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Commutator Characterization
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Periodic Pseudodifferential Operators
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Abstract. We show in a novel way that periodic pseudodifferential operators are pseudodiffer-
ential operators in Hormander’s definition. In our approach, commutators & la Beals, Dunau,
Coifman and Meyer on R” and on closed manifolds are involved.
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1. Introduction -

Pseudodifferential operators are a natural generalization of linear partial differential
operators on R". These operators act on a suitable test function space by weighing the
Fourier transform “nicely”.

In a series of path-breaking papers in the 1960’s, Hérmander set the study of pseu-
dodifferential operators on a solid basis, and pseudodifferential operators on manifolds
were defined locally using Fourier integrals on R®. In 1979 Agranovich [1] proposed,
crediting L. R. Volevich, a global definition of pseudodifferential operators on the unit
circle 8§, called periodic pseudodifferential operators. Of course, the definition was
readily generalizable for any torus T". Due to the group structure of T", by exploit-
ing Fourier series representation these new operators admitted globally defined symbols
instead of mere local analysis.

It is a non-trivial fact, however, that the definitions of pseudodifferential operators
on a torus given by Agranovich and Hérmander are equivalent. Agranovich proved this
in {2] in the special case of classical operators, and later without some details in (3] in the
case of the Hérmander (1,0)-operators. Another treatise of the classical operators was
presented in [15]. A complete proof was provided by McLean [13] for all the Hormander
(p, 6)-classes. McLean proved the equivalence of the global and local definitions by
directly studying the charts of the tori. Recently, another proof of this type was given
in [14] for the (1,0)-class.

In this paper, we give one more approach, described as follows:
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On a smooth closed manifold pseudodifferential operators can be characterized by
taking commutators with vector fields, i.e. first order partial derivatives. This approach
is due to Beals [4], Dunau [8], and Coifman and Meyer [6]; perhaps the first ones
to consider these kinds of commutator properties were Calderén and his school [5].
For other contributions, see also [7, 18]. The commutators provide us a new, quite
simple way of proving the equivalence of local and global definitions of pseudodifferential
operators on a torus, and we derive related commutator characterizations for operators
of general order on the scale of Sobolev spaces.

The structure of the paper is following: First, we review necessary pseudodifferen-
tial calculus on R", obtaining a commutator characterization of local pseudodifferential
operators (Theorem 2.1). After that, a corresponding global characterization is given
on closed manifolds (Theorem 3.1). Lastly, the global symbol analysis of periodic pseu-
dodifferential operators is studied in analogy with the symbol analysis on R", and these

operators are proven to be precisely the Hormander pseudodifferential operators on T
(Theorem 4.2).

2. Pseudodifferential operators on Euclidean spaces

In this section we refresh some necessary background on pseudodifferential analysis on
Euclidean spaces (see [11, 16, 17, 19] for more information). The commutator charac-
terization of local pseudodifferential operators on R™ provided by Theorem 2.1 is needed
in the next section for the commutator characterization result on closed manifolds.
Let S(R") be the Schwartz test function space of smooth rapidly decreasing func-
tions on R™ with the usual Fréchet space structure. Its dual S'(R") = £(S(R"),C) with
the weak*-topology is the space of tempered distributions, and we denote (¢, u) = u(@)

when ¢ € S(R") and u € S'(R™). The Fourier transform F € £(S(R™)) is an isomor-
phism given by

4(€) = (Fu)(é) = /R" u(z)e "= dzx

where £ € R". By the duality (¢,7) = (é,u), the Fourier transform extends to iso-
morphism F € L(S'(R")) and we consider S(R") as a natural subspace of S'(R™),
so that (¢,¥) = [p. ¢(z)¥(z)dz when 4,3 € S(R"). The Sobolev space H*(R™) C
S'(R") (s € R) is the completion of S(R™) in the Sobolev norm || - ||#+(n) correspond-
ing to the Sobolev inner product (-, *)H+(r~), defined by

(w0 = e [ (14 IE)al0) SO e

where [¢| = (§2 4+ -+ + €2)5. An operator A € L(S'(R™)) is said to be of order (or
degree) m € R on the Sobolev scale (H*(R™)),er, if it maps H*(R") into H*~™(R")
boundedly, for every s € R.

