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Some New Conformal Covariants

V. Wiinsch

Abstract. By means of a certain conformal covariant differentiation process explicit formulae
are derived for
(i) a conformally invariant generalized Bach tensor in dimension 6
(ii) conformally invariant differential operators acting on weighted functions, especially one
with leading term %
(iii) conformal covariants on symmetric, trace-free p-tensor bundles, especially one with
leading term 2
(iv) conformal covariants on differential forms.
Furthermore, theorems for uniqueness, existence and non-existence of conformal covariants, in
particular in dimension 4, are given.
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1. Introduction

The theory of conformal transformations of a pseudo-Riemannian manifold (M, g) plays
a fundamental role in questions of geometry and physics. The investigation of confor-
mally invariant differential operators and tensors on a conformal manifold is an active
area of research (see, e.g., [2 -7, 11, 12, 14, 16, 18 - 23, 25, 27, 29, 31, 34, 36, 37, 40,
41]). More generally, by a conformal covariant, we shall mean a universal polynomial
expression in covariant derivatives with coefficients depending polynomially on the met-
ric, its inverse, the curvature tensor, and its covariant derivatives which acts between
conformally weighted tensor bundles and is unchanged when the metric is scaled. The
Bach tensor in dimension 4 [1, 25, 37] and the conformally invariant Laplacian [43] are
the most basic non- trivial examples. The polynomial conformal covariants have a great
variety of applications, for example, in the representation theory of the conformal group
(see, e.g., [9, 31]), in the ”conformal extension” of the heat equation [10], in spectral
theory [8, 9], for Lagrangian formulation of both general relativity and conformal field
theories [1, 2, 16, 18, 40, 41], in describing massless fields and wave propagation in
curved space-times [2, 13, 25, 30, 32, 39, 42|. It is an important problem to give a
survey of all conformal covariants or, with less pretension, to give a method for gener-
ating special classes of conformal covariants. Some of these procedures and conformal
covariants are well known (see, e.g., [2, 5, 16, 19, 22, 40]). The existence of a family of
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conformal covariants on weighted functions with the leading part being a power of the
Laplacian is proved in [23].

In this paper we present a relatively simple derivation of explicit formulae for some
conformal covariants using a method given in [38], in particular, the notation ” conformal
covariant derivative” is fundamental. Most but not all invariant operators in flat space
admit a curved generalization.The basic reason for the non-existence in dimension 4 is an
obstructing Bach tensor expression. For example, a curved version of 0% in dimension
n > 5 was found in [38], but there is no curved version of 02 in dimension 4 (see [24]).
By means of our method we simplify essentially the proof of this result and give further
examples for the non-existence of curved analogues of flat operators.

The paper is organized as follows. In Section 2, the basic ideas and results of [27,
38] are presented. In Section 3 we give an extension of the conformally invariant Bach
tensor to dimension 6, some remarks on Euler-Lagrange tensors and state two unsolved
problems. In Section 4 we investigate the general structure of conformal covariants
with leading terms 0% acting on weighted functions by means of which one can derive
explicit formulae for these operators without excessive calculation. In particular, a
curved version of 0%, two second-order conformal covariants and a proof of the non-
existence of a curved analogue of (1% in dimension 6 are given. Furthermore, a generating
system for the set of all conformal covariants with leading term O3 is introduced.
Conformal covariants acting on symmetric, trace-free p-tensors bundles are generated

in Section 5. In particular, we derive a fourth-order operator 183(47]9) with leading term
02, For this operator the obstructing Bach tensor expression occuring in dimension 4
can be substituted by means of a suitable second-order operator. Finally, in Section
6 we consider conformal covariants acting on differential forms. A second-order and
fourth-order conformal covariant with leading terms O and D02, respectively, was found
by Branson [5] and the present author [40]. We present a new second-order conformal
covariant and prove that there is no conformal covariant on 2-forms with leading term
02 in dimension 4.

2. Conformal covariants

Let (M, g) be a pseudo-Riemannian C'*° manifold of dimension n (n > 4) and

Jab the local components of the covariant metric tensor

g™ the local components of the contravariant metric tensor
Va the Levi Civita connection

Raped the curvature tensor

Ruy = RS,  the Ricci tensor
R the scalar curvature tensor

Clabed the Weyl curvature tensor.

