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Exponential Stability
of a
Nonlinear Distributed Parameter System

J. Tervo and M. Nihtila

Abstract. A nonlinear parabolic partial differential equation model describing the behaviour
of a distributed parameter fixed-bed bioreactor is studied here. Exponential stability around
the steady state solution for exponentially decaying deviations in the input and disturbance
are proved via abstract formulation of the model as an evolution equation and by utilizing
semigroup theory and asymptotic stability of the corresponding evolution operator.
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1. Introduction

Several different stability concepts have been developed for linear as well for nonlin-
ear partial differential equations and the corresponding evolution operators (see, e.g.,
Amann [2: p. 68], Lions {14: p. 172], and Curtain and Zwart [5: p. 215]). As compared
with the stability of finite-dimensional systems we are facing more complicated situa-
tions. Even in the case of linear partial differential equations the location of the poles
of the transfer function of the distributed parameter system does not determine directly
the stability as is the case of finite-dimensional systems. More refined funtional-analytic
and function-space tools are needed. Moreover, the variety of different partial different
equation system models is larger depending, e.g. on the location of inputs and outputs,
and on the corresponding operator classes defined on abstract function spaces (Banach
or Hilbert spaces).

Here, we consider stability properties of solutions of a nonlinear system related to
a distributed parameter fixed-bed bioreactor. The system is a infinite-dimensional one.
It is governed by partial differential equations of parabolic type, 1.e. they are so-called
evolution equations (c.f., e.g., Tanabe [21]).

The distributed parameter model of the system has its background in biological
water treatment processes [7, 8, 13]. The goal of the process is to remove harmful
nitrogen compounds from drinking water or from communal waste water. The process
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is modelled by two coupled partial differential equations. They describe the growth and
substrate (nitrogen) consumption of certain microorganisms. These are immobilised
on a fixed bed in the reactor tube. The water to be treated and which includes the
substrate flows through the reactor.

The spatially one-dimensional model of the fixed-bed bioreactor consists of a pair
of nonlinear partial differential equations ‘ Co

0
Futl— = —kquy + p(uy, uz)u;
duy _ Pur 0w v

8t =D612 —c(t)a—z—klp(u,,ug)ul

where the spatial variable z belongs to the interval G = (0,1) C R and the evolving
time ¢ belongs to the interval Ry = (0,00) (remark that by R, the interval [0,00) is
denoted). The boundary conditions applied here are due to Danckwerts (6] and they
are of the form o ’

Oug () o
S (0,8) = —=(u2(0, 1) ~ S(t))
' 59:‘2 D | (t € Ry). 2)

In the equations the states uy = u;(z,t) and u; = uy(z,t) are the concentrations of the
biomass of the microorganisms and the substrate, respectively. The specific growth rate
of the microorganisms (in biomass)

uz

Uy, up) = s ..
Hw 2) #mk2u1+u2

is due to Contois, 1959. " This makes system (1) nonlinear. The input ‘flow ¢ is the
control variable and the input substrate concentration S is a disturbance variable in the
system. They are generally smooth functions of time; i.e. ¢ = ¢(t) and'S = S(t). The
output function y (the measured variable) is the substrate concentration at the end of
the reactor, that is, )
) ' y(t) = uz(1,2).

The initial condition

u1(z,0) = ujo(x) } ‘ 3)

U2(I, 0) = UQO(.T:)

is chosen in such a way that u,¢ and w2 are the steady state solutions of problem (1)
- (2) before the simulated step changes the input function c(t) and/or the the initial
concentration S(t) of the substrate. In the steady state c and S are independent of time
and in that case they are denoted by ¢ and 5. Other parameters are positive. We do not
list their meanings here but we refer to the contributions [7, 8], where the model and
the parameters from the system-theoretic point of view are explained in more detail.

Simulation studies carried out pointed out that the assumption of equally distributed
concentrations on the constant cross-sectional area of the reactor tube was adequate (c.f.
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[17, 23]), justifying the use of the single space variable, the scaled distance from the
input of the reactor tube (the length of which is scaled equal to 1). Boundary conditions,

which are different from (2), have been proposed for dispersion models of our type (c.f.
(20]), and applied in [13].

