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~ On the Stabilizability
of a Slowly Rotating Timoshenko Beam

W. Krabs and G. M. Sklyar

Abstract. In this paper we continue our investigation of a slowly rotating Timoshenko beam
in a horizontal plane whose movement is controlled by the angular acceleration of the disk of
a driving motor into which the beam is clamped. We show how to choose a feedback control
allowing to stabilize our system (the beam plus the disk) in a preassigned position of rest.
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1. Introduction and statement of the stabilizability problem

In [1] we considered the following linear model of a slowly rotating Timoshenko beam
in a horizontal plane derived in [2]:

iz, t) — w'(z,t) — E(z,t) = —6(t)(r + z)

. N , " (z- €(0,1),t > 0) (1.1)
&(z,t) = €"(x,t) + {(z,t) + w'(z,t) = 6(t) ' ,

where w(z,t) means the deflection of the center line of the beam at the location z € [0, 1]
and time t > 0, {(z t) means the rotation angle of the cross section area at z and ¢,
W= wy, € =&, w = wg, € =, 8 is the rotation angle of the motor disk, 6= 9% and

de>
r 1s the radius of the disk. The boundary conditions are of the form
w(0,t) = €(0,t) =0
w'(1,8) + €(1,8) =0 (t 2 0). (1.2)

£€(,t)=0

It is assumed that the motion of the beam is controlled by the acceleration (t) of the
rotation of the motor disk. The problem we deal with in [1] is to transfer the beam from
a position of rest into a position of rest under a given angle within a given time T by
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means of a choice of control 8(-) € L, [0, T]. It has been shown that such a control exists,
if the time T is large enough. This result relies essentially on the moment method, in
particular, we made use of [3: Theorem 1.2.17].

In the present paper we consider another problem for this model of a Timoshenko
beam.

Problem of strong stabilizability. Find a linear continuous functional

plw,w,€,€,6,0)

such that every solution of problem (1.1) - (1.2) with feedback control

G(t) = p(w('» t)> ‘li)(-, t)a 6(7 t)) {(7 t), g(t)v 9(!))

tends to 0 when ¢t — +c0 in the following sense:

/] w'(z,t)’dzr — 0, /] E'(z,t)%dz - 0 (1.3)

01 . \ 01 ) \

/(; w(z,t)*dz — 0, /0 €(z,t)°dz - 0 (1.4)
6(t) -0, 4(t)—0 (1.5)

ast — +o0. Note that conditions (1.3) - (1.4) mean the extinguishing of the total energy
of the beam and conditions (1.5) mean the stabilization of the disk in the position 8 = 0
which, obviously, can be considered as an arbitrary preassigned one. In addition note
that conditions (1.3), due to Friedrichs inequality, imply

1 1
/ w(z,t)*dt - 0, and / £(z,t)%dt — 0 (t = 400).
0 0

The main result of the paper is based on the theorem on strong stabilizability of
contractive systems [4: p. 1324] which, in turn, is a consequence of the Sekefal’vy-Nagy

and Foyas theorem on strong convergence to zero of powers of a contractive operator
(5: p. 102).

2. The singular values of the disk radius

Following (1] we rewrite (1.1) - (1.2) in the operator form

(?((f)) ) A (?ff)) ) =t (t>0) (2.1)

where H = L%((0,1),C?), the linear operator A : D(A) — H is defined by

) v\ _ _yll_zl
4(1)-(0)
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D(A) = {(‘;) € H?((0,1),C%) y,(lilf)z(zl)zf)zz()) = 0}

on

and b= ("""%) € .

In [1] we proved that this operator A is positive and self-adjoint and the smallest
eigenvalue of A is larger than 1.

The main part of this Section is devoted to the question on the orthogonality of
eigenvectors of the operator A to the vector b. Let (¥) be a given eigenvector of A
corresponding to eigenvalue A (A > 1). Bearing in mind that (¥) € D(A), we obtain

()9,

—/Ol(r+z)y(iz:)d:z:+/0l2($)dr

%A (r +:z:)(y“(:c)'+ Z'(z)) dz +/0 z(z)dz
S +2(1) - ¥(0) - 2(0))

+1 (y'u) +2(1) - (y(1) —¥(0)) - / 1 z(x)dr) + / ' e)da

r, 1 .. A-1f!
5 -y + 25 [ ey
L

Ty~ 331 + 3~ #(1) + #(0) +5(1) — y(0))

(- ry'(0) + 2'(0)).