In the following we use the sign convention according to

1 d

ViuVyT. = —=R

92 abc.Td : (21)
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We consider linear differential operators acting on a space 7 of C*° tensor fields of
a certain type with (possibly) some list of symmetry conditions. Suppose that the
coefficients of these operators are polynomials in g,; and the partial derivatives of g
up to a certain order.

Let Dy, be the set of all polynomial operators of order less than k and D := |, D.
Then obviously D is an algebra [27, 40].

An operator D(g) € D is said to be of conformal weight w if under a uniform
dilatation of the metric gu, = €2?gqp with ¢ = const, D(g) transforms according to
D(g) = e*?D(g). Let D(w) be the set of all operators of conformal weight w. Then
D =&,D(w).

Definition 2.1. An operator D(g) € D(w) is said to be conformally invariant of
conformal weight (w,wp) on 7 (or shortly a conformal covariant) if a real number w,
exists such that under a conformal change of the metric

Jab = €2¢gab> ¢ € 0™ (M) (22)
D(g) transforms according to
D(g)[e**°%u] = e*“0)? D(g)[u] (2.3)

foralue T .

Remark 2.1. A zeroth-order conformal covariant is called a conformally invariant
tensor.

Examples.

(i) The conformal Laplacian

n—2

Dy :=V'V,— — 2.4
() n=1) (2.4)
is a second-order conformal covariant on functions with w = —1,wy = (2 —n) [43].
(ii) The Bach tensor
a b n—3 a b
Bi1i2 = vavbc.iliz. + mC.iliQ.Rab (2'5)
is a conformally invariant tensor of weight w = —1 if n =4 [1, 14, 25, 37, 39].

If D(g) € D(w), then under the conformal change (2.2) D(g) has a transformation
law of the form

m

D@l = 20 Do)+ 3 Peng ) Jlul - weT)  (26)
k=1

where the operators Py(wo,g,®) are k-homogeneous in the derivatives of ¢ up to a
certain order [27, 40]. D(g) is conformally invariant if and only if the conformal vari-
ation P;(wo, g, ¢) vanishes, i.e., for constructing conformal covariants it is sufficient to
calculate only "to the first order in derivatives of ¢” [27, 40].



342 V. Wiinsch

Let ¥(w) be the set of those elements of D(w) which contain only first order deriva-
tives of ¢ in their transformation law. Furthermore, let ¢ := @, ,9¥(w) and ¥y be the
subset of zeroth-order operators (i.e. tensors) of ¥. Then D(g) is an element of ¥ if and
only if P;(wq, g, ®) has the form

Py (w0, 9, ) := V,¢XD. (2.7)
Definition 2.2. The linear operator X7 defined on 9 by (2.7) is called the in-

finitesimal generator of D.

It is easy to show that X7 is a derivation, i.e. X7 obeys the Leibniz rule and
commutes with contractions.

Corollary 2.1. D € D is a conformal covariant if and only if D € ¥ and XD = 0.
If D € ¥, then we have in general V,D ¢ 9.
Definition 2.3. For D € 1 the operator

VoD :=V.D + P, X*D, (2.8)

where

1 1
Pup = —— ( Rup — =——— Ry, 2.
b n_2<Rb 2(n_1)Rgb) (2.9)

is called the conformal covariant derivative of D.
The following theorem holds (see [27, 40]):

Therorem 2.1.

(i) The conformal covariant derivative V, a derivation.
(ii) Vo : 9 — 0.
(iii) The ”Ricci identity” for ¥V, has the form

C

ViV D(u) = (C, Dlu])ay + V.,C.., “X7 Dlu] (2.10)

2(71 _ 3) aby.

where w € T and (C, D[u])qp is the term one obtains from the right-hand side of the
usual Ricci identity V(,VyD(u) := (R, D[u])q by substitution of R by C.

(iv) For D € d(w)

(X7, Vo] D[u] = {X7, Va4 — VaX"}D[u] = 2(w + w0)62Du] + AYD[u]  (2.11)
s valid where

AFY(T” km) - AZSTZJ b + AZTTU kb... + ...

a\tij...
vb km... vb km...
—ALT; ATy — ...
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and
AR 1= 5RO + 850 — guig™

(v) The algebra Vg is generated by the tensors

9%, gab, %(il %z C b (reN). (2.12)

T .iT+1iT+2).

