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Local Existence of the Solution to the
Initial-Boundary Value Problem in
Nonlinear Thermodiffusion in Micropolar Medium

J. Gawinecki

Abstract. We prove a theorem about local existence (in time) of the solution to the first
initial-boundary value problem for a nonlinear hyperbolic-parabolic system of eight coupled
partial differential equations of second order describing the process of thermodiffusion in a
three-dimensional micropolar medium. At first, we prove existence, uniqueness and regularity
of the solution to this problem for the associated linearized system by using the Faedo-Galerkin
method and semi-group theory. Next, we prove (basing on this theorem) an energy estimate
for the solution to the linearized system by applying the method of Sobolev spaces. At last,
by using the Banach fixed point theorem we prove that the solution of our nonlinear problem
exists and is unique.
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1. Introduction

In this paper, we consider the initial-boundary value problem (with Dirichlet boundary
conditions) for a nonlinear hyperbolic-parabolic system of eight partial differential equa-
tions of second order describing the process of thermodiffusion in a three-dimensional
micropolar medium (i = 1,2, 3):
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520
(VU 91,92)81591 - CL (VU 91,92,V€1,V92)8 81.’135
0u; o0
elo(Vu, 01, 02) 5 Ua + d(Vu, 01,02, V0,,V0,) 8; o} (1.3)
n(Vu,01,05)8,02 — a2 5(Vu, 01,0, V61, V) 9°6,
1,V2)0tU2 1,Y2, 1, 2 3xaax5
du; o0
+ 2, (Vu, 01,02) 5 — 5 + d(Vu, 0,05, V0;,V0,) (,%1 = Q.. (1.4)

Here we use the notations:
u=u(t,z) = (u1(t,z), us(t, ), us(t, x))* — displacement vector of the medium
v =p(tx)= (gpl(t, x), pa(t, x), s(t, :1;))* — microrotation vector
01 = 0(t, x) — temperature of the medium
0y = Oo(t,z) (t € R{,z € Q) — chemical potential
Q) ¢ R? — bounded domain with smooth enough boundary 05
Vu = (O1u, 0ou, 03u), Vi = (01, O2p, 03¢) — gradients of u and ¢
Vb, = (0161, 0204, 8393) Vb, = (0102, 0205, 0103) — gradients of 6; and 05
6t:—tand3 7 (=1,2,3)
f=ftxz) = (fi(t,z) f2(t, 2) f3(t, :E))* — body force vector
Y =Y(t,z)= (Ya(t,z),Yi(t, z), Ya(t, ), Y3(¢, x))* — body couple vector
Q1 = Q1(t,z) — intensity of heat source
Q2 = Q2(t, ) — intensity of the source of diffusing mass.
Further, * means transposition, the nonlinear coefficients
Qij, 611(1, 6%, diajg, Qij, a}w, c, é}a, d, n, aiﬁ, Ciajp
depend from unknown functions and their gradients, and the symbol € (j,1,k) is
defined by

| +1 when the permutation of the indexes j, [, k is even (1.5)
“ik =1 ~1 when the permutation of the indexes j, [, k is odd. '
We will pose initial conditions
u(0,z) = u’(x) (D) (0,2) = u' (z) (1.6)
(0, 2) = ¢°(x) (9ep)(0,2) = ' (z) (1.7)
61(0,z) = 67 (x) 02(0, ) = 65(x) (1.8)
with given data u®, ©°, 69 and u', ¢!, 09, and boundary conditions (conditions of Dirich-
let type)
u(t,)|on =
t,- =0
o(t,-)|on (1.9)
01 (ta )|8Q -
O2(t, )0 = 0
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Putting in system (1.1) - (1.4)

Ciajs = Map + (X + 11)ds;

i =20, 0y = 4a, E}a = Y10, (‘:fa = Y20;q

diajp = (v +€)0ap + (B + 7 — €)di; (1.10)
Ao =0ap, 0og=kbap, Gap=Dduas

c =const, d = const, n = const

we obtain from (1.1) - (1.4) the linear hyperbolic-parabolic system of equation describing
the process of thermodiffusion in micropolar medium (cf. [14, 17, 18]).

The initial-boundary value problem for the linear system of equations describing
the process of thermodiffusion in micropolar medium was investigated by W. Nowacki
[17] using the method of integral transformations. In the paper [5] a theorem about
existence, uniqueness and regularity of the weak solution to the first initial-boundary
value problem for the linear hyperbolic-parabolic system of thermodiffusion in micropo-
lar medium was proved applying the Faedo-Galerkin method in suitably chosen Sobolev
spaces.

The nonlinear hyperbolic-parabolic system (1.1) - (1.4) describing thermodiffusion
in micropolar medium has not been investigated up till now. The aim of this paper is
to prove a local existence theorem in the class of smooth functions with respect to the
time variable and taking values in suitable Sobolev spaces with respect to the spatial
variables.

For first order hyperbolic-parabolic systems local existence for the Cauchy problem
has been studied in [9] and [24]. For the initial-boundary value problem in R? there
are results for systems with first order hyperbolic part with non-characteristic [22] or
special characteristic boundary and admissible boundary conditions in the Friedrichs
sense for bounded domains [12]. In [8] hyperbolic-parabolic systems in both bounded
and unbounded domains with first order hyperbolic-parabolic part were studied. Some
results devoted to existence (local in time) of solutions to initial-boundary value prob-
lems for quasi-linear hyperbolic-parabolic systems of first order were obtained in [20]
using a method different from ours.