> | =

Further, we take advantage of the direct form of eigenvectors obtained in [1: Section 2]:

y(z) = Cre"? + Cre ™™ + Cyeb® + Coe™ ™

5 5 5 X
we) = - LPeme 4 0 iy 0 Y A s _ g, VA e
H1 H1 H3 H3

where

m=V-A+VA p=y-A-VX C, C; Ci, Ci-

are some complex constants defined from boundary conditions.
With the notation of this work we have from (2.2)

- ry'(0) +2(0)
= —ir(C,Ul - Cgal + 0303_— C4U3) + \/X( - C] - Cz + C:; + C4)

where o0y = VA — \/_Xand o3 = VA + V. Reality of the functions y and z means that
'02 = C_l and C4 = Cg. Let . . L .

(2.3)

Ci=a+if, Cr=a-if, Ci=y+1b, Ci=7v-1ib
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Then (2.3) reads
' ' _ \/_
—1y'(0) + 2'(0) = 2r(Bo, + b03) + 2V A(y — ).

The boundary conditions y(0) = 0 and z(0) = 0 give

a+v=0
7 (2.4)
o3+ 0,6 =0.

Therefore,
o? A
—ry'(0) + 2'(0) = 2ré (0—‘ + 03) +4VAy =4 (wa— + \/Xa,) . (2.5)
3 3

It follows from herc that the equality ((g,b)H = 0 is possible (for some value of the
radius of the disk) if and only if §y < 0. To analize this possibility we make use of the
other pair of boundary conditions which with our notation reads

o3(asing, + fcosoy) + oy (ysinoz + 6cosaz) = 0 }

acosoy — fsino; —ycoso3 + §sino; = 0.

With regard to (2.4) this gives

Py+o,R6=0
yren (2.6)
0’3R“/ + Q6 =0
where .
P =o0,sino3 — o3sing;
Q = o,sino) — o3sino;
R = coso3 + coso;.
It follows from (2.6) that
PQ = 0’103R2 2 0.
Let us show that actually
PQ=01¢73R2 > 0. (27)
In fact, let
R = coso;3 + coso; = 2cos 73 ;ol cos a3 ;a, = 0.
On the other hand, from [1: Formula (2.9)] we have
203 — 0O 203+ 0,

(03 — 01)? cos Tl = (03 + 01)% cos

and, therefore, cos 22221 = 0. But the latter equality is impossible because it is easy to
seethat 0 <1< o3 -0, < V2< 3 as A > 1. This proves (2.7).
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Remark 2.1. Note that (2.7) implies immediately that all the eigenvalues of the
operator A are simple. In fact, since R # 0, then from (2.4), (2.6) follows that the

dimension of the eigenspace corresponding to the eigenvalue A equals 1.

Taking (2.7) into account we get

P+Q
R

o1+o0
= —(03 — 0y)tan 1+ s

2

Thus, éy < 0 if and only if
21k < 0y + 03 < W+ 2nk (keZ)

Lemma 2.1. For a given eigenvector (¥), A(Y) = A(Y), there ezists a value r of
the disk radius such that ((Z),b)H =0 if and only if

27rk<\/x+\/X+\/A—\/X<7r+27rk (k € Z). (2.8)

As follows from (2.5) — (2.6) the corresponding value is given by

015ino; — 03sino;

= . 2.9
T \/X(cos 03 + cosoy) (29

We call all such values of the disk radius the singular ones. It is-shown in [1]
that for every k € N there exists exactly one eigenvalue A = Ayx4+) of the operator A
satisfying (2.8). Therefore, (2.9) defines a sequence {ri}i>1 of the singular values. Let
us determine the asymptotic behaviour of this sequence. To this end we use the next
two properties of the eigenvalues Ag [1):

1) A2k ~ % + wk if £k — oo and, as a consequence,

™ 1
ost) = Ve + Vdak ~ 5+ Tk 4 5
™ 1
oM = VAzker = Vdan ~ g+ 7k =5

if £ — oco.

i) (a:(,k) + agk))2 (1+ cos(a:(,k) + agk))) = (agk) - agk))2 (1+ cos(agk) - agk))) and, as
a consequence, taking into account of (2.8),

K | (k i
0§)+Uf)_ (k)

2

R QR O
— otF)) cos B =71

(agk) + ng)) cos 5
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Applying i) - ii) we obtain from (2.9)
(afk) - agk)) sin a;(,k) + aik)(sin aik) —sino
VAzk+1(cos agk) + cos afk))

(agk) - agk))sin a:(,k)

((a;(,k))z. - (agk))z) cos a:(,k) - Uik)2 cos ng) + agk)2

k
)

Ty =

(k) (k)
1 -
+.,/1~ tan % %1
V A2k 41 2
sin 3 .
= Z
cosz1 T~ 05

as k — oo.