(vi) Ewvery operator D € 9 can be represented in the form

D=> B®g v (2.13)
k=0

where V®) denotes {%(il . %Zk)} and B® €9y (k=0,...,m).
Examples. We have (see [27, 40])

X’yCabcd = 07 X’y%ac,%cd = (n - B)Clcdy %acbdef = vaC’bdef
%au = Vau, Bi1i2 = %a%bca- b X’sz'lig = 2(n — 4)VaCa- 7

4142, 1112,

X'Vou =2wodju+ Alu, VVyu=VVyu+ Py X"Vyu

o :=V*V,=VV, + %R on wp-weighted functions
n —_—

X700 = (dwp+n -2V =0 <= dwp=2—n. (2.18)

3. On the generalization of the Bach tensor

When Latin indices with subindices (e.g. i1,...,4,) appear in the sequel, we assume
that symmetrization has been carried out over the indices. We denote the trace-free
symmetric part of a tensor T" by T'S(T). Let S,.(w,n) be the set of all conformally
invariant, symmetric, trace-free tensors with weight w and covariant rank r. There is a

natural generalization Bi(lkil € Sa(w,n) of the Bach tensor Bg?i)z := Bj,i, in dimension

four to any even dimension n with w = 25% = —(k+1),k € Ny (see [3,19]). The tensor

Bfﬁl has only the linear leading term 0 (®) B; 4, (see [28]). Because of Theorem 2.1/(v)
the Weyl curvature correction terms

T® .— gk _[mp
1122 1112 122

are generated by the tensors (2.12). Obviously, we cannot expext the uniqueness of the

extension of |ch *) B
see [37]).

i1i, t0 a conformally invariant tensor for £ > 0 (in the case of k =0
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Problem A. Find correction terms 7T’ i(lkg for k£ > 0.
Theorem 3.1. The tensor

2(n — 4
+ {%?)))v C4 v 0%, — V0 v cbcw} (3.1)
+ ZczlabZQBab

is an element of S2(—2,6).
Proof. The Ricci identity (see (2.10))

1 1
T, :=—=C,3T) — —V,C" ,X"T, 2
V[avb] ZCabc. d 2(7’L — 3) \Y C.vab (3 )
and the Bianchi identity
v[aobc]ij + Tg gj[av|uc.%|bc] - gi[av|u03'|bc}] =0 (3-3)

imply

(n = 3) | O Chaij + 2V (q) VuCyji; — CudbaC™

.Z

- 4Gl
ub[i| |5] (3.4)

+2V 1 VuClipa + 49111 Bjjp) = 0

and
V EI ct

7«112

- |:| V 01;112 + QVaCamlC(kZ2)

a bk u a
+V C Cll’Lgk +4Cauzl \Y C kzg) (35)

+2C,5vecy o+ —3vlckauxk(vacu 5.

11%2.

Hence, on account of (2.11) and (2.15),

X7(0 Biyi,) = [X7,Va]V*Byyi, + VU[X7, Va] By,
— (n - 1O)V’YB7;11'2 + 4V11 B,Lzry + |:c| X’yBiliQ

= (n— 6)[3V" Byys, — 2V, B, — X7(T(Y)).

11122

Consequently,
X7(B{)) = (n—6)[3V" By, — 2V;, B, "]. (3.6)

1122

Remark 3.1. In dimension 6, the conformal tensor Bz(117;)2 has been already derived
in [28]. A generating system for Sa(—2,n) is also given in [28, 39]. In [39] one can find
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applications of the tensor Bi(lli)2 to the theory of Huygens’ principle in dimension 6 (see
also [36]).

Supposing a Lagrangian L to be an element of So(—4,n), by the action

6/L\/|det(gab)\d:r; - /Eab(L)égab\/]det(gabﬂ dz =0 (3.7)

an Euler-Lagrange tensor F,;(L) is defined, which has the properties [15,39]

n
Euw(L) € 80( -5 +L n> By (L) =0, g™Eu(L) =0, V°Eu,(L)=0. (3.8)

Example. n = 4, Ey(CijrCY*) = cBy, (c € R\ {0}) (see, e.g., [39]).
A conformal tensor T is called trivial if it is generated by {gus, 9°°, Cupea}-
In [28, 39] a generating system of Syp(—3,n) was found. The only non-trivial con-

formal tensors from Sy(—3,n) are multiples of

10 — 4(n — 2
So(=3,n) == 02 n [vucabcdvucabcd— (n—2)

(n—3)?