The symbol 04 of a linear operator A : S'(R") — S'(R") is the distribution

oa(z,€) = e (Aeg) (2), (1)
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where e¢(z) = €'*¢ and z,£ € R". Conversely, A € L(S'(R")) can be retrieved from
its symbol. Indeed, the classical relation (¢,9) = W((d), ee),3) for the test functions
¢, % € S(R") extends to (¢,u) = r7h=((¢,e¢), i) where u € S'(R"). Thereby the
formula

(40)(e) = ety [ oale i(0) < d 2)

is interpreted by duality, i.e.

(¢, Au) = (A'$, u)
W((A,d’: 65),12)

= (2—;5?((‘15:’466):12)’ |

where A' € L{S(R")) is defined by the duality {A'¢,u) = (¢, Au). The distribution
Au can be viewed as a o0 4-weighted inverse Fourier transform of i, as a weak integral
of Pettis [9] in a wide sense. Unfortunately, even the algebra of the finite order op-
erators on the Sobolev scale is too large to admit fruitful symbol analysis, while the
non-trivial restrictions by the symbol inequalities (3) yield a well-behaving algebra of
pseudodifferential operators.

A linear operator A : S(R") — S(R") is called a pseudodifferential operator of
order (or degree) m on R", denoted by A € OpS™(R"), if its symbol given by (1) is a
C-function o4 : R® x R — C satisfying the symbol inequalities

|0g 880 a(z,€)| < Cap(1 + €)™ 1, (3)

uniformly in z for every £ and for every multi-index a,3 € Nf. Here Ny is the set of
non-negative integers including 0, |a| = a; + -+ + an, O¢ = (a%l)"‘ -~~(%)°" and
88 = (52—‘)6‘ ~~-(3‘Z—n)‘3". Then o4 is called a symbol of order (or degree) m on R",
oa € Sm(lR").

Actually, if 04 is any smooth function satisfying inequalities (3), the operator A

which it defines by (2) belongs to £L(S(R™)) and is necessarily of order m on the Sobolev
scale.

The class of pseudodifferential operators just defined contains only those of the
partial differential operators that have bounded smooth coefficients. Therefore it is
often more convenient to work with a less restricted class. Let C§°(R™) denote the set of
compactly supported smooth functions. A linear operator A defined on C§°(R") is called
a local pseudodifferential operator of order m € R on R", A € OpS[7 (R"), if gAY €
OpS™(R") for every é,9 € C§°(R™). Naturally, here ((¢A¥)u)(z) = ¢(z)A(pu)(z).
In fact, it suffices to check that ¢A € OpS™(R") for every ¢ € C§°(R"). Equivalently,
A € OpS[2.(R™), if it can be presented in the form

(A)(a) = by [ al i) d,
where the smooth function a satisfies the symbol inequalities

|0g02a(z,€)| < Cag, k(1 + €)™,
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uniformly in z € K, for every compact K C R™ and for every £ € R", a, € N3.

In addition to the symbol inequalities (3), there is another appealing way of char-
acterizing pseudodifferential operators, namely via commutators. This characterization
dates back to [4] by Beals, to (8] by Dunau, and to [6] by Coifman and Meyer. We
present a related result, Theorem 2.1, about local pseudodifferential operators.

Let us define the commutators L;(A) = [8;;, A] and Rg(A) = [A, M.,], where M, is
the multiplication operator (M, f)(z) = z4 f(z). Set R* = R --- R2" and accordingly
LP = L'g‘ -+« LB for multi-indices o and 3, with the convention Lg =I=RY.

Theorem 2.1. Let deg(C) denote the degree of a partial differential operator C on
R™. Let m € R, and let A be a linear operator defined on C(‘,”(IR") Then the following
conditions are equivalent:

(l) A € OpSlac(Rn)

(ii) For any ¢,v € CZ(R™), a.'n.y s € R and any 3equence C =(C), C

OpS},(R™) of partial differential operators :

, By = ¢Ay € L(H*(R™), H*"™(R"))
Biy1 = [Bx,Ci] € L(H*(R™), H*~™*dex(R™)) -

holds where d¢ x = 2;;0(1 — deg(C;)).
(iii) For any ¢,% € C§°(R™), any s € R and every a,B € Ng,

R°LA($Ap) € L(H*(R™), H>~(m=leD(R"))
holds.

