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On a Class of
Parabolic Integro-Differential Equations

W. Kohl

Abstract. Existence and uniqueness results for the integro-differential equation
. . ]
u(z,t) — auza(z,t) = c(z, t)u(z, t) + / k(s,z)h(s,t,u(s,t))ds + f(z,t) ((z,t) € Q)
0

subject to the boundary condition

u(z,t) = p(z,t)  ((z,t) € R)

and, especially, for the linear case h(s,?,u) = u are given. To this end, this equation is written
as operator equation in a suitable Holder space. The main tools are the calculation of the
spectral radius in the linear case, and fixed point principles in the nonlinear case.
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1. Introduction

In this paper we study existence and uniqueness results for the parabolic integro-
differential equation

ui(z,t) — aug (z,t) = c(z,t)u(z,t) + / k(s,z)u(s,t)ds + f(z,t) ((z,t) € Q) (1)
0

subject to the boundary condition
u(z,t) = p(z,t)  ((z,t) € R). ()
Herec: Q = R, k:(0,1) x (0,1) = R, f: Q — R, and p : R — R are given functions,

where Q = (0,1) x (0,T) and R = @ \ Q is its parabolic boundary; the parameter
a is a real constant. Equations of this type occur in the mathematical modelling of
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various transport problems, e.g., describing the propagation of radiation through the
atmospheres of planets and stars [4, 5], or the transfer of neutrons through thin plates
and membranes in nuclear reactors [6]. In the case a = 0 this boundary value problem
has been studied in the recent survey paper [1]. By means of a simple scaling argument
we may suppose that a = 1.

If we introduce the differential operator

Lu(z,t) = ui(z,t) — uze(z,1), (3)

the multiplication operator
Cu(z,t) = c(z,t)u(z,t), : 4)

and the partial integral operator

Ku(z,t) = /k(s,x)u(s,t) ds, (5)

we may write (1) as operator equation
Lu=(C+ K)u+ f. o (6)

Our strategy for proving existence (and sometimes also uniqueness) of solutions
to the operator equation (6) with boundary condition (2) is standard: First we give
conditions under which the classical parabolic boundary value problem

Lu=f in Q
} (M
u=¢ on R :
has a unique solution for each f and ¢ in some suitable Banach space; this allows us to
define the operator L~! on this Banach space. Afterwards we pass from the operator
equation (6) to the equivalent equation .

u—LY(C+Ku=L'f ‘ (8)

and try to find conditions under which the spectral radius of the operator L=!(C + K)
is less than 1, in order to apply the classical Neumann series. In fact it turns out that

the spectral radius of the linear operator L=!(C + K) is 0, if we take a Holder space as
underlying Banach space of the operator equation (8).

Apart from the linear equation (1), we will also be interested in the nonlinear
equation

u(z,t) — aug(z,t)

= c(z, t)u(z,t) + /k(s,m)h(s,t,u(s,t))ds + f(z,t) (e ®)
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where h : @ x R — R is some Carathéodory function. Introducing the nonlinear
Nemytskij operator ’

Hu(z,t) = h(z, t,u(z,t)) (10)

generated by the function h, we may write (9) again as operator equation
Lu=(C+KH)u+ f. (11)

If we suppose again that the parabolic operator L be invertible in some Banach space,
we end up, analogously to (8), with the nonlinear operator equation

u~-L~YC+KH)u=L""f, (12)

which may be studied by several (classica.lA and non-classical) fixed point principles.

The plan of this paper is as follows. First we introduce some special spaces of
continuous functions in which the operator (3) and its inverse have particularly “nice”
properties. In Lemma 1 and Lemma 2 we describe some features of the inverse operator
by estimations which are not only useful for later functional analytic considerations.
These estimations fill also a gap in the literature of the heat equation. So we aimed
at thoroughness in proving them. Afterwards we give sufficient conditions under which
the operators (4) and (5) are bounded in these spaces. It turns out that analogous
results for the nonlinear operator (10) are much more involved. Finally, we show how
our results give existence and uniqueness results for solutions of the linear boundary
value problem (1)/(2) and the nonlinear boundary value problem (9)/(2).

2. The heat potential

Following the theory of the heat equation in the book of J. R. Cannon [2: Chapter
19] we know that the inhomogeneous heat equation (7) is invertible, if the data f is
bounded and uniformly Holder continuous on each compact subset of the domain under
consideration. A detailed discussion of the inverse operator L~! in the case of the
infinite set (—oo, +00) x (0,T] is given in this book. Because we could not find similiar
investigations for the finite set @ in the literature, we turn now our attention to this
case. The inverse L™! corresponding to the rectangular set Q can be represented as a
linear Volterra operator

L7 f(e,t) = / / D(z,t:€,7)f(€, ) dédr, (13)
00 ‘

which is generated by the Green’s function T for the Dirichlet problem [3: p. 195]. This
function can be expressed with the help of the #-function

+ 00

- 400
0(z,t; €,7) = Z expiw'_ Z exp_nz +n(z+€)—z€

t—r t—r1
n=—o0o n=—00
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and the heat kernel
e—z’/dt

t) = ——
¥(z,t) e
in the form

[(z,t;¢,7) =

{7($—§,t—1')9(x,t;{,r) ifz,eRand 7 <t (14)

fz,€Rand 7>t

Thus the function I is infinitely often continuously differentiable for all z,¢£ € R and
7 < t. For fixed (£,7) € R? it solves the heat equation for all z € R and ¢t > r, while
for fixed (z,t) € R? it is a solution of the adjoint heat equation for all € € R and 7 < t.
Moreover, we have the boundary properties

['0,t¢,7)=T1,t€67)=0 ((€R,7 <) (15)
FSI(Oqt;{yr) = Fzz(l,t;f,T) =0 (E € IR,T < t)' (16)

In order to investigate the operator L' we introduce for fixed ¢ > 0 the family of
functions u, with

un(z,t) = //r(z,t;f,r)f(f,f)d{dr ((:z:,t) €R x[6,T],0 < h< %) (17)

Now the singularity (z,¢) of the Green’s function lies not in the domain of integration. So

we conclude assuming f € L*°(Q) that cach function uy is mﬁmtely often continuously

differentiable with respect to z and differentiating under the integral sign is permitted
t—-h1

k .
Tt (et) = / (6, (E, ) der (keN).

0

In the case f € C°(Q) we may dlfferentlate (17) w1th respect to t to yield 1dent1ty (18)
for all (z, t)Gle[e T] O<h<g

20, 0= @0+ [ Tttt - st - me 8)

The properties of functions L~! f with f € L*°(Q) are summarized in the following
lemma. Let C*'%(Q) denote, as usual, the set of allve C°(Q) such that there exists a
¢ > 0 with

hola(v(-,t)) :=  sup M <c  (tel0,T)).
z,y€[0,1],z#y |z - y|°

Lemma 1. For f € L*°(Q), the heat potential

ue,t) = L7 () = [ [Tt ms06 ) dedr (19)
0 0
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has the following properties:

(a) u|R =0 and u € C°(Q) with sup,epo,1) [(z, )] < c1(T) [ flloo t where || flloo =
inf ,(N)=0SUP(z g eq\n | f(Z,t)] is @ norm in L2°(Q).

(b) u: € C%Q) with uy(z,t) = [y fy Talz,t;€,7)f(,7)d€dr, us(z,0) = 0, and
sup.eo,1) [tz(2,t)| < c2(T)|Iflloo V2.

(c) uz € C3°(Q), i.e. [uz(z+6,t)—uz(z,t)] < cs(T)||flloo |6]3 (z+6,z €[0,1],t €
[0,7)). :

Proof. Part (a): Since the §-function is bounded on the set

D= {(x,t;f,r) € ]R“z,f €l0,1), t,r €[0,T], 7 < z},

we may estimate the function u by

fu(z, 1)) < / / ID(z,t;€,7)| 1£(€,7)| dédr

—v—l 0 -0
=a(T)

< ei(T) [1flloot-

t oo
< sup 8z, i€, M Wleo [ [ 2tz =8 = ) dedr

So the function u is well defined on § and satisfies the asserted inequality. Furthermore,
we estimate the difference u — uy by

e, -0l < [ [ WGenIE DI
= (D) [ lleoh.

Taking a sequence (hy) with limp_.oo by = 0 the sequence (us, ) of continuous functions
converges uniformly on [0,1] x [e,T] towards the function u for all ¢ > 0. Hence we
have u € C°([0,1] x (0,T]) and the function u(-,t) possesses zero boundary values

u(0,) = lim un,(0,8) = lim ua,(1,1) =u(Lt)  (t€(0,T)).

Moreover, the estimation |u(z,t)] < c1(T)|[f|leot shows that u(z,t) - 0ast \, 0
uniformly for all z € [0, 1], and we conclude u € C%(Q) with u|R = 0.