In Section 2 problem (1) - (3) is put into the abstract form

v+ A(t)v = F(t,v) }
v(O) =9 .

where A(t) is a linear unbounded operator in appropriate Banach spaces and F(¢,v)
is a nonlinear function. This enables us to consider the existence, stability and other
issues of solutions as an application of the semigroup theory (see, e.g., [1, 2, 5, 9, 10,

18, 21]). The existence of a positive classical global solution u = (u;,u2) of problem (1)
- (3) such that

u; € C*((0,00),C(G)) N C(R+,C(G)) }
uz € C'((0,00), C(G)) N C((0,0),C*@)) N C(R4,C(C))

was proved in {11] as an application of the semigroup theory. Numerical computations
for the original nonlinear system in the state space seem to support analytical stability
result obtained here, not only in the spatially 1-dimensional but also in the spatially
3-dimensional case [17, 23].

In Section 3 we show that the steady state solution of problem (1) - (3) is attractive.
The proof is based on the fact that the evolution operator U(t, ) of the operator A(t)
can be shown to be asymptotically stable in the relevant spaces considered here. The
asymptotic stability of U(t, 7) follows from the results for quasilinear parabolic equations
on the interpolation-extrapolation spaces studied in detail in [2]. It is well-known that
exponential stability of the solutions both in finite-dimensional and infinite-dimensional
cases influences on the input-output stability of the system (c.f. [5]). Consequently, it
is a central issue of our system study for control.

We give some preliminary notations applied here:

Let G be an open set in R". C(G) is the space of continuous functions on G equipped
with the norm [wllcg) (= Ilwlleo) = sup,czlw(z)|. Further, L(G) (1 < p < o)
is the Lebesgue space of p*"-power integrable functions f : G — C and W*?(G) (s €
R, 1 £ p < o0) is the Sobolev-Slobodeckii space (see [2]).

Let A be an interval in R. Then Cl(A,X) is the space of all [ times continu-
ously differentiable functions f : A — X, when X is a normed space. The space
C?~(A,X) (0 < p £ 1) is the space of Holder continuous functions f : A — X
equipped with the usual norm (see, e:g., (2: p. 40]). In the product space X; x X, of
Banach spaces X, and X, we use the norm [|(wy, w2)||x, xx, = [lw1l|x, + |lw2|| x,-
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2. Abstract formulation of the partial differential equation
system

The original partial differential equation problem (1) - (3) will be converted into the

abstract form
v+ Aty = F(t,v) }

v(0) = vg )

where A(t) is a linear unbounded operator and F(t,v) is quadratically bounded by
v. This means that the linearized version of the original partial differential equation
problem is given by

b+ A(t)v = F(t,0) }
v(0) = v

2.1 Preliminaries. Consider the problem

d
S = fu,un) = kawy
8u2 6 u2 6u2 (5)
& - - (t)———klf(ulyu'l)
for (z,t) € G x Ry,
0 c(t
22 (0,1) = ”(uz(o ) - S(t)
(6)
E(l’t) =0
for t € Ry, and . , » :
u(z,0) = uo(z) = (u10(z), u20(z)) ' )
for z € G. Above we denoted
G =(0,1) and flur,ug) = p(ur,ux)u; = #m#izuz‘

Occasionally we also use the notation

flu) = f(ui,uz) for u = (uy,u,).

Throughout the paper we assume that ¢ and S are positive C!(R4)-functions and that
¢ and S are locally Lipschitz continuous. In addition we assume that u;0 and ug are
positive C'(G)-functions.

Let u#; and %, be solutions of the steady state equations

0= f(%1,%2) — kawWy
8
0= Daa >~ %_—z—klf(ul,uﬂ (®)
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for S(t) = § and ¢(t) = ¢, for z € G, with the two-point boundary conditions
Ju T =
52 (0) = 5(@(0)-5)
9
9821y~ g
Oz -

where ¢ = ¢(0). The solutions ¥, and u; can be computed in closed form and they have
the expressions

54 cosh(g(1 — z)) + psinh(q(1 - z)) oP
g cosh(g) + (a + p) sinh(g)

_ Hm — kd —
u(z) = Thk uz(z)

z P ks (tm — ka) [P?
P=5, p=5, a e d g tPhe

The pair (z, ,Uz2) is the equilibrium point of the dynamical system (5) - (7) whenc =¢

and S = S. The constants P,p,a,q are positive for the original relevant parameter
values.