Remark. At first sight, condition (i1) in Theorem 2.1 may seem awkward, at least
when compared to condition (iii). However, statement (ii) does not resort to the sym-
metries of R™, so that it can be applied in the pseudodifferential analysis on manifolds.
Also, notice the similarities in the formulations of Theorems 2.1 and 3.1, and in the
proofs of Theorems 2.1 and 4.2.

Proof of Theorem 2.1. First, let A € OpS7(R"), and fix ¢,% € C$°(R™). Then
By = ¢AyY € OpS™(R"™). Let x € C°°(IR") be such that x(z) = 1 in a neighbourhood of
the compact set supp (¢) Usupp (¥) C R™, so that Bixyy = [By, Ci] = [Bk, xCx]- Notice
that xCx € OpS98(C)(R™). Hence by induction and by a well-known property of
the commutators of pseudodifferential operators (sce, e.g., [11]), it follows that Bgy, €
OpS™=de.x(R™). This proves the implication (1) = (@).

It is really trivial that (ii) implies (iii). Then assume (m) and fix ¢,¢ € C§°(R"™);
we have to prove that ¢ Ay € OpS™(R™). Let x € Cs°(R™) be such that x(z) = 1 in

a neighbourhood of the compact set supp(¢) U supp () C R". Evidently, ¢ Ay maps
S'(R™) into S'(R™), and formally A

0¢000444(,€) = ORaLs(gap)(z,€)
= e Y ROLA(AY)ec)(z)
= e T ROLA($ AY)(xee))(x).
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If 2s > n = dim(R") (s € N), then
W@ < e [ 1)1

e | / <1+|e|)-2=dc] [ [ a+ e O e’

1
2

' < C;( > ||6;’u||";,o(m,.)>

IvI<s
so that -
|0 020 a4 (2, €)|
1
2
= C( Z “a?af.{”’at#/hb('?E)“ip([gn))
vI<s

Il

Ivl<s

(z”e ¢ (R°LA*7(949)) (xes)llﬁomn) |

1
2
(Z lle- €||L(H°(R"))||R0Lﬂ+7(¢A1/’)”£(H'"-|°|(R"),H°(]R"))”Xefllii"'-l"l(lk'")) :

17<s
By the Peetre inequality
Q+In+el) <2+ DA+ (seRinE€RT) (4)

it holds that

2
Ixeelgmtonany = [ (14 I 1eDisEgCr)Pan
%
= ([ -+ +epmterigonran)

< 21 vt e (1 4 1ED™ 10

Hence
108020 4au(,€)] < Capou(l + €)™

“and consequently A€ OpS{I,‘C(R"). Thus (i) is obtained from (iii) i
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3. Pseudodifferential operators on closed manifolds

In this section we consider pseudodifferential calculus on manifolds [3, 11, 17, 19], and
the main result is Theorem 3.1 about a commutator characterization (cf. Theorems 2.1
and 4.2), which was stated by Coifman and Meyer (6] in the case of 0-order operators
on L?(M) (see also [8] for a kindred treatise). This will be applied to periodic pseudod-
ifferential operators in the final part of this paper. The differential geometry needed in
the study is quite simple, sufficient general reference being any text book in the field,
e.g. (10].

A compact manifold without boundary is called closed, and throughout this section,
M is a closed smooth orientable manifold. C*(M) is the set of smooth complex-valued
functions on M, and C§°(U) is the set of smooth functions with compact supports in an
openset U C M. If A: C*(M) — C®(M) and ¢, € C®(M), we define the operator
¢AY 1 C=(M) — C(M) by (($4%)u)(z) = ¢(z)A(pu)(z).

If (U,k) is a chart on M, the -transfer

Ax 1 C%(r(U)) - C=(x(U))
of an operator A : C®°(U) — C°(U) is defined by
Acu= A(uok)o kL

Similarly, the x-transfer of a function ¢ is ¢x = ¢ o k~}. Notice that (AYu) =
(¢Av)x(ux), and that the transfer of a commutator is the commutator of transfers:
(4, Bl = [Ax, B«].