Lemma 2.2. The set of the singular values of the disk radius is given by a sequence

{re}§2, which is convergent to (1 ~ cos ) tanl as k — oo.

Obviously, in the case when the disk radius has a singular value there exists a
fundamental frequency of the beam which is invariable under the influence of the control,
Le. system (2.1) is not controllable. So later on we shall assume the disk radius to be
of a non-singular value.

3. The operator equation of motion

For our further purpose it will be necessary to describe the motion of the system (the
beam plus the disk) by means of a single operator equation of first order in a Hilbert
space. '

In [1] we have shown that the operator A in (2.1) is strictly positive and self-adjoint.
Further, we have shown that A has a complete orthogonal sequence of eigenfunctions
(fj ) € D(A) (j € N)anda corresponding sequence of eigenvalues A; € R of multiplicity
one (see Remark 2.1) such that 0 < A; 1 0o as j — co. We even know that A, > 1. All

this implies that
oo ) 2
25((1) (%)), <=
= z z,' H

D(A) = (g) €H
A(2)=25((1)-(2), ()

1=1

and

on D(A). Further, there exists a "square root” A% of A which is also a self-adjoint

linear operator with domain
oo 2
1y y ) Y L]
o= (V) e (1) (1)), <=
J:] H
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4k (g) =,~: *:<(Z)(Z§>>H (’,Zj)

on D(A%). It is easy to see that

() (2), = ()2 (7)),

for all () € D(A) and all (¥) € D(A%). If we introduce vector functions

and given by

Y(z,t) = (w(z,t), &z, 1), i(z, 1), £(z, 1))

¥(z) = (0,0,8(=)T)" (z €[0,1],t 2 0)

and define a matrix operator by

A=(_0A é) D(A) = D(A) x D(A}),

then (2.1) can be rewritten in the form
V(1) = AY (1) + 50 Ju() | (3.1)

for t > 0, where u(t) = 6(t). .
Let H = D(A%) x H. Then H is a Hilbert space with scalar product

o= (a8 (1) () +((2).(B)),

for all vy = (y1,21,%,21)7 and vz = (y2,22,92,22)7 in H. Further, it follows for every
v=(y,2,7,2)7 € D(A) = D(A) x D(A*%) that

Yy Yy
0 I z z
Av, = ~|.,1 =
(Av,v)n <(—A 0) 7 7 >
z /0y

It
P
|
b
N PV TR
[N~
B g
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which implies that A: D(A) x D(A%) — H is monotone. Let v; = (y1,21,%1,21)7 and
v2 = (y2,22,92,22)7 in D(A) be given. Then it follows that

(Avy,va)n = <A% (22 Af (z:)>u - <A (Z:)’<g:~>>n
(@) (), (1) (),
= —(v1, Ava)n

which implies that A is skew-adjoint, i.e. A4 = —.A4* where A* : D(A) — H denotes
the adjoint operator. Since m = H, it follows that A is maximal monotone. This
in turn implies that (A, D(A) x D(A?)) generates a C°-semigroup {7 ()]0 <t < oo}
on ‘H which is a contraction, i.e. [|7(t)|| < 1 for all t > 0. For every vy € D(A) =
D(A) x D(A?) the unique solution Y : [0,00) — D(A) x D(A%) of the problem

Y(,t) = AY(-,t) (t>0)
Y(,O) = Yo

is given by Y (-,t) = T (t)vo for t > 0. Now let us define a linear operator A : D(A) x
C? - H x C? by

(Y AY
Al 6 | =1 6 for all Y € D(A) and (6;,6,)T € C2.
6, 0

Then A turns out to be an infinitesimal generator of a C°-semigroup {’]~'(t)| 0<t< oo}
on H x C? which is given by