EQ(I) =

(10)

where

Remark 1. The maximum principle for parabolic systems [19] implies the following
comparison result for the solutions: Suppose that ¢ and S are positive constants such
that

c(t)<e

s 55} (t € Ry).

Let ¥ be the steady state solution corresponding to constant values ¢ and S of the
control ¢(t) and disturbance S(t). If ug < %, then

u <. (11)

This result implies especially that the solutions of problem (5) - (7) are bounded when
the control ¢(t) and the disturbance S(t) are bounded. In fact, estimate (11) is natural
from the physical viewpoint.

2.2 Linearization. The nonlinear problem (5) - (7) is linearized around the steady
state (10). Consequently, a careful analysis for the nonlinear term f has to be carried
out. Formally f can be linearized by using the decomposition

1@+ w) - 1@ = 2@ + 2L @s + o(w

~ where the residual g(w) must have certain appropriate properties. From (8) we get

Uz

B

=ky (12)
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which also implies the last equation in (10), i.e. T, = u, “—Z‘ﬁ. Applying (10) and (12)
we find by a routine computation that

af T

() = u(u),U2) — pmbky —mm——

ur (7) = A0, T) = b T

T3 Bm — k4
=kqg — pmk 2 =
T v m)Y koka (13)
_ ki
Hm
=:a.
It can be seen also that )
Uy
m—2 =g 14
g (k2uy + u2)? “ (14)
Similar computations show that
af ﬂ% (l‘m - kd)2
—(¥) = pumk — = =:ajs. 15
auz( )= 2(k7ﬂ] + )2 fimks az (15)

Based on these calculations the following lemma, which guarantees a successful lin-
earization, is proved.

Lemma 1. There ezist constants C > 0 and 6§ > 0 such that
f@+w) - f(7) = aywy + a2w; + g(w) (16)
where a; and a are given above and where g(w) satisfies
lo@lo, < Clul g o,
for all w € C(G) x C(G) such that lwlle@) xe@ <6

The norm abbreviations || - ||; = || - ”0(6) and ||| = |- ||c(5)xc(5) are used in the
proof, which is given in Parts A and B.

Proof of Lemma 1. Part A: Denote u = 7 + w. Then by using (13) - (15) we
have

I£(@ + w) = £(7) — (@1w) + azwa)|),

Uy ug U)o 7 u?
kauy +uz koW +hp ((kzﬂx + )2 w1+ ke (k27 + T,)? ‘UJ2)
ko uju; _ —wy + Upuy _ S

(kauy + uz)(kowy + u2) (k2w +ug)(k2@) + W)

—2 —2
- ( 42 wy + ko ] w2)
(k2T + u3)? | (k2; + u2)?

< {H Ugug B 7
= Hm (kauy + u2)(k2®y + T2) (ko + w,)?

=2

=,,m’
1

(17)

1

1
}(Ilwxlln T flwll).
1

‘U]‘U.]

+ k2 — -
(kauy + u2) (k2T +%2) (ko + 1)
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Part B: Furthermore, we have

‘ Ty u?
(kaur + u)(kolly + ) (k@) + )2 .
1 — = —2

= ' (k2uy + uz)(kauy + u2)? (@1, +Tywe) 1

< { 1 U ug

T Ul k2w + @ ||y || (k2uy 4 w2)(koT + %2) ||,

| g ot + i
kauy + ug (k2uy +w2)? ||,

Suppose that
lwrlly + flwzlh < %gggmin{ﬂl(z)ﬂZ(x)} =: 6.