Pseudodifferential operators on the manifold M. in the Hérmander sense are defined
as follows: a linear operator A : C®(M) — C®(M) is a pseudodifferential operator of
order (or degree) m € R on M, if for every chart (U, x) and for any ¢, € Cs°(U), the
operator (#A¢)x is a pseudodifferential operator of order m on R™. It is known that
the class of pseudodifferential operators of order m on R" is diffeomorphism invariant,
implying that the corresponding class on M is well-defined. We denote the set of
pseudodifferential operators of order m on M by ¥™(M).

Let DO(M) be the *-algebra
DO(M) = | J DO*(M)
k=0

where DO*(M) is the set of at most k-th order partial differential operators on M with
smooth coefficients. Here, DO%(M) = C>®(M), and DO'(M)\ DO%(M) corresponds to
the non-trivial smooth vector fields on M, i.e. the non-trivial smooth sections of the
tangent bundle TM. A differential operator D € DO(M) defines a seminorm Pp on
C>(M) by
pp(u) = sup |(Du)(z)|.
. €M .

The seminorm family {pp : C®°(M) — R} pepo(m) induces a Fréchet space structure

on C°(M). This test function space is denoted by D(M), and the distributions by
D'(M) = L(D(M),C).



Commutator Characterization of Operators 101

The Sobolev space H*(M) (s € R) is the set of those distributions u € 7'(M)
that (¢u)« € H*(R") for every chart (U,«) on M and every ¢ € C§°(U) (see [11, 12,
17]). Then equalities C®(M) = N,erH*(M) and D'(M) = U,erH*(M) hold. Let
U = {(Uj,«;)} be a cover of M with charts. Due to the compactness of M, we can
require the cover to be finite. Fix a smooth partition of unity {(U;, ¢;)} with respect
to the cover 4. Then equip the Sobolev space H*(M) with the norm

1
2
eell 1o (a) 4(U; o 85)) = (Zn(mu», ||3,.<Rn)) :

J

In fact, any other choice of Uj, kj, ¢; would have resulted to an equivalent norm. More-
over, H*(M) is a Hilbert space. A linear operator A on C*°(M) is said to be of order (or
degree) m € R-on M, if it extends boundedly between H*(M) and H*~™(M) for every
s € R. Thereby operator A has also the continuous extension Ap: : D'(M) — D'(M).
As in the case of R", any of these extensions coincide in their mutual domains, so that
it is meaningful to denote any one of them by A.

Naturally, D € DO*(M) is of order (degree) deg (D) = k. Recall that the algebra
DO(M) has the well-known “almost-commuting property”

[DOY(M),DO*(M)] c DO+~ (M)

which follows by the Leibniz formula. Actually, pseudodifferential operators are char-
acterized by “almost-commuting” with differential operators: : '

Theorem 3.1. Let m € R and let A : C®(M) — C®(M) be a linear operator.
Then the following conditions are equivalent:

(i) A e ¥m(M).
(ii) For any s € R and for any sequence D = (D;)32, C DO!(M),

{ Ao = A € L(H*(M), H*~™(M))
Akyr = [Ax, Di] € L(H* (M), H*~ ™+ (M)

holds where dp x = 3 5_o(1 — deg(D;)).

The following auxiliary result can easily be geheralized to smooth paracompact
manifolds:

Lemma 3.1. Let M be a closed smooth manifold. Then there ezists a smooth
partition of unity with respect to @ cover U on M such that UUV is a chart neighbourhood
whenever U,V € Y.

Proof. Let V be a cover of M with chart neighbourhoods. Since M is a compact
metrizable space by the Whitney Imbedding Theorem {10], the cover V has the Lebesgue
number A > 0, i.e. if S C M has a small diameter, diam(S) < A, then there exists V € V
such that S C V. Let W be a cover of M with chart neighbourhoods of diameter less
‘than %, and choose a finite subcover i C W. Now there exists a smooth partition of
unity on M with respect to U, and if U,V € U intersect, then diam (U U V) < A. On

the other hand, if U NV =0, then U UV is clearly a chart neighbourhood
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Proof of Theorem 3.1. (i) = (ii): Assume that A € ¥™(M). Lemma 3.1 pro-
vides a smooth partition of unity {(Uj,qu)};V:],such that U; U U; is always a chart
neighbourhood, so that the study can be localized:

N N
A=) "4:A¢;.