In our investigation, we use semigroup theory, methods of Sobolev spaces and energy
estimates, and the Banach fixed point theorem. The paper is organized as follows: In
Section 2 some notations and facts from the theory of Sobolev spaces are presented.
Section 3 is devoted to the formulation of the main theorem (Theorem 3.1) of the paper.
In Section 4 we prove an energy estimate to the linearized system of thermodiffusion in
micropolar medium associated with the nonlinear one. Finally, in Section 5 the proof
of the main theorem is presented.
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2. Basic notations

We shall use the notations

0
Oz,
0% = 071052053 (la] = a1 + a2 + as).

aj_ (3217273)

For 0 < m < oo we denote by H™(Q2) and H{*(2) the usual Sobolev spaces with norms
| |l [1]. For 1 < p < oo we denote by LP(£2) the Lebesque function space on € with
norm || - ||z». However, the norm and the inner product in L?({2) are denoted by || - ||
and (-,-), respectively. For any integer N > 0 we denote

= (8]0gu; j+|al = N)

= (907u; j+lal <N)
DNu = (0%u; o) = N)
DNu = (0%u; |a| < N).

T

If f € X for a space with norm | - || x means that each component fi,..., f, of f isin
X, then

Ifllx =fillx + - 4 I fnllx-

For any 0 < m < oo and T" > 0 we also use the notation

ulm,r = sup_[[u(t)]m
0<t<T

where || - ||o denotes || - ||

3. Main theorem

In this section, we formulate the main theorem about local existence (in time) of the
solution of the initial-boundary value problem to the nonlinear system (1.1) - (1.4).
Before starting its formulation we notice that under the assumption cn — d? > 0 we can
convert system (1.1) - (1.4) into the following form:

0%u; 0P
Otu; — ijﬁ(VU,V%el,@z)axaaijﬁ o (Vu, Vo) ejie—m— o2,
00 00
+E%Q(Vu,91,92)ﬁ + & (Vu, 01’02)8:132 — (3.1)
0%y,
825290%’ - diajﬁ(vua V,01, 92)%
_ 0uk
+0a;;(Vu, Vo), — aij(Vu, Vo) i =Y; (3.2)

Oy
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020
0101 — alls(Vu, 01,05, V61, V) P alm
020
—a.%(Vu, 01,0, V), V‘)?)axaaiﬁ =
1 a2uz
Cm(Vu, ‘91, 92, V01, Veg) Oz Ot + g1 (V'U,, 61, 02, V91, V@Q, t, l‘)
020
0102 — a2l (Vu, 01,0, V6,1, V6s) o~ a;@.
020
_29 2
_aaﬁ(Vu, 91, 92, V@l, ng) axaaxﬁ —
2 82Ui
Cm(Vu, ‘91, 92, V@l, V@g) Oz Ot + gg(Vu, 91, 92, V01, V@Q, Z, t)

where, denoting § = cn — d?,

af — 5aozﬁ C_Li?ﬁ = —gaaﬁ
d c
21 2 ~22 2
Gap = = 5%p Gap = 5%p
Cl dé?a _ nczla _ an - dQQ
o T K - K
C? del, — cc?, gy = Qon — dh
o T 5 2 ) :

Now we formulate our main theorem.
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(3.3)

(3.5)

Theorem 3.1 (Local existence in time). Let the following conditions be satisfied:
1° s> [2] 4+ 4 =5 is an arbitrary but fized integer.

20

OF £, 0FY;, 0F Q1,0 Qs € CO([0,T), H*275(Q)) (k=0,1,...

O 5,057, 0,7 Q1,071 Qo € L2([0, T, LA(Q)).

3° There are three constants ~y1,7v2,7vs such that

(Caﬁgagﬁnﬂﬁ > 71‘5‘2|77’2
(daﬁgaéﬁnﬂﬁ 2 72|f|2|77|2
(@apalp, ) = 3l |7]?

fO’I" 5 = (51,52753)777 = (771;772;773> € R3 and 7_) = (ﬁlaﬁQ) € RQ: where

Caﬁ = [Ciajﬁ]7 daﬁ = [diajﬁ] (27] = 17273)7 &aﬁ = [ag@] (27] =

de Cs_l(R”) and c¢,n € C'S_l(Rn)
CiajB> Qijs Cios Cony dinjp, Qij € C°7H(RM)

ST o den g i
Ciajp = Cipias  (iajp = djpias  Ogp = Upq-

85— 2)

1,2)
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4° The initial data u®, %, u, ', 09,08 shall satisfy
u’, 9,600,605 € H*(Q) N Hy (%)
ut, ' € HS7H(Q) N HE(Q)

/

for x € Q and the compatibility conditions:
uF e HTFQ)NHI(Q) 2<k<s—1)
u € L3(Q)
oF e HF Q) NHLH Q) 2<k<s—1)
p* e L*(Q)
0F c H RN HNQ) 1<k<s5-2)
0;71 € L2(Q)
05 c H R Q) NHNQ) 1<k<s5-2)
0571 € L*(Q)

k k
where uF = %(2"), B o gf,? ) ,OF = % 05 = 8%+§?”) and they are
calculated formally (and recurswely) in terms u®, ul, ¥, o1, 08,02, using system

(3.1) — (3.4).