V,C"ev,C

.abc

(3.9)

2
-2 (D — R) Cabch“de.
n—1

Independently, the conformal invariance of Sp(—3,n) was verified also in [19]. The

tensor BO)

i14, given by (3.1) is not an Euler-Lagrange tensor, however in six dimensions

an Euler-Lagrange tensor F,;,(So(—3,n)) is a linear combination of B§1132 and further
conformal tensors of Sp(—2,6) (see [39]).

Problem B. Find non-trivial conformal tensors of Sp(w,n) if w < —3.

Conjecture A. For every even n (n > 4) there is an conformal Euler-Lagrange
tensor Wi(fi)z € So(—% +1,n) (k=252 € Ny) with the linear leading term 0 *Bili,-

4. Conformal covariants acting on weighted functions

C C

Let 7y be the set of all C* scalar wg-weighted functions and O = V*V,, |ch = V%V,.
The following theorem was proved in [23].

Theorem 4.1. Ifn is odd, then there is for each k > 1 a conformal covariant Doy,
of order (2k) with w = —k, 4wy = 2k — n and leading term OF. If n is even, then the
same result is true with the restriction 1 < k < %

Using the notions and results of Section 2 here we analyze the general structure of
D3y and present an algorithm for an explicit construction of Dy, which simplifies
those given in [23]. Relation (2.11) implies

<
2
Oe
=
Il
<
\_Q
<
Q
<
Q
Ooe
x>
L
_|_
<
=
<
VQ
<
8,
Oo
T
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where by := 4wy — 4k + n + 2. Hence, by induction,

c C C c C C c c
X'okF=pVviOort v b, O0VOFRF 24 4Ok
C C
= q,V'O* ! 4 a0, V)0 F2 (4.1)
C C C C k—3 C k—2 C C
+ar_o0[0,V]O +...+a,0%%[0,V]
c C c C C C

where [O,V?]:=0V?Y-V70 and

am:ZbT:m(4wo+n—2m) (m=1,...,k). (4.2)
r=1

We obtain by means of (2.10)

c c c 1 ¢ C c ]_ C
[O,Vv]a™= [BY, — 2(V,CLV, ]| X0 ™ = Frxeom (4.3)

n—3 n—3

C
if m>1and [0,V]0" =0 if m = 0.
Choosing a flat metric as a test metric we get from (4.1)

Lemma 4.1. Necessary for Do) to be a conformal covariant is

ap = k(4dwo +n —2k) = 0. (4.4)

In the case 4wy = 2k — n (see Lemma 4.1) one has
A = 2m(k —m) (m=1,...,k). (4.5)

Thus we have proved

Lemma 4.2. For every k > 1 and 4wy = 2k — n there holds

. [ L L )
Xka:{ZZW;m%—nﬁDk G, V™ i k> 3 (46)
0 ifk<2.

Now from (2.8), Theorem 2.1 and %CLB% = 0 we imply immediately

Lemma 4.3. The coefficients of all Weyl curvature correction terms of D gy — ok
which are linear with respect to the conformal covariant derivatives of the Weyl tensor
are up to real numbers conformal covariant derivatives of the Bach tensor of order p
with 0 < p <k — 2.

Conjecture B. For every n and k with 2k < n and n > 4 there is a conformal
covariant Do), which reduces to a* for an Finstein metric.

Examples.

(i) The operator
c n—2
Dy=0 =0 ——— 4.
(2) An—1) R (4.7)
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is the only second order conformal covariant on 7y with w = —1,wy = 2 —n and leading
term O (see, e.g., [40, 43]).

(ii) If £ = 2, then we get X 702 = 0 from Lemma 4.2. Consequently, a fourth-
order conformal covariant on 7 with w = —2, 4w = 4 —n and leading term 02 has the
form .

Dy =0 2 4 coCupeaC?0c? (co = const). (4.8)

The operator 02 is exactly that conformal covariant which S. Paneitz introduced in
1983 [33]. The proof of the uniqueness is very easy (see, e.g., [40]).