=] j=1
Let (Ui U Uj, &i;) be a chart. Now ¢,,¢, € C(U; UU,), so that (¢iAdj)x,; is a pseu-
dodifferential operator of order m on R", hence belonging to C(H’(R"),H""‘(R")).
Thereby ¢;4¢; = ((¢iA¢;);;) -1 belongs to L(H*(M), H*~™(M)), and consequently
A€ L(H*(M),H*~™(M)). Thus we have the result Y™(M) C L(H*(M),H*~™(M)).
In order to get (ii), we must also prove the inclusions
[¢™(M),DO' (M)} C ¥™(M)  and [¥™(M),DO°(M)] Cc 9™~ (M). -
Let A € ¥™(M) and D € DO'(M), and fix an arbitrary chart (U,x) and arbitrary
functions ¢,% € C§°(U). By a direct calculation,
¢[4, DIy = [¢ Ay, D] - $A[y, D] - [¢, D)4y,
so that
(¢[A4, Dlh)x = [(8A%)x, Dx] - (¢ A%, D)« — ([4, D) Ap)«.

Because A € ¥™(M), Theorem 2.1 implies that the operators on the right-hand side of
the previous equality are pseudodifferential operators of order m — (1 - deg (D)) on R™.
Therefore [A, D} € ¥™~(1-de8 (D) A1), proving the implication (1) = ().

(ii) = (i): Let A : C®°(M) — C*°(M) satisfy condition (ii), and fix a chart U, %)
on M and ¢,3 € Cg°(U). To get (i), we have to prove that (¢Ap), € OpS™(R")
which by Theorem 2.1 follows, if we can prove the following variant of condition (1n):

(ii)’ For any s € R and for any sequence C = (Cj)2 C OpS},(R") of partial
differential operators, it holds that

By = (¢A¥). € L(H*(R"), H*"™(R™))
{Bk+] = [Bx,Ck) € t(H’(R"),H"m+dC-‘(R"))
where d¢ ¢ = Z;=o(l — deg(C})).
Indeed, By = (pAY)« € E(H"(R"),H"'"(IR")) by (ii). Let x € C§°(x(U)) such that
x(z) =1 in a neighbourhood of the compact set supp (¢x) Usupp(yx) C R®. Then
define D = (D;)2, C DO'(M) so that Djlmv = 0 and Djly = (xCj)x-:. Then
dpx 2 dc k, and due to condition (ii), we get :
Bit1 = [By,Ci]
= [Bk,xCx]
= [(B)x-1; D]«
€ ﬁ(H’(R"),H’_m+d°'k(R"))
C C(H:!(Rn),HS‘m-ch,k (Rn))
verifying condition (ii)’. Hence 4 € ¥™(M) Il

b
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The pseudodifferential operators on M form a *-algebra -

¥(M)= | (M)
meER

where ¥™(M) C L(H*(M),H*~™(M)). It is true that DO*(M) c ¥*(M), and ¥(M)
has properties analogous to those of the algebra DO(M). Especially, pseudodifferential
operators “almost commute”, (¥™ (M), ¥™2(M)] C T™+m2=1(Mf),

4. Periodic pseudodifferential operators

On the torus T = R"/Z" one has a well-defined global symbol analysis of so called
periodic pseudodifferential operators (see [20 --22]). As it was mentioned in the intro-
duction, this set of operators is known to equal ¥(T™"). In this section, we provide a
new proof of this fact by applying Theorem 3.1. To get a good comprehension about
the periodic pseudodifferential calculus, it is advisable to compare the material in this
section to the pseudodifferential calculus in Section 2.

Let
- {6211'5 ST le c Zn7.e?n5(f) _ ei2n-5}

be the basis of the space of trigonometric polynomials, Pol(T™), which is dense in the
test function space C® = D(T") with the usual Fréchet space topology. The Fourier
transform of a test function u € C® is the function @ : Z" — C defined by

a(é) = /?n u(z)ezne(z) dz.

