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Oscillations of Certain 
Delay Integro-Differential Equations 

Y. H. Wang and B. G. Zhang 

Abstract. In this paper, the oscillation of solutions of certain delay integro-differential systems 
are considered. Sufficient conditions for the non-existence of non-oscillatory solutions for these 
systems are obtained. Comparison results are obtained also. 
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1. Introduction 

Recently the oscillation in systems of functional-differential equations has received at-
tention in the literature [1 - 6 1 . In this paper we consider the delay integro-differential 
system

X (t) +	JD , (t - s)x(s - r)ds = 0	(i = 1,2,... ,n)	 (1) 
.1=1 

and

X (i) +	J D1, (t - s)x(s - r) ds = f1 (t)	(i = 1,2,... , n)	(2) 
0 

with initial condition
x(s) = q(s)	(s € [ — r, 0])	 (3) 

where r > 0, D ,, € C(R,llt.) and 0 € C([—r,0]). System (1) with n = 1 has been 
considered in [7]. 

By a solution of (1) - ( 3) we mean a vector x = (x 1 ,. . . , x)T , which is continuous 
on [—r, on) and continuously differentiable and satisfies (1) for t > 0 and such that (3) 
holds. By a solution of (1) on [T, no) we mean a vector x € R'1 which is continuous on 
[—r, on) and continuously differentiable and satisfies (1) for t > T. A vector r E R" is 
said to be non-oscillatory, if x 1 (t) 54 0 on [—r,00) (i = 1,2,... ,n), and to be positive 
if every component of x is positive on [—r, no). 
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We will reduce the non-existence of non-oscillatory solutions of (1) to the same for 
the scalar i ntegro- different i al inequality 

y'(t) + JD(t — s)y(s - r)ds 0	 (4) 

where
1D11(t)	 for n=1En D(t) = mini < <[D(t) —	ID(t)I) for n > 1	(t 2 0). 

By a solution, of (4) on [T,00) we mean a function y E C([—r,00),R) fl C'([T,00),R) 
which satisfies (4) on (T, oo) where T 2 0. A solution y of (4) is called positive, if y > 0 
on (—r, +). 

2. Main results 

Let us start with the following theorem. 
Theorem 1. 11(4 ) has no positive solutions, then (1) has no non-oscillatory solu-

tions. 

Proof. Suppose the contrary, let x be a non-oscillatory solution of (1) with x1(t) 
0 (t 2 — T;z = 1,2,... ,n) and set 6, = " (f) Then w = ( W I, W2, .. ,w,)T = 
(S i x i ,... 16x)T satisfies w,(t) >0 (t 2 —r) and 

W, 

(t) +	] b(t — s)w(s — r) ds =0	(t 20)	 (5)
j=1 

where b,, =	Clearly, D, , , = D ,1 and ID ,j I = 1D1,3 1 (i 0 ,y). Define y(t) = 
>	w 1 (t) > 0 (t 2 —r). Summing (5), we have 

0=	w(t) +	J bij (t  — s)w(s - r) ds 
i=I	i=1 j=1 

= y'(t) +	f b ,  (t — s)w(s — T) ds + E f b(t — s)w(s - r) ds 
j=I	 0 

2 y'(t) + > J (b(t — s) -	IA,(t — s )I) w ( s - r)ds 
j=1 o 

2 y'(t) + f D(t - s)y(s - r)ds 

which is a contradiction U
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Theorem 2. Assume that D, 1 (t) 0 on [0, r]. If 

z(t) +	fD ,j (t - s)z(s - r)ds <0	(i = 1,2,... ,n)	(6) 
3=1 

has a positive solution z(t) on [—r,00), then (1) has a positive solution x(t) with 0 < 
x(t) < z(t) (t 2 0) and	x(t) = 0. 

Proof. Define the set 

X = {x E C([-7-,co),R'0 < x(t) <z(t) (t 2 —r), x(t) >0 on [_r,0]} 

and an operator S on X by 

(Sx 1 )(t) = 

I 
i >ff Di,j(u—s )xj(s_r)dsdu	 ift>0 

l'
°	 (7) 

n 

(	f f D j (u - s)x(s - r)dsdu) (i - I1\ z(t) 
+ z(t) 11 if —T t 0 

j=1 

for i = 1, 2,. . . , n. Clearly, (Sx)(t) < z(t) (t 2 — T) and (Sx)(t) > 0 on [—r, 01, i.e. 
SX C X. Define the sequences { ym( t )}, ym e R'3 by 

YO = z 
!lm = SYni_i (mEN). 

Then
yo2y12 ... 2 ym(t ) >...	(t>—r) 

and hence limm...,,,, !Jm(t) = y(t) (t 2 —r) exists. It is easy to see that y(t) is a solution 
of (1) for t 2 0 and y(t) 5 2(t). We claim that y(t) > 0 (t 2 0). From (7) and the 
condition D , (t) 0 0 on [0, r] we have y(t) > 0 on [ — T, 0]. If is the first zero of y 2 on 
[0, 00), i.e. y(t) >0 (0	t < ) and y() = 0, then 

0=yt(e) 
n 00 U 

II D (u - s)y1 (s - r)dsdu 
j=1

U 

2 I D 1 (u - S)yj(S - r)dsdu 

which implies that f D, ,1 (u —s)y(s - ,r) ds = 0, which contradicts the fact that D, ,1 0 0 
on [0, 7-1 and ye (s) >0 (s E [—T,0]). This contradiction proves the Theorem I
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From Theorem 2 we can derive a comparison theorem. 