Then we find that ,
uj(z) = u;(z) — T;(z) + ()

=1,(z) — w;(z)

> inf u;(z) — |lw;
2 inf 7(z) —llw;l
2 %jggﬂj(z)

> 1 in {372

2 3 inf min {u;(z)}
=:C

for all z € G. Hence when (19) holds, we see that
kaui(z) + uz(z) 2 (k2 + 1) (z €G)

which implies that
! < ! =:C,.
kauy +uz||; = (k2 + 1)
Combining (18) and (20) we find that for ||w|l2 = ||wi]l1 + [lwz]1 < 6
Ty u?
H(kzul +ug)(kom +72) (koW + U2)?

< {Cl — ! —
katy + 4y ||,

X (sl + lwall)

: Callwll2

where C, does not depend on w. Similarly we find that

1

=2
Uy

(k2y + Up)?

U Uz
ko, + 4

+Cl\

J

1

U Uy ﬂ%
(kzuy + wg)(koWy +72) (ko) + T2)?
for fjw||2 < 6. Hence we find from (17) that
' f(@+w) = f(@) — (a1w1 + a2w2) = g(w)
where {|g(w)[l1 < Caflw||} for ||w||2 < é which completes the proof B

< Gsllwll2
1

83

(18)

(19)

(20)

(21)

(22)
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_Remaxi( 2. C()Esequently, the above considerations show that the mapping f :
C(G) x C(G) = C(G) is differentiable in the neighbourhood of 7.

Denote U = (U,,U;) = u — u. Substracting equations (5) - (6) and (8) - (9) side by
side we get

Ph - f +9) - £(@) - kali o)
oU, 9*U, Uz +u;)  _Ou, _ _
W_Daﬂ —¢(t) Em +ca—x—k,f(u+U)+k,f(u)
for (z,t) € G x Ry,
50,0 = L0, +m)0,0 - 5] - Sfm0) - 5) N
U e
or \ T
for t € R4, and
Us(2,0) = wio(z) - flm} (25)
Uz(z,0) = ugo(z) — ua(z)

for z € G. Due to Lemma 1 problem (23) - (25) can be put into the form

ou
a_tl = (a1 = ka)Us + a2Uz + g(U)
A (26)
6U2 62U2 6U2 — 852
E = p) —c(t)E —[C(t)—c]—a?—klalUl —kia2Uy — kig(U)

for (z,t) € G x Ry,

%(O,t) _ %UQ(OJ) N C(%;Eg?(o) - %S(t) + %E 27)
Xey=0

fort € Ry,

Us(2,0) = wio(z) - & () } (28)

U2(.‘B,0) = u20($) - ﬁz(z).
By substituting the transformed variable v = (v1,v2) = (kU1,Uz + s(t)) with & =

(kr %)% into system (26) - (28) and by making the definition

0= gy | pm0 - Shsw+ 53] (29)
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we obtain the system

0 1

(;t] = (a; — kq)vy + Kazve — Kazs(t) + ng( vy, Vg — s(t))

g 6 7] _k

S = Do — ()5 — (elt) - c) o, (30)

1
— klagvg + klags(t) — klg(;vl,vg — S(t)) + S(t)

for (z,t) € G x Ry,
22 0,0 = W)
A )
for t € R4, and

v1(z,0) = k(uro(z) — T (z)) } (32)

v2(z,0) = ugo(z) — Wa(z) + 5(0).
Define a linear operator

A(t): C(@) x Ly(G) = C(G) x Ly(G)

by

D(A(t)) = C(G) x {m € W¥(G) \ (‘M it—)wz) (0) =0, aﬂu) = o}

6 o k
Alt)w = — ((al — kg)w + kagwq, D -8—2 —cft )ﬂ _ 1:1 w, — klazwz)

for w € D(A(t)). Since W*?(G) C C'(G) (because n = 1) for p > 1 the terms w2(0),
wq (1), and a73“;1(0) are well-defined. Furthermore, define

F(t,w) = ( Kkazs(t) + ;cg(1 wy, Wz — s(t))
- [e(t) = c] 2+ kyaps(t) — klg(lwl,wg - s( t)) + s(t)>

Then problem (28) - (32) gets the abstract form

dv
2+ At = F(t,) } )

v(O) = Vo

where

vo(z) = (n[u,o(z) — % (z)}, u20(z) — Wa(z) + s(O)).
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3. Stability of solutions

3.1 The evolution operator of A(t). We use the notations and theory of [2]. Let
for s € [~1,1] and p € (1,0) be

s W*P(G) ifo<s<1

POy — <s<
Wp'(C) = {(w-w’(c))' if —-1<s<0.

