology of the symmetric case, we give the following

Definition 3.1. Let us call non-symmetric diffusion form a regular non-symmetric
Dirichlet form when the positive Radon measures j and k in (2.16) vanish.

By Definition 3.1 and Theorem 2.6 it results that £ = £°. Moreover, we observe
that the positive Radon measure k vanishes if and only if the positive Radon measures

g and h of (2.17) and (2.24) vanish; then £ = £ = g¢ = F°.
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Proposition 3.2. A non-symmetric diffusion form (€, D(£)) is strongly local, i.e.

E(u,v) =0 VYue D(E),v € O(u)
E(u,v) =0 Vv € D(€),u € O(v)

where O(w) = {f € D(E) : f is constant on a neighbourhood of supp [w]}.

Proof. The thesis easily follows by the identities £ = £¢ = G = F° and by their
integral representation forms (2.23) and (2.26) B

In this section we are interested to consider non-symmetric diffusion forms. Our
aim is to prove that, as well as in the symmetric case, these forms admit an integral
representation.

From now on, let us denote
A= {(z,y) € G xGy: p(z,y) < 6,}.

Let (£, D(£)) be ‘a non-symmetric diffusion form. Then £ = £° = G° = F°. By (2.23)
and (2.26),

uy) = fim Jim [4 ] u(a)u(e) - otw)os(ds,dy)
8 u v —v(z))og(dx
+ 4] w0 - =it )
= tim Jim |2 ] SA3)uly) - (e, dy)

+ 8] s@uta) - wtoatdn,ay)].
Then using (2.13), the symmetric part £¢ of £¢ has the expression
£(u,v) = Jim lim 4 [/A (u(=) - u(@))(¥(z) - v(y))p(dz, dy).

Moreover, the antisymmetric part & of £° has the expression
£°(u,v) = E(u,v) — £(u,v)
lim ﬂlim g[// u(z)(v(z) — v(y))og(dz, dy)
oo - A - A .

-

l—o0

], w0t = vtaatez
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- //A, u(z)(v(z) - v(y))p(dz, dy)
- //A u(y)(v(y) — U(J?))Uﬂ(df’dy)]
—00 f—00

= tim Jim ][] @)+ st)e(2) - suoata )
- / (u(z) + u(w))(o(z) - v(y))&p(dx,dy)}

= lim lim £ // (u(z) + u()(o(z) - v(5)) (L52E ) (dr, dy).

Let us define now

. og—6
Ga(dz,dy) = 52 ﬂ(dx,dy).

Then it results that
£y = fim tim 2 ] (u(a) + u))0@) ~ v )aldm ). (3)

Remark 3.3. Let £(u,v) be a non-symmetric diffusion form. Then by the identity
F€ = G° and by their integral representation forms, it follows that

llm lim ﬂ/] u(z)v(z)os(dz,dy) = hm hm ﬂ[/ u(y)v(y)og(dz, dy).

I—00 f—o00

Then, obviously, since §3(dz, dy) = 6(dy, dz) one has

Jlim_lim ﬂ// u(z)u(z)ap(dz, dy) = lim Jim B// u(y)o(y)35(dz, dy)

and, since
op(dz,dy) = 64(dz,dy) + &(dz, dy)
c‘i,g(dz:,dy) = —5’3(dy,d:l:)

it results that
lim lim ﬂ// u(z)v(z)6p(dz,dy) = lim lim ﬂ// u(y)v(y)ds(dz, dy)
l—o0 f—o0 A {—o00 f—o0 Ay
=— lim lim ﬂ// u(z)v(z)ds(dz, dy).
{—oc0 f—00 Al

Then

llirgo ﬂli—'n;ﬂ//,q, u(z)v(z)ds(dz,dy) = ll_leg ﬂll_r.r;oﬂ/];‘ u(y)v(y)sg(dz, dy)
=0.