Then for sufficintly small T > 0 there exists a unique solution (u, p, 61,0s) to the initial-
boundary value problem (1.1) — (1.4), (1.6) — (1.9) with the following properties:
ueMZ1C*([0
Ck:

154 (9) 1 1(9)
o € MIACH(0,T), B (@) N HY ()
Oju € C’O([O T], 2(Q))
dip € C°([0,T], L*())
01 € MZ2CH (0, T), H*H(Q) N HY ()
971601 € C°([0, 7], L*(2))
9; 'V, € L*([0,T], L*())
02 € MZ3CM (0, 7), B 7H(Q)  HY(Q)
9710, € C°([0,T], L*(2))
9y 'V, € L([0,T], L*(9)).
The proof of Theorem 3.1 is devided into three steps:

17,
17,

1° Proof for the linear system of equations obtained by linearization of system (1.1)
- (1.4) in the cases of of

a) two linear hyperbolic systems of equations
b) one linear parabolic system of equations.
2° Proof of an energy estimate for these systems of equations.

3° Proof of existence and uniqueness of the solution of the initial-boundary value
problem to the nonlinear system of equations (1.1) - (1.4) by applying fixed
point theory.
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4. Energy estimate

4.1 Linearized system of thermodiffusion in micropolar medium. In this sub-
section, we shall investigate three initial-boundary value problems for two linear hyper-
bolic systems and one linear parabolic system. These systems arise from the linearized
system of equations (1.1) - (1.4). So we shall investigate the solvability of the following
problems:

1° The initial-boundary value problem for the linear hyperbolic system of equations
62Uj

0x,0z3

= h;(t,x) ((t,z) €[0,T] x Q; i =1,2,3) (4.1)

Oz
1( )} (4.2)

Ofui — Ciajp(t, @)

with initial conditions

and boundary condition

ui(t, )|aQ =0 (t € [O,T]). (4.3)
2° The initial-boundary value problem for the linear hyperbolic systems of equations
Ofpi — dinjp(t, ) O¢i  _ ki(z,t) ((t,z) €[0,T] x Q;i=1,2,3) (4.4)
t ] I 8xaaa€5 9 9 9 ) <
with initial conditions o
7 ,33 = i X
i sol( ) (4.5)
(Orpi)(0,2) = @ (x)
and boundary condition
gDi(t, )|aQ =0 (t € [O,T]). (4.6)
3° The initial-boundary value problem for the linear parabolic system of equations
0%0, 020,
0401 — alL(t, 1) ———— — al%(t, x) ———— = g1 (¢ 4.7
tV1 a’aﬁ( ’x)al‘aal’ﬁ aozﬁ( ’x)al'aal‘ﬁ gl( ,JJ) ( )
0%0, 020,
Oy — a2L(t, x) ———— — a4 (t,0) ——— = Ga(t 4.
at 2 aa,B( ,m)al’aamﬁ aa,@( ’x)ﬁxaamﬁ 92( 7:17) ( 8)
with initial conditions o
0,(0,x) = 07 (x
{(0:0) = () o
02(0,2) = 05(x)

and boundary conditions

Hl(tv )|8§2 =0
ba(t, oo = 0} (t €10, 7])- (4.10)

4.2 Energy estimate for the solution of the initial-boundary value problem
for linear hyperbolic systems. At the first step, we start with a results on the
existence of the solution to the initial-boundary value problem (4.1) - (4.3).
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Theorem 4.1 (Existence, uniqueness and regularity to problem (4.1) - (4.9)). Let
the following assumptions be satisfied:

1° s> [%} +4 =5 1is an arbitrary but fized integer.

? Ciajp € C°([0,T] x Q) N L>®([0,T], L=(%))

Dy iajs € L7([0,T), H*~2())
Oy Cinjs € L®([0,T), H17F(Q)) (k=1,...,5—1).

3° Cinjp = Cjpia for (t,x) € [0,T] x Q, and if u € H} (), then

_ 5’u 8uz
fulf < 30 { (cuags(® 52 525 ) + hul?

fort € [0,T] where vy > 0 is some constant.

4° Ciajp 85 g;ﬁ € H*(Q) for a.e. t € [0,T], and if u € H}(Q), then u € HT2(Q)
" ullers < ([ ~Grass®) =]+l
u —Ciaj u
E+2 > 71 e 890&89%

(0 <k <s—2) fortel0,T] where v; > 0 is some constant.
5° 0Fh € CO([0,T], H*=27K(Q)) (0<k<s—2) and 9] 'h € L?([0,T], L*()).

Then there exists a unique solution u = (u1, u2, us)* of problem (4.1) — (4.3) with prop-
erties
d;u e C°([0,T7, L*())

Ou e CO>[0, T, H* *(Q)NHg(Q) (0<k<s—1). (4.11)

Sketch of proof. The proof follows from theorems of semigroup theory (cf. [7,
16]). We can convert problem (1.1) - (1.4) into an equivalent (evolution) problem of the
form

o0V +AV =F (4.12)
V(0,z) =V(x) (4.13)
where

V= (Ul,UQ,Ug,atU1,atU2,8tU3)* (414)
V(0) = VO = (uf, u3, ug, uj, uy, uz)” (4.15)
F=(0,h) (4.16)

0 —1
At) = _ 2 , 4.17
Q (—ijﬁaxf—axﬁ 0 ) (4.17)

the operator
A: D(A) — Xy (4.18)
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being defined by (4.11) with the domains

D(A) = H*(Q) N H}(Q) x Hy(Q)

, 0 (4.19)
Xo = H2(Q) x LA(Q).