Corollary 1. If D1 ,(t) < E1,3 (t) (t > 0) and 

Y(t)+EJE1,j(t_S)Yj(S_T)ds=0	(i=1,2,...,n) 
0 

has a positive solution y(t), then (1) has a positive solution x(i) with x(t)	y(t). 

Proof. In fact, we have

 
ijY	+	] D(t - s)y(t - r) ds y(i) +	f E(t - s)y(t - r) ds = 0. 

j=1 0	 j=10 

By Theorem 2, (1) has a positive solution I 

Corollary 2. Let d(t) = max 1 <<	D,3(t). If there exists ,\ > 0 such that 

- + eAr J d(s)eds < 0, 

then system (1) has a positive solution x with 

0 < x(t)	 (t > 0; i = 1,2,... ,n).	 (8) 

Proof. In fact, let z(t) = e t (i = 1,2,...,n). Then 

z(t) +	J Dij(t - s)z(s - r) ds 
3=1 

= z(t) + EJ Di,i( s )zi( t - s - r)ds 
j=1 0 

= et { - +	e	 D1,(s)e ds I] 
: :t I + eAT  

By Theorem 2, (1) has a solution x, which satisfies (8)1
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Now we want to show a sufficient condition for the non-existence of positive solutions 
of (4). Let

	

D, (t) 
= I Ju 	— s)dsdu 

1—r 0 

D(t) 
= I JDU - s)D_ i (s)dsdu (n > 2) 

—r 0 

and
P0	min D(t) 

0<9<nr 

Pk =	min	D,, (t) (k > 1). 
knr!^t((k-4-I)nr 

Lemma 1. Assume that
D(t)> I en	 (9)

Let y(t) be a positive solution of (4). Then 

y(t - r) <4e
2 .	 (10)

Y(t) 
Proof. Integrating (4), we have 

	

y(t) - y(t - r) +	D(u - s)y(s - T)dsdu <0.	 (11) 
i—r 0 

Thus

y(t - r)> J JD (U - s)y(s - T)dsdu 

i—r 0

U	 (12) 
^ y(t - T) J J D(u - s) dsdu 

i—i- 0 

= D i (t)y(t - r). 

Substituting (12) into (11) we obtain y(t - r) > D2 (t)y(t - r). In general, we have 

y(t - r) > y(t - r)D(t).	 (13) 

Assumption (9) implies that there exists t E [t - r, t] such that 

U	-	 I

- D(u - s)D_ i (s)dsdu>	and 
IJ
	

- 2e
D(u - s)D_ 1 (s) dsdu> J J	 1 

- 2e' 
I—F 0	 1. 0
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Integrating (4), we have 

y(t) - y(t - r) + J I D(u - s)y(s - r)dsdu <0.	 (14) 
t-r 0 

In view of (13) and (14), we obtain 

y(i-T)> I I D(u — s)y(s — T) dsdu 
i-I. 0 

JJDU - s)D_ i (s)y(s — r)dsdu 
i-r 0 

y(t' —r) 
-	2et2 

Similarly, we have y(t') >	Combining the above two inequalities we have
y(t) <(2ehl)2 and the proof is complete I 

Lemma 2. Assume that (9) holds. Let y(t) be a positive solution of (4) and define 

	

y(t — r)	 y(t — r) M =	mm	 and	N =	mm 

	

n(m-1)r!^i<mnr y(i)	 mnr<t<(m+I)nr y(t) 

Then M> 1 and

N 2 exp(e"'Mpm ) 2 exp ('e ) 2 M.	 (15) 

Proof. M > 1 is obvious. Dividing (4) by y(t) and integrating it we have 

S 

y(t — T) 

	

t) - >exp	y(s) J 1 [ 
y(	 - D(.s—u)y(u—r)duds.	 (16)j 

	

t-i	0 

Let
dk =	mm	{D(t)}

(mn+k-1)r <t<(mn-fk)r 

Nk =	mm	y(t — r) 
(mn+k-1)r<t<(mn+k)r y(t) 

M1=	mm	
y(t - r) 

((m-1)n+1)r(t((mn-4-1)r	y(t) 

for k,l	1,2,... ,n. By definition, Pm 15 dk (k = 1,2,... ,n) and N = minI<k<Nk.
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For t E fmnr, (mn + l)r], from (16) and the inequality er 2 ex for x > 0, we have 

1	Si 
y(t - r) > exp Jf D(s i — ) Y(u

 - 
r) duds 1 u 

Y(t)	 y(u) 
i—r 0 

t 31	 U 32 

	

?exp 
I I D(s 

1 — u)exp J JD(	!I _ s 2 - ui) y(u) T)duids2dudsl 

1—r 0	 u—r 0 
I 31	 U 32

duids2dudsi) - u i ) 

	

^ex(e J JD(s i —u) J JD(	y(ui —T) 
y(u) 

1—r0	 u—TO 

>-

1	3 1	 U	.2 

2exP(e' I I D(s, — u) I I D (S2 — U 2) ... 
t  0	 U—? 0 

U_2 

ID(sn - U_i)"'- r) du_ i ds ... duds1 
y(un_l) 

Un_2T	

31	

U 82 

2 eXP(e' ) I D(s, —u) I I D( S2 —u2)... 