Part (b): The existence of the first derivative u. of the heat potential is based on
the crucial inequality

(20)

1
| N
0/ (et €, < T) <=,
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which we prove first. The product rule and further estimation leads to

1
/ I, (z, 6, 7)| de
0

1 1
< / 182z, ;€ 7)lv(z — €t - 7)dE + /lff’(x,t;fﬂ)l rz(z — &t ~ 1) dt
0 0

= J] + JQ.

We estimate the integral J; by the two integrals

1
/w,(x,t;c,rm(x —6t-7)dE <A+B
J ,

with
. n=+o0o 2
n n z—¢
A=/ Z tl_'rexp(—:+nm)7(:t—§,t—r)d§
0 n=-—0oo -
and .
ln=+o&:a 2 A
— in — ¢ n z+&  z£
B_/-;m_t—'r exp(—t_r+ntv_r —t_r)'y(:r—{,t—r)d{

and consider each integral separately using the convention of constants. We write A as
a sum of integrals A = A} + A, + A; and treat each integral separately as follows:

g

.1 . L
LA =/ Z tlillre?(p(—tir+nt—?7)7(x_£’t_r)d6
o Inl22
1
@n)F [ nl 1~ In|
SW/IXI;Qt_Te"P(t_T)df
o In2
(4m)~3 2 1 &, ~1yn
< \/f_—rt_rexp{‘:g"”)(exp“f) }
< c(T) :

t —

-
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] | z— gy (4m)- (z - £)?
n=1: Az—/ —rexP(—t—r-*-t—r)ﬂ—_‘rexP 4t )df
IR B SO I ety
t—7Vi-7 ) 4t - )
1
(4m)~
L@
S
e . 1"1 ' '1 z—:ﬁ i‘i,rj—%' (z —€)?
n=-1: A:’_/t_re)(p(_t—r_ t—1')\/t—_7'e)m_4(t_7)dE
0
) —% [ 2+
= 4(t — 7') &
o
o(T)
S Zier

Next we turn to the integral B = B, + B2 + Bz + By, where we look at

T2
- ] 5 Bl (T oo
o Inl22
1
2 n+1 1-n\(4m)~4 - (z—¢)
SO 2"Z=2t— exp(t_r)\/z__rex A= )df
. .
(myth 1§ ERALS (z - &)
AS/ P xP't—rz_:o("“Ls)(,exP_T) 7 P4t —1)
0 . n= : e
<e(T) <1
L T)
- JVi-T1
Then we estimate the integral B,
1
o.g o [_€ am)h (z+¢)°
n=0: B / . “w-n%
h (4ﬂ.)-— 2 .
/ TP - %
0

d¢



166  W. Kohl

and substitute by ©(€) = £1/4(t — 7) to gain the desired inequality

oo

/ exp —£2d¢.

0

B, < 4(4m)~% /7.(:?,

For the integral B; we obtain

N R A (CEDETUET)
n_l.B;;_\/t__To/t_Texp a(t=r)
(4m)=% [1-¢  (1—¢)
< t—r/t—rexP—4(t—T)d€
0

0 _ .
—2€ exp —fzdf

IA
T~

- Vit —
) :;4(:-7) T
0 . 2 71’_}2'
< / —2{@Xp _£ d{\/tT;a

where we applied the substitution ¥(£) = 1+ £\/4(t — 7). Finally, the asserted estima-
tion holds for the integral B,

n=-1: 4=/:ffexp (1+:1(1T+{) v(z — &t —1)dE

1
2 1
< - _ _
<o [ -t
]

Con31der1ng the integral J, we see ‘that the boundedness of the §- functlon and the

substitution by ¢(€) = z + £4/4(¢t — 1) yield

[lo—¢l @m)}  (z—ep
o [ i o %

1 z
1((

< ei(T) 7 |¢| exp —2dE ——

7= vi-T

+o0 "—%
S CI(T)/_ |§|exp —£2d€\/t—_T

~1
H

=ci(T) \/—r
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Now we are able to estimate the function g, where .

de,t) = [[ Satenfendd (=0 €011x0.7)

with the help of the just derived inequality as

t 1
o0l < [ [| 5ot n6)] 156 dedr
0 0

<Ml [ e
= 26(T) |/l V2
= (1) flla V.

Obviously, the function g(-,t) is uniformly bounded on [0,1] for each t and g(z,t) — 0
uniformly on [0,1] as ¢t \, 0. Looking at the difference ¢ — %5:‘, we get

Jot@t) - 2202, 0| < cxlloVF ((@10) € 0,1)x [e,T).

We conclude like in part (a) ¢ € C%(Q) with ¢(z,0) = 0 for all z € [0,1]. For each ¢
the functions ux(-,t) are continuously differentiable on [0,1] and satisfy the equation
uy(0,t) = 0; after the fundamental theorem of calculus the identity

un(z,t) = / b ie0yde (e le,T)

0

holds, and we gain applying the uniform convergence of the functions up and %"z‘l as
R\, 0 on [0,1] x [e, T} the equation

z

. u(z,t) = /q({,t) d¢ ((x,t) € ‘[0, 1] x (0, TY)).

0

By ‘the 'uniform convergence of ¢(z,t) as ¢ \, 0 this relationship is also true for t = 0.
Differentiating with respect to z leads to u.(z,t) = ¢(z,t) on Q.

Part (c): In order to show the claimed inequality, we proof first that an estimate
of the type '

'/|Fu(z,t;§,r)|dc SeT) == (261,087 <t<T)  (2)
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holds. For this sake we apply the product rule and obtain

1 1
/Il“n(r,t;ﬁ,r)ldf < /IG(z,t;f,T)Il‘ru(z-&t—f)ldf
(L 0

1
+2 / 162 (2,4, 7)| 1ye(z - €, ¢ — 7)| de
0

1 ’ ,
4 / 822,156, 7Y Iy(z — €, ¢ — 7] de
0

=J1+2J;4+ J3
where each integral J), J, and J; will be investigated separately.

With regard to the integral J, we employ the boundedness of the 6-function

1
J; 561(T)/|7u(2: —6t— 1) de
0

. (1 (z—gp 1 KG9

and substitute by () = z + EVA(t - 7) to get

7‘<—= 1 62
J] < CI(T)'/T €xp 6 d£
/4(. — 2(t - T) )
_1 teo 1
< cl(T)7r z =) /_oo (5 + {2) exp —£2d¢

Next we estimate the absolute value of the integral J, by the sum A + B of the two
integrals

= |z — ¢ 1 (z — €)?
A_/n;wt_rexp(—l.—r+ 1—7)2(t_7)\/47r(t—‘r 4(t-r)d£

+n

e o -7 t—-T1 t—T1
Ix—él 1 ( —5)2 '
) t—T)\/47l’(t—T )d§

n z-i;f_ :cf)

ty
Il
o\
)
] I
[+
8.
~|=F
]
I 2'N
¢l
B3
©
—~
o~
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Similiar estimations as in the proof of Part (b) lead to

1 |1-_§| 1
' 0/2exp —— Z(’”‘z)(e"p T) 2(t—1’)\/47r(t-—T
1 Ix_ﬂ 1 (2+($_€))2
+t—1'0/2(t-T)\/m—_T)e 4t-7) *
! l jz - ¢| 1 exp_(2 (z = O d¢
t—To At-7) fan(t - 1) Ht-1)
< o(T) —

t—1

Let us write B = B, + By + B3 + B4. We estimate B, via

1
In ~ €] ( n? z+¢ zﬁ)
< — -
‘/Z = P\t T T

In|>2
. 2=l 1 ( —6)2 de
“t—r) A=) )
‘ o€ 1 @-e
Tb/z2(n+1)exp( _)2(t—7'),/47r(t—r)exp_4(t—7') dé
<e(T)
< o(T) =

Then we consider B;:

¢ € \le—€ 1 (z = €)°
t-Texp(_t—-r)2(t—T),/-47r(t——7')exP_4(i—T)d€ |

_ L i el O}
-4(7{),50/0_ Syt —glep - b de

B, <

o

1 1 £ (z+6)?*\ z+¢ (z +€)?
S4(”)““’-0/“78)(})(_8(’—T))\\/t—_rexP_8(t—r)d€

1

<C

1 £ &
Sct—‘r/t-rexP—S(t-—-r)dE

0

1
Sc(T)t_T.
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For the integral B; we obtain

1
11— ¢ 1 z4+€ oz N\ |z —¢] 1 (z-¢f
Bs<0 _t—-rexP(_t—T_,*_t—r_t—‘r)2(t—r) —_47r(t—r)e 4(t T)df

=/’1—sexp(_((1—x)+(1—5>>2)|x—s| 1
t- A N D

0
Using the estimation
le -l <lz-1+1-¢l=2-(z+¢&) (z,6£€0,1])

we calculate further
1

1-¢ ((A=-2)+(1-8P\2-(z+§ __ (2—(z+¢))?
By < (t—r)ﬂe"p(‘ 8(t—r) )4\/_\/—t—r 8(t—1) de
0 ' e
’ (1-g)
/ PP g
<C(T)t—r