Define time-dependent Sobolev spaces Wg’(p‘)(G) by

Wit(@ = {we W@

ow Ow
Da—z(O) - c(t)w(0) =0 and E(l) = 0} .
In addition we define Banach spaces
E(t) = C(a) X W;’(’;)(G) and Ea+% = C(ﬁ) x Wga,P(G)

where —.l—, <a<

E1 —r Eo (that iS, A

The operator A(t) can be interpreted as a bounded operator
t) € L(Ey, Ep)) by

an = (G )

|-

~~

where for w = (w;,w;) € E,

kya,
Anwy = (kg — ay)wy, Ajpw; = —Kapwy, Anyw, = W

and where

Azz(t) : WHP(G) —» W5P(G) = (W' (G)Y

is the operator corresponding to the antilinear form an(tv) : WHP(G) x WP (G) — C
such that :

. L v
Ow, 0 7]
az2(t) (w2, v2) =/ (D%% + qung'l_)g + c(t)%ﬁg)dx + c(t)wg(O)ﬁz(O),
0
that is,
1
? 0
(A2z(t)wa,v2) = / (—D 2t e(t) 22 +k102w2) Tadz = az(t)(w2, v2)
Oz? Oz
0

(which follows by partial integration).
For the definition of the (parabolic) evolution operator

U(t,7) : C(C) x Ly(G) — C(G) x L,(G)

for A(t) we refer to [2: pp. 45 - 47]. The solution v of problem (33) satisfies the
(Volterra) integral equation

v(t) = U(t,0)vg + /U(t,T)F(r,v(r)) dr. (34)
D

For this operator the following estimates are proved.
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Theorem 1. There ezists a constant § > 0 such that when [c]s,- ®,) < &, where

0 < p < 1, then the operator A(t) has an evolution operator U(t,7): C(G) x Ly(G) —
C(G) x Lp(G) and there ezist a € (3,1] and B > 0 such that for w € C(G) x W*P(G)
and for0 <7<t

Ut Tywla < Me P luwls | (35)
U, mywlls < M(t =)~ De 2wl (36)
where we use the abbreviations |||z = || - ||C(5)xW°-v(G) and || Jla = |- ”C(E)xL,,(G)'

For the deﬁnition of the quantity [']C'-(E—t ) see [2: p. 40]. -

Proof of Theorem 1. We shall only outline the proof and omit many details. The
proof is given in Parts A, B and C. :

Part A: Let Ao(t) = A(t)g(y- It is well-known that the operator Ao(t) (t 20)
generates an analytic semigroup on Ey with domain E(t) (see, eg., {1, 9, 10, 18, 21])

and then with the notations of (2] Ao(t) € H(E(t), Ey).

Part B: Using the relation & = (k,%)% and the fact that, for w € L2(G) x

D%(O)wg(o —c(t)w2(0)w2(0) and %(1) =0

we find that, for all w € Ly(G) x W;’(Ql)(G),
R(A(t)w, w) L,(6)?
- 1 : 1
= gt [(kd - al)/ ‘w]wld.’t + klag / ‘u)gﬁ)_gd.’r
0 0

1 klal 1
- naQ/ wow,dr + — / wWodz
0 K Jo

+c(t)w2(0)w2(0)+D/ s a“”d +ec (z)/ —wzdz]
=(kd—a1)/0 |w1|2dx+k1a2/ |w2|2d:¢: (37)
- fcaﬁR/ wow, dz + kl—al-ik/ w,Wodx
Bwy Owy
+ OO +D [ G2 (t)\ La?
=(kd—a1)/ lelgdx-{-k,ag/ |wo|?dz
0 0

2
! 6‘(1)2

+ 9 () + fwa(0)).
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Equation (37) immediately gives that for w € Ly(G) x W;’(";)(G) we have the estimate

R(A(t)w, w) 1 ()2 2 min{kd — a1, braz}[wll}, ) xwr.2c)- (38)

Part C: Equation (38) and Part A imply that for p = 2

o(Ao(t)) C{z€C|Rz>7} (t20) (39)

where v = min{kq — a;,ka;}. Here v is positive since

ka(ptm — k m — kq)?
kg —a; = hd(# 4) and kias =k, *(# a)
Km Bmk2

are positive for relevant parameter values. Since G is bounded we know (from elliptic
theory) that inclusion (39) is valid for any p > 1 .