£—r 0	 u—r 0 

Ufl:2T 

Y(5nT) 
f D(Sn - u_ i )du_ i ds . . .dudsi) 

where s, E [(m - 1)n-r, (mn + 1)r]. In view of the inequality exp() > x for x 0 e we 
have

N1 exp (e' 1 min(M,Ni)di) 

2 exp (e'' min(M, Ni)pm) 

exP min(M
' 
N1)

2( 	) 
> min(M,Ni). 

Hence min(M, N1 ) = M. Therefore

' 
N1 2 exp(e"'Mpm) 2 exp (

M

-) 
2 M 

and M1 2 min(M, N 1 ) 2 M. Similar to the above, we can prove that 

M 

	

Nk 2 exp(e"'Mpm) 2 exp (_) ^ M	(k = 1,2,... ,n).
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Therefore
N = min Nk 2 exp(e'Mpm ) 2 exp () 2 M I<k<n	 e 

and the proof is complete I 

Theorem 3. Assume that (9) holds and 

1je)	 (17) 

Then (4) has no positive solutions 

Proof, _Suppose the contrary, let y(t) be a positive solution of (4). Define the 
sequence {N} by

mm	y(t — T) 
(k+i—I)nr1<(k+i)nr	y(t)	(i 2 0). <  

By Lemma 2, we have N1 > 1 and 

N1+1 2 exp(e''Nlpk+l) 

N) 2 exp (- exp (I(e"'pk+I -	
(18) 

N) 
2 exp(

ei 

>AT1. 

Therefore {JT,} is increasing. On the other hand, by Lemma 1, {N1 } is bounded. Hence 
lim1_, N, = N exists. From the last inequality, we have N 2 exp() > N if N c 
which implies that N = e. From (18), 

jçr 1 ^! N(i + e''Nl(pk+ I - 

Hence
- N, 2 e''N(pkI - e") 

and
N1+2 - zcr1+1 ^ e'N +l (pk + I + I - e) > e	N (pk+l+1 - 

Summing up the above inequality, we get 

e - N1 > e']T >(pk+j - e) 

for some k, which contradicts (17) 1
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Corollary 3. If there exists a positive integer n such that 

IiminfD(t) > ---,	 (19) 
i — oo	 e 

then (4) has no positive solutions. 

In fact, (19) implies (17). Combining Theorem 1 and Corollary 3 we have the 
following result. 

Corollary 4. If (19) holds, then ( 1) has no non-oscillatory solutions. 

Now we consider the forced system (2). 
Theorem 4. Let F(t) =	f1(t) with 6 = ±1 and F(t) = h'(t), h+(t) = 

max(h(t),0) 0,h_(t) = max(—h(t),0) 0, and	- 

00 t 

I
ID(t — s)h+(s — r) dsdt = no.	 (20) 

Then (2) has no non-oscillatory solutions. 

Proof. Suppose the contrary, let {x(t)} (i = 1,2,...,n) be a non-oscillatory 
solution of (2). Then we have 

ox(t) +	f D 1, (t — s)x(s — r) ds = 1f(t) 
3=1 

n 00 

w(t) +	f D 1, (t - s)6j 8'w(s — r)ds = ö1f(t). 
j=I 

That is,

w(t) +	J Dij — s)w(s - r) ds = 

0 

Summing the above equation, we obtain 

W, (t) +	] bb(t - s)w(s — r) ds 
i=I	j=I 

+	J b(t - ,$)w(s — r) ds = 

0	 ' 1 

Hence

y'(t) +f (bii (t — s) -	Ib1,(t — s)I)wi(s - r)ds <	6f(t) 
j=I 0	 s,j=1,ij4j
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and hence

y'(t) + J D(t - s)y(s - T) ds < F(t). 

Thus,

(y(t) - h(t))' + / D(t - s)y(s - r) ds < 0.	 (21) 

If y(t) > 0 eventually, then y(t) - h(t) is non-increasing. There are two possible cases: 
(i) y(t) - h(t)	0 eventually 

and
(ii) y(t) - h(t) 2 0 eventually. 

For the case (i), y(t)	h(t) eventually, which contradicts the positivity of y. Therefore, 
the case (ii) holds. Hence y(t) 2 h+(t) eventually. From this and (21), we obtain 

(y(t) - h(t))' + / D(t - s)h+(s - r) ds <0.	 (22) 

This together with condition (20) lead to a contradiction and the proof is completed I 
Remark 1. (2) has no positive solution, if (20) holds, where F(t) =	f(t). 
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