/Y T)Y

T@)| 6 | = 6, + 6, for Y € H and (6,,6,)T € C2.
6, 0,

If we introduce a vector function Z : [0,00] — D(A) x C? by

Y('yt)
Z(t) = ( 6:() ) (t>0)
62(t)

and define b = (ZT,O, 1)7, then (3.1) with u(t) = 6(t) can be rewritten in the form

2(t) = AZ(t) + bu(t) (¢ >0). (3.2)

Let p € (H x C*)* = H x C? be an arbitrary continuous linear functional. Then the

operator A + gp is a finite-dimensional perturbation of A and consequently (see [6])
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generates a strongly continuous semigroup which we denote by {’i;,(t),t > 0}. Thus the
problem of strong stabilizability as formulated in Section 1 turns out to be the problem
of existence (and construction) of a functional p € (H x C2?)* such that i},(t)Z — 0 as
t — +oo for every Z € H x C2.

It is easy to show that the operator A: D(A) x D(A%) - H = D(A%) x H has an
orthogonal complete sequence of eigenelements

Yj (2] h

Y; = % and Y_; = 2 (jeN)
HiYj —H5Y;
KiZj —H;z;

with corresponding eigenvalues p3; = :ti\//\_j (; € N). This implies that the operator
A: D(A) x C* - H x C? also has an orthogonal sequence of eigenelements Z; =
(Y%,0,0)T (k € Z\{0}) with corresponding eigenvalues fix = px (k € Z2\{0}) and in
addition an eigenelement Zy = (0,1,0)7 with eigenvalue iy = 0. For all k£ € Z\{0} it

follows that
(g’ Zk)'HxC! = (51 yk)’){ = Bk <b; <ylkl )> . (33)
. H

21k

This leads to the following

Theorem 3.1. If the radius of the disk is of singular value, then strong stabiliz-
ability i3 impossible.

Proof. By assumption there is some k € N such that (b, (Zt )>H = 0 which implies
k
because of (3.3) that

(5, Z4k) 5o = 0- (3.4)
From here we infer

i~ ~ = ~ - —AYi
(.A+ bp)‘Zk =A"Zi + (bp)‘Zk =A"Zy + <b, Z")'HxC’ p‘ = ( 0 ) = —pxZk.
. Nt ’

0
=0

This implies 'T,,‘(t)Zk = e #+'Z, and therefore

2 cos Akt (yk )
2k
T ()(Zk + Z-k) = | 2V/Xgsin v/ Axt (Z:)

(6)
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This, finally, leads to

(TN 2k + 2-4), 26 + 24 )y 0

= (Zk + Z-ka’j;.(t)(z" + Z‘k»’){xc’

2 () [ 2eosvme (%)
=< (8) : 2\/Ksin\/m(g:) >

( ) ( ) HxC?
= 4 COs / /\kt

which implies ’f,,(t)(Zk +Z-x) /» 0 as t — oo and shows that strong stabilizability is
impossible B

4. Construction of the stabilizing control

In order to prove stabilizability of (3.2) we make use of the following theorem on the
strong stabilizability of contractive systems [4: Theorem 5]. Consider a system of the
form

%:Ax+3u (z e Hiuel)

where H and U are Hilbert spaces, the operator A generates a strongly continuous
contractive semigroup {T'(t) : t > 0} and b € [U, H]. Let there exist t; > 0 such that
the set o(T(to)) N {z € C : |z| = 1} is at most countable. Then in order that the
system is strongly stabilizable it is nccessary and sufficient that there does not exist an
eigenvector g of the operator A corresponding to an eigenvalue A (Re A = 0) such that
zo € Ker B*. At the same time notice that this theorem cannot be applied directly,
because the semigvroup {T(t): t >0} is not contractive. Therefore, first of all we find a

perturbation .Z-{-Ep of the operator A such that the generated semigroup {'f,,(t) 1t 20}
is contractive in a suitable norm of H x C2.