With these considerations there follows easnly that the symmetric and antisymmetric
part of a non- symmetrlc diffusion form are strongly local forms. Moreover, it is easy to
check that £°(u,v) = —&<(v,u) hence (8.1) is a “good” representation.
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Theorem 3.4. Let £°(u,v) be a non-symmetric diffusion form and let E<(u,v) be
its antisymmetric part. There ezists a signed Redon measure ji(u,v) such that

Eu,v) = [ ji(u,v)(dz)  Vu,ve D(E). (3.2)
X

Proof. Let us consider, for any fixed pair of functions u,v € D(£°) N Co(X), the
linear functional

(¥(u,v), ) 5= Jim lim £ [/A PN+ Uol) gl dy)  (33)

on Co(X). If o =1 on supp [u] Nsupp [v], the functional ¥(u,v) is well defined by (3.1).
Moreover, by simple calculation using Cauchy criterion, the functional ¥(u,v) is well
defined for all p € Cy(X) and is bounded in Co(X)* (the dual space of Cy(X)), hence
by the Riesz representation theorem, for any fixed u,v € D(£°) N Co(X) there exists a
unique signed bounded Radon measure ji(u,v) such that

(¥(u,v),¢) = /x o(2)i(u,v)(dz) Voo € Co(X). (3.4)

Choosing now ¢ = 1 on supp [u] N supp [v], by (3.1) £¢(u,v) = I B(u,v)(dz) B

At this point let us define u(u,v) := j(u,v) + @(u,v), where fi(u,v) is the energy
measure associated with the symmetric form £° (see [6: Proposition 1.4.1]). Hence we
have proved the following

Theorem 3.5. Let £°(u,v) be a non-symmetric diffusion form. Then there ezists
a signed bounded Radon measure pu(u,v) such that

5°(u,v)=/x;z(u,v)(dx). (3.5)

Such a Radon measure u(u,v) enjoys some important functional properties that
will be describe below. The following proposition shows one of the most important
properties of p: its local character.

Proposition 3.6. Let £(u,v) be a non-symmetric diffusion form and p(u,v) the
measure associated with £ by (3.5). Let uy,uz,v1,v2 € D(E)NCo(X) such that uy = u,y
and vy = vy m-a.e. on A open subset of X. Then it results

xa(@)p(ur,v1) = xa(z)u(ug, v2) on X.

Proof. The proof in the symmetric case is given in [6: Proposition 1.5.2] and in
[4: Lemma 5.4.6]. Firstly let us observe that, by (3.3) and by the antisymmetry of the
measure Fg(u,v), if v =0o0n A or u =0 on A, then

/ xa(2)ii(u,v) = 0.
X

Then, since

‘/ xa(z)i(ur,v1) — xa(z)i(uz, v2)
X

< \ [ xa@itu = ua,on)| +

the thesis easily follows B

[ xat@yiuz,vr ~va)
X
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The previous proposition states that for any open subset A of X, the restriction
#(u,v) to A depends only on the restriction of u and v to A. This allows us to define the
domain of the form restricted to 4, denoted by Dy (€, A) as the closure of D(£) NCo(A)
in D(£).

Lemma 3.7. Let Q be a relatively compact subset of X and let A be an open subset
of Q. Let (€, Do(€,9)) be a regular non-symmetric Dirichlet form on L2(X, m). Then
there ezists a sequence {pn} € D(£) N Co(R) such that v, > 0 for any n € N and
Pn / XA in Q.

Proof. Let us fix a metric p on X which is compatible with the given topology and
let us consider

Ani={ved: pu,00) > 2}

where 992 denotes the boundary of Q. For any n € N, A, is closed and A, C Q, so
An is compact. By Proposition 1.9 there exists a sequence &, € D(€) N Co(2) such
that, for any n € N, &, = 1 on A, and supp [#,] C A. Let us define ¢, := Pn1 VO,
and ¢q := ®¢. Then ¢, € D(E) N Co(RN), ¢n = 1 on An, pn > @n_y and @n /" XA-
Indeed, for all z € A, p(z,08) > p(z,8A4) = 6 > 0, hence z € A, for each n > -1 and
¢n(z) =1 — 1. Moreover, for all z ¢ A, pa(z) =0 — 0, then p,(z) — xa(z)

Proposition 3.8. Let £(u,v) be ¢ non-symmetric diffusion form and u(u,v) the
measure associated with & by (3.5). For every u,v € D(€)N Co(X), it results that

Ay, v) = —ii(v, u)

in the sense of measure, that is

[ tw o)z = - [ o, (az)

for every Borel set E of X.

