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Initial-Boundary Value Problem
for Some Coupled Nonlinear
Parabolic System of Partial Differential Equations
Appearing in Thermodiffusion in Solid Body

J. Gawinecki, P. Kacprzyk and P. Bar-Yoseph

Abstract. We prove a theorem about existence, uniqueness and regularity of the solution to

an initial-boundary value problem for a nonlinear coupled parabolic system consisting of two

equations. Such a system appears in the thermodiffusion in solid body. In our proof we use

an energy method, methods of Sobolev spaces, semigroup theory and the Banach fixed point

theorem.
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1. Introduction

We consider the initial-boundary value problem for the nonlinear coupled parabolic
system of partial differential equations

29 86,
c(61,62)3:6, ~ aaﬂ(ol,oz,vol,vez) 5 al +d(61,6,, V61, V6)—2 = Q1 (1.1)
\ 826, ael
n(6,,62)0,8; — Gap(gl,gz,vel,vgz)a 92, + d(gl,oz,vol,vez) =Q,; (1.2)
with initial conditions .
8,(0,z2) = 0,(z
1(0,z) (1)( ) (1.3)
02(0, I) = 92(.’1:)
and boundary conditions (Dirichlet Type)
0,(t,- =0
1(t,)lan (1.4)
62(t,)lan = 0
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where 8 = 6,(t,z) and 6, = 6,(t,z) are unknown scalar functions denoting the
temperature and the chemical potential of the body, respectively, both depending on
t € Ry and z € 2, @ C R? being a bounded domain with smooth boundary 89,
V()l = (61 0] N 6201,6301) and V02 = (61 82, 620276302) are the gradients of the functions
6, and 6, respectively, with 9; = % (7 = 1,2,3) (analogously, 8, = %). Further,
@1 = Qi(t,z) and Q, = Q,(t,z) denote scalar functions depending on t € Ry and
z € Q, which describe the source intensities of the heat and of the diffusing mass,
respectively. At last, ¢ and n are nonlinear coefficients depending on the unknown func-

tions 6; and 6,, d and a(l)ﬂ, agﬂ are nonlinear coefficients depending additionally on the
gradients V8, and V§,.

For 0 < m < co we denote by H™(Q) and H*(R2) the usual Sobolev spaces with
norm || - ||m [1]. For 1 < p < 0o we denote by LP(Q2) the Lebesgue function space on Q
with norm || - ||2»; the norm and inner product in L*(Q) are denoted by || - || and (-, -),
respectively.

We shall use the notation 97 = 6795285 (Ja| = @1 + a; + a3) and denote for any
integer N > 0

DNy =(8]8%u: j+a=N)

DNu = (8]02u: j+a < N)

DNu=(8%u: |a| = N)

DNu = (82%u: |a] < N).

The inclusion f € X for a space X with norm || - ||x means that each component
fryoosfnof fisin X and ||fllx = {Ifillx + ... + | fallx. For any 0 < m < oo and
T > 0 we also use the notation [u|m,r = supy<,<p|[u(t)|[m where || - |lo denotes || - ||.

The aim of our paper is to prove existence and uniqueness (local in time) of the
solution to the initial-boundary value problem (1.1) - (1.4) using methods of Sobolev
spaces (cf. [6 - 8, 11, 12]). In Section 2 we present the related main theorem. In Section
3 we present a theorem about existence, uniqueness and regularity of the solution to
the linearized problem associated with problem (1.1) - (1.4). Section 4 is devoted to the

proof of an energy estimate for that linearized system. Finally, in Section 5 we prove
the main theorem using the Banach fixed point theorem.

2. The main theorem

In this section we formulate the theorem about existence and uniqueness (local in time)
of the solution to initial-boundary value problems to the nonlinear system (1.1) - (1.2).
Before starting to formulate the main theorem we notice that under the condition

cn—d® >0 (2.1)
we can convert system (1.1) - (1.2) into the form

56, 86,
O0r,0zg O0z,0zg
=9, (91 ,62,V6,, vo?) (22)

8.6, —aljs(61,6,,V6,,V86,) - a,5(61,02,V8,,V6,)
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%6, , %6,
0.6, — 8,,8,,V6,,V8 —a’%(6,,6,,V6,,V8
tU2 aaﬂ( 1,02, VU, 2)6 20z5 a’aﬂ( 1,02, VU 2)a 202,
= 52(01 ) 921 vgl 3V02) (2.3)
where @y} = %alg, al} = —%a2; and
91 = m;d ) _ilﬂ = _é 3,,9, 3,25 = 2 o 92 = —q—ic 224§ = cn —d?. (2.4)

With system (2.2) - (2.3) we associate initial conditions

6,(0,z) = 6°
(0. = () .
6,(0,z) = 6;(z)
and bdundary conditions (Dirichlet type)
6,(¢,- =0
1(t,*)lan (2.6)
92(t1 ')laﬂ =0

Now, we formulate the main theorem.