Let 1 > 0 be given. Then we define p, € (H x C?)* = (H x C?) by
pu(2) = —p(Z, ZO)’HXC’ (4.1)

where Z, = (0,0,1)T. Then

(;{'*'ZP;A)ZO =0 }
(A +bp)2Z = Az - (Zx, Zo)mxcb = prZi (k € Z\{0})
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follows. Further, one can show that —pu is a simple eigenvalue of A +3p,, whose corre-

sponding eigenelements are multiples of
—u(A+p2I)71h
pA+ )7
Z,‘ = _1
n
1
With the aid of this eigenelement we define a scalar product in H x C? by
(2", 2%)4 = 1Zullbixcs (2", Zohuxcr (22, Zo) nxca
1 1 7 2 2 7 (4.2)
(2 =2 Zhuxer 20, 2 = (22 oY ),

1
2

for Z!,Z% € H x C? which leads to the norm
5 2 5 2
121 = (1ZulBexcr (2, Zorexca | + 112 = (2, Zohxcr Zullyucs)
for Z € H x C2. 1t is easy to see that || Z||3xc: — 0 as ||Z]|, — 0 and vice versa. Thus
these two norms are equivalent to each other and, therefore, stabilization in one of them

implies stabilization in the other.
Lemma 4.1. The eigenvectors Zx (k € Z) and Z,, of the operator .Z+Zp“ form a

complete orthogonal system in H x C? with respect to the scalar product (4.2).

Proof. Let k,j € Z be chosen such that k # 5. Then

(2620w = | Zullsinc (2 Zo)xcr (25, Zo) wxcr

=0

=0
+ (24 = (21, Zoywxcr Zuy 25— (25 Do) uncs Zu )
N HxC?
=0 =0

= (Zth)’){xC’
= (Yk’yj)""
=0.

Let & € Z be chosen arbitrarily. Then
(Zk, Z0) 0 = | Zull5ixce SZk,Zo)ﬂxc2 (Zu,Zo)uxq

=0

=0
+( 2k~ (Zx, Zo)nxcr Zu, Zu = (Zu Boluxcr 20 )
1

=0

o9 I
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which shows the orthogonality of the system {Z : k € Z} U{Z,} with respect to the
scalar product (4.2).

Now let Z € H x C? be chosen arbitrarily. Then one calculates

(Z: Zu)u = ”Zu”‘szC?(Zu Zo)ux(:? }
(Z’ Zk)ll = <Z - (Z’ ZO)?‘(xczzu’ Zk)?{xC’ (k € Z)

Now let

(2,2,)u =0 } (4.3)

Z,Z), =0 (k€Z).

—

Then (Z, Zo)nxc? = 0 and (Z, Zk), = (2, Zi)wxc: (k € Z) follow, hence (2, Zk )3 s
=0forall k € Z. Let Z = (Y, 01,02)7. Then this implies (Y,Yi)n = 0forall k € Z\{0},
hence Y = 0.

From (Z, Zo)xxc: = o1 we obtain ¢, = 0. Finally, (Z,_Zo) = 0 implies o, = 0.
Therefore, assumption (4.3) implies Z = 0 which shows that the system {Z; : k €
Z}\J{Z,} is complete and concludes the proof B

Next we prove
Theorem 4.1.

(i) The semigroup {'fpp (t)|t > 0} which is generated by .Z+3p,, 18 contractive with
respect to || - ||, t.e. 1Ty, (t)|lx <1 for allt > 0.

(ii) For every n € N the spectrum a('f’:p” (n)) of the operator f},“(n) i3 en at most
countable set.

(i1i) Under the assumption of non-singularity of the disk radius there does not ezist
an eigenvector Z #0 of .Z+Zp,, such that (Z,E)“ =0.
Proof. (i) Let Z € D(A) be given. Then by Lemma 4.1 Z = aZ,+ 3 e

(in the sense of || - || ,-convergence) which implies

oo ¥k Tk

(A+8p)2 = —paZ, + Y arprZe.

k=-o00

Since {Z,, Zx| k € Z} is an orthogonal system with respect to (-,)» and Re(ug) = 0 for
all k € Z, it follows that

Re((A+bpu)2,2), = —plalIZul + Y lokl® Re(pua) 122
=0

k=—o00

= —HlalIZ, ) (7€ DA

<0
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This implies Re((.z+‘gp“)‘Z,Z)” < 0 for all Z € D(A*) = D(A). Hence (A + bp,)* is

a monotone linear operator. This implies that (X+Ep,,)‘ is accretive, i.e.
I((A+bpu)* = ADZ||, > AlZ[l.  forall A>0and Z € D(A").

In turn this implies that the range R((j+§p,,)—/\1) = HxC? for all A > 0, since X+§p“
is closed. H(ince A+ ip“ is maximal monotone and therefore generates a contractive
semigroup {7, (t)|t > 0}.