Next we show that in terms of definition (A, Xy, D(A)) is a CD-system. To show
that A(t) satisfies also the other conditions of [7: Theorem 2], we introduce a double
scale of real Hilbert spaces X; and Y; defined by

X; = HTH(Q) N H(Q) x H (Q)

Y, = HOVQ) 0 Q) < @) N Hy@)

with Xg = Yy and equipped with usual norms and inner products. At last, the desired
regularity follows from [7: Theorems 1.2 and 3.3] i

Now, we formulate an energy estimate to problem (4.1) - (4.4).

Theorem 4.2 (Energy estimate to problem (4.1) - (4.4)). If the assumptions of
Theorem 4.1 are satisfied, then the solution of problem (4.1)—(4.3) guaranted by Theorem
4.1 satisfies the inequality

|D*ulf p < KoKqef2¢™) (4.20)

with positive constants Ko, K1, Ko where
s - ~ ) T ~
Ko=> [lW*2_ + 1+ T)D**hl§ 7+ T> /O 107~ h(t)||*dt,
k=0

Ky = K1(Lo,v0,7) and Ko = Ko(L,70,7v1) depend continuously on their arguments

where B B
Lo = ||Ciajp(0)[| Lo + | D2Ciajp(0)]s—3

s—1
L= sup |Ciajs(t)lloo + |Datiajsls—21 + ) 10F Ciajsls—1-w1
0<t<T 1
and . . ,
§T)=T3(14+T24+T+T3). (4.21)

Skech of proof. Differentiating (4.1) (n — 1)-times (1 <n < s—1) formally with
respect to t, multiplying by 0/'u; and then integrating over (0,¢) x 2, using integration
by parts with respect to x, the Schwartz inequality, Friedrichs mollifier (in order to
estimate 0;u(t,x)), and the assumptions of Theorem 4.1, we get

ID*u(®)[I* = C(L, 70, 71) Ko

i 1 L. (4.22)
+ C'(L,%,%)(l +T2+T+ Tl> / | D?u||*dT.
2/ Jo

Applying the Gronwall inequality to (4.16) we get immediately the energy estimate
stated i
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At a second step, we start with the formulation of a theorem about the existence of
the solution of the initial-boundary value problem (4.4) - (4.6). Namely, we have

Theorem 4.3 (Existence, uniqueness and regularity to problem (4.4) - (4.6)). Let
the following assumptions be satisfied:

1° s> [%} +4 > 5 is an arbitrary but fixed integer.

z diajs € C°([0,T] x Q) N L>*([0,T], L®(Q))

Dodinjs € L2([0,T), H*72(Q)) (k=1,...,5—1)
afdiajﬁ - Loo([O,T],HS_l_k(Q)).

3° dinjp = djpia for (t,z) € [0,T] x Q, and if p € HE(Q), then
- 0p; Op;
2 < / dla t J g 2
lelli <o K s )_axﬁ’ o) T el

forte [0 T] where vy > 0 is some constant.
4° dzajgam a5 € H*(Q) for a.e. t €[0,T), and if ¢ € H3(Q), then p € H*2(Q)

and
+Hw0

(0<k<s—2) fortel0,T] where~; >0 is some constant.

D%p;
0x,0xg ||,

me%2sV1QLdmﬁ<>

° 07 'k e L*([0,T],L*()) (s>
Q) (

5)
Ok € CO([0,T), H*27%( (0<k<s—2).

Then there exists a unique solution ¢ = (@1, @2, ws3)* of problem (4.4) — (4.6) with the
properties

970 € C°([0,T], L*(2)) } (4.23)

Oy e CO([0,T), H* Q) N H)(Q)) (0<k<s—1).

Skech of proof. Introducing the vector U = (gpl, ©2, 3, 0Lp1, OLpa, 8tg03)* we can
convert problem (4.4) - (4.6) into an equivalent (evolution) problem of the form

U+ AU =G (4.24)
U0,2) = U%x) (4.25)

where 0 0 0 0 1 1 1\ *
U(O) =U" = (@17@2)@35@1;@25@3)

0 —1
Al) = (—Jmm—axfém 0 )

and from here the proof runs similary as that for Theorem 4.1 Il
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Using the same approach as in Theorem 4.2 we can obtain also the following energy
estimate to the solution of problem (4.4) - (4.6).