The Fourier transform is generalized to the distribution dual, and the inner product for
the Sobolev space H*(T") (s € R) is

(u, ) ey = D (1+ [E)P(6)8(E).

gezn

The associated Sobolev norm is ||u||y.(p) = (u,u)f,,(ﬁ.,.).
The symbol of a linear operator A : Pol(T") — C'* is defined by
oa(z,6) = €7 ¢ (Aezne)(2)- (%)

The mapping o can be viewed as an additive group homomorphism: 0448 =04 + 08,
but usually 04 # da0p. Conversely, a smooth function o : T" x Z" — C defines a
linear operator Op(o) : Pol(T") — C* by

Op(e)ult) = 3 o=, (@)% | (6)

- - A

By (5) and (6), o is the symbol of Op(a).
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A function 0 : T" x Z" — Cis called a symbol of order m € R, 0 € S™(T™), if it
is a C*°-smooth function in the first argument and if it satisfies the following symbol
inequalities for every z € T" and ¢ € Z":

Va,f €N} ICap €R:  |Ag080(z,6)] < Cap (1 + €)™, @)

The partial difference operator A? = ?1l e Ag’: is defined by

(B &) = (& +6;) = £(€)

where §; = (éx)f=, € Z", and 6« is the Kronecker delta. The corresponding operator
Op(o) given by (6) is then called a periodic pseudodifferential operator of order m,
Op(c) € OpS™(T™). '

Difference operators resemble differential operators closely. For instance, the dis-
crete Leibniz formula holds:

e} a N -
88oe) = 3 (5) (e v +) (8)
v<o
where u,v : Z" — C. Notice the shift by v in the argument of v.

We are going to prove that OpS™(T") = ¥™(T"). We start by showing the con-
tinuity of the periodic pseudodifferential operators between Sobolev spaces, without
resorting to pseudodifferential calculus on R™. This is a piece of folk-lore in the field,
but since we cannot give any reference other than [22] or [20], we present a proof here.
The proof in [22] is of another type. The reader should notice the similarities between
our treatment of Theorem 4.1 on T" and the corresponding proof on R" in [19].

Theorem 4.1. Let A € OpS™(T") and s € R. Then A € L(H*(T™), H*~™(T")).

First, we state two lemmata. They are easy to verify and thus the proofs are not
presented.

Lemma 4.1 (Discrete Young inequality). Assume that h : Z" x Z® — C is a
function satisfying

C; = sup h(n,8)] < and C, = sup h(n,€)| < oo.
= 2 D he) 1= 2 Y1)

For any sequence f € ¢ = €P(Z™) (1 < p < 00) let us define the funiction g : Z™ — C
by 9(n) = ¢ h(n,€)f (). Then
Lo
llgller < C7CF I fller

where g is the conjugate ezponent of p.

Lemma 4.2. Assume that 0 € S™(T"), and let 6 be its Fourier transform with
respect to the first argument. Then, for every a € NG and r € Ny,

|Ag6(n,6)] < cra (14 In])~7(1 + |€[)™~1el,
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Proof of Theorem 4.1. First we calculate the Fourier coefficients of Au, where

u € C: .
Au(z) = ZOA(I’ﬁ)ﬁ(é)eﬂxz.E
3
= Z [Z&A(r),é)cﬂxrn] .&(E)eian.e
3 n
= Z [Z Galn — {,E)ﬁ(f)] i2mEn
n 13

In the subsequent estimation process for ||Aul||+-m(n) the following steps are taken:
we move the absolute value under the summation over £, and then we successively
apply the inequalities of Peetre (4) and Young (Lemma 4.1 with p = ¢ = 2, h(n,£) =
(14 I = €DP=mI(1 = [€]) ™16 a(n — €, €)| and £(€) = (1 + |€])°|@(€)]), and Lemma 4.2

(with |a| = 0), in this order, yielding ||Au||gs-m) < Cllullgo(m), 1.€.

Aul|}s-mam)

= 5"+ Inl)*e ™) Au(n)|?
n

R

2

Y+ ) ™Ga(n - €,6)a(E)
3

< Z [253(1 +nl)* "™ 6a(n - é,é)Hﬁ(é)I]z
< 22l Z [25:(1 +ln = DI+ €)M e a(n - €N + IEI)’Iﬁ(E)l] 2
< gt [sgp ;a + I = EDFT (L + 1€ e a(n - acn]

x [sgp %j(l +ln = €N+ 1D 6 a(n - f,fn} [2(1 + |5|>2’1ﬁ(£)|’]