Theorem 2.1 (Local existence in time). Let the following assumptions be satisfied:

1° s > (3] + 4 = 5 is an arbitrary but fized integer. )

2° 05Q1,05Q, € C°([0,T), H*27%(Q)) for k=0, 1,...,5—.2 and af_lQl,af_ng €
L*([0, T), L*(Q)).

3° There ezists a constant vy > 0 s'u.ch that (aagfafﬂn,n) > €2 (n e R%LE €

R3) where ang = [auﬂ] (1, = 1,2), ajg = afq , with aljg,d € C*7Y(R®), ¢,n €
C*~Y(R?) and cn — d? > 0.

4606 € H(Q) N HIQ), 04,65 € H 5@ NHIQ) (1< k< s—2) and
8:71,657 € L¥(Q) where 6% = 9%"&—-2 (i = 1,2) are calculated formally from system
(1.1) — (1.2) and ezpressed with the initial data 69 and 6.

Then there ezists a unique solution (6,,0,) to problem (2.2)—(2.6) with the properties

8; € N322C*([0,T), H*~X(Q) n HY(Q)
8;'6; € C°([0,T), L*()) (i=1,2).
8;7'vé; € L*([0,T), L*(Q))
The proof of Theorem 2.1 is divided into the following three steps:

Step 1°: Proof of existence, uniqueness and regularity of the solution to the initial-
boundary value problem for the linearized system of equations associated with system
(2.2) - (2.6).

Step 2°: Proof of an energy estimate for the linearized initial-boundary value prob-
lem (2.2) - (2.6).

Step 3°: Proof of existence and uniqueness of the solution of the nonlinear initial-
boundary value problem (2.2) - (2.6) using the Banach fixed point theorem.
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3. Existence, uniqueness and regularity of the solution to
the linearized problem associated with problem (2.2) - (2.6)

In this section we consider the linearized problem associated with (2.2) - (2.6)

8%0,

9?6
8 —all(t 1 _ 12 — .
0 1 ac«ﬂ( 7$)axaazﬂ aaﬂ(t’ I)alaaxg gl(t)x) (3 1)
%6, %0
8,6 — a?L (¢ 22 2 _ _ 2
t02 aaﬂ( ’I) 61'0612/3 aaﬂ(t’ z)azaazﬂ gQ(t’ I) (3 )
with initial conditions .
8,(0,z) = 6
1(0,z) (1)(1') (3.3)
82(0,z) = 63(x)
and boundary conditions
0,(t,- =0
18 lon : (3.4)
02(t, Yo =0

We consider the solvability of problem (3.1) - (3.4). At first, introducing the vector
V = (61,8,)*, we can write problem (3.1) - (3.4) in the equivalent matrix form

2y
8¢V - aaﬂ(t,l')axao—azﬁ = G(t,I) (35)
V(0,z) = V°(z), V(t, )lag =0 ‘ (3.6)
where all(t,z) o'kt z) |
wtr) = (0D ELD)  @=129 (37)

and G(t,z) = (g:1(t,z), g2(¢, 2))".
Before proving an energy estimate to problem (3.1) - (3.4), we present two theorems.

Theorem 3.1. Let the assumptions

D'al; € C((0,T) x @) 0 L=([0, T], L=(2)) )

8 Val, € L=([0,T), L®(R))
G € C°([0,T], L*()) :
8,:G € L*([0,T), H™'(R)) b (i=1,2) . (38)
V0 e H{(Q)

2770

‘v
1 _ A 2
V! = aap(0) 55 + G(0) € L)

and .. y —
ajs(t,z) = ap,(t,z) for (t,z) € [0,T) x O

(aap€alon,n) > YIEI*n|* for £ € R®,n € R?

} (1,5 =1,2)
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be satisfied where v > 0 is some constant. Then there ezists a unique solution V =
(61,62)* to problem (3.1) — (3.4) with :
6, € C°([0, T), H*(22)) N Hg(2)

a6, € C°([0,T), L*())

a:Ve, € L*([0,T),L*(R))
62 € C°([0,T), H*(2) N Hy(R))

a6, € C°([0,T), L*(R))
8, V8, € L*([0,T],L*(R)) J

Proof. It can be done by using semigroup theory and it follows directly from con-
siderations in (3] &

(3.9)

Now we present a higher regularity theorem connected with the solution to problem
(3.1) - (3.4). The existence result is a special case of a classical theorem on local existence
for parabolic systems (cf. [9]).

Theorem 3.2 (Existence, Uniqueness and Regularity). Let the following assump-
tions be satisfied:

1° a"l, € C°([0, T] xQ)NL>([0, T], L>=(R)), D, a"ﬂ € L>([0, T), H*~*()), 6kl ajs €

([0, T), H*=1-k(Q)). (1 < k < s — 2) and 8" al; € L*([0, T}, L*()).