Theorem 4.4 (Energy estimate to problem (4.4) - (4.6)). If the assumptions of
Theorem 4.3 are satisfied, then the solution of problem (4.4) — (4.6) guaranteed by The-
orem 4.2 satisfies the inequality

‘,DSQD’?),T < Mo M, M) (4.26)

with positive constants My, My, My where

s T
Mo => |l |2_ + (1+T)[D* k|5 + T /0 10 k(1) %dt,
k=0

My = My (Po,7g,v1) and My = Ms(P,~,v;) depend continuously on their arguments
where - -
Py = ||diajp(0)l| L + [ Dedia;p(0)|ls—3

s—1
P= sup ||diajs(t)|coe + |Dudiajpls—21 + D 10fdinjpls—1-k1
0<t<T Pt
and
n(T)=Tz(1+T3 +T+T3). (4.27)

Proof. It runs in the same way as that of Theorem 4.1 and we leave details to the
reader i

At the third step, we consider the solvability of the initial-boundary value problem
to the linear parabolic system (4.7) - (4.8) with initial condition (4.8) and boundary
conditions (4.10). Before starting the next consideration we introducing the vector
V = (601,02)* and can convert this way the initial-boundary value problem (4.7) - (4.9)
into the form

0*V
0V — anplt, x)m =G(t,x) (4.28)
with
_ 10
V(0,z) = VO(x) } (429)
V(t,)]oa =0
where
" 2 = aa}g(t,x) aa%(t,:r:)
ol = (B0 ) (430
G(t,z) = (gl(t,x ,gg(t,x))*. (4.31)

In order to prove an energy estimate to problem (4.22) - (4.25), we present two theorems.
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Theorem 4.5 (Energy estimate to problem (4.22) - (4.25)). Let the following
conditions be satisfied (i,j =1,2):
Dlaly(t,x) € C°([0,T] x Q) N L ([0, T, L>())
8tVaﬁtx GLOO(O,T )
G e ([0, 7], L*(©2 ))
0:G € L*([0,T], H'(Q))

Ve Hi(Q)
aQVo
V= a,s(0) Doy + G(0) € L3(Q)
and
aly(t,x) = ay, (t,x) ((t,x) € [0,T] x Q) (4.32)
(@apCalomn) = vslCPIn>  ((¢n) € R? x R?) (4.33)

for some constant v3 > 0. Then there exists a unique solution V = (01,02)* to problem
(4.24) — (4.25) with the properities
61 € C°([0,T], H*(2) N Hy (2))
961 € C°([0,T], L*(Q))
V01 € L*([0,T], L*(2))
and
0> € CO([0, T, H*(2) N Hy (2))
90> € C°([0,T], L*(Q)) : (4.34)
9,V € L*([0,T], L*(2))

Proof. We can use the Faedo-Galerkin method and the proof follows directly from
the consideration in [18] B

Now, we formulate a theorem about the regularity of the solution to problem (4.22)
- (4.25).

Theorem 4.6 (Regularity to problem (4.22) - (4.25)). Let the following conditions
be satisfied:

1° s> [2] +4 =5 is an arbitrary but fived integer.
2° Fori,5=1,2,
ay € C°([0,T] x Q) N L= ([0, 7], L>())
D, a” e L>([0,T], H**(Q))
0fay € L®([0,T), H ' 7F(Q)) (1<k<s—2)
0 all, € L2(0. T, I(®).
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3° For all 61,0 € HY(Q) and all t € [0,T] the inequality

i 00; 00,
1601 + 162 m{( s RA DU N

18 satisfied for some constant v4 > 0.
4° Fort € [0,T], —agﬁ(t) B wﬂ € H*(Q) with 0,,0, € HE () implies that 01,05 €
H*2(Q) and
+IVI)
k

where V= (61,02)*,0 < k < s—2 and 3 > 0 is some constant.

0*V
< —
Vlhra < 9 |-a0a 525

50

3
<
I

Then there exists a unique solutio (01,02)* of problem (4.22) — (4.25) with the

properties

3

[\
=2
>
=
=
=
A
oy
A
V2)

|
N2

. (4.35)

Proof. It can be found in [16] B
Next we present an energy estimate for the solution of problem (4.22) - (4.25).

Theorem 4.7 (Energy estimate for parabolic system (4.22)). Let the conditions
of Theorem 4.6 be fulfilled. Then the solution V = (61,602)* to problem (4.22) — (4.25)
established in Theorem 3.2 satisfies the inequality

s—2 s—2
Z ‘atelg—k,T + Z 1062 i—k,T + |ats_101|(2),T + ’8155_192’(2),T
k=0 k=0

(4.36)
t
+/ [10; 7190, (7)1 + 107~ V0a(8) | 2] dr < Ny Rge™2¢(T)
0
where
s—2 i
(1+T) { > K2, + 165112 _4) + 1D *qulo  + ID° 252l 1
- (4.37)

T
+/0 107~ g1 (Tl + H@f_lgz(T)H%—l}dT}’



442 J. Gawinecki

and Ny = N1(S0,73,74) and No = Na(S,v4,74) are positve constants with

2
So= D llags(0)]l = + Z 1D2a5(0)]ls-3

2,7=1 2,7=1

and

S = sup ZHG&B M e + Z D, aag\s 2,T

o<t<T ij=1
S el [5 I e
k=11,5=1 1,j=1

v3 and 4 given in the assumptions of Theorem 4.6 and ((T)=T((1+T).
Proof. It can be found in [6] B

5. Proof of Theorem 3.1

(4.38)

(4.39)

The proof of Theorem 3.1 is based on the Banach fixed point theorem. For this reason
we define by Z(N,T) the set of functions (u, p,0;,602) which satisfy the conditions