At last, we proceed with the integral By to get

1 ’ A
1+¢ 1 _z+€ atyla-¢l 1 (z - ¢
B4SO/t_TeXP(,_t-r P t—r)z(t_r)‘/74,,(1_7)“"_4(%7)‘{{

[1+¢ L+2)(1 46y lz—¢ 1 (z =€)
/ e"p(‘ t—r )2(t—r)\/mexr)—4(t—.r)d£
0

< c(T)

o~
-

1 1
exp t~r)2(t—r)\/37r(t——r

—
Finally, it remains to investigate the integral J3, which we estimate by

1n=-+-oo 2 2 2
n _n z—¢§ 1 _(1?'"{)
JsSO/ _E_: (t—r)zexP( ’ t—'r+nt—7),/41r(t—r)exp 4(t—T)d6
2

DD (= I (LR S

1
* ﬁ(f——r)e""‘w %
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We treat the integral C in a similiar manner as the integral A above and derive without
difficulties

For the integral D, we obtain

n? z+¢£ z€ 1 (z —¢)?
/lgz t—r exP(—t—T+nt—r—t—T)\/47r(T7-—)exP at - )f
1
s 1—n 1 . ( _6)2
< ZZ(n+1)(t—-7’)zexp — exp — d§
0/n= (t )\/m 4(t - )4
o Serolon 2
o n=0
1 1 (z - &%
"e"p(":—r)\/:;,r—(t_—,)e"p“4(z-r)d§
1
t—7

Next we go on estimating

_ (£ sy 1 (=g
Dz_o/(t—r)2exP(_t—r)\/m Prye-n %

_/ ¢ P Cl X 9
R N e R )

1
& ¢ e
=3 0/ e"p S(t—r)) i) P S(t-rzdf
<c
1
1 £ £

Sct—r/t-—rexP_S(t—T)dE

0

1

The integra.l D3 will be estimated by
[ (-6 1 z+€ =€ 1 (z—gp
Ds = )exp( t—r t—T_t._T)\/W—__r)exP 4(t—-7—)d§

[a-e? 1 @=2)+(-0r ,

(t—r1)2 | /———4,,(t P at—r1).

0
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1
_a-¢ 1-¢ (1=-¢*
S f)/ exp 8(t — T)) % [an(t — T) Xp— 8(t - )1 4
C [1-¢  (-¢? B
St—r/t—rexP_8(t—r)d£
0

At last we calculate for the integral Dy without difficulties

1
_[(+¢€)? 1 z+¢€ z€ 1 (z —€)?
Dy = (t—r)zexP(_t—r t— 7 t—‘r)\/‘mexp-—4(t—’r)d.£

/l(1+§)2 xp(_(l+z)(l+£)) 1 o (1_5)2‘1)E

(t—7)? t—17

1

4 1 1
SO/(z—ry T P %

1

Now we turn to the asserted inequality of this lemma and obtain for a positive
parameter n

fue(z + 6,£) — us(z, £)] < / / Doz + 6,:€6,7) — Tz, 1€, 7)] |6, )] dedr

t—n 1

< / / IPe(z +6,8€,7) = Talz, t:€,7)| | (€, 7)| dedr

t

1
+ / ITa(z + 6,66, 7)| 1f(€,7)| dedr

\

t—

.~ 3

+ [ / [Pz, 6, )] 116, m)ldgr
t—-n 0
=5+ + I
We already know by the result of part (b) that I, + I; < 2¢2(T) ||f|loon? is true.
Moreover, we obtain by the mean value theorem

t—q 1

= [ e semiise niders
0 0
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for y between z and z 4 §. We calculate further applying the inequality above

1
t—-T1

dré

I < o(T) [|fleo /
0

t
= C(T)“f”ooéln;

t
S e(T) 1 flloob—
n
Setting 7 = 63 we have for all ¢ € [63, T] the estimation

luz(z + 6,1) — ualz, )] < «(T)|Ifllootds + 2¢2(T) I flloob
< (AT)T + 2¢2(T)) || flloo63
= c3(T) | flloob3

whereas in the case t € [0, 6§] the inequality

[uz(z + 6,t) —uz(z,t)] <2 sup |uL(z,t)|
z€[0,1]

< 2¢2(T) || flloot *
< 2¢(T) || floo6

holds
Equipped with the norm

V|| paormy = ||[Vlloo + sup h6la(v(-,t),][0,1]),
Ivllcaocg) = IVl e a(v(-,1),[0,1])

C°°(Q) is a Banach space. The subspace C:’o(a) consisting of all v € C"'o(a) with
v(0,t) =v(1,t) =0  (te[0,T)) ' (22)
is a closed subspace of C*°(Q), hence also a Banach space. We point out that the norm

V|| pa0,m = sup hola(v(-,t),[0,1
Iolg o = sup_ Hola(u(,8),(0,1)

is equivalent to the norm || - ||C‘,_°(5) on C:'o(a). In the Banach space C:’o(-Q-) we
obtain the following

Lemma 2. For f € CS°(Q), the heat potential (19) has the following properties:

(a) u € C(Q) with sup.epo, [u(z,t) = Jo Sz, 7)dr| < cle, T fllggogyt'* ¥
(b) ulR =0 and sup, ¢jo,q lu(=, )| < c1(e T) [Ifllggocgy t
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(¢) uz € CO%(Q) with u(z,0) = 0 and sup, (g y) [uz(z,t)| < cz(a, T) || Fllgeoig t+*

(d) uzz € C%Q) with uze|R = 0, uze(z,t) = [ [ Coo(z,t;€,7)f(€,7) dédT and
SUuPzefo,1) luzz(z,t)| < ca(e, T) ||f||cgv°('c'j) te.

(e) uz € CPQ), ie. |uze(z +6,t) - uz(z,t)] < es(a, T) ”f”cg"’(é)m“‘

(f) ue € C3°%Q) with uy(z,t) = uzz(z,t) + f(z,t) on Q, u((z,0) = f(z,0), and
supzefo,1) [4e(Z, )] S 1Ifllcan gy (1 + es(a, T)E ).

Proof. Parts (a) and (b): By the continuity of the imbedding Cg"*(Q) C L*=(Q)
we conclude u € C°(Q) with u|R = 0 and Sup.e(o,1) lu(z,t)| < ei(T) ”f”c:~°(6)t' In
view of the asserted inequality in statement (a) we estimate

t

N

0

dr

u(z,t) — /‘f(z,r).dr

0

/!

0
=1, + I,.

(F(z,t;{,'r) - 7(3 - ﬁ’t - T))f(éa T)d6

+

Yz - &t —7)f(€, 7)dEdT — /f(x,r)d-r

First we consider the inner integral of I; to obtain the estimation

<A+B

/(Hahfﬂ)—%I-EJ—TDIGJO#
0

with the integral

1
A= [ 3 (- i) bt - nire e

T t—
0 0#£n€eZ

and the other integral

1 o )
B[ 3 ew(- 2 +nIE o o) gemnipe i
0 n=-—o0o ‘ .

As usual we write A = A; + A, + A3 and, obviously, we gain the inequality

1
2

n T - — )% - r — £)? -
A, =/ Z exp(—t_r+nt_f) (t-1) (t—r)?exp—i(t_fr))lf({,rﬂd{

5 i Van(t-71)
<c(T) '
<o(T)(t - T)% ||f“cg'°(6)~ :
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For A2 (n = +1)and A3 (n = —1) there are no difficulties to show the same inequality,
so we omit it. Considering B = B, 4 B; + B; + B, we get for the integral B,

n +& =€\ (t-7)°F
B = /ZCXP r+n:—r'_tair) :

132 4n(t — 1)

-

<ce(T)

(2= O (6, 7)) de

4t — )
<o)t - 1)E Ifllgmo)

In the integral B; we apply '
(7 = 156, 7) = £, < €1 llgascy

and derive the inequality

x (t —7)% exp—

a —_£)2
Bs < \/‘%p -2 e —f;t _53) d€ 1 flls o g
/ (z +€)?

\/m exp — 4(t ) 6 “f”c:'o(a)‘

Then we estimate further

1

B, <

G

C
\/m ) E ”f|IC° 0
and substitute by ¢(£) = £1/4(t — 7) to obtain

+oo

B, < /{"exp —€2dE (4(2 —T))%47f_%||f“cg-°(6)

< e(a, T)(t = 1) ¥ ifllgao(g
In the integral B; the inequality
1£(&, D =1f(1,7) - f(&, ) <A =& Ifllce g

leads us to
1
PN SN k2 el 14 _
s 0/(:l E) \/m—)exp 4(t - 7-) d¢ ”f”C{,"°(Q)

< [0-or s er i O ez o
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and substitution via ¢(€) = £,/4(t — 7) + 1 yields the inequality
Bs < ola, T)(t = 1)8 [l e 03

Concerning the integral B, no difficulties occur in proofing the same kind of esti-
mation. We summarize our results so far

1
/ (M@ t56,7) = 7z — &, = 7)) (€, 7) de| < ele, T) [ fllgsogy (¢ — 7). (23)

For the investigation of the integral I, we use the property f:: Y(z-€t—1)dE =1

and extend the function f € C*°(Q) by 0 in the set R x (0, T\Q to obtain the extension

f € CP(R x [0,7)) with |11l .03, = I flles omnpo.)