£

<227 sup Y " ero(1 4 In — gyl
T
x [sngcr,o(l +ln - EI)"'"‘"'] el om)
n

2
= 92l [cr.oZ(l + Inl)"'"‘"'] el cam)-
n

The desired extension on H*(T") is obtained by boundedness il
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In analogy with the pseudodifferential analysis on R", let us define the transforma-
tions L? = L‘91 ---LB» and R® = RT' ... RZ» acting on the periodic pseudodifferential
operators by L i(A) = [0:;, A] and Rk(A) = [A,€e'?"=+ I]. The symbols of these operators
are

ULj(A)(z,ﬁ)?aszA(I,E) and  og,(4)(z,6) = 7" A, 04(z, ),

respectively. The minor asymmetry in the latter symbol caused by €*27** is due to the
nature of (forward) differences. The commutators are applied in the proof of the main
theorem about the periodic pseudodifferential operators:

Theorem 4.2. The classes of periodic pseudodifferential operators and pseudodif-
ferential operators on T" coincide. More precisely, for any m € R it holds that
OpS™(T") = T™(T™).
Proof. Let us first prove the inclusion OpS™(T™) C ¥™(T"). We know by Theo-

rem 4.1 that OpS™(T") C L(H*(T"), H*~™(T")). Therefore by Theorem 3.1, it suffices
to verify that

[OpS™(T™),DO'(T™)] € OpS™(T™),
[OpS™(T™),DO°(T™)] € OpS™~}(T").

This is true due to the asymptotic expansion of the composition of two periodic pseudod-

ifferential operators (see [21]). However, we present a brief independent proof of the in-

clusxon [OpS™(T™),DO'(T™)] C OpS™(T"). Let A € OpS™(T") and let X € DO* (T™),
X: = ¢(z)0:, (1 <k <n). Now

oa,x)(z,€) = 2né; Z [0a(z,€ +1) — 0a(z,8)]$(n)e ™ — $(z)(8z, 0.4)(z, £).
7
Notice that

oa(z,§ +1) - 0a(z,§)
-sn(vl)+l

= Z Z Sgn(n;’)Ae, UA(J:,f +mb+--- + T]j_15j_1 +wj6j)

_sgn(nj)-1
2

‘ 1 when 7; > 0
sgn(n;) =< 0 whenn; =0

-1 whenn; <0

where

and there are at most 3 |n;| < v/n(1+|n]) non-zero terms in the sum. Hence, applying
the ordinary Leibniz formula with respect to z, the discrete Leibniz formula (8) with
respect to £, the inequality of Peetre (4) and Lemma 4.2, we get

|8802014,x)(2,6)|
S Capar(L 416D Y (146D 1T+ /R(1 4 fpl)im=Uetsni+ioii—r

n
+ Cap,o(1 +€[ymlol.
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By choosing r > |m — (|a| + 1)| + |8] + 2, the series above converges, so that
|880201a,x)(2,€)] < Cap( + €)™

Hence [A, X] € OpS™(T"). Practically similarly, but with less effort, one proves that
[OpS™(T™),DO°(T")] € OpS™~*(T"). Thus A € ¥™(T").

Now assume that A € ¥™(T"); we have to prove that o, satisfies mequa.lmes
(7) Let us define the transformation Ry by Rk(A) = e7'2"*x R (A), and set R® =
RO .- R so that

AaaﬂoA(I £) = anaLﬂ(A)(x £).

By Theorem 3.1, R*LA(A) € L(H™=lel(T™), H°(T™)). Notice that

lu(z)l < S lace)
3

Y+ Iél)'z’] [Z(l + |§|)2’|12(5)|2]
¢ ¢

= Csn"”H‘(‘P')

1
2

< Cs( Z ||3;'U||2H°('u-)>

lvI<s

where s € N satisfies 2s > n = dim (T"). Using this we get

1

182880 4(z,8)| < C( > Ilﬂé’af“u(-,ﬁ)ll%omi)

[7I<s

- ;
= C( > IIe—zst"LB*’(A)emIlifocm)

17<s

< C( Z ”6—2"'EI”2L(H°(11‘"))

[vI<s

i
X ||R°’Lﬂ+7(A)||2C(Hm_|o|('p-)‘H0(1rn))Ilehf”";{'"-lol('ﬂ'"))
< Cap (1 + €)™

yielding A € OpS™(T")
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