Proof. Step I Let 2 be an open set such that supp [u] Nsupp [v] C 0. By Lemma
3.7, for any open subset A of Q there exists a sequence {¢,} € D(£) N Co(2) such that
¥n — xa- By (3.2) and by the Lebesgue convergence theorem, we have

0= lim lim lim /]A pn(z)u(z)v(z)54(dz, dy)

n—o0 l—o00 §—o0

Jim Jim //A XA u(@)u(2)75(d,dy)

= lim lim u(z)v(z)dp(dz, dy)
=00 f—oo [ ( AxGy,p(z,y)<b1)

lim lim u(y)v(y)ds(dy, dz).
l—o0 f—~oo [J{ AxGy,p(z,y)<61)

Step II. We show now that for the sequence {¢n} as before, we have

im | on(2)ii(upn, v@n) — @n(z)fi(u,v) = 0.

n-—oo X
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Indeed, for any n € N

|/ ontaiCupn, von) = i)

< /;(‘Pn(z)p(u‘Pn_u:v‘Pn)

+ ‘ [ ont@itu,vpn =)

and, by the Lebesgue convergence theorem,

lim wn(x)ﬁ(wn — U, vpn)

n—oo

= Jim Jim 8] xa(a)wxa(z) - u(z) + uxa(s) - )

x (vxa(z) = vxa(y))3s(dz, dy)
=0

since for [ sufficiently large and for all 8 > 0

8 ‘ u —u o(z) — v Saldz
2[/{Axc.,p(z,y)<s,}( xa(y) = u(¥))(v(z) — vxa(v))3p(dz, dy)

=4 u —u v —v(z))o z
2//{AXG’ n(z,y)<o.)( xa(y) — u(¥))(vxa(y) — v(z))3s(dy, dz)

=0.
With the same arguments we have
lim n(z)ii(u,vpn —v) =0
n—oo X
and the thesis follows.

Step III. We show now that for the sequence {¢.} as before, we have

n—00

lim ; @n(2)i(upn, v9n) + @n(z)fi(vPn, upa) = 0.

By the Lebesgue convergence theorem we have

lim ‘Pﬂ(z)ﬂ(u‘vaﬁPH) + @n(z)it(vpn, upn)

n—oo

= Jim Jim 8] xa(e) (u(a0e)xaCe) ~ wue(wxa W) Bl ).

For [, B sufficiently large, we have

8 //( oy (HEIE) DA W)35(d, )

-p //{ IR GO TR O ICED
-0

1057
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by Step L.
Step IV. By Steps II and III and the Lebesgue convergence theorem, we have

0= lim [ @n(z)[fi(upn,ven) + H{ven, up,)|
X

n-—oo

= lim en(z) [ﬁ(u’ v) + fi(v, u)]
X

n—oo

/,, B(u,v) + (o, )

We have so proved the thesis for all open subset A of Q subset of X. By the regularity
- of measures /i the thesis holds for every Borel subset E of . To conclude, we Jjust note
that since supp [u] N supp [v] C Q we have for every Borel subset E of X

Jatwn = [ ) =- [ o) = - Jito,)

and the proposition is proved B

Remark 3.9. We point out that it is just the locality property of /i which enables
to state some general relations holding “in the sense of measure” as consequence of the
suitable analogous relations involving the measure of the all space.

Proposition 3.10 (Leibniz property). Let £ bé a non-symmetric diffusion form
and p(u,v) the measure associated with £ by (3.5). Then for any u,v,w € D(E)NCo(X)
the relations “

p(uv,w) = vu(u, w) + up(v, w) } (3.6)

#(w,uv) = vp(w,u) + up(w, v
hold in the sense of measure. - i

Proof. Since the Leibniz property holds for the symmetric part f(u,v) (see [4:
Lemma 5.4.2]), it is enough to prove (3.6) for the measure ji(u, v). Moreover, by Propo-
sition 3.8 and Remark 3.9, we have just to prove that

. itw,woaz) = [ @i, o)) + [ v@itw, (o).
Actually, by (3.1) and (3.2) one has

/x i, uv)(dz)

lim Jim £ )] (w(@) + u(v)(u(z)o(z) - u(y)o(y))Fa(dz, dy)

{—o00 f—o0

I

Jim tim 2] u(z)w(z) + w(u)(e(z) - v(y)sa(ds, dy)
A

+4 //A ' v(y)(w(z) + w(y))(u(z) - u(y))ds(dz, dy)