(ii) Let us define Z, = NZull;' Z, and Zi = {Zk|l; ! Zx for k € Z. Then, for every

Z=(2,2),2,+ Y (2,21),Zr e HxC

k=-0c0
we obtain -
T,,(M)Z = e"™Z2,Z,)uZu+ Y. €*™(2,Zk), 2k
k=-o00

for every n € N. From this we infer that the eigenvalues of ’i,‘(n) are given by e #"

and e#*™ (k € Z), with corresponding normalized eigenelements Z, and Zx (k € Z).
By the spectral mapping theorem (7] it follows that

o(T,,(n)) = {e-#n,emrn (k € Z)}

where M denotes the closure of the set M. Since pxk = i/ Ag for k € Ny and (see [1])
1
Aze ~ Aggy ~ Z((% - 1)n)? as £ — o0

it follows that a('j;,,” (n)) can only have a finite number of accumulation points and is
therefore at most countable.

(i1i) From (4.2) it follows that

(Zus B = 1 Zul3ncz #0
= 1
(ZOab>u = _(ZOyZ;x)u = ; 760-

Therefore it remains to prove that (Zg,b), # 0 for k € Z\{0}. From (4.2) it follows
that

(Z, ) = | Zullrexc {2k, Zo)wxcs (b, Zohmxcr

~

=0 =1

+ <Zk - (Zk, ZO)'HXC’ Z[Jyg_ (Ey ZO)?“XC’ Z“)
Nt | HxC?
. - =0 - -- L =1 - - -

= (Zk, b)Hxcr = (Zi, Zy)mxcr-
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~

From (3.3) (Zk,b)yxc? = pk<(z::: ),b)H follows. Further we obtain

1~ 1 AY; [ Y
_(-AZI::Z;:)“HxC’ = 0 ’ elu
Kk Kk 0 )

2u HxC?

1 1 1 ~
'u—k(AYk,Y")” = “u_k(yksAYn)'N = ‘;(ZkvAZu)‘NxC’

(Zk, Zu)nxce

1 x~
;(Zk,pu(zu)b +/-‘Z;A>74xcz~
-n
This implies N
(ke = 1) Zk, Zu)nxcr = —p(Zk, b) 1o,

hence

(Zk, Zp)nxcr = #ky_ p (Zk, B mxce

since px # p for all k € Z\{0}. Summarizing we obtain

= (- 2 ) () 0) = ().

Because of —L-fz 0 and {((¥1&),b 0 for all £ € Z\{0} (due to the non-singularity
n—pe z H &
&1

of the radius of the disk) it follows that (Zk,—l;),, # 0 for all k € Z\{0}. This concludes
the proof of Theorem 4.1 8

Thus all assumptions of [4: Theorem 5| are satisfied, if the radius r of the disk is
non-singular. This leads to the strong stabilizability of the system

Z= (.Z+Ep,,)Z + bu.

According to the proof of [4: Theorem 5| this can be achieved by the control u =

—(Z,b),. Hence, system (3.2) is strongly stabilizable with the aid of the control
u = —p(Z, Zo)uxcr ~ (Z,b),. (4.4)

On using Z(t) = (Yl(t),Yg(t),Gl(t),Gg(t))T and b = (0,5,0,1)T we obtain (Z, Zo) nxc
= 8,.

Further, it follows from (4.2) that

(Z,0)u = 02 1 Zul3sxcs +(Z = 6224, 5= Z,.),

= (Z,8)3xcz — (Z, Z,) nncs — 02024, B)pxcr + 26211 2,2 o -



On Stabilizability of a Timoshenko Beam 145

Let Z, = (Y*,—uY*, —%, 1)7 where Y* = —p(A + p2I)~'b. Then we obtain

(Z,0)y = (—uY" )0 — (2, Zu)uxcr + 262012415 xc2

= “(Yl,y.)o(Ai) + (Yo, b+ pY ) — %0‘
+ (=14 w(Y", ) n + 2| Z,ull3xc2 )62

where

1Zuli3excr = (Y*,Y") YY)+ 3+ 1 (4.5)

D(A§)+ P

IfweputYy =Y and 6, =6, then Y, =Y and 6, = 6, and sumimarizing we obtain

==Yt (Y,b4pY" ) — 26

: (4.6)
+ (=14 a0 1 + 2 Zull3xcz — 1)6.

Theorem 4.2. If the radius of the disk is non-singular, then system (3.2) is strongly
stabilizable with u given by (4.6), (4.5) which 1s a real function.
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