1 + o0 .
/ Wz — €t —7)f(€, 7) dé — / Wz — &yt — 7)f(z, 7) dt
0_ A o -oo .

= / Az - &t = 7)(f(E,7) = flz,7)) de

+ o0
1 o (z —€)? ;
< / Vit 7 TP —ia =y # llog ooy

Finally, substitution with p(€) =z + £\/4(t — ) yields the inequality
1 ,

/ Yz — &t — 7)f(€,7)dE ~ f(z,7)

0

Scle, D) Ifllggogy (t-)F.  (24)

Therefore we deduce
L+ 1L <c(e,T) ”f”c;ﬁ(b')tH.’_
and our assertion is proved.
Part (c): Obviously, we may apply Lemma 1 to get u, € C%Q) and u,(z,0) =0
for all z € [0,1]. In order to proof the inequality

lia
(2, )] < ca(e, T) || fll ooy t

it suffices to convince ourselves that both inequalities

1

L= /|0,(x,t;{,r)‘y(x — &t —7)f(6,7)| de

4 (25)

—l4a
Sc(ayT)”f“cg-°(6)(t_T) i*3
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and

b= [ 18667z - €t = TfE, )] de (26)
0

—l4a
< (a,T) “f”cg-°(6) (t—1) i3
hold. As usual we employ the integral

[T ) : g

n n
A:/ Z t_Texp(-—-—-t_T-i-nt

o n=—o°

) LCRT NP

and the other integra.l

n._.+oo 2

B / Z n z+¢

] exp(—t_ +n —tIE ) (z =&t —T)d¢

T t—171

to estimate I, by I} < A + B. Writing A as sum of integrals A = Al + Az + Az we get
2

= | 5 s (- 2 S

|n|>2

<c(: T)

(z - &)
e GRIL:

— - —+
< ¢(a,T) “f”cgﬁ(Q) (t-7)72
and remark that we can reach the same estimation for the integrals A; and Aj.
In view of B = B + B, + B3 + B, we obtain for B, the estimation

x(t-7)" 3t 7 exp —

1

BIS/Z ln—_—ﬁ'lexp(—-tn? +nx+5_ z¢ )(47")-’

-7 t—1 t-1/(t-7)%

(=) e = )) 176,71 d

< o(@,T) |[fllgg.ogy (t - 1) H*
The integral B, is treated by

IA

£
_T\/m exp — 4( )d5||f||C°°

o~

S B S G
Py t_Texp—t_Texp—4(t )If(é,r)ldf
1
gite (47r)‘§ (z +€)?

< ./ t—7t—71 exp—4(t — T)dfnf”cg.o(a)
[
]{l-f—a (471')—
0
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and substitution with o(€) = €1/4(t — 7) leads to

B < (o, D fllggeoqg (t - 7)7H+%

The integral B; will be estimated in the following way:

! 1
335/1‘5(4”)’
t—T1
0

\/t——T(l - 6)0 exp —

1-z)+(1-¢))?
. th_(a : % |lfllcgo )
_/(1—¢>*+°(4w)-%

(1-¢7
t—1 Ji—r P
0

_4(t _ T) d{ ||f|'C:’°(6)

Now substitution with p(€) = £1/4(t — 7) + 1 yields the desired estimation

—l4a
B; < ¢(a,T) ||f||cg-°(6) (t—7)"2%%,
For the integral By (n = —1) we obtain without difficulties the same kind of esti-
mation. In order to reach the desired inequality for the integral I, we estimate it with
the help of two integrals

1

1

L< / 180z, 6:€,7) = 1| lye(z — £, — 7| |F(E, )] dé
J A

+

0

/ ve(z — €.t — T)(€,7) d

=: J] + JQ.

We estimate J, < C + D with the integrals

f st n? z—£
C= (-
/ Z exp . +n -
9 n=-—oo
and

=+ n T (e — .t - 7)| d

1

/n=+°° i z+€ ¢

= Z exp(— +n -
t—r7 t—

0 n=-—oo

D

T t—171

Jvale = €.t = )] de.

The integral C' can be treated in the usual way, so we turn at once to the integral

D =D, + D, + D3 + Dy4. Here we restrict ourselves to the investigation of the integrals
D; and Dj3, because the way to estimate the other two integrals is clear. For the integral
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D, we obtain

[ 1z —¢ (4")" =€ (z - €)?
J 2t-7) Wi darseete Jubrrpes | ICERILS
z 4 _‘ z 2
S/gu vl @} (z40)

t—r)Vi-T1 *p= 4(t — 1) d¢ ”f”cg.o(a)

(1' + f)H—a (4rm)~ % (z + 6)2
t-1) V- 1' 4(t —7) d§ ”f”C{,""(a)

and substitution via 0(€) = €/4(t — 7) — z leads to the inequality

D; < o, T) [Ifllgs.og (t — )74 %

At last we estimate the integral D; in the following way:

[ Jz—¢l (4m)h exp (- z+€  at

(z =€)
2(t—1)\/t—:

—T+t-—r t—‘r)exP_4(t )If({"r)ld6

1
2-ErOUn Y @-(z+) .
50/(1_0 - ier P ae-n W@

l (2= (z +8) e (4n)~% (2 - (z +€))?
2(t-1) Vit P = a(t—r1) d¢ ”f”C:Ao(a)

Then we substitute by ¢(€) = £4/4(t — 7) — £ + 2 to derive the desired inequality
With regard to the integral J; we apply the identity fj;o Ye(z—&,t—7)df =0 and
employ the extended function f € C§"°(R x [0, T]) of the function f (see p. 176) to get

1

+ oo
Jy = 7z(z—f,t—‘r)f({,r)d§— 7,(z—§,t—‘r)dff(:z,T)
/ /
+oo
< / ye(z — €.t = (€, 7) = f(z, )] de
L [le=geEnd o @g

2(t—T) \/t__r exp — 4(t ) E”f”c"O

. —oo

Finally the substitution p(£) = £1/4(t — 7) + z yield inequality (26).
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Part (d): To derive the existence of the second derivative u . of the heat potential
we show that the inequality -

1
/Fzz(zv t; €, T)f({, T) d€ < C(a:T) ”f”c:o(a) (t - T)%—l (27)
0

holds. After applying the product rule we estimate this integral by four integrals:

1

/ Tee(z, t;€,7)f(€,7) dE

1]

1
< / 1022(z, 6, 7)1z — €.t — 7)f(€,7)| de
0

1

+2 / 16(2,4: €, 7)ve( — €.t ~ 7Y (€, 7)| dE

0

+ [ 16, 567) = Vveelz = 6, )16, 7)) de

1

/ Yool = £t — T)f(€,7) dE
0
=L +2L + I; + I,.

+

These integrals will be investigated separately. First we estimate the integral I; by the
sum of the two integrals

n=+oo . 2 2 _ _£\2
Az/ 2 (t—l?exp(’gir’w:—f) 41r(t-r)exP—E:r(:t—Cz)lf(f’r)ldé
o n=—

and

| _ ’
N o= PR
1 (z -~ €)?

X T P s el

We turn at once to the two interesting parts of the integral B. For the one part we
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obtain

52 IE 1 (I )
— exp| — — exp — |f(£)T)| dé
b/ (t—171) ( t ) Var(t—1) 4t —7)

grte 1 % )
| &7 Vi P w - Wler@
< C(a T) 1 fllgsog(t —1F™"
where we employed the substitution ¢(£) = £1/4(t — 7). Similiar calculations lead to

<

(1—5)2 1 z+¢  z 1 (z-¢)°
(t—r)2ep( t—r+t—7*t_r)mexP‘4(t oy mlde
(1_{)2+a 1 (1 )
So (t—71)2 \/mexP At )f”f”coo
[A-gte (1-¢2

< / (t—T)2 \/mexp 4(t ) £“f“c°°

< ¢(a,T) “f||c° L)) (t-7)F!

for the other part. In the treatment of the integral I, we proceed in the same way. We
have

[ ¢ g-¢ 1 oo
o/t—rexp( t—r)2(t—r)\/m—r‘ 4(t If(g, )| €
1
rofe | (z+ ) -
So 2(t—7)? mexp—4(t_r) dE”f”cg.O(a)
< o(a, T)||fllgaogg (t -1

where c(a, t) is a positive constant obtained via the transformation () = &/4(? -T)-
z. Then we estimate
1

1-¢ 1 z+§  z§ 1 |z — €l (=€)
/t—rexP(_t—r+t—r t_r)\/ma(t_r) T )'f(f’r)'dﬁ

o
(1=¢)'*° 1 - 2-z-¢ (2—1z —¢€)?
S/ t—1 ant-n -1 © at-1) )