(iii) If £ = 3, then because of

X700 = (dwp + 1 — 2V =4V

c c c (49)
X’YTS(Vil Vm) = (4 — n)TS((S?l VZQ)
we have .
X"(O?® =4[0,V]O
16 c c c
= (B — 2V, C"* V]V,
s (4.10)
16 1 c e :
— B — —— XV(B%)V ]va
n—3 [ n—4 ( Vo
16 c c
= — X7(B®V,V,).
(n—3)(n—4) (BTViVa)
Hence, the sixth-order operator found by the present author in [40]
C 16 C C
DY, =03 B*V,V 4.11
(®) T 39 ’ (4.11)
is for n > 4 a conformal covariant on 7y with w = —3, 4wy = 6 —n and leading term 3.

If n = 4, then B®V,V, is a second-order conformal covariant on 7. On account of
Lemma 4.3 it is easy to see that cB*V,V,, with ¢ = const is the only possible curvature
correction term of Dgﬁ) with a linear coefficient. As a conclusion, there is no operator

D) such that
XV (Dg) — 0%) = —16[B7 — 2V,,C17, ]V,

in dimension 4. Thus, by means of the method given in Section 2, we obtain a simple
proof of the following theorem due to Graham [24].

Theorem 4.1. Ifn = 4, then there is no conformal covariant on Ty with the leading
term O3.

Theorem 4.2. The following operators are second-order conformal covariants on
To with w = —3 and 4wy =6 —n (n > 4):

< a e 1 a e c
Dy =V, H %o CPIT — 17 bood ngdef} Vb}

(n—4)(n—6)
4(n — 3)?

D%y, = 2(n — 10)V,[C*" Cyye V] + (n — 6) O [Cuapae O] (4.13)

Vo CI,C%, (4.12)
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Proof. From (2.11) and (4.9), it follows after a straight computation

X {%a [{ defcbdef 4gabcgdefcrgdef} %b} }

_ (n_4)(n_6) adef ~Y
=gy Vel g

(n —4)(n —6) a bde
T X7 [VaC% ;VsC* ],

hence XVD%Q) = 0. The proof of XVD(QQ) = 0 is analogous il

Corollary 4.1. FEwvery sizth-order conformal covariant on 7y with w = —3, 4wy =
6 —n (n > 4) and leading term O3 has the form

Dgy = D{gy + 1Dy + c2Dlyy + S (4.14)
with
S = d1So(—3,1) + doC*f Ceqr C.°%, + d5 0,02 .Y, (4.15)

were c1,c2 € R and dy,ds,ds € R.

Proof. It is easy to see that the operator D?G) — D(g) can only contain the (linear
independent) curvature monomials from D(12), D(QQ) and S. Now, from Lemma 4.3, The-
orem 4.2 and the fact that Sp(—3,n) is generated by the monomials of (4.15) (see [18,
28, 39]) the assertion follows il

Theorem 4.3. The following operator is for n > 5,n # 6 a conformal covariant

on Ty with w = —4,4wy = 8 —n and leading term O :
D(g) — |:C| 4
b pd 6,8 4 (SRS, 6
(n—3)(n—4) “ “
48 c c <
0 B)WV,V
T g)m_g) BBV
. 192 [V Cuedav C % Cuaed% Cub }% %b
(’I’L— )( 6) u~ L. vv. .ed a
96(n — 8) dbp v 96 bd o .
_ C* B V.,V — B> (V,C"y")Va
(n_ )( 4) n — ) dv Vb (n—3)2 (V .bd.)V
24(n —2)(n — 8 b
— B B,
(n—3)*(n—4)?