Orpjs Opuj € Lo([0,T], H Q)  (0<k<sj=1,23))
o701 € L= ([0,T], H*%(Q)) (0<k<s—2)
0;~'v, € L*([o, ] 2())
Oyf2 € L= ([0,T], H*%(Q)) (0<k<s—2)
9; 7'V, € L2(0,T], L*(Q)) )

(5.1)

(s > [%] + 4 = 5 being an arbitrary but fixed integer) with boundary and initial

conditions of the form

ujloo =0, @jlaa =0, Oilsn =0, 6Olon =0
OFu;(0,z) = I;x) 0<k<s-—1)

O pij(0,2) =¢f(x) (0<k<s—1;j=1,23)
oF0,(0,2) =05 (z) (0<k<s—2)
OF0,(0,2) = 05(x) (0<k<s—2)

and the inequality

I D*ulor + [D%plor
s—2

.
+ Z A g—k,T + ’65_1'91’(2),T + Z |05 0, g—k,T + ‘65_292|(23,T
k= k=0

t
+ [ Hler VeI + oy Voa(r)|]dr < N
0

for N large enough.

(5.5)
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Proof of Theorem 3.1. Let
(ﬂv @75170_2) € Z<N= T)

We consider:
1° System (4.1) with

Ciajp = Ciajs(Vi, V@, 01,05) (5.6)
- 0 00 90
hi = i3 (Va, V@gﬂkaibk + fi = €a(Va, 91’92)8@1 & (Vi 91’02)8:(:2 (5.7)
fori—=1,2,3.

2° System (4.4) with

dinjs = dinjs(Vii, Vi, 01, 05) (5.8)
ki = —ai;(Va, V@)@, + aij (Vi V@)@lkg—qz Y (5.9)
for i =1,2,3.
3° System (4.7) - (4.8) with
g}ﬂ =a't(Va,0,,09,V0,,V05)
any = hp(Vi, 01,05, V01, V05) (5.10)

315 _ —21 (VU 91’02,V¢91, VGQ)
6 — a22(Vu «91, 192, Vgh ve?)

and
_ 9. o
gl - lea(vﬂ'; 01702)81} ét +gl(vﬂ7017027v917V927t7x)
- (5.11)
_ _ _ 0%u; - ~ ~
92 = C?Q(V?j, 01702)81‘ ét + QQ(Vﬂ791792,V‘917 vg?ath)
We rewrite these systems in the form
= O%uy
2, 7 = J
Oy u; — Ciajp(Vu, V@, 0) Dradiy
op ; — 00,
= a5 (Va, Vgp)eﬂk% —a. (Va, G)ﬁ + fi (5.12)
_ 3290
82 z_dza V_7 _70 2
t ® ]B( u, )8xaamﬂ
_ I o Oty
= —a;;(Vu,Vo)p; + ai;(Va, Vgo)gjlka—xl +Y; (5.13)
_ 00,
0 91, - 77504' 77 97 0 i
! ¢ ]B(vu v 8:(:,16’33,3
~ _ . (92U _ _ = -
=C.,(Vu,0,V0)—=% + 5;(Vu,0,V0, z,t) (5.14)

0x,0t
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for i = 1,2 where 6 = (61,62)* and
Ginjp = Gog(VE,0,V0) (1,7 =1,2 a,3=1,2,3) (5.15)

with boundary and initial conditions (4.2) - (4.3), (4.5) - (4.6) and (4.9) - (4.10), re-
spectively. The function u appearing in (5.14) is the solution of system (5.12) with
conditions (4.2) - (4.3). Taking into account the class of functions (u, @,0) € Z(N,T),
we notice that to the systems (5.12), (5.13) ans (5.14) with conditions (4.2) - (4.3), (4.4)
- (4.6) and (4.9) - (4.10) we can apply Theorems 4.1, 4.3 and 4.6, respectively. In view
of this fact it follows that for arbitrary (@, @, 0) € Z(N,T) there exists a unique solution
(u, ¢, 0) to problem (5.12) - (5.14) with initial-boundary conditions (4.2) - (4.3), (4.5) -
(4.6) and (4.9) - (4.10), respectively. This means there exists a mapping

o: Z(N,T)> (4,0,0) — o(u,,0) = (u,p,0). (5.16)

Statement I. o maps the set Z(N,T) into itself under the condition that N is larg
and T small enough.

For this, we introduce the notation

s s s—2
Eo = Z (7 Z [ S i P [
’;ZO (5.17)
+Z|ak hEGE o+ [ 107 (B Eg) ()]

Taking into account properties of the elements from the set Z (N, T), applying a Sobolev
inequality and some theorems from [19, 20] we get for the function h defined by (5.7)
the estimates

s—1 2
167~ A1 < 2 (CZ |D*~1(Va, V@,é)Hz) +2C[0;7h)|? < C(N) + C||9;~ bl

i=1
and .
/ 10512l dr < C(N)(1+T) + CE,. (5.18)
0
Acting similarly and using the fact y(t) = v(0) + fo Opy(t) dt we get
= o Oy |2 7 99
1;) | -2~ kTt 3 (VE, vgp)gﬂk&cas 2—k,T (V )c%cas 2—k,T
< C(Ep) +C(N)T(1+T). (5.19)