1
(2—z—¢&)te 1 (2-z— €7 ~
s / -t ant-n 47 d¢lflicg@)

< ¢(a,T) ||f||cg'°(6) (t— T)%_’
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using the substitution p(£) = £1/4(t = T) + z — 2. Also, by the integral I3 we restrict
ourselves to the following two cases. Fi 1rst we calculate

l T r— €\ ¢
!exp(‘t_ﬁf)m(z(tl_,)+§(t_§))2)exp =it mae

| 1 (z-¢)° 2+ o
SO/\/W 2(t—r>+4(t—r)2)e"" s CARRIL

(I+€)" (z + &) (z +€)?
_0 \/47T(t—'r) 2(t —7) + 4t =) )exP 4t — )d§||f||coo

< C(O', T) ”f“cg-o(a) (t - T)%_l

where we used the substitution ¢(€£) = €1/4(t — 7) — z. Next we estimate
1
1 z4€  z¢ (2§
/exP(_:—r T Tio, 4(t—-r))
0

(4m)~3% 1 (z — £)?
<= ey * g e

1

<

0

1 (z=8)°  (z—¢re (2-z-¢€)?
\/‘W—r)(%t S O ) exe o= %lfllcze

1 2-z-6* (2-z- £)2+a 2-z-¢)
s .0/ Varn(t - 1) 2(t—1) + 4(t ~ 7)2 )exp _T(t—) d¢ ”f”c“ 1o}

< C(Q9T)||f||cg-°(6) (t - T)%_l

employing the substitution ¢(£) = £,/4(t — 1)+ 2 — 2.
At last, it remains to look at the integral I,. Here we apply the identity f_+:: Yzz(z~

§,t — 7)d€ = 0 and use the extension f of the function f (see p. 176) to get

1

Iy = /'Yzz(x —§&,t — T)f(f,‘r)df
. |
/ 7::(3: - E1t - T)(f({,‘f) - f(:z:,r)) df

+oo
< / exle = &t = 1) {F(E,7) ~ f(z,7)|de
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+o0o

1 lz —¢* | (z - (z - €)?
S_Zo Jar( = 1) (2(t e T g ) e =7y % Wllcs o2y

Substituting with @(€) = z + £1/4(t — ) yields the asserted inequality. Now we may
conclude that the function ’

1
p(z,t) = // Tez(z,t,&,7)f(€ 7)dédr
00

is well-defined and satisfies the inequality

. t 1 .
ez, 0)] < / / Tuu(z,t,€,7)f(6,7) dE]dr
1] 0
t L.
SC(OI,T)Hchg.O(a)/(t—_T)—%_TdT
0 L

-8
= ¢(a,T) “f“cg-°(6)t .
Hence the function p(-,t) is uniformly bounded on [0,1] for each ¢ and p(z,t) = 0
uniformly on [0,1] as ¢t \, 0. Considering the difference p — %‘{L, we obtain
azuh ry
p(z,t) — —az—z(z,t) < ¢(a,T) ||f||C§'°(5) hz ((z,t) € 10,1] x [¢,T}).
We conclude similiarly as in Lemma 1/Part (a), p € C°(@Q) with p(z,0) = 0 for all
z € [0,1]. Moreover, we have p|R = 0. Since the functions ‘%“}(-,t) are continuously

differentiable on [0, 1] for each t, we may apply the fundamental theorem of calculus to
get

du Ou [ 0%
St (@t) - 0 = [ Fend (@10 x(eT).

0

Obviously, we gain further

z

Pen-Zion= [Hend (=€ 0.T)

0

as h \, 0, and this equation is also true for ¢ = 0. Differentiating with respect to z
yields u.;(z,t) = p(z,t) for all (z,t) € Q.
Part (e): Assuming t € [0, §?] we calculate by virtue of Part (d)

|uu(z +6,t) — u"(:z:,t)l <2 sup |uz:i(z,t)
) z€[0,1]

< 2¢3(a, TH | fllcao(q) t3
< 2¢3(e, T) |Ifllceo)®°
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and the claimed inequality is valid.
In the case t € (62,T) we estimate with the help of three integrals

t—6%1

|uu(.z +6,t) — ug.(z, t)l <

zz(z + 6,4, T) - Fxl(zv HS T))f(f’ T) dédr

t ]
/ / Tealz +6,6,€,7)f(€,7) dedr

t-620

t 1
/ / Tae(z,t;€,7)f(€,7) dédr
t—620
=5+ I+ .

Of course, we deduce a suitable inequality for I, + I
I + Iy < 2¢(0, T) ||fllgo.0 g, (6%) %

So it remains to consider the integral I,. Applying the mean value theorem we obtain
for the inner integral of I,

o

Pozz(y,t;6,7)f(€,7)dES

where y lies between z.and z + 6. The product rule and further estimations lead to the
investigation of integrals which have the form.

y,t,E,T) (y LE=n)f(6r|de  (k+1=3, k1€ No).

o\_

We remark that each integral may be cstimated by
—342
A £ c(a,T) ”f”cg“’(a) (t- T) 1t3

using simliar calculations as in Part (d). Hence we know

I < (@, T) [|fligsog) /(t—r)—%+%dr6

= o(a,T) ||f||cg,0@( (-7 s

2 - —l4oa
= C(O’,T) ”f”co,o(a)m((s 1+o - t_]2L)6

< e, T) ||f||c° °(Q)
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N

and our assertion is proved.
Part (f): We conclude with the help of the results of Part (a) and the inequalities

[ 0) — u(z,0) —f(r,0>|

< |HED) /f(z rydr|+

/(f(x,f) - f(z,0)) dr
0

< el D) llfllgpo ¥ + 7 / |f(z,7) - f(=,0)] dr
’ 0

-0

as t \ 0, uniformly for all z € [0, 1], and this yields the property u,(z,0) = f(z,0).
Next we consider the estimation

1
/ D(z,t;6,¢ — h)f(E,t — h)dE — f(z,1)
0

1

/r(z,t,et-h) Y(z €, R)) F(€,t — h) d

0

<

1

n /7(x — &, R)f(E,t — h)dE — f(z,t ~ )

0

+1f(z,t = h) = f(z, )l

=5 +L+1I.
Applying inequalities (23) and (24) for 7 =t — h we get

a

L + I < 2¢(a,T) ||f||c§'°(6) h=

R

and from the uniform continuity of the function f on [0,1] x [¢,T] we deduce the
relationship

/I‘(x,t;&,t —h)f(€,t = h)dE — f(z,t) as h \ 0 uniformly on [0,1] x [, T).
0

With regard to equality (18) we notice that

52
auh(x t) — ';;(z,t) + f(z,t) as h \, 0 uniformly on [0, 1] x [e, T7.

Hence u,(z,t) exists for all (z,t) € [0,1] x (0,T]. We include the case t = 0 to yield
u‘(zut) = utl(‘rat) +f($1t) ((I:t) € 6)

The properties u; € C&*°(Q) and sup,e(o,1) [ue(z, t)} < ||j||cg,o(5)(l+c:;(a, T)t%) follow
now from the identity above in connection with Part (d) il
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3. The Barbashin operator

In this section we state sufficient conditions under which both (4) and (5) are continuous
operator functions mapping Cy' ,o(a) into itself and estimate their norm.

Lemma 3. Suppose that c € C*°(Q). Then the corresponding multiplication op-
erator (4) is bounded in C5"°(Q) and ||C|] < |lellga.o(z)-

Proof. From the definition of Cg*°(Q) and the hypothesis on the function ¢ we

conclude directly that Cu € C°(Q) for u € C:’o(a) and that the function Cu satisfies
the boundary condition (22). From the estimates

|C(za t)u(l‘, t) - C(ya t)u(ya t)l
S |c(.1:,t)u(.1:, t) - c(z,t)u(y,t)l + IC(:!Z, t)u(y'rt) - C(yyt)u(yv t)l
< ez, t)] fu(z,t) — u(y, &)| + le(z,t) = c(y, )] |u(y, )|
< llelloohdla (u(-,1),[0,1]) |z — y|* + hdla(c(-,1), [0, 1)) l= ~ y*|fulloo
< héla (u(- 1), [0, 1)) |z ~ y|°’||c||c‘,,o(5)
it follows that Cu € CJ*%(Q) and ||C|| < llellge.ogy ®
Lemma 4. Suppose that the funciton k : [0,1] x [0,1) — R has the following prop-
erties:
(a) k(-,z) is measurable for each z € [0,1].

(b) k(s,-) € C*([0,1]) uniformly for all s € [0,1], i.e. there ezists a constant § € R
with

k(s z) — k(s,9)l S Gl —y|* (s €[0,1}). (28)
(c) k(s,0) = k(s,1) =0 for all s € [0,1].