Proof. Supposing (4.4), i.e. 4wy = 8 —n, from Lemma 4.2 and (4.3), (4.5) there
follows

X804 =80[0,v]d +6[0, V)02
2

i [40 (FyX°0) + 3F X0 2]
_ n4_83 (8 (F*V,) + F19v,0].
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Now, we have to compute the action of X7 on all Weyl curvature correction terms of
D s), using relation (2.11). For example, we obtain

X(B®V,V,0)

— X7(B®)V, V0 + Bab[[XV, Vo]Vl + Va[X7, V3]0 + VaV, X0

— 2(n — 4V, CUDIV VT 4 (2 — n)BYV, 0 + 6BYV,V, V.
Substituting O By by Bé? (see (3.1)) and using (3.6), one finds

X"(BOVIVY) = (n — 6)[3VIB® — 2V BV, V, + (6 — n) BTV

In an analogous manner one computes the other actions. Using successively identity
(2.10), for example

TS[8V,, Vi, — Vi, 0 V4]
- 2(5 B n) v

c c c n—3y8
— CoiriF Vi, —2C% V.V — =———=DBii, ,
n_3 aryty. k 1112, k 2(n_3) 142

one verifies after length straight computations the assertion X7Dgy =011

Corollary 4.2.
(i) If n =6, then
(1) Gaxb
B,/ V'V (4.15)

is a second-order conformal covariant on Ty with w = —4 and wy = ; (see (3.1)).

(ii) If n = 6, then there is no conformal covariant D gy on Ty with leading term 04,

Proof. Assertion (i) follows multiplying D) by (n — 6), using (3.1). In order
to prove assertion (ii) we remember that by Lemma 4.3 the linear coefficients of the
correction terms of any operator DZ‘S) are conformal covariant derivatives up to second
order of the Bach tensor. It is easy to see that the operator Dg) of Theorem 4.3
contains all possible conformal covariant derivatives of B, (including the zeroth order

derivatives). The real coefficients of all monomials of D g are determined uniquely. In
particular, the term

48[(n — 3)(n — 6)]"1(0 B®)V,V,
cannot be substituted by other ”linear” terms. Consequently, we obtain assertion (ii) B

Conjecture C. There is no conformal covariant on Ty with leading term OF in
even dimension n with n < 2k and k > 2.
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5. Conformal covariants acting on symmetric, trace-free

tensor fields

Let 7, be the space of all symmetric, trace-free C>°-tensor fields of covariant rank p.
In [40] the following theorem was proved.

Theorem 5.1. The operator D5, defined on T, by

c 4p c Ly
D ip T eip =~ T o o i
Doyl = 5 ., = g Vs VP )
4p<p—1> (5-1)

C k‘ C
m
gilizv V ukmig...ip

(n+2p—2)(n+2p—4)

is a second-order conformal covariant with w = —1 and 4wy =2+ 2p —n (n > 4).

Remark 5.1. Explicitly, we have

c n—2
Oujy 4, = |0 — <R w4

c c. .
v’ilv Ukiy...ip, = vuv Ukiy...i

Theorem 5.2. If n+ 2p > 6, the operator D4y, defined on T, by

Daplu)is s,

. 9 c c c c & <. C
=TS {E‘ Wiy i, + a1 0 Vi Vi, i) + a2V Vi, VO Ugpiy i,

+ C4

RERDY

< S ok abk .
{a3|:| Uabis...i, T a4VaV ukbig...ip} +a5C; " Vi, Victabis...i,,

C C C
uab
+ VuC,,, {CLGvaubig...iP + a7Viylais...i, + a8vi2uabi3...ip}

+ a9V CY VUi ) + alOB@qluaig...ip]
with
a; = —% )
T+ 2p

,— ol —1) >

(n+2p)(n+2p—2)

1 —4p(p-1)

a3 = ——a5 = ——— =~
2 n+2p—6 J
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~ —=8p(p—1)(n+2p—12) )
(n+2p)(n+2p — 6)
4p(n — 2p — 2)
ag —
(n—3)(n+2p—6)
g — B _ —4p(n —4)
- (-3 +2p-06)
e —4p(p — 1)(n® 4 2np — 12n + 24)
T (n=3)(n+2p)(n+2p—6)
2p(n — 6)
aio =
(n—3)(n+2p—6) )
is a fourth-order conformal covariant with w = —2 and 4wy = 4 + 2p — n.