Using the same estimation we get

T
/ 105 k|| dr < C(N)A+T) + CEy (5.20)
0
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and
i - ouy, |2
> {|3fk|§—2—k,T + |0 @i (Va, VO @i 2oy r + |0F iy (VE, Volejig—| T}
k=0 1 1S—4—R,

< C(Ey)+C(N)T(1+T). (5.21)
Putting (5.18) and (5.19) into energy estimate (4.14) in Theorem 4.2 we obtain
Dulf < f_(l(Eo,“Yo,’Yl){l + C(N)
xT%[1+T%+T+T%+T2+T%+T3}} (5.22)
1 1,8 0.8
% C(N)TZ(14T24T24+T24T2)

(since Ko(L,v2,7v2) < C(N)). Putting (5.21) and (5.22) into energy estimate (4.20) in
Theorem 4.4 we get

[D*¢l5r < K1(c0,7%0:70)
X (1+C(N)TE[1+T2 +T+T? +T?+T3 + T (5.23)

1 1 3 .o .8
« C(N)TZ (4TI +THT2+T4T3)
Now, we estimate the term G. After some calculations, we get
T p—
| 1071612 dr < (ko)
0

+( sup n1(|l(a,0_)lls_1,...,||af2(@,9‘)H1)+C(N)) (5.24)

0<t<T
x (1+ |758U|(2),T)

and

s—1
Y 0FGl2 sy < C(Ey)
k=0

-+<wpmwwﬁmkhuww2wﬁmn+aN>

0<t<r

) (5.25)

x (L+T)T(1+ |D*ulg 1)

From (5.24) and (5.25) we have

s—2 T
Z|afG|z—2—k,T+/ 105G 1 dr
k=0 0
< sup n3(Eo, [|(@,0)|s-1,- .., 10, (u,0)|1) (5.26)
0<t<T

x (1+C(N)T(1+T))(1+ |Dulg 1)
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Putting (5.26) into energy estimate (4.30) in Theorem 4.7, we get

s—2 T
S0P+ / |05~V 2dr
k=0 0

< sup K2(E0’ ”(’lj, 9)”8—17'-'5Haf_l(a7é>”1)
0<t<T

x (L+C(N)T(1 + 1)) (1 + |D*ulf 7)e T,

(5.27)

Adding inegualities (5.22), (5,23) and (5.27), we get

s—2 T
Dulg 7+ D*l3r + Y 10801 i r + /O 107~ Vol dr + 0,015 ¢
k=0

< sup K(E07||(ﬂ= §)||5_1,...,||8f_2(11,§)]|1) (528)

0<t<T
12 . 1 1 3
X (1 +C(N)T? ZT%> cCNT2(1+T2+T+T2)
i=0
Now we notice that for (4, p,0) € Z(N,T) we get
10F (@ @, Olla-1-x < 1", 9% 0 sk +TZA+TH <N (5.29)
Let N be large enough that
8K (Eo, [|(u®, 0°)ls—1,- - (@ ~2,0°7)[l1) < N (5.30)
Since K is a continuous function, so in view of (5.30) there exists 7" such that

sup K (Eo, [[(@,0)[ls—1, .-, 187 (@,0)]1)
0<k<T (5.31)
< 4K(E07 H(u07 HO)HS—l? SRR H(us_Za 98_2)“1)

and
12

_ i 1 1 3

&T) = (1 + C(N)T? ZTi) eCWNTZ (IHT2ATHT?) 9 (5.32)
i=0

(because &(T) is a continuous function and £(0) = 1). So in view of this fact we get

from (5.28) the inequality

s—2 T
DU+ D+ 105 0+ 3 10802, 1 + / |65~ v6|2dr
k=0
o e (5.33)
§4K(EO,||(u0,00)||s,1,...,||(u8 2705 2)||1) -2

< N2

From here it follows that (u,p,0) € Z(N,T).
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Statement II. We prove that the mapping o : Z(N,T) — Z(N,T) is a contraction
under the condition that T is small enough.

For this let W denote the complete metric space given by
W = {(—,¢,§) . D'a, D g, 0 € L= ([0,T), LA(2)), V0 € LQ([O,T],L2(Q))} (5.34)
with metric p given by
p((@,¢,0), (u,,0))

_ _ _ T (5.35)
= D' (u—uw)lg 7+ 1D (@ — )51+ 10— 05 1 + /0 V(8 - 0)|*dr.

Z(N,T) is a closed subset of W. Let (u,,0), (u*,*,0%) € Z(N,T). Then

o(t,3,0) = (u,,0) € Z(N,T) } . (5.36)

o(u*, ¢*,0%) = (u*,¢*,0%) € Z(N,T)
In view of (5.12) - (5.14) we see that u — u*, p — ¢*, 0 — 0* satisfy the system
_ 0% (uj —u?)

8t (Ul — U;k) — Ciajﬁ(Vﬂ, Vg@ 0) aLL‘ a:L‘/BJ

— —% )% 11 5.0 aQU;
— <Cla]ﬁ(vu 7V<l0 70 ) - C’L'Otjﬁ(vu’ VS07 9)> al' 81'/8

_ ) 95
+ (aij(Va, V@,0) — ai;(Va*, Ve, 9*)>€jlk8i;;
(5.37)

_ Op 0P
+ i (Va*, V§*, 0%)e ik (6%]; — Oi;:?)