The continuity of ¢, inclusion (39) and well-known estimates for elliptic operators
(cf. [1: p. 42]) imply that for any ¢ > —y and w > 0

ol + A(:) € C(Ry, H(Ey, Eo, k,w))

where x > 0. The space C (R4, H(E,, Ey, K,w)) is defined asin [2: p. 11]. Furthermore,
we find that (for 0 < p < 1)

(AOes- @, 1eEr B0y < ldes-&,)-
Hence when [C]c»—(§+) is small enough we find that [2: Assumption (II. 5.0.1)] holds.

Choosing f = B = }, [2: Lemma I1.5.1.3] implies the assertion B

Remark 3. Based on the assumption llé”0(§+) < & it can be concluded that
[C]ca—(§+) < 6 when p=1.

The evolution operator of A(t) — 8,1 is
U(t,7) = ePil o U(t,7)oe A1

for 0 < 81 < B. This evolution operator satisfies for w € C(G) x W*P(G) and for
0 < 7 <t the estimates

U, T)wlls < Me™(F=A0=m)), (40)
NU(t, )wlls < M(t — 7)== e=B=B0=7)1 *(41)

where the norms are given in Theorem 1.

3.2. Local asymptotic stability. Here we prove a result about the long-time be-
haviour for the solutions of problem (3) - (7). The basic idea of the proof is standard
(cf., e.g., [3]). However, the verification contains some special estimates which must be
computed. In the proof we establish the required estimates. The proof is given in Parts

A, B, and C.
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Theorem 2. Let max{;-’, ,:—,} < a £ 1. Then there ezists a constant § > 0 such that

if

le”O(c = B)lloo < 8, NP Vell0 < (42)
1# (S = S)lleo < 6, 1€ VSl00 < 6 ‘ (43)
and if
[luo — E“C(E)XW"-P(G) < 6, (44)
then
tl_‘f{.lo lu(-,t) — E"c(E)xwa.»(o) =0. (45)

Proof. Part A: Denote V = e’''v. Then system (33) becomes -

dV

W LIAQ) = BTV = PE(t, e Pty } )

V(0) = A0y =: V.
Consider the nonlinearity F(t, V) = ePrtF(2, e'ﬂ“V) We find that
e Bt — aﬂ? .
F(t,V) =M | —kazs(t) + xg, —[c(t) - c]a—z + kyazs(t) — kig + $(t)
g=g (%e_ﬁ"Vhe_ﬂ‘lVQ — S(t)) .l
Since G = (0,1) C R, the Sobolev inequality implies that
lulle) < Cillullwere)y (v € W*P(G))

when 1 < «. Hence due to Lemma 1 we find that there exists constants 0 < &' < 1 and

C, > 0 such that for |Vi|s + ||s]lcc < 6’ (c.f. Theorem 1 for the norms)
1T, V)l < C{IVIB + [ePis()] +[eP ety - )] + [P 4] ). (a7)
Part B: We find, by adding and substracting a term in (29), that

() = 25 { L5500 - Lisy-51- Fieww -2} (38)

By differentiating this equality we have
_Dét) c(t)
ot

D c(t)_ ) g, s 3
+ 25 { Do) - Lo - Wi - T}

i) = C22(0) C(‘)[sa) -3)- S ee) - cl}

(49)



90 J. Tervo and M. Nihtila

The assumptions imply that |c|, |¢| and |S], |$| are bounded from above and that ¢ is
bounded from below by a positive constant. Hence there exist constants C3 > 0 and
C4 > 0 such that

Is(H) < Ca {le(t) — 2l +IS(5) - 51} - (50)