Proof. In the following the relation 7 =T5 means TS(Ty —T3) = 0. From (2.11)
there follows (see also [35] and [40: p. 277])

XW(E‘ 2ui1...ip)

Z([X7, Vo]V + VOXY, Vo)) 0 + 0 ([X7, V]V + VO[X7, V,]) b, s,

= 2(4&)0 - 2p +n— 4)ny|:c| Uiy ...ip — 4p|:c| (5?1Vdud¢2‘__¢p -

+ (dwo —2p+n — 2){EC| %7 - %75 }Uil...ip — 2p{|:c| %il

%iluv )

R
C

C
_ V. Y
Vi, O }“.z‘Q...z‘p

c C C C
+ de;yl{D Vd — VdD }ud’ig...’ip;

= (X7, Va]V* + VX7, Vo)) Vi, VIasy. i, + 0 X'V, Vi, i,
= (2wp —p — 1)5?1 0 Vkukz2 iy
(2wo +n —2)0 Vi, = 2p— 1)0], Vi, VaVyut,

and

ab

X7 (Vh viQ vavbu..ig...ip)

Vi, Vi, Vo) o+ (dwo — 2p+n — VIV, Vi,

i2 Vo Upig. iy
C C

571V[1Vi2]vku’“l~ iy 2(67Vz‘1 - vilvw)vkui@...ip'

ky

= (dwo — 4p +n — 2)d; V;,V Vbuf’jl;&”ip + (dwo +2p+n — G)Vilvizvku”igmip.

21 12 a

Now we have to compute the action of X” on all Weyl curvature correction terms of
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D4 p), using relation (2.11). For instance, we obtain

(Ca bD Uabis.. zp)

1112

C
- CC;,17,2 |:(4w0 - 2p + n— 2)v uab'lS 7« - 463vkukb232
+ 4vau,,7iamip —2(p — 2)6;, vku(;bmmip +2(p — 2)v Wois iy

In an analogous manner one computes the other actions. Using 4wg +n —2p—4 =0
and successively identity (2.10), for instance
C

(|:0| %’7 - V’YI:cl )uilmip = 2(%@% ]%a + %a%[ %’y])uh i

(n_2)v o 7

n — 3 7a21 ’1,2 ’Lp

P

= —2pC ab V 'Uzbzz Zp +

S
one verifies after lengthy straight computations the assertion X7 D4 ) =0}

Theorem 5.3. Ifn+ 2p > 6, the operator D ) defined on T by

S

(D pul)iy..ip =TS [C’wad (VaViudi,..i) — 2b1vigvduabi3‘..ip)
+ blC‘;m (IZC| Uabis...iy — 2V VFUkbis.. i)
+ V C*% (b2V iy Uabiy...i,, + b3Vallpiy. i) + b1 Volaiy. i)

+52V Clli” ayk Ukais...ip +b5Bflua¢2...z‘p}
with
Bo=(n+2p—6)""
B =[4(n—3)]"" 6o }
and
by = (1—p)Bo )
by =4(p—1)(n—4)5
b3 =2(n —4)(n+2p—2)6
by = —4(n — 4)(n + 2p — 5)f1
bs=(n—6)(n+2p—4)51 )
s a second-order conformal covariant with w = —2 and 4wy = 4 + 2p — n.

S
Proof. The operator D’("2 ) is a linear combination of the Weyl curvature terms of

D(4 p) and the term T°S[C; “de Vbudz2 .i,)- Using 4wp +n —2p —4 = 0 we obtain
X (C, N, Vi, i) (p — 1) [531 O, gy, ) — C°

A1t2.

+ (n = 3)C;! “’”v allbiy..i, — ECif,ijbu.aiQ...z’p

and after lengthy straight computations one verifies the result X7 D(2 p) = on



Some New Conformal Covariants 353

Remark 5.2. The operator 157’(“2’1) has been found already by Graham [24]. Only

*

S S
if n =4 and p = 1, Bach tensor expressions obstruct the existence of D 1) and D (2,1)"

S S
However, by means of D’(k2 1) one can substitute the Bach tensor expression of D4 1)
such that one obtains a conformal covariant also in the critical case n = 4 and p =1 by

a suitable linear combination of D(4,1) and D{, ;) (see also [24]).

C C
Lemma 5.1. The operators TS [Vil o Vikuikain} are conformal covariants on
S

T, withw =0 and 2wy =2p+ k — 1.
The proof is a direct consequence of (see [42])

X TS|V, ...V | = k[2wo — 2p — k + 1TS[67 Vi, ...V

ikuik+1...’ik+p ikuik+1...ik+pj|'

Corollary 5.1. A symmetric, trace-free tensor E;, from 9q is conformally

invariant if and only if the operator

it

C

Eil"'ikﬂ’vil . Vzk Wip . (52)

..ik+p
18 a conformal covariant with 2wy = 2p + k — 1.