= [ w@iw,) + [ v@yitw,w)
X X
where the last equality holds by (3.4) and (3.3)
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Proposition 3.11 (Schwarz inequality). Let £ be a non-symmetric diffusion form
such that (1.1) holds and let u(u,v) be the measure associated with £ by (3.5). We
suppose that there ezist the two Radon-Nikodym derivatives

i, 0)() = B9 ¢ g, m) 6D
(o)) = BB ¢ 1 (x,m) (3.8)

for every u,v € D(E) N Co(X). If p € LA X,ji(u,u)) and ¢ € L*(X,ji(v,v)), then
@Y is integrable with respect to the total variation of |u(u,v)| and one has for every

u,v € D(E) N Co(X)

/. Iwzbll/t(u,v)l(dm)SK( / |<,o|’;:(u,u)(dm))% (/ |¢|2p(v,v)<dz))%

where K is the constant that appears in (1.1).

Proof. The proof of the proposition in the symmetric case is proved in [4: Lemma
5.4.3). By the strong sector condition (1.3) it results that, for every u,v € D(£)NCy(X),

EQu, )] < 5 (E(u,u) + E(v,v)),
that is, by (3.2), (3.7) and (3.8),

‘/x "(“’”)(’)"’"\ <% /X [, u)(z) + fi(v, v)(z)] dm.

By the local character of the measures p(u,v) and f(u,v) it results that
| stwo)@an| < £ [ famu)@) + o 0)(e)] dm

for cvery Borel subset E of X. Choosing v = —*—“i("'") z)v and u = s (o) T)u we
& pi(v,v) #i(u,u)

obtain

[ uo)an| < & [ (3 w@ieoe) dn

for every Borel subset E of X. Thus, we have
lu(u,v)(2)] € K (% (u,u)(z) 3 (v, v)(=)).

Then, as pji%(u,u) and z/);l%(v,v) belong to L2(X,m), by Holder we obtain

[ tewtiutu e < &( | |«p|"~‘;:(u,u)<z)dm)% (/ lt/)l’ﬁ(v,v)(z)dm)_%

and the proposition is proved B
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Proposition 3.12 (Chain rule). Let £ be a non-symmetric diffusion form and let
1(u,v) be the measure associated with € by (3.5). Let u € D(£)NCo(X) and f € C*(R),
with bounded derivative and f(0) = 0. Then f(u) belongs to D(£)NCo(X) and the chain
rule holds for every v € D(€) N Co(X), t.e.

#(f(u),v) = f'(u)u(u,v) }

(3.9)
n(v, f(w)) = f'(u)p(v,u)

in the sense of measure.

Proof. The first part of the proposition is well known (see [8]), since it only concerns
the symmetric part of £. Let us prove equalities (3.9), that is, by Proposition 3.8 and
Remark 3.9,

/ 5(f(w),v) (dz) = / £ (), v) (dz).
X X

Let v € D(£)NCo(X). Firstly, we can observe that if f(v) = v?, by the Leibniz property,
(3.9) holds. Now if f(v) = v®, we can apply the Leibniz rule on v? - v to have (3.9)
and in general, by the linearity of the form, we obtain that (3.9) holds when f(v) is a
polynomial such that f(0) = 0. Since v € D(€) N Co(X), hence —M < v < M, then by
the Weierstrass theorem, we know that for every f € C}([—M, M]) with f(0) = 0 there
cxists a sequence f, of polynomials such that f,(0) =0 and f, — f in C'([-M, M)).
Then we have

/ i(falu),v) (dz) = / £ (u)a(u, v) (dz).
X X

By the Lebesgue convergence theorem, taking into account that the integrals are taken
on the compact set supp [u] where {f}(u)} is uniformly bounded by a constant, it results
that

[ fr@mts ) @e) = [ fautu)n) Ve DE)N Cox).
X X
We shall prove that

[ mat ) @) = [ (), 0) ()

X X

hence, by the uniqueness of the limit, the thesis shall follows. Actually, one has

{ [ ) = w5 ),0) o)

- ] [ (e = 1,0 (02)
< K& (falu) = f(u), fa(u) — f(u))?&:(v,v)}.