Then the corresponding partial integral operator (5) is bounded in C*°(Q) with ||K|| <
;i—l , where

g = sup hols(k(s,-),[0,1]). (29)

s€[0,1]
Proof. The function F(-,z,t) = k(-,z)u(-,t) is measurable and bounded on the
interval [0, 1} for fixed (z,t) € [0,1] x [0, T], while the function F(s, -, ) = k(s, )uls, )

is continuous on @ for fixed s € [0,1]. Since
|F(s,z,t)] < gllulls  ((s,2,t) €[0,1] x [0,1] x [0, T}),

we conclude that the integral over F(-,z,t) depends continuously on the parameters
z €[0,1] and t € [0, T]; this means that Ku € C°(Q). 1t is clear that the function Ku
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fulfills the boundary condition (22). Finally, from

|Ku(z,t) - Ku(y,t)| =

/ [K(s, =) — k(s, y)}u(s, t) ds

< / lk(s, z) = k(s,4)] [u(s, ) — u(0, 1)) ds
1]

1

< sup halo(k(s, ), [0,1) ke = uf* [ fu(s,t) — u(o, ) ds
s€(0,1)
0

1
<qls—yl" [ holau(0), 0,1 ds
0
we get
|Ku(z,t) — Ku(y,t)|
|z —yl*

< g héla(u(-,1),[0,1]) / 5 ds,

hence

holo(Ku(-,t),[0,1]) < ai - héla(u(-, ), [0, 1)).

Passing to the supremum in the interval [0, T] leads to ||K“||cg'°(6) < 35|

|u “cg Q)
as claimed B

4. The linear problem

Now we turn from the parabolic differential equation (6) to the equivalent operator
equation (8). We calculate the spectral radius of the operator L=}(C + K) and give
existence and uniqueness results for equation (6).

First of all, we need the following
Lemma 5. For f € C:,o(a), the following two statements are equivalent:

(A) u € C°Q) has the properties ur € C°(Q), wur uzz € C°(Q) and solves the

boundary value problem :

Lu=(C+K)u+f inQ
u=0 _ onR.} (30)

(B) u € C$°(Q) satisfies the linear operator equation (8).

Proof. Let u be as in statement (A). We fix (z,t) € Q and observe that for 0 <
- to < t the vector field F': [0,1] x [0,¢9] — R? defined by

F(&,7) = Dz, 6, mue6 1) = Tel(e, i€, TulE, 1), ~T(z, 66, Tu(E, )
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is continuous on (0,1} x [0, o] and continuously differentiable on (0, 1) x (0,15) with
div F(¢,7) = —T(x, t; €, 7)Lu(€,7) — u(é, T)[I-‘Ef(.’l?,t; £,7)+Tr(z,t;¢, r)]
= —T(z,;£,7)[(C + K)u(é,7) + f(¢,7).
So the divergence of the vector field F' is continuous and bounded on (0,1) x (0,¢9) and

we may apply the Gauss theorem to obtain
tol 1

J[-r@seni©+ ke + 56 mdear - [ Tt o e to) .
00 0
Letting to — t we get the identity

[[r@senic s ouen + fenldedr =uet) (e, @
00

The function‘ on the left-hand side of (31) is continuous on Q by Lemma 1 and we have
u € C°(Q), so the above equation holds for all (z,t) € Q. Of course, u € Cs%(Q) and
(I-LY(C+K)u=L""f.

Conversely, let u be as in (B). Since f € Cg"%(Q), the same is true for the function
(C + K)u + f. Moreover, from the identity L='[(C + K)u + f] = u and from Lemmas
1 and 2 it follows that the function u has the regularity properties stated in (A) and
satisfies (30) B

Lemma 6. The spectral radius r(A) of the operator A= L~(C + K): C&°(Q) —
CSQ) is zero. :

Proof. We use the classical Gel’fand formula
(4) = Jim YA

First of all, the inequalities {|C||oo < |lc||oo |[v]loo and ||K¥||co < g ||v]lco, With g as in

(29), combined with property (a) in Lemma 1, lead to the estimate
|Av(z,8)] < ter (llelloo + ) H)]oo-

By induction, we get then

472,11 € Sl (lelloo + ) llollee (n € N). (32)

Furthermofe, for arbitrary z,z € [0, 1] we have, by the mean value theorem,
|A"v(z,t) — A”v(z,t)]|
lz — 2|

< [A%v(z,t) — A"v(z,t)|

|z — 2|
t

1
/ Ta(y,€,7)(C + K)A™Vu(€, 7) dédr
0

0

1(y)

Il
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for some y between z and 2. Applying inequalities (20) and (32) we obtain
t1

1) < [[Ineien)
00

< 0/ i (el + ) s es(lello + "ol lo

1
le(¢, T)HA™ u(€, 7) +Q/|A""'v(s,f)|d5} d§ dr
0

t Tn—l 1 n
< ( / = _der) [allelloo + )" 1ol

with a = max {c1,c2}. The identity

t
ol 2n s

= t"T2
/\/t—_r(n—l)!dr T35 @-Dn' (33)
0

]eﬁds to

o n
(0/ VLIRS df) [a(llelloo + )" [17]loo
on
<
< [20T(||C||To+9)]"

" 7 a(llelloo + O [v]loo

-1
T72|v]|oo-
Consequently, we obtain the estimate
. 2aT((lelloo + )"
- n!

-1 '
||A"v||c;-°(6) T ‘”U”cg"’(a) (reN). -

From this estimate we deduce

n n 1
VAm < 2aT(|lelloo +¢) VT4 \/;—’0 (n — o)

as claimed B
Building on the results of the previous sections we are now able to prove the following

Theorem 1. The inhomogeneous linear equation (8) has for each f € Cg’o(a) a
unique solution u € C&°(Q). This solution can be represented as infinite series

u=Y [L7N(C+K)N"(L7'f) (34)°

n=0
and depends continuously on the data f € CS°(Q).

Proof. Theoperator A = L~!(C+ K) is a continuous endomorphism of the Banach
space C:'O(—Q_). From Lemma 6 we know that the Neumann series oo o A™ converges
to the inverse of the operator I — A. Consequently, for f € C&°(Q) the inhomogeneous
linear equation (8) has a unique solution u = (I—A4)~}(L~! f) € C&*°(Q) which depends
continuously on f and has the representation (34) §
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From the proof of Lemma 6 we see that the norm of (I — A)~! may be estimated
by

_ e 20T (llcllos + )]~ 1
I-A4) <1 an <14 2l .
- A <1+ Y A< 14 5

Next we consider the Dirichlet problem for the linear equation (8) with prescribed
boundary function ¢, which belongs to the set

n=1

CY(R) = { € C°(B)| (-, 0) € CX([0, 1]) and ¢(0,), o(1,-) € C*([0, T}

Theorem 2. Let f € C3°(Q) and ¢ € C'(R). Then the problem

Lu=(C+K)u+f in Q

u(z,0) = ¢(z,0) (z €0,1])
u(0,t) = (0, 1) (t € (0,T)) (35)
u(.l,t) = ¢(1,t) (t €(0,T))

has a unique solution u € C°(Q) with u, € C°(Q) and uy, usz; € C%Q).

Proof. If u; and u, are two solutions of problem (35), we see that the function
u = u; — uz solves problem (30), and hence u = 0 i

As usual, we obtain a representation of a solution u of problem (35) if we add the
solution of problem (30) to the solution of the homogeneous heat equation Lu = 0 with
u|R = ¢, which we denote by Si, with

Stp(l‘,t) = /I‘(z,t;{,O)yo({,O) df
0 (36)

4

t
+/I‘E(x,t;0,'r)cp(0,‘r)dr—/I‘E(x,t;l,‘r)<p(l,r)dr.
0 -0

So we have explicitly

u(z,t) = ) [L7C + KL f)(z,t) + Sz, 0).

n=0
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5. The nonlinear problem

In the nonlinear case we first give sufficient conditions under which the nonlinear op-
erator KH, with K given by (5) and H given by (10), acts on C5*°(Q) and satisfies a
Lipschitz condition in order to apply a classical fixed point principle.

Lemma 7. Suppose that the function k : [0,1] x [0,1] — R satisfies the three
conditions (a) - (c) stated in Lemma 4. Moreover, let h: @ x R — R be a continuous
function satisfying a Lipschitz condition

|h(z,t,u) — h(z,t,v)| < L|u—v|. 37)
Then the nonlinear operator KH acts on C*°(Q) with

IKHu ~ K Hvlloo < gLl ~ vlloo
[|[KHu - KH””C{;-°(6) <gqLjlu- v”c{;-°(6)

where g is given by (29).