+ ((_Zga(Vﬂ,ng,é) - Eza(Vﬂ*,V@*,é*D o

. 3 0. 00*
+ ., (Vu*, Vg*,0%) <89J : )

dro Oz,

- 0205 — ¢})
2000 — 0" — d: s TRVICN) AR i
0 (@i ‘Pz) dzay,@(vua Vg,0) axaaxﬁ

Ry
0x,0z4

_ (dmﬂg(Vﬂ*, V&, 0%) — dinjs(Vii, V, é))

+ (dij (VI_L, V@, ‘9_) - O_éij (Vﬂ*, v@*, g*)@j (5 38)

+ (Y, 96", 8) (6 — 7)
—_ _ a—
T (aij (Va’ V(ﬁ, 0) — Qi (VZ_L*, V@*, 6*)€jl/€ai;'];

— % —k %\ a@k a@z
+ a; (V™ , Vo©, %) e (8xl D2,
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0%(0; — 67)

0; — 07) +a?,(Va, Vg, 01,0y, V6, Vo
at( Z)"‘aaﬂ(vuvvsov 1 27v 17V 2) 8$aaxg

- <ajjﬁ(Vﬂ*, V", 01,05, V07, V03
29>|‘<

117 _ _ o o o i
~ (Vi V3,01, 05, V0, V05) ) oty

0% (uj — uj)

Oz, 0t

+ C!(VaVeh,, 6;V0,V0s) (5.39)

2, .
0%,

0x,0t

- Cl(Va", V", 6,05, V0;, V03 )
+ 9:(Vii, V@, 01,05, V01,V0s)(x, 1)
—g;(Vu*,Vo©, éf, é;, VQ_T, Vé;)(x, t)

It follows from Theorem (5.1) and the Sobolev inequality that

sup ||D2(ﬂ,g5,§, a*, g%, 0%, u, cp,@)” < CN. (5.40)

Multiplying (5.36) - (5.38) by O¢(u —u*), 0t (p — ¢*), 0:(0; — 0F) (i = 1,2), respectively,
and integrating then over [0, 7] x €, performing partial integration with respect to x,
taking into account that

(u; —ui)*loa =0 O (uy —u)(0,2) =0 (k=0,1)
(wi = ¢i)lon =0 Of(pi —9{)(0,2) =0 (k=0,1)

and using (5.39), the mean value theorem and the Schwarz inequality, after some cal-
culation we get

1Dy (u = w)? < C<N>{(1 + ) / D1 — ) s

+TE(14+T)|[Di(a— )2 +|Di( — @)

2
0,T

(5.41)
+100 = 075 7 + 102 — 0513 1

T T
+/ V(6 — 67)|]7dr +/ V(02 — 95)“26571 }
0 0



Local Existence of Solutions 449

T —
| 11— o) Par

0

5

1D - )2 < O<N>{ (1+ )

+T3(1+T)||Di(a — )27+ Dile — ¢") 2 r
(5.42)
+ 16, — §T|(2),T + 102 — §§k|(2J,T
T _ 3 T 3 3
+/ IV (0, — 67)||%dr +/ |V (62 — 9§)||2dT] }
0 0
t t
100 — 052 + / IV (0, — 6)]Pdr + 105 — 3] + / V(0 — 03)2dr
1 t _
<@ (14 ) [ 160 = 6117 + 162 = 6517 + 1D — w') | r
T2 0
(5.43)
+TE(1+T) |[DYa— @) + 01 — 012 1 + |02 — 0512 1
t — — — —
+ / (IV (@, — 672 + | V(82 — e;>||2)] dv-}
We deduce from (5.40) - (5.42) that
1Dy (u — u*) || + [ Da(o — 0|2 + 1|61 — 03]% + |02 — 052
T
" / (198 = 8)]12 + 1V (62 — 63)[2)dr
<o) (14 o)
T2
T — —
x / [1D1 (= w2 + Dl — )12 + 161 — 65| + 165 — 0311 dr
(5.44)

2
0,T

D! (1~ ")

1 N [~ — %
+T2(1+47) 3o+ D@ — @)

+ 101 = 0115 7 + 102 — 0515 ¢

+/0 V(0 = D)I* + V(02 — 95‘)|!2}dT]

(14 —2) /OT /0 (190, — 7)1 + 7 (65 —9;)||2)dtds}.

Applying Gronwall’s inequality to (5.43) we get

[D1(u— )57 +[Dile — )5+ 161 — 0716 7 + 102 — 035 7
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T
" / (1901 — 6)] + 1V (62 — 63))dr
< s<|z>1<a @+ 1Dy — W 10— iR+ - B3 (5.4)

r = = _ _
+ [ 1@ -8l + v - 93)!\2)d7>
0

where )
e =C(N)T?(1+T)eCMNT+T2), (5.46)

From (5.46) it follows that choosing 7' small enough, we get ¢ < 1. Therefore the
mapping o is a contraction. So, in view of the Banach fixed point theorem, it follows
that the contraction mapping o has a unique fixed point (u,p,0) in Z(N,T). This
implies that problem (1.1) - (1.4) with conditions (1.6) - (1.8) has a unique solution on
0 <t <T. This completes the proof of Theorem 3.1 i
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