Since

/ [ fa(u) - f(u)|2d$ —0 asn — 0o
X
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it is enough to prove that
E(fa(w) = 1) Fn() = ) = [ w(fa(0) = Fl0) £u(3) = F0)) (o)
-0

as n — o0o. Applying the chain rule on functions f,, we have

/X () = F(u), falu) = F(u))(dz)
- [ s fal), fa(w))(d2) - 2 / A(fa(u), f(w))(dz) + / u(f(), £(w))(dz)
X X X
= / (F) () w)(dz) — / £ (u)iCu, f(u))(dz) + / u(f (), Fu))(dz).
X X X
Taking the limit as n — oo, by the Lebesgue convergence theorem it follows that
E(fa() = F(u)y falw) = (1))
- [ (f')?(u)u(u,u>(dz>—2/ £ (w)i(u, f(w))(dz) + / u(f (), f(u))(dz)
X X X
= [ w7, S =2 w0, F)d) + [ w10, Fw)ee
X X X
=0

where we have applied the chain rule in the symmetric case. Thus (3.9) is proved i

The above Proposition can be also proved for a Lipschitz continuous function f,
with f(0) = 0. Then it is simple to prove the truncation rule, that is

;l(u+, v) = X{u)O}l]’(ut v)

for every u,v € D(E) N Co(X).

4. Example

Let X := Q be an open subset of R"® (n > 3) and let m = dz be the Lebesgue measure
on Q. Letting ai; € L}, (9,dz), we define

&,’j = %(a,j -+ a.j.-) and &,’j = %(a,-j - a,-.-) (1 <3< n).

Let us suppose that there exist two constant A, M > 0 such that

n

MEP < D7 aij(2)e;  VE=(&r,..,La) ER"

1,)j=1
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and
|Ei,-,-|§M VlSl,]Sn

Let b;,d; € L} (Q,dz) and c € LE_ such that b; — d; € L*(Q,dr) U L*(Q,dz) and

loc

[ 3ags)e
/(cu-i—Zb 6:,)

Let us define for u,v € C§°(Q2)

E(u,v) = Z/a,]gzaiid +Z/du dx+Z/bv—d1:+/cuvd:c

1,j=1

>0 VYueCge(R),u>0.

The closure of (£, C§°(2)) is a regular non-symmetric Dirichlet form on H = L?(X,m)
(see [5: Proposition 2.11]).

Let us observe that
Ou Ov - Ov Ou
i dz du—d U—d
']Z:l/a]a 31:, +;/ uami x+'z=:/bvaz. f
is not a non-negative definite form. Actually, it results that

du Ov
E(u,v) = Z/ 'Jax,'aTjd

1,7=1
—d; Ou 10(b; + d;)
+Z/ 31‘. dz+2/< 5—31.- )uvdz,

that is (2.16) holds with j = 0, k = ¢ — 1 o7 | 2iddi) g

. Ju 38 — b - bj—d; 3
E(u,v) = Z /a;ja—;a:: Z/ uaTd:c+Z/ 5 va—;da:.

i,=1

Moreover, let us observe that Theorems 2.7 and 2.8 hold with j = 0 and

G(u,v) = Z/a,,g" aaz” dx+2/(d

i,5=1

Fu,v) = Z /a,,g“ ;: dx+2/(b —d)v

l]l
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In the case that d; = b; and ¢ = g—:—% = g—:'_%, it results that k = 0. Then
Ou 0v
o i
(u v) l;l‘/aja 625)

is a non-symmetric diffusion form. This form satisfyes the strong sector condition (1.1)
with K = & +1:

1ECu,v)] < (M +1)E3 (u,u)E3 (v, v). (4.1)
Let us observe that Theorem 3.4 holds with

p(u,v)dz = a.,(:c)aau Ov

For such a measure the Leibnitz property and the Chain rule can be easily proved.
Moreover, the Schwarz inequality holds:

.. Ou Bv
/(;lQpl/)l Zal]a a

i,j=1

/ Sl |

i,j=1

a)
M/(.Z:"Z )li('f_iw )
(Sl ) Gl «)

M 2 Ou au 2 Ov Ov ’
43 fomie) (Bt

l]—

-|(dz)

3:1:

IN

Moreover, since the Schwarz inequality holds for the symmetric part, it results that

Ou Ov

Iw/fll” 1““5::—;67,- (dz)

H 3
Ou Ou dv av
E: 2 2
+1 ('J— /l‘Pl a‘)az Oz d) ('1— /W)I a”a 6 )

and % +1 is the constant that appears in the strong sector condition (4.1).
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