2° For 6,0, € H}(Q) and all t € [0,T)] the inequality [|6,|1 + [|621]F < 72{(0219%’
azp LY 4 161112 + 16211?) s satzsﬁed for a constant v > 0.

3° For t € [0,T], —aly(t) 52t % € H"(Q) with 6,8, € HY(Q) implis that 8;,8; €
H°+2(Q) and ||V ||ks2 < (]l —al (t)a,aa,, ik +1IVI]) where V = (61,62), 0 < k < s-2

and y3 > 0 is some constant.

4° 3¢, € CY([0, T] H*=2-%(Q)) (0 < k <5-2)and 8]~ 'g; € L*([0,T), H~'(Q)) (d
=1,2), where s > [ | +4 =5 is an arbitrary but fized fized integer.

Then there ezists a unique solution V = (6,,62)* to the initial-boundary value prob-
lem (3.1) — (3.4) with the properties

ak6; € C°([0,T), H* " 2"*(Q) N HA(N)) (0<k<s—-2)
8;7'6; € C°([0,T), L3()) (i=1,2). (3.10)
8;~1v6; € L*([0,T), L*(Q))

Proof. It is based on Theorem 2.1, the assumption of Theorem 2.2 and mathemat-
ical induction B

Remark 3.1. In order to obtain the solution of problem (3.1) - (3.4) with regularity
(3.10) the initial data must satisfy the compatibility conditions .

= (61,63) € (H*™X(Q) N Hy(Q)) x (H*~*(2) N H3(Q))
" whére k =0,1,...,s —2 and .
Vel =(6771,6571) € L3(Q) x LE(Q). (3.11)
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We define V* successively by

k-1 ]
. k—1\ vr-1-i
Vi = E ( ] )aiaaﬁ(O)m + 61 G(O) (k > 1).

j=0

4. An energy estimate for problem (3.1) - (3.4)

We start with the formulation of the following

Theorem 4.1 (Energy estimate). Let the conditions of Theorem 2.2 be fulfilled.
Then the solution V = (6,,6,) to the initial-boundary value problem (3.1) — (3.4) estab-
lished in Theorem 3.2 satisfies the inequality

s—2
19:6: 13-k, 7
k=0
s—2
+ 210082+ 1871005 1+ 18:726a2 - @D
k=0
¢

+ | (18790 (P)I” + 11077} V8 (7)I[*) dr < K MoeK«n(T)
0

where )
Mo =(1+ T){ > (16 k + 165 112_4) + 116317
) k=0
§— -—=s-2 -=s—2 .
+1671 + D" a1l 7 + 1D° gall3 7 (4.2)

T .
+ /0 (007~ gs ()11 + |I35"92(T)||3;-x]d7}

and K3 = K3(Po,v2,73), Ks = K4(P, Y2,73) are positive constants depending continu-
ously on Py, P, 72,73 are constants defined in the assumption of Theorem 3.1,

3 2
P= sup % [lads(®lle= + Y IDzaglls—ar
0<t<T "7 =1
s— 2 B T 2 o
> kedylomrst [ 5 01 air)ar
ij=1 0 =1

2
+
k=11,j
2 .. . 2 ..
Po= " a0l + Y I1D2a5(0)1y—s
1,)=

1 1,j=1

and
n(T) = T(1 + T). (4.3)
Proof. It can be found in [7] B
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5. Proof of Theorem 2.1

The proof of Theorem 2.1 is based on the Banach fixed point theorem. ;At first, we
define Z(N,T) as the set of functions (6;,6;) which satisfy

ok6; € L=([0,T),H*™*(Q)) (0<k <s-2)
8;'6; € L>([0, T}, L*()) (1=1,2) (5.1)
9;7'v6; € L¥([0,T), L*(R))

(s > [%] + 4 = 5) with boundary and initial conditions of the form

Bilon =0

69(0 n=)—9"(a:)} - (=1,20<k<s-2)

and the inequality

h
~

M

Ia 0w+ 1877260105 1

..
Il

“o

~

+

lVJ

|ak02 T 107726208 1 (5.2)

...]O

[10: 1 V8 (7> + 116, VB2(7)]*]dr < N

for N large enough. Now, we consider the system of equations

6 _ ., 86

—all
8,6, — aly Goady ﬂazaazg = (5.3)
2% 9%
a2l 1 a2 2
862 — a2y 3 6x,g ‘96:0613 =42 (5.4)
with initial and boundary conditions (2.5) and (2.6) where
ayy = a4}(61,62,V8,,V6,) sz = To5(01,82, V81, V8;)
ailﬂ =a aﬂ(alaEQavglava2) 0. ﬂ = aﬁﬂ(el’gz’vol’va2)
and 2 3. O3 YR
g1 = §1(0|,02,ve13V02)t)z) (5 5)
gz = §2(§1,§2,V§1,V52,t,1‘) . '