Proof. It is easy to see that the function K Hu is continuous if u is continuous. Fur-
thermore, the function K Hu satisfies the boundary condition K Hu(0,t) = KHu(1,t) =
0 for all t € [0,T). From the estimate

. 1 o _ o
| K Hu(z,t) — K Hu(y,t)| < /Ik(s,l') = k(s, )l [h(s,t,u(s,t))| ds
0
< q |.’L‘ - y|a max_ Ih(s:twu(s’t))l
(s,t)€Q

we see that the operator KH maps C°(@) into Cy"°(Q), and hence KH : Cg"°(Q) —
&9(Q). For functions u,v € C°(Q) we have :

|(KHu — KHv)(z,t) — (KHu — KHv)(y,t)|
|z -yl

1
1
<= / [k(s,2) — (s, 1)l | A(s. t,u(s, 1)) = h(s, £, (s, £))| ds
—
0
< oL |lu - vlloo
<qLjflu— v”cg-°(6)-

From this the assertion follows 8

In view of the nonlinear operator equation (12) with imposed boundary conditions
we deﬁne the functlon spaces

cito. 1 = {s € C'(10,1D]s(0) = o(1) = 0}
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and
ClH@) = {u‘ u,us € C°(Q) and u(0,t)'= u(1,1) =0 for all t € [0,7]}.
Equipped with the norms
llgllcyqoap = sup lg'(z)]  and  Jjullgiog = sup_|us(z,t)],
z€[0,1] ° (z.t)€Q

respectively, both function spaces are Banach spaces, and we can state the following

Lemma 8. For g € C§([0,1]), the boundary operator S with

(S9)(z,t) = / I(z,;€,0)g(€) dé

is a continuous operator from C3([0,1]) into Cy°(Q) and ||S|| = 1.

Proof. The function r = Sg satisfies the homogenuous heat equation Lr(z,t) =0
for all (z,t) € @ with the boundary conditions r(z,0) = g(z) for all z € [0,1] and
r(0,t) = r(1,t) = 0 for all ¢ € [0, T]. If we extend g to the odd function § on the interval
[-1,1] and continue § to the periodic function § with period 2, we remark that the
function f_+°°: ¥(z — €,t)§(€) d€ is also a solution of the Dirichlet problem above. Hence

a unicity argument yields .

+ o0

r(az,t) = / Wz - 605E)dE (.)€ D).
f/

— 00

Obviously, § and _g}' are bounded and continuous functions on the whole real line. First
we have r € C%Q). Considering the difference quotients

r(z + h,t) — r(z,t)
I =

h
1 +oo _ +o0
== (/ 1o +h - €00 & - [ 7<x—:,t)a(s)dc)
' )

-0

- [ eItz i s

we notice that the integrand is dominated by

e, o HEEEER I D e supiy) (e e,

| ——
€L'Y(R)
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Now Lebesgue’s Dominated Convergence Theorem insures that

+oco . +o0
- [eogernd= [ 2e-eniead
as h = 0. Thus
+oo

n@o= [1e-603©O% amd  rec@

hold. Moreover, from the inequality
+00
sup_[r(2,0] < [ 2z - €,)d€ sup F'(©)] = sup Ig'(E)
(z.1)€EQ e ¢eR se[p,n]

we deduce ||S|| < 1. For the function g(z) = sinwz € C}([0,1]) we have explicitly
Se(z,t) = exp—rltsinnz € CY@) and  [1S9llygy = lelloyqomn = 7

so ||S]|| cannot be less than 11

Before we turn to the nonlinear operator equation (12), we remark that equations (9)
and (12) are equivalent. Even more is true, namely (9)/(2) is equivalent to a nonlinear
operator equation with an imposed boundary operator in the sense of the following

Lemma 9. For f € CJ°(Q) and g € C([0,1]), the following two statements are
equivalent:

(A) u € C°Q) has the properties u, € C%(Q), ut, u;x € C°(Q) and solves the
boundary value problem

Lu=(C+KHju+ f in Q
u(z,0) = g(z) (z €0,1]) (38)
u(0,t) =u(l,t) =0 (t €[0,7)).,

(B) u e CZ%Q) satisfies the nonlinear operator equation

u—L " (C+KHu=L""f+Sg.

Proof. It follows the pattern of the proof of Lemma 5 with only minor modifica-
tions. Hence it is omitted 8
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Theorem 3. The nonlinear operator B : C&°(Q) — C°(Q) defined by Bu =
L™ (C+KH)u+ L™ f + Sg has precisely one fized point w € CS%(@Q). This fized point

may be obtained as limit of the successive approzimations v, = B"™vy with arbitrary

vo € C5%(Q).
Proof. First of all, the inequalities

IC(x = )11 < llelloollu — vlleo
1K Hu = K Hvlloo < g Lilu ~ vlloo

with ¢ given by (29) and L by (37), lead to
|Bu(z,t) — Bv(z,t)| = |L7'C(u — v)(z,t) + L' K(Hu — Hv)(z,t)
SIL7TC(u —v)(z,t)| + L7 K(Hu - Hv)(z,1)|
S ter (llelloo + L) |1 = v]loo.
By induction, the inequality
.o t"
|Bu(z,t) ~ B™v(z,t)] < —ler(llelloo + gL)]"lu = vl

may be proved for.arbitrary n € N. In order to estimate the norm ||B"u = B"v||ca.o(6)
[}
we fix z,z € [0, 1] and get, by the mean value theorem,

[(B"u — B"v)(z,t) — (B"u — B"v)(z,t)|

t1
// [[(2,4;€,7) = T(z,:€,7)] [(C + KH)B™'u - (C + KH)B"'v](¢,7) dédr

= |z — 2|

t1 : . : . -
// I‘,(y’,t;{,r)[(c +"I\"H)B"_lu -(C+ KH)Bn_}‘U](f,T)dEdT
00 .

= J(y)‘l

for some y between z and 2. Furthermore,

t1 . ‘ .
J(y) < |z — 2|¢ // ITz(y,t; &, 7)) I(C + KH)B"-IU -(C+ KH)B"“’v)({,T)l dédr
00 . '

. t1 - .
<l -2 / / ITo(9, & 7)| (llelioo + ¢L) |(B™™ u — B0 (¢, 7)| dedr
00

t

o [ c2(llclloo + qL) 7" Yes(llcHoo + L) Hiu = v]|oo
Slz_zlf N = 1)

dr

n-1

<o -2 (/ = i) dr) (alelloo + gL llu-~ vllo
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with @ = max {¢;,c2}. Using again identity (33) we obtain

2"~ ¥[a(]|c|]oo + ¢L)]™
1-3-5---(2n-1)

héla((B™u — B"v)(-,1)) < e = vl

This implies that ||B™u — an“C:‘°(5) < dpllu - v||C:.o(5) where

4 = 2T Ha(llelloo + gL)I"
" 1-3:5---(2n—1)

Obviously, we can choose ng € N such that

dnt1 _ 2Ta(||¢||eo + qL) < 3
dn 2n+1 4’

say, for n > no. Consequently, the series 3°°2 ' d, converges. By Weissinger’s fixed
point theorem of [7], the operator B has a unique fixed point w € C$"°(Q), which can
be obtained by the successive approximation vn41 ='Bun, with v € Cg*(Q) arbitrary.
Moreover, the error estimate ||w — v,.||ca.,o(5) < ||Bve - ”0||cg-°(6) e di is true B

As a corollary of Theorem 3, we get the following

Theorem 4. Let f € C3%(Q) and ¢ € C°(R). Then the problem

Lu=(C+KH)u+ f ”inQ} - 39)

u=g¢ on R

has a at least one solution u € C°(Q) such that u,,us,uz: € C(Q). One solution can
be represénted in the form ’

u(zt) = w(z, 1) + / [(z, 1€, 0)p(€, 0) dt -

0

t t
+'/P5(I,t;0,r)gp(0,r)dr—/Ff(z,t;l,r)go(l,r)dr
0 0

where w € C:’O(G) is the unique fized point of the nonlinear operator Bu = L-Y(C +
KHyu+L7'f. - . A

Theorem 5. The solution of the boundary value problem (38) depends continuously
on the functions f € C3°(Q) and g € cd([o,1)).

Proof. Given f,h € Cg’o(Q)‘and 9,7 € C3([0,1]), denote by v,w € C:’O(Q) the
unique solutions of the operator equations
v=L""(C+KHw+L"'f+5g
w=L"YC+ KH)w+-L~'h + §j,
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respectively. Differencing the derivatives with respect-to z and estimating yields
lvz(z,t) — we(z,t)|
<1159 = Sillcrogy

t 1
+ [ [Ina e ni[I6v - Cul + 1K Ho ~ KHul + 1f - b (6,7 der
00

< e(T)VHIf - hllgeogy + 119 = illcyo

t

T
+ [ L (el + L) sup (= w)(E, )]
2 - EE[O,]] :

We apply the mean value theorem,

(v = w)(E O] = (0 = w),0) = (v = w)(0,)] = I(ve — wa)e D IE] ~

for z € (0,€), to obtain the relationship

sup |(v = w)(§,t)] < sup |va(z,t) —we(z, )| = p(t). -+
£€lo,1] z€[0,1)

Employing this inequality and passing to the supremum over the interval [0, 1] yields

t
. . , (T)

#(8) S aTIVENS = Mlegog) + 1l = Fllcgoan + [ S (el + aLyp(r) dr.