801 < Ca {le(t) — el +1S(8) = 51+ Iee)l + 1501} (51)
In addition, we find that ||Vp||s < &' if

o=l < i wd O < 3. (52

Part C: Suppose that [[Vo|l3 + ||sllec < é’. Then there exists t' > 0 such that
IV ()lls + lIslleo < &' for t € (0,t'). Due to (47) and (50) - (52) we get for ¢ € (0,t)

IV()ls = HU(t,O)Vo + /Ot U(t, 7)F(r,V(r))dr

3

< U0Vl + [ 10, F V(r)lsdr
< Mem =AYy, |; + / M(t = 1)1 6-800- T s
0
< Me=B=B0Y Vil + /lM(t — )@= D= (B-Bu)(t-) (53)
0
x Co{ V(DI + 16" s(r)] + [ [e(r) — ]| + [ 5(r)] Jar

< Mem =Ry, 13 + MCz{ s{up)uvmn% + 1”1 O]l
te(o, ¢’

oo
+”em(-)(c_5)”°°+”cﬂ(~)s~”m}/ F(a=b) = (B-Br)r g,
0

where the abbreviation ||F|l4 = |F(r, V(7))ll« was used. From (50) - (53) we are able
to conclude that there exists § > 0 such that if

1”0 —Bloo < 6, 1”1 V¢]|0 < 6
1P O(S = Sloo < 8, 1P S)|0 < 8
and if
fluo — u||3 < 4,
then
IVls <6 (te(0,t)) = IViWIs<&h <& (te(on)).

This implies that V is bounded (||V(t)|ls < 6,) on Ry, that is, v satisfies ||u(t)]|s <
Cse™P1! for all t € R. Hence, due to the assumption, we have

u(t) = @lls = IVl = N(3v1,v2 = s()ls < Cs {o(D)lls + |s(t)]} < Cre=P.
This completes the proof B
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4. A remark on the output tracking problem

One of the specific questions in the controller design related to problem (5) - (7) is the
solvability of the following output tracking problem:

For the given reference function y* € C(R4) with 0 < y*(t) < S(t) for all t € R4
find the control ¢ = ¢(u,y*) (sufficiently smooth) such that the output

y(t) ;==u2(1,t) =y°(t)  (t€Ry)

at least approximately and /or asymptotically. Also, the stability (in appropriate spaces)
of the associated closed loop system is significant in practical situations. For example,
changes in S cause disturbances in the state and output of the system.

In mathematical setting the producing of the prescribed reference output y*(¢)
means the non-homogeneous boundary condition

uz(1,t) = y*(t). (54)

From 5
% = —kqu; + f(uy,u2) }

uy(z,0) = 41 (z)

we can at least in theory solve the unknown u,, say u; = 6(u,¢). From (6) we obtain

D22(0,1)

= 00,0 -

Hence we find that u, satisfies the problem

duy _ 0%u,  DF2(0,1) Ou,

EIE . T D O R e (5)
(L) =y, 22,0 =0 | (56)

uz(I,O) = ﬂg(.’z). (57)

Denoting V| = u; and V; = %“11 problem (55) - (57) gets the form

M _y,
Jdz . (58)
M _ 19V, WO k
Z "D ot Ty -s@ 2T o/
Vi(z,0) =m(z) - T (59)

Vi(l,it) =y7(t), Va(1,t) =0. (60)
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Furthermore, we denote W; = V; —%z(z) and W, = V,. Then we have for W = (W, W)

ow
5o FAW = F(t, W) 1)
W(1) = (y*(t) - 72(1),0) ,

where 4 is an operator Ly(R4)? — Ly(R4)? such that

1 ow
D(A) = Ly(Ry) x WP (Ry), AW = — (Wz, BWI)

and

_(_0%u W2(0) ky - _
F(t’W)‘( be Wi0) +m0) — sty 2+ pf EWi + 1) Wy +“2)>‘

In this approach the existence and stability properties of system (61) would be inter-
esting. The corresponding control law is given by

_ WQ(O,!)
~ Wi (0,t) 4 T2(0) — s(t)”

The solvability of the output tracking problem given above remains open.
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