Applying Theorem 3.2 to problem (5.3) - (5.5), (2.3) - (2.4) we can see that there exists
a mapping o such that

ag: Z(N,T) 3 (51,52) — 0(51,52) = (01,92).
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Next we prove that ¢ maps Z(N,T) into itself under the conditions that N is large
and T small enough. For this we introduce the notation

-2 -2
Eo = 16812 ¢ + 16,721 + S 168 02_ + 116371117
k=0

k=0

s—2 -2
+ D 10861, 62) o + 318K (@1, Qa) gk r (5.6)
k=0 k=0

T
+ / 1821 (@1, Qa)[2dr.

After some calculations and taking into account inequality N(t) = N(0)+ fot O-N(r)dr
we get

~

s— -2 T
106G ls-2-17 + ) 105 Gals-2-k,r + / (N6F =" gull3_s + 102G 2, )t
k=0 k=0 0 (5.7)
< C(Ey) + C(N)T(1+T).
Taking into account that
K3, Ky < C(Ep)+ C(N)T(1 4+ T) (5.8)
and putting (5.6) and (5.7) into the energy estimate, we obtain
=2 s—2
Z 1061 |s— k.7 + Z |9¢ 62)s—k,7 + 16; " Bulo,7 + 18 Balo.7 '
k=0 k=0
T 5.9)
+ / (18;71V6:|1* + 119;7" V6, ||) dr (
0
< K(Eo,72,7%)(1+ C(N)T(1 + T))eCMITO4TH 47047 .
Now we choose N such that K(Eo,v2,7) < % Then we can notice that
a(T) = (14 C(N)T(1 + T)?)eCTHa+TdareTd) _ o
and for T small enough («(0) = 1) we conclude that
o(Z(N,T)) C Z(N,T). (5.10)
Now we prove that
o: Z(N,T) - Z(N,T) (5.11)

is even a contraction mapping. For this we define the matric space (complete) (W, p)
where

W = {(el,oz) : 61,8, € L=([0,T), LX(Q)), V,, V6, ¢ L2([0,T],L2(Q))} (5.12)
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and

p((61,82),(61,62)) = |8: —Oilo.r + |82 — Ba2lo.T
T _ T _
+ / IV, — 6,)(r)|dr + / IV (@ ~ 6,)()|[Pdr.

The set Z(N,T) is a closed subset in (W, p). Let (51,52),(51,5;) € Z(N,T) and let

(5.13)

8:,0,) = (6,,6,) € Z(N,T
0’(_: _3) ( : 2.) ( )}. (5.14)
0(6,,60,) = (67,63) € Z(N,T)
Subtracting by side the corespoding system for 6,8, and 6;,8; we get
o - 0%, —-87)
Oi(8; — 67) — all,(8,,8 8p) ————2-
3( x) aoﬁ( 1, Qavglvv 2) al‘aatﬁ
%07 (5.15)

= (a2,(8},8;, V8;, VE;) - ay(8:,82, V8, an)) i
+ ?i(al:g% val ’ Vaz)(.’l’, t) - gi(a;sa.;a V'G-;, Va;)(x’ t)
for : = 1,2. Using the fact that

sup ||D°(8:,82,8;,85,61,6,,6,63)|| < CN and (6i — 67)lan =0
0<I<T pERTLTR LT R = (6: — 6;)(0,z) = 0

and taking into account the mean value theorem
C(61,02) — C(6;,63) = C(8; + (61 = 67),63 + (62 — 63)) — C(6},65)
= VeC(6)- (0-6),
after multiplying equation (5.13) by 6; — 6! and intergrating on [0,¢] x  we get

t t
6y — 6311* + /0 V(61 — 67)7dr + 162 ~ 6311* + /0 V(62 - 63)]1*dr

t

< CN(1+ ) [ 16y - 6717 + 02 - 651)ar

+(TE(1+T) (16, - 8,12 7 + 182 - G312 1] (5.16)

t
+ [ (9@ =TI + 19@: - G)IP)ar
t prs

+(1+ 77) / / (196, = 811> + I1V(82 — 63)]1?)drdt.

Applying to (5.14) the Growall inquality we get

T
16y — 0727+ 102 — B3 1 + / (196 — 8|12 + [V(8z — 63)]12)dr
T (5.17)
< e[wl B S A | S / V@ = B)IP + 19 (Fz - B)ll)dr

where ¢ = C(N)T¥(1 + T)eC(N)(T+T§). So choosing T small enough we obtain € < 1.
So it means that the mapping o is a contraction. This ends the proof of Theorem 2.1.
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