0

By virtue of the generalized Gronwall’s inequality (see, e.g., [2: p. 304/ Lemma 17.7.1])
the estimate

o(t) < &) (AW = gy + Nl = slleyony)

holds. Hence we get the inequality

o = wlieye < ETI(If = hlog oy + llo = slicyqoan) (40)

with a certain constant é(T'). This concludes the proof

To illustrate the existence and uniqueness results of the previous section, let us
consider a very simple example. Let w : [0,1] — R be defined by

w(z) = z° for0<z
Tl (l=2)* fori<z
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Put X
k(s,z) = k(s)w(z)
h(z,t,u) = h(z,t)arctanu

f(z,1) = w(2)f()

g(z) =sinnz

where k : (0,1) = R is measureable and bounded, while & : Q — R and f : 0T >R
are continuous. Obviously, k satisfies the hypotheses of Lemma 4 with ¢ = “k”Loc((o )
Moreover, h satisfies (37) with L = max{|h(z,t)| : (z,t) € Q}, f € Cqg" %(Q) with
||f“cg'°(6) = “j“cn([o,'r]) and ¢ € C3([0,1]). As multiplicator we may choose, for
example, c(z,t) = z%p(t) with p € C°([0, T]; from Lemma 3 we know then that ||C|| <
2||pllcoco,1y)- For this choice of data, the operator C' + K H has the form

1
"(C + KH)u(z,t) = z%u(z,t) + w(x)/i}(s)fz(s,t) arctan u(s, t)ds. (41)

From Theorem 3 we conclude that the sequence of successive approximations

‘Uo(I,t) =0

Vps1(z,t) = L7 (C + KH)va(z,t) + L‘lf(:t,t_) + Sg(z,t)

has a well-defined limit w € C:'O(G). If f(t) = 0 and g = 0, we have of course
u(z,t) = 0, and this is the only solution of problem (38), by Lemma 9 and Theorem 3.
On the other hand, if f(t) # 0 and g # 0, from Theorem 5 we may conclude not only
that u(z,t) =.w(z,t) is the unique solution of problem-(38), but also that this solution
depends continuously on f. In particular, u(z,t) — 0 uniformly on Q if [1fllec — 0 and
Hgllcionpy — O- :

6. The extension of the operator L™!

This last section is concerned with some generalizations of the preceding results. In
order to solve the inhomogenuous heat equation with zero boundary values, we chose
for technical reasons the heat source f from the Holder space C5*°(Q). On this space
the operator L~! has particularly nice properties. Actually, one can take the larger
Holder space C°(Q) as underlying Banach space of the boundary value problem (7).

Together with the solution operator S of the homogenuous heat equation with C '
boundary values, where Sy is given by (36), with the projection operator P,

PH(z,t) = £(0,8) + 2(F(1.1) - £(0,1)), (42)
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and with the Volterra operator V,

. Vf(:z:,t?;/f(x,:r)dt, ' (43)
0

we can represent the unique solution of the boundary value problem (7) with the help
of the extended operator -L ! :

L7'=L'I-P)+(I-S)VP : - (44)
iﬁ the form . .
u=L'f+ Sop.

In fact, we have u,u; € C%(Q), and direct calculations yield u|R = ¢ and Lu = f.

According to the plan in the introduction we formulate now sufficient conditions
that the operators C and K H act continuously on C@).

Lemma 10. Suppose that c€ C*%Q). Then the corresponding multiplication
operator (4) is bounded in C*%(Q) and ||C|| < ||c||ct,,.,(5), S S

Lemma 11. Suppose that the function k : [0,1] x [0, 1} — R has the following
properties:

(a) k(z,-) € L'([0,1]) for each z € (0, 1].

(b) k(-,s) € C*([0,1]) for almost every s € [0,1), such that there ezists a function
g € L'([0,1]) with the property

|k(z,38) — k(y,s)| < g(s)|z —y|* - for a.e. s €[0,1]. (45)
Then the corresponding partial integral operator (5) is bounded in C*°(Q) with
KN < Hgllzr o,y + S;1[10I>l]||’C($,')||u([o.1])~

Lemma 12. Suppose that the function k : [0,1] x [0, 1] — R satisfies conditions (a)
and (b) stated in Lemma 11. Moreover, leth: QxR — R be a continuous function sat-
isfying the Lipschitz condition (37). Then the nonlinear operator KH acts on C*°(Q)
with = : o - A .

IKHu — KHv|low < L sup 11k (z, Nzt go,1p Il = vlfeo’
z€[0,1) . . . . )

1K Hu = K Hollcaoggy < L(llgllL o,y + sup {lk(z, Mo )1 = vlleo-

We omit the proofs of these three lemmata, bécause their proofs follow the pattern
of that given in Lemma 3, 4 and 7 with only minor modifications.

After modifying the proof of Lemma 5 we are able to establish the next result.
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Lemma 13. For f € C™ °(Q) and ¢ € C'(R), the followmg two statements are
equwalent

(A) u € C°(Q) has the properties u, € C°(Q) and Uty Uszz € € C%Q) and solves the
boundary value problem :

Lu=(C+KH)u+f in Q } (46)

ulR = o. . onR
(B) u € C*%(Q) satisfies the nonlinear operator equation

~L7(C+KH)u=L'f+Sg.
Our main existence and uniqueness result reads as follows.

Theorem 6. For f € C*°Q) and initial data ¢ € CYR) the boundary value
problem

Lu=(C+KH)u+f
ulR = (P ) N L
possesses a unique solution.

Proof. By Lemma 13 it suffices to show that the integral equation admits a unique
solution. For a < b the set -

B(la,)) = {v: [0,1] x [a,5] = R|v, 0 € C°([0, 1] x [, b))}
becomes together with the norm A o

Holla,8) = sup lv(z,t)| + = sup [vz(z,t)]
(el l]x[a b)  (2,0€[0,1]x[a,b)

a Banach.space. The nonlinear operator Au = -L7'(C + KH)u + L;'f + Sp maps

B([0,7)) into B([0,7)]) for 0 < n < T. Employing Lemma 1 we know that for v € B([0,7])
the estimation

L™ vlljo,m < <(T) (7 + vllvlljo,n)

holds. Actually, the same kind of estimation is valid for the operator L;'. Applying this
and the assumptlons on the continuity of the operator C + K H we obtam the inequality

l|Au— Avlljo,5) < E(n + vMllu = vlljo,n)
with a constant &T,|IC|I,[|K||,L). Choosing n € N such that the estimation
vé(n;+\/'7)<1 (46)

holds for n = the operator 'A is a contraction of - B({0,7]) into B([O 7)), ‘and ac:
cording to the Banach fixed point theorem the operator A possesses a unique fixed
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point w; € B([0,7]). Assuming that the integral equation possesses a unique solution
wk € B([0, kn)) for £ < n ~ 1 we introduce the function r : (0,1] x [kn,(k +1)7] - R,
1

r(2,0) = [ (e, t6,0)0(,0) e

kn1

+ / / D(z,8,7)(I — P)[(C + K H)wy(€,7) + f(£,7)] dedr
00
kq

+ /P[(C + KH)wk(z,T)+f(z,T)] dr
kn

- /I‘f(x,t;O, ) (/(C + KH)wi(0,s) + f(0,s)ds — cp(O,r)) dr

0

kn T .
+ /Ff(z,t; 1,7) (/(c + KHywg(1,5) + f(1,5) ds — ¢(1,T)> dr.

Next we consider the operator A,

t1 ‘ :
Ayv(z,t) = r(z,t) + // IM(z,t;€,7){ - P)[(C + KH)v(E, 1)+ f({,r)] dédr
kno0

+ /P[(C + KH)v(z,7) + f(z,r)] dr
kn
t ‘ ro .
- /Ff(x,t;O,r) /(C + KH)v(0,s) + f(0,s)ds — (0, 7) | dr
kn " \kn .
t r
+ /Ff(x,t; 1,7) /(C + KH)u(1,s) + f(1,s)ds — p(1,7) | dr.
kn kn
Of course, A; maps B([kn, (k + 1)n]) into B([kn, (k + 1)n]) and the estimate’
|4 u — A1U||(kr,,(k+1)r,] <é(n+ \/7_7)”" - v“[kn,(k+l)'l]

holds. From (46), we conclude that A, is a‘contraction and hence possesses a unique

fixed point u € B([kn, (k + 1)7]). Since the fixed point of A; matches continuously with

wi(z, kn) and %wk(x,kn), we see that the function wyy,,

_ Jwk(z,t) if (z,t) € [0,1] x [0, k]
whai(z1) = {uw) if (z,t) € (0,1] x [kn, (k + 1)7]
is the unique solution of the integral equation in B([0,(k+1)n]). Applying this argument
we can construct inductively the unique solution of the integral equation in B([0, )1
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