Proof. The first part is a consequence of Lemma 5.1. Conversely, since the deriva-
tives of u;, .. ;, at any fixed point can be chosen arbitrarily, the assertion X7 E*%+r = ()
follows from the conformal invariance of (5.2) l

Corollary 5.2. The nonlinear operators T(;, ) defined on T, by

C C

Tyop[u] = (TS[V .. Visgierr-ic)) [y . Vi,

~-ik+p:|

are conformal covariants with 2wy = 2p + k — 1.

6. Conformal covariants acting on differential forms

Let AP(p > 1) denote the space of all p-forms of class C*°. When ay,...,q, appear in
the sequel, we assume that alternation has been carried out over these indices. Branson
found in [5] a second-order conformal covariant Ds , on AP with w = —1, 4wy = 2+2p—n
and a fourth-order conformal covariant Dy, on AP with w = —2,4wg =4+2p—n (n >
4). The operator Dy, differs only by a real factor to the conformal covariant D4 p)
constructed by the present author in [40] by means of the method given in Section 2.

We have Dy 1) = —”T“D(4,1) (see Theorem 5.2).

As for Dy and D(4,1), a Bach tensor expression of the form

C(n’i) BaﬁquQ.“ap Wlth C(n’p> < R \ {0} (61)
n —

obstructs the existence of D4 p) in dimension 4 (if p = 1, see Remark 5.2).
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Problem C. Is there a fourth-order conformal covariant on A? with the leading
term 02 in dimension 4?

The proof of the following theorem is analogous to the proofs of Theorems 5.2 and
5.3.

Theorem 6.1. Suppose thatn > 4,2p #n+6 orp=2,n =4. Let D2‘2 v) be the
operator defined on AP by

(Dzﬂ2,p) [u])a1~..ap = Calc,bl_)(,i (vavbudag...ap +2c1Va, Vaubdag,...ap)

c c c
+ clc ab (D uabag...ap + 2vavkukba3...ap)

a1 Q. .

c c c c
bd b
- 4clva1 Ca;_ . vaubdag..‘ozp + C2va1 (vuc,uaza, ,uabag.‘.ap)
c

c c c
b k
+c3 (vuc,zfm_(,l Vaguabag...ozp + Vucua \% ukaag...ap)

BN Ne D]

c c c
uab
+ vuc . (C4vbuaa2...ap + C5vaubag...o¢p)

(63}

c c
a ab k
+ CGBal,uaag...ap + C7Ca1a2 Vagv Ukabay...ap

where
_ 31 )
(1= ——"—"
2(n—2p+6)
2(n—2
2= (n ~3 ‘o
n
€3 = " — 301
. _6(1—-p)+B—n)(n—2p+6) \
! (n—3)(n—2p +6)
. n
o 2(n —3)
(=202 1)+ (0= 6)n—2p+6)
6 4(n—3)(n —4)(n — 2p + 6)
Cr = 0. )
Then D7, | is a second-order conformal covariant with w = —2 and 4wy =4 + 2p — n.

(2,p)

Remark 6.1. As expected there holds DZ‘QJ) = 15?2‘2’1). As already noted, one can

annihilate the obstructing Bach tensor expression of D4 1) in dimension 4 by means
of D>(k2,1)'

n(n—2)
4(n—3)(n+2)*
p = 2 and n = 4. Consequently, the obstructing Bach tensor expression (6.1) of D4 o)

cannot be substituted by D2<2,2)'

If p = 3, then we have an analogous situation. If p = 2, we have ¢ =

Hence, the operator Dik2,2) is a regular operator in the important case

Theorem 6.2. If n = 4, there is no conformal covariant on A? with leading term
02,
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Proof. Under consideration of (3.2) and (3.3), it is easy to see that the operator

DE“2 ») contains all possible curvature monomials if w = —2 and 4wy = 4+ 2p — n

(modulo trivial order zero actions of the Weyl tensor). Furthermore, the real coefficients
of Df, 1y and D(4,p) (see [40]: p. 279]) are determined uniquely. Now the fact that the
obstructing Bach tensor expression (6.1) of D4 o) cannot be substituted by Da 2) implies
the assertion il
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